Electronic Companion to “Optimization under Connected
Uncertainty”

1. Proof of Theorem (3|
The following is the proof for the robust counterpart for the polyhedral uncertainty set.
Proof: For , we define the joint uncertainty set U as

U={@l,a;,....d5)" |d, €eth, d, eUy(d, 1) Vt=2,....T}
= {(df,d;,---,dg)T!G1d12g1, thtth+Atdt—1Vt:27"'7T}7

combining the polyhedral sets for each period. The robust counterpart of (C-RO)) becomes

T
Y d/x,<BV(d],d;,....,d;)" €U,
t=1

which can be rewritten as

T
max Z d/x, <B.
t=1

(d] ,dg,..dJ)Teu

The LHS is computed by

T
T
H}SX Zdt Xy
t=1
s.t. G1d1 Z 81

tht th'f—Atdt,l vt:2,,T
Using duality, the robust counterpart of (C-RO) is
T
Z q;rbt <B
t=1

q:At_q;r+1At+1:X;rv vi=1,....,T
thO Vt:1,...,T,

which is the desired result. O

2. ARO with Ellipsoidal CU Sets for Connected Uncertainty with RO
In this section, we reformulate the connected constraints from problem (CU-AROQO)) for ellipsoidal

uncertainty sets, where the center depends on the previous period realization as
U(di—1) ={d¢ | d; = p, (1) + Lowy : [Jugf]2 <7},
where L,L] =3X,. The dependence of u, on the previous period realization is given by

p(di1) =Ayp, (dy2) +Fidi g+

For this setting, the following theorem provides the reformulation for CU sets with affine decision

policies.
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THEOREM 1. The two-period adjustable optimization problem (CU-AROQO|) has a tractable refor-
mulation, when the uncertainty affects the center and the fully adaptive decisions are replaced by

affine decision rules.

Proof: We replace x,(d;) with the affine decision rule x,(d;) = X,d; and expand b;(d;) = B;d;
and by(dz) = Bads. We focus on reformulating the second constraint, which is affected by the
connected uncertainty and whose robust problem is

max B;idz — [AQQXQ];rdl
dp,d2 "
s.t. d1 = Uy + L1U1

d2 = NQ(dl) + L2112

HutHQS?"t Vt:1,2
Substituting d; and dj, we rewrite the problem as

max B;Z(Agul + F2d1 + Cg) + B;iLQUQ — [AQQXQ]ZT[J/I — [Agng]iTLlul

dj,d2

s.t. ||utH2§7’t \V/t:172
Using the dual, the complete second constraint of (CU-ARQ)) is given by

Aj x> B (Aspy +Fapy + o) — [ApnXs]] py + 72| By Lol + 71| By FoLy

— [A2Xo] Ly 5.

The remaining constraints in (CU-ARO)) is then reformulated in a similar manner, leading to a

tractable reformulation. [

3. Extensions to Affinely adaptive Decisions for Connected
Uncertainty with RO

In previous sections, we focused on the effect of connected uncertainties on static and here-and-
now decisions. In many problems, decisions can also adapt to previously revealed uncertainties.
To this end, ARO has applications in inventory management (Solyal et al. 2015) and unit com-
mitment (Lorca and Sun 2017)), amongst others. ARO problems, however, are known to be NP-
complete, which can be circumvented by leveraging affine or piece-wise static decision rules (Hana-

susanto et al.[2015]).
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In this section, we extend the notion of modeling with CU sets to adaptive decisions and provide
reformulations for a two-period ARO problem under affine decision rules. Such a problem can be
expressed as

min  max ¢/ x; +c, xy(d;)

X1 d; ety
x2(d1)d2€U2(d1)
s.t. A11X1 Z bl(dl) le S Lﬁ
A21X1 + A22X2(d1) Z bg(dg) de S UQ(dl) le S Z/{l (CU_ARO)
Xg(dl) Z 0 le S Z/{l
X1 2 0.

We focus on polyhedral CU sets, where the RHS depends on the previous period realization as
Uy ={d: | Gid; > g1}, Us(dy) ={ds | Gods > g> + Ayd, }.

For this setting, the following theorem shows the impact of CU sets with affine decision policies on
the fully adaptive decisions x5(d;) = x3 + X,d,. For brevity, we incorporated the constant term x3
into the matrix X, by modifying the uncertainty set and setting the first component of d; to be

equal to 1. Then we can write x,(d;) = Xod;.

THEOREM 2. The two-period ARO problem (CU-ARQ|) has a tractable reformulation, when the

uncertainty affects the RHS linearly and the variables are replaced by affine decision rules.

Proof: We replace x,(d;) with the affine decision rule x,(d;) = X,d; and expand b;(d;) = B;d;
and by(dz) = Bad,y. We focus on reformulating the second constraint which is affected by the

connected uncertainty and whose robust problem is
max B;ng — [AQQXQ];rdl

dj,dy
s.t. Gid; > g
Gody > g + Ardy.
Using the dual, the complete second constraint of is given by
Ayx; >Plgi+Q'g,
PG, +Q'A, =B,
Q'Gy=—-AxX,
P,Q<o.
The columns of P and Q correspond to dual variables of the original problem. The remaining
constraints in can be reformulated similarly, leading to a tractable reformulation. [
Theorem [2| extends the result of modeling with standard sets for an adaptive setting, where such
reformulations are possible for RHS uncertainty, to CU sets. When uncertainties affect the LHS,
even problems with standard and non-connected sets are difficult to reformulate (Ben-Tal et al.

2009). Therefore, we forego their extension to the CU setting.
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4. Proof of Theorem 2]
Proof: The reformulation proceeds through induction. The robust counterpart of (C-RO|) with

respect to dgy1,...,dr is

T
Sp+ O+ Z T \/Alc-&-l,tyzzk-&-l:Yt + Rys1 < B V) € Ny,

t=k+1
k T
with s, = Zdjxt, Ot :Z u:xt and s, =0.
t=1 t=k+1

The proof proceeds parallel to that of Theorem [I}

Base Case: The constraint (C-RO)) can be written as sp_; + dixp < B. Substituting
dr = py + Lrug. (C-RO|) must hold for all uy with ||ur||s <77, and thus it also holds for sr_; +
Xy + rr||Lixr|. < B. Using the equality | Lpxr|l2 = /% X7rxr and yr = x7, we obtain

sr_1+Or+rr|Liyr|s < B& sy +@T+TT\/y’;E2TYT <B.

Since Ry, is assumed to be zero, we have achieved the desired result.
Inductive case: Assume that the result is true for k£ + 1, i.e., the reformulation with respect to

dT’ dela e dk,+]_ is given by

T
Sk +Opg1 + Z T \/Ak+1,ty:2k+1Yt + Ryp1 < B V) € Ny
t=k+1

Now, we have to prove that the reformulation with respect to d; is given by
T

Sk—1+ O + Z i\ Ary! Beyi + R < B Vnpy € M.
t=k

Substituting s;, = s,_1 +d} x;, and dy, = g, + Lguy, in the inductive assumption

Sp—1+Opy1 + N;Xk + u;L/j;—Xk

T
+ Z ?"t\/AkH,thTEkHYt + Riy1 < B Vi1 € Mgy
t=k+1

Utilizing for t =k and ©, = ] x; + O, 1, the constraint can be reformulated as

Sk—1 T+ @k + uZLng

T
2
+ Z Ty <Ak+1,takyz—2ky't + Apyre fe((dr — Mk)TYt)

t=k+1
1

3
+ Ak+1,ty;erYt) + Riy1 < B Vnpq EMk+1]-
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Using the inequality, v/a? + b? < |a| 4 |b|, a more conservative constraint is

T
Sp-1+ Ok + u;L;xk + Z Tt \/Ak+1,takygrzk}’t
t=k+1

(dk - Nk)TYt

T
+ Z Tt/ Ak+l,tfk

t=k+1

T
+ Z ri\/ Aks1,Y1 Crye + Rigr < B Vi) € Ny

t=k+1

, if it holds for both the positive and the negative

The above constraint holds for |(dj, — p,) 'y

possible values. We use ny ;, which can take values 1 or —1 to express the above as

T
Sk—1+ O+ uIIL;chk + Z Tt \/Ak+17takytT2kYt

t=k+1

T
+ Z nk,t'rt\/M(dk—uk)TYt

t=k+1

T
+ E riv/ Aks1,.Y{ Cry: + Ry < B

t=k+1
V’I’Lki € {1, —1}, Vi=k+1,...,T, Vn[kH] GMk+1].

2T=F constraints in this concise form. Combining the

Note that the use of n;; allows to write the
set Njjpqy with {1, -1} using dy — p,, = Lyuy, and collecting the terms involving u) L, , we

obtain

T
Sp—1+ O+ u;—L;(Xk + Z Nt - Ten/ Ars1,0 frye)
t=k+1

T T
+ Z Tt\/AkH,tGkYtTEkYt-f— Z T Ak+1,thTCkYt

t=k+1 t=k+1

+Ry1 < B Vn[k] GMk].

With the definition of y;, we can write

T
Sp1+ Ok +ul Ly, + Z Tt\/AkH,takYthkYt
t=k+1

T
+ Z 717/ Aep1,4Y¢ Crye + Riyr < B Vnpy € Ny,

t=k+1
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Since this constraint must hold for all u, with ||ugl|2 < 74, taking the maximum over u; and

substituting [|L]yi|2 = ¥} Zryr, we obtain

Sp—1+ Ok + Tk\/ Vi XYk

T
+ Z Tt\/Ak:+1,tCLk:yz—EkYt

awd! (3)
T
+ z v/ Akr14Y¢ Crye + Ry < B Yy € Ny
t=k+1

Using Agi1ar = H;:kﬂ a;a, = Ay, and the fact that Ay, =1 we can rewrite as

T

Sp—1+ Ok + 27}\/ Ay YtTEkYt
—k
T
+ Z A/ Aks1,6Y{ Crye + Ry < B Yy € Ny,

t=k+1

by extending the first summation. Using the definition of Rj, we obtain the desired result,

T
sko1+ O, + Y iy Ay Seyi + Re < B Yngg € Ny

t=k

The complete reformulation follows immediately by substituting k=1. [

5. Robust Counterpart of (C-DRO))

The following proposition better illustrates the connection between constraint and its
robust counterpart @ Given the uncertainty sets Z/N{l, e ,Z]}F ~! their joint uncertainty set is defined
by

U= {P |P=P, %% Pryr_1, PL €U, Pyt €Us(dy_1) ¥d,_, €5,y Vt} :

The joint set, U is the set of all distributions P with the marginals lying in the specified uncertainty
sets Ht(dt_l).

PROPOSITION 1. Given the sets ﬁl, . ,L~{T(dT_1) and their joint uncertainty set Z/~{, the robust

counterpart of constraint (C-DRO)), given by
T
Z hy (Xm dt)

t=1

supEp
Peld

<B (4)

s equivalent to

SUE ]Epl hl(Xl,d1)+ sup {Ep21 |:h2(X2,d2)+...

PreU Py|1 €Ua(dy)

+ s (B, [hT<xT,dT>]}} H <B.

Prip_1€Ur(dr_y)
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Proof:  We first show the forward direction of the equivalence. Observe that for any distribution
P €U with the corresponding marginal distribution P;, and for each d;_; with the conditional

distribution P;;_1, it holds that

Ep, [hl(xl,dl) + {IEpm1 [hz(xg,dg) +-+ {EPTWI [hT(XT7dT)]H H

T )
th(xt,dt)] : 8

t=1

—Ep

For a small € >0, let P* € U be such that

T
Ep= [Z ht(xtydt)] >supEp

t=1 Peud

> hi(xy, dt)] —e. (6)

t=1

That means the LHS of @ is e-optimal to the LHS of . Since P* is in U , there exist marginal
distributions Py, ..., Pyp_; such that Py lies in U, and the conditional distribution of d,, Py
lies in Zj(dt_l), where d,_; € Z;_;. This holds true for all t=2,...,T. Using , this means

sup EP1|:h1(X17d1)+ sup {Ep21 |:h,2(X27d2)+...

PreUy Py|1 €Ua(d1)
L osw {EPT,TI [hT<xT,dT)]}m

Ppip_1€Ur(dr_y

> Ep: [h1(x1,d1) + {EP;H [hz(X2,d2) +ot {EP’I*“\T—I [hT(XT’dT)]}] }]

=Ep:[>_ hi(xi,d,)]

t=1

T
> sup ]EP[Z he(x,dy)] —e.
Peld t=1
Now for the opposite side of the inequality, let Py, PQ*‘1 up to P}lel be e-optimal to @ The con-
straints of (6] ensure that P; € U; and P}, €U(d;—1). Since U is the set of all joint distributions
with these specified marginals, for the joint distribution P* with these marginals, the equation

*

will hold. However since P} and Py, are e-optimal, this means that

SUE ]EP1|:h1(X1,d1)+ sup {Ep21 |:h2(X2,d2)+...

PreU; Py|1 €Ua(dy)

b s {En, Bebean P
Ppip_1€Up(dr—1)

<Ep: |:h1(xl7dl) + {Epg\l[hZ(Xza d) +---+ {EP;\T—l [ (xr, dT)]H H te

T
=Ep« [Z hy (Xt; dt)
t=1

+e€

T
< sup EP[Z hi(x¢,dy)] +e.

PEZ;I t=1
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This gives the opposite inequality, and the result follows by letting € shrink to zero. [
Note that this result does not depend on the structure of the moment based uncertainty set
and can be extended to sets Z/N{l, e ,aT(dT_l) of any structure, in which the parameters depend on

previous realizations. An important part of this result is the additive nature of the constraint.

6. RO Application: Knapsack Problem with Negative Correlations

We repeat the experiments conducted for the Knapsack problem with a negative correlation among
the weights over time i.e., ¥ = —0.2 x I. Figure|l| presents the value of average objective for any level
of constraint satisfaction (left) and the number of non-zero allocations vs. set size. Figure [2| displays
how the average constraint satisfaction (left) and the average objective value (right) change with
size of the uncertainty set r. These results show that when uncertainties are negatively correlated,
CU solutions achieve a better objective value but a lower constraint satisfaction than NC solutions.
However, for any level of constraint satisfaction both have similar performance.

o Effect of Uncertainty Set Size: For both models, constraint satisfaction increases and
average objective value decreases with r. Note that the objective value is only measured, if
constraints are satisfied.

e CU ws. NC: For any r, CU solutions have lower constraint satisfaction than NC solutions.
CU solutions also have higher average objective value. This is because connected sets depend
on the first period, and the negative correlation instead of magnifying the worst case causes
one of the realizations to take a lower value. This reduces the protection but increases the
objective value.

Note that for any level of satisfaction, the average objective of CU is almost the same as
NC (see Figure [2] left).

o First vs Second period solutions: For a single estimate in (ii) shown in Figure [2f (right),
the optimal solution gradually concentrates only on x5 for both CU and NC as r increases.
For NC, this is because c, tends to be higher. For CU, the negative correlation prevents the
magnification of the weights for both periods as such second period allocations which have

higher objective coefficients can be selected.

7. DRO Application: Portfolio Optimization

We study a practical portfolio optimization problem on historical stock data. For our portfolio,
we choose among 5 stocks. The experiment is repeated 150 times for randomly selected dates. At
each date, we compute the weekly returns for the previous 100 weeks based on stock price data
and fit them to a time series model. The two weeks following the selected dates serve to evaluate

the performance of the model.
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Figure 1 Comparison of connected and non-connected sets for the robust knapsack problem at different set

sizes: (left) average fraction of constraint satisfaction, and (right) average objective value.
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Figure 2 Comparison of connected and non-connected sets: (left) average objective value vs. constraint

satisfaction, and (right) for a single iteration, the number of non-zero variables of a period.

To capture risk aversion, in each experiment, we maximize a concave piecewise linear utility
function w = min(1.57,0.015 + r,0.06 + 0.1r), where r denotes the return on the portfolio. It is
assumed that fi, = po(di) +6 and p, = py(di) — 6 with p,(di) = py + Apy + Bd,. The vector
p, and the matrices A and B are estimated from data via a vector autoregressive moving average
with lag 1. The parameters 3; and 3, are set to the residual covariance matrices. The value of p,
is the return point-estimate at the end of the first week and 4 is three times the standard error of
this estimate (in order to cover almost all realized means under normality assumption).

To probe the performance of the proposed CU model, we compare it against the standard DRO
and a modified DRO, described as following:

CU: Model with connected uncertainty set,
DRO-1: Model with p, = p,, and
DRO-2: Model with p, = Ap, +Bpu,.
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DRO-1 represents the standard model as used widely in the literature. It is computationally attrac-
tive because of a simpler reformulation. However, it does not take into account potential connections
to previous periods. We propose a modified version (DRO-2), which captures some of the potential
connections to previous periods using the unconditional mean for the second period.

In these experiments, the parameters p, and 3; are defined based on past weeks, and the returns
are computed over the future two weeks. We evaluate the solution quality from these three models
by comparing the returns. Each experiment starts with an initial wealth of W, = $100, which is

recomputed using the total return on the portfolio
Wt+1 = Wt . (a;rxt), t= 1,2,

The realized demand d, is taken from the actual stock data. This wealth (W) is then averaged
over the different experiments and reported in Table |1} along with the standard deviation (Std) as

a measure for robustness of the solution.

Model | Period 1| Period 2 Period 3
W [Std]| W | Std| W | Std
CU |100| O |100.1]|1.97|101.2|5.38
DRO1|[100| 0 | 99.9 [2.36|100.95.92
DRO2[100| 0 | 99.9 [2.36|100.9|6.06

Table1  Average wealth (W) and its standard deviation (Std) over time for various models

Table [1] displays the performances of the three different models. For all three, we observe a
positive average return at the end of two weeks, which is attributed to the mean positive return
on the random samples for the five stocks. Furthermore, the standard deviation (spread) of the
sample paths grows as time elapses, because the inherent uncertainty in returns is compounding
over time.

When comparing the three models, we observe marginal differences in the average wealth, reflect-
ing the relatively short time horizon. However, we observe the wealth standard deviation for the
CU model to be lower than both of the DRO models. This is attributed to the fact that the CU
model captures the compounding worst-case effect of connected periods and yields a more conser-
vative solution. the CU model reduces the wealth standard deviation for wealth by 0.417 (17.6%
of the original wealth standard deviation) for period 1 and 0.563 (9.5%) for period 2 compared
to DRO-1. Other measures of deviation, such as interquartile range, reveal a similar decrease in
wealth. Therefore, the CU model is able to select assets that are less volatile in order to provide
more robust allocations.

Note that solving the CU model is computationally more demanding than either of the DRO

models, because of latter’s convex subproblems. Therefore, depending on the application, the
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Figure 3  CU and DRO problem objective

advantages of the CU model have to outweigh the additional computational burden. Furthermore,
the DRO-2 model represents another way to leverage the connection between uncertainties of dif-
ferent periods. However, it only accounts for the average effect between periods and not the worst

case.

8. DRO Application: Portfolio Optimization 11
1. Objective function: to measure performance of the model in the nominal setting (Figure |3)).
2. Worst case realized wealth: to study the effect of adversarial settings (Figure |5]).

3. Standard deviation of wealth: to evaluate the robustness of solutions (Figure {4)).

Objective

Asset Correlation Figure [3| indicates that positive correlations among the assets reduce the
objective performance for the CU model. This is due to the fact that positive correlation worsens
the worst-case returns everywhere simultaneously, whereas a negative correlation prevents this

from occurring as a result the objective (which is worst-case by definition) reduces.

Correlation over time Figure[3|also presents similar behavior for correlation over time leading
to worse objective performance for the same reasons as asset correlation. The DRO model does
not capture the correlation over time but it also performs better when the assets are negatively

correlated.

Standard Deviation and Worst Case Wealth

Figure [4] shows the standard deviation for the realized wealth at the end of the second period.

Asset Correlation The standard deviation is higher, when the assets are positively correlated
among themselves and over time.

Figure [5| shows the worst case realized wealth at the end of the second period. The worst case
wealth is higher, when assets are negatively correlated among themselves and over time. This is

because the negative correlation makes it unlikely for both returns to be very low. The pattern
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Figure 4  Realized wealth standard deviation for CU and DRO at end of period 2
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Figure 5  Worst case realized wealth for period 2

observed here is similar to that in Figure [3| with the worst case wealth being worse when assets

are positively correlated.

References
Ben-Tal A, El Ghaoui L, Nemirovski A (2009) Robust Optimization (Princeton University Press).

Hanasusanto GA, Kuhn D, Wiesemann W (2015) K-adaptability in two-stage robust binary programming.
Oper. Res. 63(4):877-891.

Lorca A, Sun XA (2017) Multistage robust unit commitment with dynamic uncertainty sets and energy

storage. IEEE Trans. Pow. Sys. 32(3):1678-1688.

Solyali O, Cordeau JF, Laporte G (2015) The impact of modeling on robust inventory management under
demand uncertainty. Management Sci. 62(4):1188-1201.



	Proof of Theorem 3
	ARO with Ellipsoidal CU Sets for Connected Uncertainty with RO
	Extensions to Affinely adaptive Decisions for Connected Uncertainty with RO
	Proof of Theorem 2
	Robust Counterpart of (C-DRO)
	RO Application: Knapsack Problem with Negative Correlations
	DRO Application: Portfolio Optimization
	DRO Application: Portfolio Optimization II

