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1 Notation for Conditional Expectations
For notational simplicity, we define

E𝑃 [ℎ(𝑃,𝑄)] := E[ℎ(𝑃,𝑄) | 𝑄]

for random variables 𝑃,𝑄 and a measurable function ℎ, which represents the conditional expectation
with respect to 𝑃 while holding 𝑄 fixed.

Throughout the Appendix, we frequently encounter terms of the form E
𝝃
𝑡−𝜌𝑖 (𝑡 )
𝑖

[
∇ 𝑓𝑖

(
𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)

𝑖

)]
with 𝑡 − 𝜌𝑖 (𝑡) > 𝑡 − 𝜏𝑖 (𝑡). By definition, this denotes the conditional expectation over the sample 𝝃 𝑡−𝜌𝑖 (𝑡)

𝑖

given the current iterate 𝒘𝑡−𝜏𝑖 (𝑡) (equivalently, given the sigma algebra F𝑡−𝜏𝑖 (𝑡) generated by the history
up to time 𝑡 − 𝜏𝑖 (𝑡)). Since 𝒘𝑡−𝜏𝑖 (𝑡) is F𝑡−𝜏𝑖 (𝑡)-measurable, we have

E
𝝃
𝑡−𝜌𝑖 (𝑡 )
𝑖

[
∇ 𝑓𝑖

(
𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)

𝑖

)]
= E

[
∇ 𝑓𝑖

(
𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)

𝑖

) ��� F𝑡−𝜏𝑖 (𝑡)] = ∇𝐹𝑖
(
𝒘𝑡−𝜏𝑖 (𝑡)

)
,

where the last equality follows from the conditional unbiasedness assumption (Assumption 3) and the
fact that 𝝃 𝑡−𝜌𝑖 (𝑡)

𝑖
is sampled independently of F𝑡−𝜏𝑖 (𝑡) .

2 Technical Lemmas
Lemma S.1. Suppose that Assumptions 3 and 4 hold. Then, it holds for all 𝑡 ≥ 1 that

E






1
𝑛

𝑛∑︁
𝑖=1

(
∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖

) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))
)




2

2

≤ 𝜎2

𝑛
.

Proof. Expanding the squared norm gives

E






1
𝑛

𝑛∑︁
𝑖=1

(
∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖

) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))
)




2

2

=
1
𝑛2

𝑛∑︁
𝑖=1

E∥∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖
) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))∥2

2

+ 1
𝑛2

∑︁
𝑖≠ 𝑗

E
〈
∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖

) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡)),∇ 𝑓 𝑗 (𝒘𝑡−𝜏𝑗 (𝑡); 𝝃
𝑡−𝜌 𝑗 (𝑡)
𝑗

) − ∇𝐹𝑗 (𝒘𝑡−𝜏𝑗 (𝑡))
〉

︸                                                                                                       ︷︷                                                                                                       ︸
𝑌𝑖 𝑗

(S.1)

1



To simplify 𝑌𝑖 𝑗 for 𝑖, 𝑗 ∈ [𝑛] such that 𝑖 ≠ 𝑗 , we assume without loss of generality that 𝜌𝑖 (𝑡) ≥ 𝜌 𝑗 (𝑡).
Then 𝑡 − 𝜏𝑖 (𝑡) ≤ 𝑡 − 𝜌 𝑗 (𝑡) and thus 𝝃

𝑡−𝜌 𝑗 (𝑡)
𝑗

is independent of 𝒘𝑡−𝜏𝑖 (𝑡) . Hence, using the law of total
expectation and Assumption 3, we have

𝑌𝑖 𝑗 = E
〈
∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖

) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡)),∇ 𝑓 𝑗 (𝒘𝑡−𝜏𝑗 (𝑡); 𝝃
𝑡−𝜌 𝑗 (𝑡)
𝑗

) − ∇𝐹𝑗 (𝒘𝑡−𝜏𝑗 (𝑡))
〉

= E
[
E
𝝃
𝑡−𝜌 𝑗 (𝑡 )
𝑗

〈
∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖

) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡)),∇ 𝑓 𝑗 (𝒘𝑡−𝜏𝑗 (𝑡); 𝝃
𝑡−𝜌 𝑗 (𝑡)
𝑗

) − ∇𝐹𝑗 (𝒘𝑡−𝜏𝑗 (𝑡))
〉]

= E
[〈
∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖

) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡)),E
𝝃
𝑡−𝜌 𝑗 (𝑡 )
𝑗

[
∇ 𝑓 𝑗 (𝒘𝑡−𝜏𝑗 (𝑡); 𝝃

𝑡−𝜌 𝑗 (𝑡)
𝑗

) − ∇𝐹𝑗 (𝒘𝑡−𝜏𝑗 (𝑡))
]〉]

= 0.

Substituting this into (S.1) gives

E






1
𝑛

𝑛∑︁
𝑖=1

(
∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖

) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))
)




2

2

=
1
𝑛2

𝑛∑︁
𝑖=1

E∥∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖
) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))∥2

2

=
1
𝑛2

𝑛∑︁
𝑖=1

E
[
E
[
∥∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖

) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))∥2
2

��� 𝒘𝑡−𝜏𝑖 (𝑡)] ]
≤𝜎

2

𝑛
. (S.2)

where the inequality follows from Assumption 4.

Lemma S.2. Suppose that Assumptions 3 and 4 hold. Then, it holds for all 𝑖 ∈ [𝑛] and 𝑡 ≥ 1 that

E∥𝒘𝑡 − 𝒘𝑡−𝜏𝑖 (𝑡) ∥2
2 ≤ 2𝜏2

max𝜂
2𝜎

2

𝑛
+ 2𝜏max𝜂

2
𝑡∑︁

𝑠=1+[𝑡−𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

.

In addition, we have

E∥𝒘𝑡 − 𝒘 [𝑡−𝜏max]+ ∥2
2 ≤ 2𝜏2

max𝜂
2𝜎

2

𝑛
+ 2𝜏max𝜂

2
𝑡∑︁

𝑠=1+[𝑡−𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

. (S.3)

Proof. For all 𝑖 ∈ [𝑛] and 𝑡 ≥ 1, it follows from the telescoping sum
∑𝑡
𝑠=1+𝑡−𝜏𝑖 (𝑡)

(
𝒘𝑠 − 𝒘𝑠−1) =

𝒘𝑡 − 𝒘𝑡−𝜏𝑖 (𝑡) and the iterative formula (3) that

E∥𝒘𝑡 − 𝒘𝑡−𝜏𝑖 (𝑡) ∥2
2

= E







 𝑡∑︁
𝑠=1+𝑡−𝜏𝑖 (𝑡)

(
𝒘𝑠 − 𝒘𝑠−1

)






2

2

2



= E







 𝑡∑︁
𝑠=1+𝑡−𝜏𝑖 (𝑡)

𝜂𝒈𝑠








2

2

= E







 𝑡∑︁
𝑠=1+𝑡−𝜏𝑖 (𝑡)

𝜂

𝑛

𝑛∑︁
𝑗=1

∇ 𝑓 𝑗 (𝒘𝑠−𝜏𝑗 (𝑠); 𝝃
𝑠−𝜌 𝑗 (𝑠)
𝑗

)








2

2

=
𝜂2

𝑛2E







 𝑡∑︁
𝑠=1+𝑡−𝜏𝑖 (𝑡)

𝑛∑︁
𝑗=1

(
∇ 𝑓 𝑗 (𝒘𝑠−𝜏𝑗 (𝑠); 𝝃

𝑠−𝜌 𝑗 (𝑠)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠)) + ∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))
)







2

2

. (S.4)

Further applying the fact that ∥𝒙 + 𝒚∥2
2 ≤ 2∥𝒙∥2

2 + 2∥𝒚∥2
2 for vectors 𝒙 and 𝒚 to (S.4), we have

E∥𝒘𝑡 − 𝒘𝑡−𝜏𝑖 (𝑡) ∥2
2 ≤2𝜂2

𝑛2 E







 𝑡∑︁
𝑠=1+𝑡−𝜏𝑖 (𝑡)

𝑛∑︁
𝑗=1

(
∇ 𝑓 𝑗 (𝒘𝑠−𝜏𝑗 (𝑠); 𝝃

𝑠−𝜌 𝑗 (𝑠)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))
)







2

2︸                                                                           ︷︷                                                                           ︸
Φ1

+ 2𝜂2

𝑛2 E







 𝑡∑︁
𝑠=1+𝑡−𝜏𝑖 (𝑡)

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2︸                                     ︷︷                                     ︸
Φ2

. (S.5)

Subsequently, we upper bound Φ1 and Φ2, respectively. Expanding Φ1, we have

Φ1 =

𝑡∑︁
𝑠=1+𝑡−𝜏𝑖 (𝑡)

E







 𝑛∑︁
𝑗=1

(
∇ 𝑓 𝑗 (𝒘𝑠−𝜏𝑗 (𝑠); 𝝃

𝑠−𝜌 𝑗 (𝑠)
𝑖

) − ∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))
)







2

2

+
∑︁

𝑠,𝑠′:𝑠≠𝑠′,
1+𝑡−𝜏𝑖 (𝑡)≤𝑠,𝑠′≤𝑡

E

〈
𝑛∑︁
𝑗=1

(
∇ 𝑓 𝑗 (𝒘𝑠−𝜏𝑗 (𝑠); 𝝃

𝑠−𝜌 𝑗 (𝑠)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))
)
,

𝑛∑︁
𝑗=1

(
∇ 𝑓 𝑗 (𝒘𝑠

′−𝜏𝑗 (𝑠′); 𝝃 𝑠
′−𝜌 𝑗 (𝑠′)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠
′−𝜏𝑗 (𝑠′))

) 〉
. (S.6)

For the inner product terms in (S.6), denoted by 𝑍 𝑠𝑠′ for 𝑠, 𝑠′ ∈ [1 + 𝑡 − 𝜏𝑖 (𝑡), 𝑡] and 𝑠 ≠ 𝑠′, note that

𝑍 𝑠𝑠
′
=E

〈
𝑛∑︁
𝑗=1

(
∇ 𝑓 𝑗 (𝒘𝑠−𝜏𝑗 (𝑠); 𝝃

𝑠−𝜌 𝑗 (𝑠)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))
)
,

𝑛∑︁
𝑗=1

(
∇ 𝑓 𝑗 (𝒘𝑠

′−𝜏𝑗 (𝑠′); 𝝃 𝑠
′−𝜌 𝑗 (𝑠′)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠
′−𝜏𝑗 (𝑠′))

)〉

=E


𝑛∑︁
𝑖=1

𝑛∑︁
𝑗=1

〈
∇ 𝑓𝑖 (𝒘𝑠−𝜏𝑖 (𝑠); 𝝃 𝑠−𝜌𝑖 (𝑠)𝑖

) − ∇𝐹𝑖 (𝒘𝑠−𝜏𝑖 (𝑠)),∇ 𝑓 𝑗 (𝒘𝑠
′−𝜏𝑗 (𝑠′); 𝝃 𝑠

′−𝜌 𝑗 (𝑠′)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠
′−𝜏𝑗 (𝑠′))

〉
=

𝑛∑︁
𝑖=1

𝑛∑︁
𝑗=1

E
〈
∇ 𝑓𝑖 (𝒘𝑠−𝜏𝑖 (𝑠); 𝝃 𝑠−𝜌𝑖 (𝑠)𝑖

) − ∇𝐹𝑖 (𝒘𝑠−𝜏𝑖 (𝑠)),∇ 𝑓 𝑗 (𝒘𝑠
′−𝜏𝑗 (𝑠′); 𝝃 𝑠

′−𝜌 𝑗 (𝑠′)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠
′−𝜏𝑗 (𝑠′))

〉
3



=

𝑛∑︁
𝑗=1

E
〈
∇ 𝑓 𝑗 (𝒘𝑠−𝜏𝑗 (𝑠); 𝝃

𝑠−𝜌 𝑗 (𝑠)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠)),∇ 𝑓 𝑗 (𝒘𝑠
′−𝜏𝑗 (𝑠′); 𝝃 𝑠

′−𝜌 𝑗 (𝑠′)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠
′−𝜏𝑗 (𝑠′))

〉
+

∑︁
𝑖, 𝑗 :𝑖≠ 𝑗

E
〈
∇ 𝑓𝑖 (𝒘𝑠−𝜏𝑖 (𝑠); 𝝃 𝑠−𝜌𝑖 (𝑠)𝑖

) − ∇𝐹𝑖 (𝒘𝑠−𝜏𝑖 (𝑠)),∇ 𝑓 𝑗 (𝒘𝑠
′−𝜏𝑗 (𝑠′); 𝝃 𝑠

′−𝜌 𝑗 (𝑠′)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠
′−𝜏𝑗 (𝑠′))

〉
.

To simplify the inner product terms in the last line of the above equality, denoted by 𝑍 𝑠𝑠′
𝑖 𝑗

for all 𝑖, 𝑗 ∈ [𝑛]
and 𝑖 ≠ 𝑗 , we assume without loss of generality that 𝑠 − 𝜌𝑖 (𝑠) > 𝑠′ − 𝜌 𝑗 (𝑠′), which implies that 𝜉𝑠−𝜌𝑖 (𝑠)

𝑖

is sampled after 𝜉𝑠
′−𝜌 𝑗 (𝑠′)
𝑗

. Additionally, since 𝜌 𝑗 (𝑠′) ≤ 𝜏𝑗 (𝑠′) by (5), we have 𝑠 − 𝜌𝑖 (𝑠) > 𝑠′ − 𝜏𝑗 (𝑠′).
Thus, 𝝃 𝑠−𝜌𝑖 (𝑠)

𝑖
is independent of 𝒘𝑠′−𝜌 𝑗 (𝑠′) . Further using the law of total expectation and Assumption 3,

we have

𝑍 𝑠𝑠
′

𝑖 𝑗 = E
[
E
𝝃
𝑠−𝜌𝑖 (𝑠)
𝑖

〈
∇ 𝑓𝑖 (𝒘𝑠−𝜏𝑖 (𝑠); 𝝃 𝑠−𝜌𝑖 (𝑠)𝑗

) − ∇𝐹𝑖 (𝒘𝑠−𝜏𝑖 (𝑠)),∇ 𝑓 𝑗 (𝒘𝑠
′−𝜏𝑖 (𝑠′); 𝝃 𝑠

′−𝜌 𝑗 (𝑠′)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠
′−𝜏𝑖 (𝑠′))

〉]
= E

[〈
E
𝝃
𝑠−𝜌𝑖 (𝑠)
𝑖

[
∇ 𝑓𝑖 (𝒘𝑠−𝜏𝑖 (𝑠); 𝝃 𝑠−𝜌𝑖 (𝑠)𝑖

) − ∇𝐹𝑖 (𝒘𝑠−𝜏𝑖 (𝑠))
]
,∇ 𝑓 𝑗 (𝒘𝑠

′−𝜏𝑖 (𝑠′); 𝝃 𝑠
′−𝜌 𝑗 (𝑠′)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠
′−𝜏𝑖 (𝑠′))

〉]
= 0

Substituting this into 𝑍 𝑠𝑠′ and using Assumption 4, we have

𝑍 𝑠𝑠
′
=

𝑛∑︁
𝑗=1

E
〈
∇ 𝑓 𝑗 (𝒘𝑠−𝜏𝑗 (𝑠); 𝝃

𝑡−𝜌 𝑗 (𝑠)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠)),∇ 𝑓 𝑗 (𝒘𝑠
′−𝜏𝑖 (𝑠′); 𝝃 𝑠

′−𝜌 𝑗 (𝑠′)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠
′−𝜏𝑖 (𝑠′))

〉
≤ 1

2

𝑛∑︁
𝑗=1

E∥∇ 𝑓 𝑗 (𝒘𝑠−𝜏𝑗 (𝑠); 𝝃
𝑡−𝜌 𝑗 (𝑠)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))∥2
2

+ 1
2

𝑛∑︁
𝑗=1

E∥∇ 𝑓 𝑗 (𝒘𝑠
′−𝜏𝑖 (𝑠′); 𝝃 𝑠

′−𝜌 𝑗 (𝑠′)
𝑗

) − ∇𝐹𝑗 (𝒘𝑠
′−𝜏𝑖 (𝑠′))∥2

2

≤ 𝑛𝜎2.

Plugging this back into (S.6) and using Lemma S.1 yield

Φ1 ≤
𝑡∑︁

𝑠=1+𝑡−𝜏𝑖 (𝑡)
𝑛𝜎2 +

∑︁
𝑠,𝑠′:𝑠≠𝑠′,

1+𝑡−𝜏𝑖 (𝑡)≤𝑠,𝑠′≤𝑡

𝑛𝜎2

= 𝜏𝑖 (𝑡)𝑛𝜎2 + (𝜏𝑖 (𝑡)2 − 𝜏𝑖 (𝑡))𝑛𝜎2

= 𝜏𝑖 (𝑡)2𝑛𝜎2

≤ 𝑛𝜏2
max𝜎

2. (S.7)

To upper bound Φ2, we use the fact that ∥∑𝑚
𝑖=1 𝒙𝑖∥2

2 ≤ 𝑚∑𝑚
𝑖=1 ∥𝒙𝑖∥2

2 for vectors 𝒙1, . . . , 𝒙𝑚, then

Φ2 = E







 𝑡∑︁
𝑠=1+𝑡−𝜏𝑖 (𝑡)

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

4



≤ 𝜏𝑖 (𝑡)
𝑡∑︁

𝑠=1+𝑡−𝜏𝑖 (𝑡)
E







 𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

≤ 𝜏max

𝑡∑︁
𝑠=1+[𝑡−𝜏max]+

E







 𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

. (S.8)

Substituting (S.7) and (S.8) back into (S.5) gives the desired result. Additionally, (S.3) can be proved in
a similar manner.

Lemma S.3. Suppose that Assumptions 2–4 hold. Then, it holds for all 𝑖 ∈ [𝑛] and 𝑡 ≥ 1 that

E∥𝒈𝑡 ∥2
2 ≤

(
2 + 8𝐿2𝜏2

max𝜂
2
) 𝜎2

𝑛
+ 4E∥∇𝐹 (𝒘𝑡−1)∥2

2 + 8𝐿2𝜏max𝜂
2

𝑡∑︁
𝑠=1+[𝑡−𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

.

Proof. Following the fact that ∥𝒙 + 𝒚∥2
2 ≤ 2∥𝒙∥2

2 + 2∥𝒚∥2
2 for vectors 𝒙 and 𝒚, we have

E∥𝒈𝑡 ∥2
2 = E






1
𝑛

𝑛∑︁
𝑖=1

∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖
)





2

2

= E






1
𝑛

𝑛∑︁
𝑖=1

(
∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖

) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))
)
+ 1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2

≤ 2E






1
𝑛

𝑛∑︁
𝑖=1

(
∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖

) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))
)




2

2

+ 2E






1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2

≤ 2𝜎2

𝑛
+ 2E






1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2︸                         ︷︷                         ︸
Ψ

. (S.9)

where the last inequality holds due to Lemma S.1. It suffices to upper bound Ψ. We observe that

Ψ ≤ 2E






1
𝑛

𝑛∑︁
𝑖=1

(
∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡)) − ∇𝐹𝑖 (𝒘𝑡−1)

)




2

2

+ 2E






1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−1)





2

2

≤ 2𝐿2

𝑛

𝑛∑︁
𝑖=1

E∥𝒘𝑡−𝜏𝑖 (𝑡) − 𝒘𝑡−1∥2
2 + 2E∥∇𝐹 (𝒘𝑡−1)∥2

2,

≤ 4𝜎2

𝑛
𝐿2𝜏2

max𝜂
2 + 4𝐿2𝜏max𝜂

2
𝑡∑︁

𝑠=1+[𝑡−𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

+ 2E∥∇𝐹 (𝒘𝑡−1)∥2
2, (S.10)

where the second inequality uses the fact that ∥∑𝑚
𝑖=1 𝒙𝑖∥2

2 ≤ 𝑚
∑𝑚
𝑖=1 ∥𝒙𝑖∥2

2 for vectors 𝒙1, . . . , 𝒙𝑚 and
Assumption 2, and the last inequality follows from Lemma S.2. Finally, plugging (S.10) back into (S.9)

5



gives the desired result.

3 Proof of Proposition 1
Proof. We first decompose the inner product into two terms:

E⟨∇𝐹 (𝒘𝑡−1), 𝒈𝑡⟩ = E
〈
∇𝐹 (𝒘 [𝑡−𝜏max]+), 𝒈𝑡

〉︸                       ︷︷                       ︸
𝐴

+E
〈
∇𝐹 (𝒘𝑡−1) − ∇𝐹 (𝒘 [𝑡−𝜏max]+), 𝒈𝑡

〉︸                                        ︷︷                                        ︸
𝐵

. (S.11)

Subsequently, we lower bound 𝐴 and 𝐵, respectively. Since 𝜌𝑖 (𝑡) ≤ 𝜏𝑖 (𝑡) ≤ 𝜏max for all 𝑖 ∈ [𝑛], then
𝑡 − 𝜌𝑖 (𝑡) ≥ 𝑡 − 𝜏max for all 𝑖 ∈ [𝑛], which implies that 𝝃 𝑡−𝜌1 (𝑡)

1 , . . . , 𝝃 𝑡−𝜌𝑛 (𝑡)𝑛 are independent of 𝒘 [𝑡−𝜏max]+ .
Then, we have

𝐴 = E
[〈
∇𝐹 (𝒘 [𝑡−𝜏max]+), 𝒈𝑡

〉] (𝑎)
= E

[
E
𝝃
𝑡−𝜌1 (𝑡 )
1 ,...,𝝃

𝑡−𝜌𝑛 (𝑡 )
𝑛

[〈
∇𝐹 (𝒘 [𝑡−𝜏max]+), 𝒈𝑡

〉] ]
= E

〈
∇𝐹 (𝒘 [𝑡−𝜏max]+),E

𝝃
𝑡−𝜌𝑖 (𝑡 )
𝑖

[
1
𝑛

𝑛∑︁
𝑖=1

∇ 𝑓𝑖 (𝒘𝑡−𝜏𝑖 (𝑡); 𝝃 𝑡−𝜌𝑖 (𝑡)𝑖
)
]〉

(𝑏)
= E

〈
∇𝐹 (𝒘 [𝑡−𝜏max]+), 1

𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))
〉

= E

〈
∇𝐹 (𝒘 [𝑡−𝜏max]+) − ∇𝐹 (𝒘𝑡−1), 1

𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))
〉

︸                                                                ︷︷                                                                ︸
𝐴1

+E
〈
∇𝐹 (𝒘𝑡−1), 1

𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))
〉

︸                                        ︷︷                                        ︸
𝐴2

, (S.12)

where (𝑎) uses the law of total expectation, and (𝑏) holds due to Assumption 3. Then, we lower bound
𝐴1 as follows:

𝐴1 = E

〈
∇𝐹 (𝒘 [𝑡−𝜏max]+) − ∇𝐹 (𝒘𝑡−1), 1

𝑛

𝑛∑︁
𝑖=1

(
∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡)) − ∇𝐹𝑖 (𝒘𝑡−1)

)〉
+ E

〈
∇𝐹 (𝒘 [𝑡−𝜏max]+) − ∇𝐹 (𝒘𝑡−1),∇𝐹 (𝒘𝑡−1)

〉
≥ −1

2
E∥∇𝐹 (𝒘 [𝑡−𝜏max]+) − ∇𝐹 (𝒘𝑡−1)∥2

2 −
1
2
E






1
𝑛

𝑛∑︁
𝑖=1

(
∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡)) − ∇𝐹𝑖 (𝒘𝑡−1)

)




2

2

− E∥∇𝐹 (𝒘 [𝑡−𝜏max]+) − ∇𝐹 (𝒘𝑡−1)∥2
2 −

1
4
E∥∇𝐹 (𝒘𝑡−1)∥2

2

= −1
4
E∥∇𝐹 (𝒘𝑡−1)∥2

2 −
3
2
E∥∇𝐹 (𝒘 [𝑡−𝜏max]+) − ∇𝐹 (𝒘𝑡−1)∥2

2 −
1
2
E






1
𝑛

𝑛∑︁
𝑖=1

(
∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡)) − ∇𝐹𝑖 (𝒘𝑡−1)

)




2

2

,

(S.13)
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where the inequality uses the fact that ⟨𝒙, 𝒚⟩ ≥ −1
2 ∥𝒙∥

2
2 −

1
2 ∥𝒚∥

2
2 and ⟨𝒙, 𝒚⟩ ≥ −∥𝒙∥2

2 −
1
4 ∥𝒚∥

2
2 for vectors

𝒙 and 𝒚. Using the identity ⟨𝒙, 𝒚⟩ = 1
2 ∥𝒙∥

2
2 +

1
2 ∥𝒚∥

2
2 −

1
2 ∥𝒙 − 𝒚∥2

2 for vectors 𝒙 and 𝒚, we have

𝐴2 =
1
2
E∥∇𝐹 (𝒘𝑡−1)∥2

2 +
1
2
E






1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2

− 1
2
E






∇𝐹 (𝒘𝑡−1) − 1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2

. (S.14)

Substituting (S.13) and (S.14) back to (S.12) gives

𝐴 ≥ 1
4
E∥∇𝐹 (𝒘𝑡−1)∥2

2 −
3
2
E∥∇𝐹 (𝒘𝑡−1) − ∇𝐹 (𝒘 [𝑡−𝜏max]+)∥2

2

− E






1
𝑛

𝑛∑︁
𝑖=1

(
∇𝐹𝑖 (𝒘𝑡−1) − ∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))

)




2

2

+ 1
2
E






1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2
(𝑎)
≥ 1

4
E∥∇𝐹 (𝒘𝑡−1)∥2

2 −
3𝐿2

2
E∥𝒘𝑡 − 𝒘 [𝑡−𝜏max]+ ∥2

2

− 𝐿2

𝑛

𝑛∑︁
𝑖=1

E∥𝒘𝑡 − 𝒘𝑡−𝜏𝑖 (𝑡) ∥2
2 +

1
2
E






1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2

,

(𝑏)
≥ 1

4
E∥∇𝐹 (𝒘𝑡−1)∥2

2 − 5𝐿2𝜏2
max𝜂

2𝜎
2

𝑛
+ 1

2
E






1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2

− 5𝐿2𝜏max𝜂
2

𝑡∑︁
𝑠=1+[𝑡−𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

, (S.15)

where (𝑎) uses Assumption 2 and (𝑏) uses Lemma S.2. To lower bound 𝐵, we observe that

𝐵 = E
〈
∇𝐹 (𝒘𝑡−1) − ∇𝐹 (𝒘 [𝑡−𝜏max]+), 𝒈𝑡

〉
(𝑎)
≥ −E

[
∥∇𝐹 (𝒘𝑡−1) − ∇𝐹 (𝒘 [𝑡−𝜏max]+)∥2∥𝒈𝑡 ∥2

]
(𝑏)
≥ −𝐿E

[
∥𝒘𝑡 − 𝒘 [𝑡−𝜏max]+ ∥2∥𝒈𝑡 ∥2

]
(𝑐)
= −𝐿E








 𝑡∑︁
𝑠=1+[𝑡−𝜏max]+

𝜂𝒈𝑠








2

∥𝒈𝑡 ∥2


(𝑑)
≥ −𝐿E


𝑡∑︁

𝑠=1+[𝑡−𝜏max]+

𝜂∥𝒈𝑠∥2∥𝒈𝑡 ∥2


(𝑒)
≥ −𝐿𝜂

𝑡∑︁
𝑠=1+[𝑡−𝜏max]+

1
2

(
E∥𝒈𝑠∥2

2 + E∥𝒈𝑡 ∥2
2

)
= −𝐿𝜂

2

𝑡∑︁
𝑠=1+[𝑡−𝜏max]+

E∥𝒈𝑠∥2
2 −

𝐿𝜂

2
𝜏maxE∥𝒈𝑡 ∥2

2, (S.16)
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where (𝑎) follows from the Cauchy-Schwarz inequality, (𝑏) follows from Assumption 2, (𝑐) uses the
telescoping sum

𝒘𝑡 − 𝒘 [𝑡−𝜏max]+ =
𝑡∑︁

𝑠=1+[𝑡−𝜏max]+

(
𝒘𝑠 − 𝒘𝑠−1

)
=

𝑡∑︁
𝑠=1+[𝑡−𝜏max]+

𝜂𝒈𝑠,

(𝑑) uses the triangle inequality and (𝑒) is due to the Young’s inequality. Applying Lemma S.3 to (S.16)
and simplifying, we have

𝐵 ≥ − (2𝐿𝜏max𝜂 + 8𝐿3𝜏3
max𝜂

3)𝜎
2

𝑛
− 2𝐿𝜂

𝑡∑︁
𝑠=1+[𝑡−𝜏max]+

E∥∇𝐹 (𝒘𝑠−1)∥2
2

− 2𝐿𝜏max𝜂E∥∇𝐹 (𝒘𝑡−1)∥2
2 − 4𝐿3𝜏2

max𝜂
3

𝑡∑︁
𝑠=1+[𝑡−𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

− 4𝐿3𝜏max𝜂
3

𝑡∑︁
𝑠=1+[𝑡−𝜏max]+

𝑠∑︁
𝑠′=1+[𝑠−𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠
′−𝜏𝑖 (𝑠′))








2

2

Further using the fact that
∑𝑡
𝑠=1+[𝑡−𝐾]+

∑𝑠
𝑠′=1+[𝑠−𝐾]+ 𝑎𝑠′ ≤ 𝐾

∑𝑡
𝑠=1+[𝑡−2𝐾]+ 𝑎𝑠 for 𝑎1, . . . , 𝑎𝑡 ≥ 0 and 𝐾 ≥ 1,

we have

𝐵 ≥ − (2𝐿𝜏max𝜂 + 8𝐿3𝜏3
max𝜂

3)𝜎
2

𝑛
− 2𝐿𝜂

𝑡∑︁
𝑠=1+[𝑡−𝜏max]+

E∥∇𝐹 (𝒘𝑠−1)∥2
2

− 2𝐿𝜏max𝜂E∥∇𝐹 (𝒘𝑡−1)∥2
2 − 8𝐿3𝜏2

max𝜂
3

𝑡∑︁
𝑠=1+[𝑡−2𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

. (S.17)

Substituting (S.15) and (S.17) into (S.11) and simplifying, we have

E⟨∇𝐹 (𝒘𝑡−1), 𝒈𝑡⟩ ≥
(
1
4
− 2𝐿𝜏max𝜂

)
E∥∇𝐹 (𝒘𝑡−1)∥2

2 − 2𝐿𝜂
𝑡∑︁

𝑠=1+[𝑡−𝜏max]+

E∥∇𝐹 (𝒘𝑠−1)∥2
2

− (2𝐿𝜏max𝜂 + 5𝐿2𝜏2
max𝜂

2 + 8𝐿3𝜏3
max𝜂

3)𝜎
2

𝑛
+ 1

2
E






1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2

− (5𝐿2𝜏max𝜂
2 + 8𝐿3𝜏2

max𝜂
3)

𝑡∑︁
𝑠=1+[𝑡−2𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

≥ 1
8
E∥∇𝐹 (𝒘𝑡−1)∥2

2 − 2𝐿𝜂
𝑡∑︁

𝑠=1+[𝑡−𝜏max]+

E∥∇𝐹 (𝒘𝑠−1)∥2
2 − 3𝐿𝜏max𝜂

𝜎2

𝑛

+ 1
2
E






1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2

− 6𝐿2𝜏max𝜂
2

𝑡∑︁
𝑠=1+[𝑡−2𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

,
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where the last inequality holds because the stepsize condition 𝜂 ≤ 1/(16𝐿𝜏max) implies that

1
4
− 2𝐿𝜏max𝜂 ≥ 1

8
,

2𝐿𝜏max𝜂 + 5𝐿2𝜏2
max𝜂

2 + 8𝐿3𝜏3
max𝜂

3 ≤ 2𝐿𝜏max𝜂 + 6𝐿2𝜏2
max𝜂

2 ≤ 3𝐿𝜏max𝜂,

5𝐿2𝜏max𝜂
2 + 8𝐿3𝜏2

max𝜂
3 ≤ 6𝐿2𝜏max𝜂

2.

This completes the proof.

4 Proof of Theorem 1
Proof. Since 𝐹 is 𝐿-smooth, it follows from the descent lemma that

E[𝐹 (𝒘𝑡)] − E[𝐹 (𝒘𝑡−1)] ≤ E[⟨∇𝐹 (𝒘𝑡−1), 𝒘𝑡 − 𝒘𝑡−1⟩] + 𝐿
2
E∥𝒘𝑡 − 𝒘𝑡−1∥2

2

= − 𝜂E⟨∇𝐹 (𝒘𝑡−1), 𝒈𝑡⟩ + 𝐿𝜂
2

2
E∥𝒈𝑡 ∥2

2. (S.18)

Substituting Lemma S.3 and Proposition 1 into (S.18), we obtain

E[𝐹 (𝒘𝑡)] − E[𝐹 (𝒘𝑡−1)]

≤ − 1
8
𝜂E∥∇𝐹 (𝒘𝑡−1)∥2

2 + 2𝐿𝜂2
𝑡∑︁

𝑠=1+[𝑡−𝜏max]+

E∥∇𝐹 (𝒘𝑠−1)∥2
2 + 3𝐿𝜏max𝜂

2𝜎
2

𝑛

− 1
2
𝜂E






1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2

+ 6𝐿2𝜏max𝜂
3

𝑡∑︁
𝑠=1+[𝑡−2𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

+
(
𝐿𝜂2 + 4𝐿3𝜏2

max𝜂
4
) 𝜎2

𝑛
+ 4𝐿3𝜏max𝜂

4
𝑡∑︁

𝑠=1+[𝑡−𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

+ 2𝐿𝜂2E∥∇𝐹 (𝒘𝑡−1)∥2
2

≤ −
(
1
8
𝜂 − 2𝐿𝜂2

)
E∥∇𝐹 (𝒘𝑡−1)∥2

2 + 2𝐿𝜂2
𝑡∑︁

𝑠=1+[𝑡−𝜏max]+

E∥∇𝐹 (𝒘𝑠−1)∥2
2

+ (𝐿𝜂2 + 3𝐿𝜏max𝜂
2 + 4𝐿3𝜏2

max𝜂
4)𝜎

2

𝑛
− 1

2
𝜂E






1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2

+ (6𝐿2𝜏max𝜂
3 + 4𝐿3𝜏max𝜂

4)
𝑡∑︁

𝑠=1+[𝑡−2𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

≤ − 1
16
𝜂E∥∇𝐹 (𝒘𝑡−1)∥2

2 + 2𝐿𝜂2
𝑡∑︁

𝑠=1+[𝑡−𝜏max]+

E∥∇𝐹 (𝒘𝑠−1)∥2
2 + (4𝐿𝜏max𝜂

2 + 4𝐿3𝜏2
max𝜂

4)𝜎
2

𝑛
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− 1
2
𝜂E






1
𝑛

𝑛∑︁
𝑖=1

∇𝐹𝑖 (𝒘𝑡−𝜏𝑖 (𝑡))





2

2

+ 7𝐿2𝜏max𝜂
3

𝑡∑︁
𝑠=1+[𝑡−2𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

, (S.19)

where the last inequality holds because 𝜏max ≥ 1 ⇒ 𝐿𝜂2 + 3𝐿𝜏max𝜂
2 ≤ 4𝐿𝜏max𝜂 and by requiring the

following stepsize conditions:

𝜂 ≤ 1
32𝐿

⇐⇒ 1
8
𝜂 − 2𝐿𝜂2 ≥ 1

16
𝜂, 𝜂 ≤ 1

4𝐿
=⇒ 6𝐿2𝜏max𝜂

3 + 4𝐿3𝜏max𝜂
4 ≤ 7𝐿2𝜏max𝜂

3. (S.20)

Summing up both sides of the inequality (S.19) for 𝑡 = 1, . . . , 𝑇 yields

E[𝐹 (𝒘𝑇 )] − 𝐹 (𝒘0)

≤ − 1
16
𝜂

𝑇∑︁
𝑡=1

E∥∇𝐹(𝒘𝑡−1)∥2
2+2𝐿𝜂2

𝑇∑︁
𝑡=1

𝑡∑︁
𝑠=1+[𝑡−𝜏max]+

E∥∇𝐹(𝒘𝑠−1)∥2
2+

𝑇∑︁
𝑡=1

(4𝐿𝜏max𝜂
2 + 4𝐿3𝜏2

max𝜂
4)𝜎

2

𝑛

− 1
2
𝜂

𝑇∑︁
𝑡=1

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑡−𝜏𝑗 (𝑡))








2

2

+ 7𝐿2𝜏max𝜂
3

𝑇∑︁
𝑡=1

𝑡∑︁
𝑠=1+[𝑡−2𝜏max]+

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑠−𝜏𝑗 (𝑠))








2

2

≤ − 1
16
𝜂

𝑇∑︁
𝑡=1

E∥∇𝐹 (𝒘𝑡−1)∥2
2 + 2𝐿𝜏max𝜂

2
𝑇∑︁
𝑡=1

E∥∇𝐹 (𝒘𝑡−1)∥2
2 +

𝑇∑︁
𝑡=1

(4𝐿𝜏max𝜂
2 + 4𝐿3𝜏2

max𝜂
4)𝜎

2

𝑛

− 1
2
𝜂

𝑇∑︁
𝑡=1

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑡−𝜏𝑗 (𝑡))








2

2

+ 14𝐿2𝜏2
max𝜂

3
𝑇∑︁
𝑡=1

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑡−𝜏𝑗 (𝑡))








2

2

= −
(

1
16
𝜂 − 2𝐿𝜏max𝜂

2
) 𝑇∑︁
𝑡=1

E∥∇𝐹 (𝒘𝑡−1)∥2
2 +

𝑇∑︁
𝑡=1

(4𝐿𝜏max𝜂
2 + 4𝐿3𝜏2

max𝜂
4)𝜎

2

𝑛

−
(
1
2
𝜂 − 14𝐿2𝜏2

max𝜂
3
) 𝑇∑︁
𝑡=1

E







1
𝑛

𝑛∑︁
𝑗=1

∇𝐹𝑗 (𝒘𝑡−𝜏𝑗 (𝑡))








2

2

≤ − 1
32
𝜂

𝑇∑︁
𝑡=1

E∥∇𝐹 (𝒘𝑡−1)∥2
2 +

𝑇∑︁
𝑡=1

(4𝐿𝜏max𝜂
2 + 4𝐿3𝜏2

max𝜂
4)𝜎

2

𝑛
, (S.21)

where the second inequality uses the fact that
∑𝑇
𝑡=1

∑𝑡
𝑠=1+[𝑡−𝐾]+ 𝑎𝑠 ≤ 𝐾

∑𝑇
𝑡=1 𝑎𝑡 for 𝑎1, . . . , 𝑎𝑇 ≥ 0 and

𝐾 ≥ 1, and the last inequality holds by requiring the following stepsize conditions:

𝜂 ≤ 1
64𝐿𝜏max

⇐⇒ 1
16
𝜂 − 2𝐿𝜏max𝜂

2 ≥ 1
32
𝜂, 𝜂 ≤ 1

√
28𝐿𝜏max

⇐⇒ 1
2
𝜂 − 14𝐿2𝜏2

max𝜂
3 ≥ 0. (S.22)

Note that the stepsize conditions (S.20) and (S.22) are uniformly implied by 𝜂 ≤ 1
64𝐿𝜏max

. Rearranging
(S.21) and using Assumption 1, we obtain the convergence bound (13) in Theorem 1.
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