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Appendix A: Lifted Cover Inequality

We now provide coefficient calculations for a lifted cover inequality that is valid for conv(F;,).

THEOREM 1. The lifted cover inequality

Doovit Y @i+ By +(ze—1) <IC\D|+ Y Bi—1 (1)

1€C\D 1€Z\C i€D i€D
is valid for conv(F,,) if
ij{Ovl}l ‘myj ieC\D i€Z\C i€D i€D

Furthermore, if |C| < p; +1, (1) is facet-defining for conv(F,,).

Proof. When z;,, =1, (1) is valid for conv(F;,) because of Lemma 2. When z;,, =0, due to the definition of
v, (1) is also valid for conv(F;,). Thus, (1) is valid for conv(F,,).

Consider the following |Z| 4 1 feasible points of conv(Fj,): when z;, =1, there exists |Z| feasible points
of conv(F;,) that are affinely independent and satisfy (1) at equality based on the Lemma 2; when z;, =0,
let y; be the optimal solution of (2). These |Z| + 1 feasible points satisfy (1) at equality and are affinely
independent. Thus, (1) is facet-defining for conv(F,,). O

By restricting the feasible region of y; in (2) using the chance constraints (1d), we obtain a stronger valid

inequality for (CAP) in Theorem 2.

THEOREM 2. For k€ Q\{w}, let

0, = maximize Z Yij + Z oY+ Z@ym —|C\D| — Zﬂz +1 (3a)

y,-e{o,l}\f\myji

eCc\D i€T\C i€D €D
subject to foyij <mk (k). (3)
i€

Sort 0y such that 6g, < ... < 0g, . Let ql = min{l}Zizlp@ ><€}, then the inequality (1) is wvalid for
(CAP), where v = 6%1 .

Proof. Let
v = maximize Yij + Z ;Y + Zﬂiyzj —|C\D| - Zﬂi +1 (4a)
v (0.1}, S, ieT\C ieD ieD
subject to Y pyl (ngyij gt]) >1—c (4b)
keQ\{w} i€

y; satisfies the chance constraint (1d) and z, =0 for computing 7, the inequality (1) is valid for (CAP).
Let 9, be an optimal solution of (4). Then, there exists at least one k' € {ky, ...,k } such that 3 &F g, <
i€z
t;. Otherwise, if 3 €59,; > t; for all k € {ki,...,k,1 }, then > pl (Z EF gy > t) > ¢, which indicates
1}

i€l ke{ky,...k, ieT
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that (4b) is violated by ¢;. Therefore, g, is a feasible solution of (3) for k= k’. We have 6,;q1 > 6, >y, and
(1) is a valid inequality for (CAP) when v = O5,,- O

We further restrict the feasible region of y; in (2) by using (2b) to obtain a stronger valid inequality for
(DR-CAP) in the following theorem.

THEOREM 3. For k € Q\{w}, let &), be defined as in Theorem 2, and sort 6;, such that 65, <...<6g, _,.
Let ¢* ;= min{l | Sélga Ei,:lp,;j > c}. Then, the inequality (1) is valid for (DR-CAP) when ~ = 0%, - Moreover,
if {Po}wea € P, let ¢* :=min{l| 22:115% >e}. Then, ¢ > @" and the inequality (1) is valid for (DR-CAP)
when v = 6,;61 .

Proof. Let

v = maximize Z Yij + Z Q;Yi; + Zﬂiyij —|C\D| - Zﬂi +1 (5a)

v; {0, 131N ieC\D i€eT\C ieD i€D
subject to in Z Pl (Z Ery,; < t]-> >1—e. (5b)
kEQ\{w} ‘€T
y; satisfies the chance constraint (2b) and z, =0 for computing v, (1) is valid for (DR-CAP).
Let g; be an optimal solution of (5). Then, 3 ¢, <t; for at least one k' € {ky,...,k;}. Otherwise,

iez
if Y&k, >t; for all k € {ki,...,k;}, we have sup > (Z EF g > t) > ¢, which indicates that
i€l PE P ke{ky,..., Eq} i€

(5b) is violated by ¢;. Therefore, g; is a feasible solution of (3) for k = k'. We have 5, > 6, >, then (1) is
a valid inequality for (DR-CAP) when y = ;. Since sup qu 1 DR, > Z‘;l 1 D, > €, we have ¢* > g, which
implies 5kq1 > 6kql >, and (1) is a valid inequality for (DR CAP) when v =0z o

Appendix B: Proof of Propositions and Theorems
B.1. Proof of Proposition 1

Let y; be an optimal solution of (4). Then, there exists at least one &’ € {ky,...,k,} such that ) 3 Y, <

i€EL
Otherwise, we have ) &Fy;; > t;, for k€ {ki,...,k,}. Since Y I_ pi, > ¢, the inequality P{ > &y, <t;
i€T i€Z
1 — ¢ is violated. This is a contradiction. Therefore, y; is a feasible solution of (5) with k = k’. Then

m;”(k:qﬂ) > Z\Zj‘f’, m;?(k:qﬂ) is an upper bound for ]\_4]“’ O

B.2. Proof of Theorem 1

For j € J and w € Q, let M“’ = maximize{ ) £y,

y; €{0, 1} ez

that m%(k;) is an upper bound for Mj”. Let y;; be an optlmal solution of the above maximization

1nf P{Zgly” <t;}>1—¢, y; € Y;}. We show

problem, there exists at least one k' € Q := {1,---,q} such that Y &y; <t;. Otherwise, 3 &Fyr, >
i€T

i€L

t; for k € Q, we have 1nfp€@P{Z§y”_ }infpeg > pw]l<Z§“”y”_ >§infp€3;. ST ope =

i€T we\Q €L we\Q

infpep [ 1= > po | =1—sup > p, <1—¢, which is a contradiction. Thus, m¢ (kz) > M“’ Therefore,
weQ PEZ e

(DR-CAP) can be rewritten as (8). O
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B.3. Proof of Proposition 2

Let (y,z) be a feasible solution of the relaxation problem of the binary bilinear reformulation of

(DR-CAP). We have > &0y;;(2¢ — 1) — me(kg) (22 — 1) = (22 — 1)(215711” —ms(kg). If m(kg) >

i€l

[ Z«f“y” “(kz) <0, which implies that (z;, — )(Zf“’yw 5)) > 0. Consequently, > &¥y,; +
i€z
m¢ (kg )(z -1)< Z §0yii 28 <mé(w)zy holds. Therefore, (y, ) is a feasible solution of the relaxation prob-
lem of (8). The proof can be similarly extend to (CAP). O

B.4. Proof of Proposition 3

The set H=,.,{(y,2)[(y;,2;) €G,} implies that H C G;. Thus, if an inequality is valid for conv(G;), then
it is also valid for conv(H). If an inequality is facet-defining for conv(G;), then there exits |Z| + N affinely
independent points that satisfy this inequality at equality. Because this inequality does not have coefficients
with respect to a pair of (y;,, z;,) for j; € J and j; # j, we can extend the |Z|+ N affinely independent points
to a set of |Z| x |J|+|J| x N affinely independent points by appropriately setting the values of (y;,, 2;,) for
each j; € J and j; #j. O

B.5. Proof of Proposition 4

The inequality (11) is valid for (10) based on the definition of C.

Consider the following |C\D| feasible points of (10): for k € C\D, set y,; =1,Vi € C\{D Uk}, y;; =0,Vi €
EU(Z\C), and y;; = 1,Vi € D; These |C\D| points are affinely independent and satisfy (11) at equality. When
IC| < p; +1, these |C\D| points are feasible. O

B.6. Proof of Lemma 1

Suppose that there exists g, that serves as a member of the set {y; € {0,1}/7/] E Eyiy <m (W), y; €5,y =
1,Vi € D} such that > g; <|C\D|—1and > g+ >. gy >|C\D|— 1 Let r:=max{k| > @i+
ieC\D i€C\D i€eZ\C i€C\D
> @9 <|C\D|—1}. We have

ien(k)
Z Ui + Z 0G5 = Z Tij + Z @;9i; + (IC\D| =1 = 0bjr, )Y, ;1.5 < IC\D| =1,
iec\p iem(r1) ieC\D iem(r)

which is a contradiction. Thus, (12) is valid for (14).

Consider the following |Z\D| feasible points of (14): for k € C\D, set y;; =1,Vi € C\{D Uk}, and y;; =
0,Vi € kU(Z\C); for k=1, ,|I\C|, set Y, ; =1, yi5 = 0,Vi € {mp1, -, Mzyer by and {Yis biee\p) Ut sooomi 1}
are the optimal solutions of (13). All these points have y;; =1,Vi € D. When |C| < p; + 1, the above |Z\D|
points are feasible, satisfy (12) at equality and are affinely independent. O

B.7. Proof of Lemma 2

Suppose that we have g; € Q,, that violates (15). K can be partitioned into D° := {i € k|g;; = 0} and
D' :={i € k|g;; = 1}. We assume that the last element in the set DY is k;, where h <|D|. Then, we have

1€C\D 1€EI\C ieDO i€DO i€x(h—1)
1+ > Bi—1=obj., — >. Bi+ > [B: Based on the definition of obj,.,, we have that g, is a

i€DO\ Ky, i€k(h—1) i€DO\kyp,
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feasible solution of (16) with [ = h. Then, obj., — >. Bi+ > B> > U+ » ;. Thisis a
icr(h—1) €D\, i€C\D i€T\C
contradiction. Thus, (15) is valid for conv(Q,,).

Consider the following |Z| feasible points of conv(Q,,): when y,;; = 1,Vi € D, then there exists |Z\C| feasible
points that are independent and satisfy the inequality (15) at equality based on Lemma 1; for I € {1,---,|D|},
set y; is the optimal solution of (16). When |C| < p, + 1, these |Z| points are feasible, satisfy the inequality
(15) at equality and are affinely independent. O

B.8. Proof of Theorem 2

We first prove that for (CAP) if the coefficients are described in Theorem 2, then, (21) is valid for conv(G;).
For ke {1,...,]Q[}, let (9,,2;) €G,. If 2,, =1 for w € Qy, then (21) is valid for conv(gG,). Otherwise, let
7 be partitioned into QY = {w € 7|2;, =0} and Q; = {w € 7|Z;, = 1}. We assume that the last element of
QY is 7, where h < |Q4|. (21) becomes > G+ > Qi + > Bidi; <|C\D|+ Y. Bi—1+ > 4,. Note

1€C\D 1€Z\C i€D i€D weﬂg

that [C\D|+ > B =1+ > A,=obj, — > Ao+ >  A.. Since (g;,2;) satisfies (25) with k= h,

i€D weQ) wer(h—1) wef{Q\r,}

we have obj,, — > Ao+ > Fu> > G+ > &b+ > Bifiy. Thus, (21) is valid for conv(G;)

weT(h—1) we{QI\ 7} i€eC\D i€Z\C €D

when 7,, = obj,, —[C\D|+1—- > B;— > A, forl=1,---,|Q]. Note that &z, = |C\D| —1— min objz, (w),
i€D wer(i-1) weQy
based on the definition of objz, (w), it is easy to see that obj-, (w) is integer, and consequently &z, is integer.

If @z, is integer, then objz, (w) is integer, which implies @, is integer. Using these arguments we know that &
is integer. Similarly, 3 is also integer. Since the coefficients in (21) are integers, and y and z are binary, obj,
is integer. obj7 is an upper bound on obj,, and obj,, is integer, thus Lobj:lj is also an upper bound on obj.,.
Therefore, (21) is valid for conv(G;) when 7, = |objr | = [C\D|+1— > Bi— > Ao forl=1,--,[Q].

i€D weT(l—1)
The proof is similarly extended to G;. O

B.9. Poof of Theorem 3

The algorithm processes a finite number of nodes as it is based on branching on a finite number of binary
variables. When there exists an oracle that solve (SP;) to optimality, we can obtain an optimal solution of
(SP;) and verify the feasibility of (y*,2z*) from (MP) to (DR-CAP). In addition, since a finite number of
integer solutions are obtained from (MP), (SP;) is solved finite times and the set of feasibility cuts generated
in line 12 is finite. Thus, Algorithm 1 terminates in finitely many iterations. Next, we show that the cuts
(28) and (29) can remove the current infeasible solution and never cut off any feasible solutions of (DR~

CAP). It can be verified that (28) and (29) can remove the current infeasible solution. Also, Y pFz;, >
weN

in; > Puzjw > 1 —e. Thus, (28) never cuts off any feasible solutions of (DR-CAP). We assume that g is a
PEZ LeQ

new future solution from (MP) and the corresponding set fjl. Let y;; =95, for i € Z. Then the feasibility cut
(29) becomes 7 g;; < |Zj| —1, which is decomposed to > §i;+ > ¥ < |} NIHA+|INZH -1 <=
€T} i€TInI} i€TI\I}
> Ui <|I\Z}| - 1. If I} CZ}, g is not a feasible solution, and does not satisfy the feasibility cut.
ieTI\Z!
3\ N
Otherwise, > @;=0and |[Z]\Z;|-1>0. O

; 1\ 71
i€Z; \I].
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Appendix C: Algorithm Detalils

C.1. Dynamic Programming for Up-lifting Coefficient

For k =1,...,]I\C|, M = 0,...,|C\D| — 1, and A = 0,...,p; — 1 — |D|, let A, (A,A2) =
minimize {2 &+ X &l Xyt X =AM, X yst X yi; <Atand

v, €{0,1}|(C\PIUm (k=D % co\p iem(k—1) i€C\D ien(k—1) i€C\D ien(k—1)

l;, t=0,...,|C\D| —1 be the sum of the ¢ smallest £, i € C\D. Algorithm 1 gives an outline of our dynamic

programming framework. Since Algorithm 1 is a dynamic programming based approach, it is easy to see

that it has the complexity O (]Z\C|- (p — |D]) - |C\D|) for calculating the up-lifting coefficients exactly.

Algorithm 1: Dynamic Programming for the Lifting Coefficients

1 for A\, =0,...,p, —1—|D| do
2 for \; =0,...,|C\D|—1do
3 if )\1 < )\2 then

4 ‘ Aﬂ.l (}\1,)\2) :l)\l'

5 end

6 else

7 ‘ Aﬂ-l ()\1,A2) = +o00.
8 end

9 end
10 end
11 for k=1,...,|Z\C| do

12 0bjr, —max{)\l P Ar (A pj — 1= [D]) <m¥ (w) — &2 — > 5;"}}, ar, =|C\D|—1—obj,.
i€D
13 for \,=0,...,p, —1—|D| do

14 for \; =0,...,|C\D|—-1do

15 if A >a,, and \; >1 then

16 ‘ Aﬂ-kJrl()\l,)\g):min{Aﬂk()\l,)\g),Aﬂ-k(Al—(Xﬂk,)\g—l)—F :_Jk}
17 end

18 else

19 ‘ Aﬂ-kJrl ()\17)\2) = Aﬂ-k ()\17)\2).

20 end

21 end

22 end

23 end

C.2. Separation Heuristic for (1)

Algorithm 2 gives an overview of separation heuristic for (1).

C.3. Separation Heuristic for (21)

Algorithm 3 gives an overview of separation heuristic for (21).
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Algorithm 2: Separation Heuristic for (1)

1 Given the

LP relaxation optimal solution (g, 2).

2 for j=1,...,|J| do
3 for w=1,...,N do
4 if z;, =1 then
5 Sort gj: §iyj = - 2 Jiyz5- Let C = {i1,...,1,} where o <|Z| is a smallest number
such that C is a cover.
6 Delete elements from C in non-decreasing order of ¢; to get a minimal cover C.
7 Let D={ieC:y;; =1} and Zy = {i € Z\C|y;; = 0}. Calculate «; for i € Z\(C UZ).
8 if Z :gij + Z Ckig,‘j > |C\D‘ —1 then
i€C\D i€T\(CUTo)
9 Calculate g; for ¢ € D, and «; for i € Z,.
10 Calculate 6y, k € Q\w, set v =93 , for (CAP), v =4y, for (DR-CAP). Obtain
q q
the inequality (1).
11 end
12 end
13 end
14 end

Algorithm 3: Separation Heuristic for (21)

1 Given the

LP relaxation optimal solution (g, 2).

2 for j=1,...,|J| do
3 Let le{WEQ‘fZ’]w:l}
4 if > pu2j,>1—¢ (for (CAP)) or inﬁz > DPwiju>1—¢ (for (DR-CAP)) then
wEeN peEI weEMN
5 Sort g; in non-increasing order: g, ; = ... 2 i ;-
6 for we Q) do
Let C = {iy,...,1,} where o <|Z| is a smallest number such that C is a cover for w.
8 Delete elements from C in non-decreasing order of ¢, to get a minimal cover C.
9 Let set D={ie€Cl|y;; =1} and Z, = {i € Z\C|y,;; = 0}. Calculate &; for
i€ I\(CUTy).
10 if Z gij + Z diﬁij > |C\D‘ —1 then
i€C\D €T\ (CUTo)
11 Calculate g; for i € D, &; for i € Iy, and 7, for w € ;. Obtain the violated
inequality (21).
12 end
13 If (21) is obtained, go to step 2.
14 end
15 end

16 end
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C.4. Branch-and-Cut Algorithm

The branch-and-cut algorithm is provided in Algorithm 4.

Algorithm 4: Branch-and-Cut Implementation

1 Initialize UB = 400, LB = —oc0, k =0. Node list /' = {0}, 0 is a branching node without constraints.
2 while (N is nonempty) do
3 Select a node 0 € N, N+ N /{o}.

4 At the node o, solve the LP relaxation problem of (IP). k=k+ 1.
5 Obtain an optimal solution (y*,2"*) and objective value obj*.
6 if obj* < UB then
7 if (y*,2%) is fractional then
8 if Violated inequalities are found then
9 \ Add the violated inequalities to the LP relaxation problem. Go to line 5.
10 end
11 else
12 | Branch, resulting in nodes o* and o**, N <~ N'U{0",0""}.
13 end
14 end
15 else
16 | Update UB, UB = obj*, (y*,z")=(y*, z").
17 end
18 end
19 end

20 return UB and its corresponding optimal solution (y*,z*).

C.5. Branch-and-Cut with Probability Cuts Algorithm for (DR-JCAP)

Algorithm 5 gives an overview of the branch-and-cut with probability cuts algorithm for (DR-JCAP).

Appendix D: Dynamic Programming Approach for Computing Big-M values

In this appendix, we use the dynamic programming approach proposed by ? to compute the Big-M values
in the model reformulation. For j € J, let D(|Z|,t;,p;) represents (5), where |Z| denotes the |Z| variables of
y;. Let D(n,t;,p;) be a subproblem of D(|Z|,t;,p;), where n denotes the first n variables of y; in (5). Let
S(n,t;, p;) be the optimal objective value of D(n,t;,p;). If D(n,t;,p;) is infeasible, we set S(n,t;,p;) = —oc.

Note that if y,; =0, S(n,t;,p;) is equal to S(n —1,t;,p;). If y,; =1, S(n,t;,p;) is equal to S(n —1,t; —
b p;—1)+ &%, Thus, we have

S(n,t;,p;) =max{S(n—1,t;,p;),S(n—1,t; =&, p; — 1) +&2 ),
where n=2,...,|Z|, with an initial condition S(1,t;,p;). Hence,

m3 (k) = S(|Z1,t;, p;)-
Appendix E: Statistics of Surgery Duration

Table 1 presents the statistics of surgery duration for the real-life data, i.e. mean, standard deviation and
the percentage for each surgery type.

Appendix F: Computational Results using Weaker Big-M in (CAP)

Table 2 reports computational results for the weaker big-M of (CAP)



‘Wang, Li and Mehrotra: Distributionally Robust Chance-Constrained Assignment
INFORMS Journal on Optimization 00(0), pp. 000-000, © 0000 INFORMS

Algorithm 5: Branch-and-Cut Algorithm with Probability Cuts for (DR-JCAP)

1 Initialize P° € &2, the number of iteration k=0, UB = +oo, LB = —o00, ' = {0}, 0 has no

branching constraints.

2 Initialize the root node with the LP relaxation of (MP). Let the LP relaxation of (MP) be
denoted by (LMP).

(MP) minimize Z Z CijYis

w.2e{ (I o.yN nx {7 <=7

subject to (1b), (1c), (33b),

3 while (N is nonempty

do
Select a node 0o € Ny N < N /{o}.

4
5 Solve (LMP) at the node 0. k=k+ 1.
6 Obtain the optimal solution (y*,2’*) and the optimal objective lobj* of (LMP).
7 if lobj* < UB then
8 if (y*,2'%) is an integer then
9 Solve (SP), and obtain an optimal solution (p*) and objective value uobj*
10 if uwobj* <1—¢ then
11 Add the cuts (34) and ) > y;; <|Z| -1 to (LMP).
i€T ieT}
12 end
13 if The cuts in Step 11 are found then
14 Go to step 5.
15 end
16 else
17 | UB=lobj*, (y*,2*) = (y*,2'").
18 end
19 end
20 if (y*,2"%) is fractional then
21 Use the algorithms that are similar to Algorithm 2 and 3 to find the violated
inequalities (35) and (38).
22 if Violated inequalities are found then
23 | Add the violated inequalities to (LMP). Go to line 5.
24 end
25 else
26 | Branch, resulting in nodes o* and o**, N'+~ N U{o*,0**}.
27 end
28 end
29 end
30 end

31 return UB and its corresponding optimal solution (y*,z"*).
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Table 1 For each surgery type, the mean (mean),
standard deviation (std) in hours, and the percentage for
each surgery type (percentage) are reported

surgery type mean (hrs) std (hrs) percentage

Gynaecology 1.1 1.3 0.29
Galactophore 1.6 1.0 0.15
Lymphatic 3.2 1.1 0.14
Ear 2.8 1.7 0.13
Urology 2.3 1.7 0.07
Vascular 2.6 1.5 0.07
Obstetrics 1.5 0.5 0.06
Joint 2.8 1.3 0.06
Orthopeadic 3.2 1.8 0.03

Table 2 The average time (in seconds) for the weaker big-M
computations (AvT-M), the branch-and-cut algorithm
(AvT-B&C), the average number of nodes (# of nodes), and

the number of instances solved to optimality (solved).

€ N AvT-M AvT-B&C  # of nodes solved

500 11.4 1226 1,798 5/5
0.12 1000 438  219.7 2,088 5/5
1500 98.7  771.0 5,090 5/5
500 11.4  164.9 3,914 5/5
0.1 1000 438  604.7 7,192 5/5
1500 98.7  2,298.8 11,049 5/5
500 11.4  1,290.8 42,876 5/5
0.08 1000 438  2,777.8 25,874 5/5
1500 98.7  8,459.9(0.03] 103,689  4/5
500 11.4  [0.11] 2,232,748 0/5
0.06 1000 43.8  [0.21] 632,822  0/5
1500 98.7  [0.28] 362,215 0/5

“[-]” in column of AvT-B&C means the average sub-optimality
gap for instances that cannot be solved to optimality within 10

hours time limit.



