Appendix A: Additional Proofs
A.1. Additional Proofs in Section 2.1

Proof of Proposition 1. The expressions for Euclidean gradients are obtained via direct computation. For
the Riemannian gradient, since M,, and M, are embedded submanifolds of R?*? and R?**?2  respectively and
the Euclidean metric is considered, from (Absil et al. 2009, (3.37)), we know the Riemannian gradients are the
projections of the Euclidean gradients onto the corresponding tangent spaces. The results follow by observing the

projection operator onto Tx M, and Tx M, given in (9). N

Proof of Proposition 2. First the expressions for V2g(L,R)[A, A] and V?g,s(L,R)[A, A] are given in (Ha et al.
2020, Eq. (2.8)) and (Zhu et al. 2018, Section IV-A and Remark 8), respectively. The expressions for V2g(Y)[A’, A’]
can be obtained by letting A =[A"T A'T]T and L=R =Y in V?¢(L,R)[A,A].

Next, we derive the Riemannian Hessian of f. The Riemannian Hessian of an objective function f is usually
defined in terms of the Riemannian connection as in (6). But in the case of embedded submanifolds, it can also be
defined by means of the so-called second-order retractions.

Given a general smooth manifold M, a retraction R is a smooth map from T'M to M satisfying i) R(X,0) =
X and ii) £R(X,tn)|,—o = n for all X € M and 1 e TxM, where TM = {(X,TxM) : X € M}, is the tangent
bundle of M (Absil et al. 2009, Chapter 4). We also let Rx to be the restriction of R to Tx. M and it satisfies
Rx : Tx M — M, — R(X, ). Retraction is in general a first-order approximation of the exponential map (Absil
et al. 2009, Chapter 4). A second-order retraction is the retraction defined as a second-order approximation of
the exponential map (Absil and Malick 2012). As far as convergence of Riemannian optimization methods goes,
first-order retraction is sufficient (Absil et al. 2009, Chapter 3), but second-order retraction enjoys the following
nice property: the Riemannian Hessian of an objective function f coincides with the Euclidean Hessian of the lifted

objective fx = foRx.

Lemma 1 (Proposition 5.5.5 of Absil et al. (2009)) Let Rx be a second-order retraction on M. Then
Hessf(X) = V?(f o Rx)(0) for all X e M.

We present the second-order retractions under both PSD and general low-rank matrix settings in the following

Proposition 1.

Proposition 1 (Second-order Retractions in PSD and General Low-rank Matrix Manifolds)
e PSD case: Suppose X € M, has eigendecomposition UXUT. Then the mapping Rg) IxM, . — M, given by

RP:.¢=[U U S DT U U,]"5>WX'WT
x &=1 Jp o |l T

is a second-order retraction on M, ., where W = X 4 1£°% 4 ¢p — LesXT¢s — LepXTes, &0 = PyéPy and &8 =
Py, &Py + PuéPy, . Furthermore, we have

RY () =X+¢+UDE'DTUT +0([¢]3), as [¢]r — 0.

e General case: Suppose X € M, has SVD UXVT. Then the mapping Rg?) :Tx M, — M, given by

S D]

RY:¢=[U U] [Dl 5,

] [V V] >WX'W

1



Luo, Li and Zhang: Connection of Factorization and Manifold Approaches in Low-rank Matriz Optimization
2 Article submitted to INFORMS Journal on Optimization; manuscript no.

is a second-order retraction on M., where W =X + €% + &P — 215X T¢* — 2ePXTes — 165XT¢r, ¢ = Py&Py and
&P = Py, &Py + Pyé Py . Furthermore, we have

RY(€)=X+¢+UDiE "Dy V] + O(€]), as €] — 0.

Proof of Proposition 1. The results for the PSD case can be found in (Vandereycken and Vandewalle 2010,
Proposition 5.10) and the results under the general case can be found in (Vandereycken 2013, Proposition A.1) and
(Shalit et al. 2012, Theorem 3). W

By Lemma 1 and the property of second-order retraction, the sum of the first three dominating terms in the
Taylor expansion of fo R (&) w.r.t. € are f(X)+ (gradf(X),&)+ 1Hessf(X)[¢,£]. By matching the corresponding
terms and the expressions of Rg) in Proposition 1, we can get the quadratic expression for Hessf(X)[¢,£].

Next, we discuss how to obtain Hessf(X)[£,£] in PSD and general low-rank matrix manifolds, respectively.

PSD case: Given small enough ¢ = [U U,] [S %T] [U U,.]", define U, = U, D. By Proposition 1 and
Taylor expansion, we have

foRL(=f(X+E+U,E'U] +0(J¢)32)

(
(X+£+U,270;) + O(€l) 0
(X+8) +(Vf(X+6), 0,570, +O(¢])

(X) +{Vf(X), &+ %sz(X)[E, €1+ <(VI(X), U710 + O([g]f)-

Il
e e

Since ¢PX'¢r = U, XU, where (& = Py, &Py + Py&Py,, the second order term in (1) is $V2f(X)[£,¢] +
(Vf(X),U,=7'U]) and it equals to $Hessf(X)[¢,£]. .
S D]

D. 0 ] [V V,]T, define U,=U,D; and V, =V, D,. By
1

General case: Given small enough {=[U U] [
Proposition 1 and Taylor expansion, we have
FoR(E) =F(X+£+U,S 'V +0([¢]7))

X+6+U,27V)) +O0([¢7)

I
FX+8 (VX +8),U,57V )+ 0(¢])
fX) +VF(X), 6+ %VQf(X)[&ﬁ] +(Vf(X), U,E7V7) + O(¢])-

Since ¢rX'¢r = U,B 7'V, where Py Py + PuéPy,, the second order term in (2) is 1VZf(X)[¢,€] +
<Vf(X),UpE’1V;> and it equals to $Hessf(X)[¢,£]. This finishes the proof of this proposition. W
We note the proof technique for deriving the Riemannian Hessian is analogous to the proof of (Vandereycken

2013, Proposition 2.3). Here we extend it to the setting for a general twice differentiable function f.

A.2. Additional Proofs in Section 3

Proof of Lemma 2. Suppose X has the eigendecomposition UXUT and P = UTY. Given ¢ =
T

[U U,] []S) DO [U U,]". For any A € ¢/, it is easy to check YAT + AYT =¢, 50 oy C{A: YAT + AY " =¢}.

For any A such that YAT + AY T = £, we have

SDT Ut Ut PATU+UTAPT PA'U
50| [Ur|do v |5 o savnw - [PAEAS ;U

by observing Y = UP. This implies U, UJA =U,DP~" and PATU + UTAPT = S. By denoting S; = UTAPT,
we have S; + ST = S and UUTA = US,P-7. Finally, A = UUTA + U, UTA = (US, + U, D)PT € & This
proves /5 2{A :YAT + AY " = ¢} and finishes the proof. W
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Proof of Lemma 3. First, it is easy to check the dimensions of @Y, and /X are (1> —r)/2 and pr — (r* —1)/2,

respectively. Since (r* —r)/2 +pr — (r® —7)/2 = pr, to prove R?*" = &/ ¥, ® &/X_, we only need to show &Y, is
orthogonal to /Y. Suppose A = USP~" e &Y, and A’ = (US'+ U, D')P~" € & .. Then

(A,AY=(SP~T,SP Ty=(S,SP TP 1H Y gx ¥ (ST (ST 1)) = —(A,A",

where (a) is because PPT = X, (b) is because S+ ST =0, and S'S™" is symmetric by the construction of .7 ¥, and

X respectively. So we have (A, A’ =0 and this finishes the proof of this lemma. H

null’

Proof of Corollary 1. First, by the connection of Riemannian and Euclidean gradients in (18), the connection of
FOSPs under two formulations clearly holds.

Suppose Y is a rank r Euclidean SOSP of (3) and let X =YY . Given any ¢ € TxM,.,, we have

Hess f(X)[¢,¢] 2 V29(Y)[£51(€), L' (€)] = 0,

where the inequality is by the SOSP assumption on Y. Combining the fact X is a Riemannian FOSP of (1), this
shows X =YY" is a Riemannian SOSP of (1).

Next, let us show the other direction: suppose X is a Riemannian SOSP of (1), then for any Y such that
YY" =X, it is a Euclidean SOSP of (3). To see this, first Y is of rank r and we have shown Y is a Euclidean
FOSP of (3). Then by (19), we have for any A € RP*":

VZg(Y)[A, A] = Hessf(X)[¢y,&v] > 0.

Suppose Y is a rank r Euclidean strict saddle of (3) and let X =YY ". It implies that there exists A € &Y, such
that V2g(Y)[A,A] <0. Then by (19) VZg(Y)[A,A] = Hessf(X)[L(A),L(A)] <0, and this implies that Hessf(X)
also has at least one eigenvalue. Thus, X is a Riemannian strict saddle. The proof for the other direction is similar
and for simplicity, we omit it here. W
A.3. Additional Proofs in Section 4
DSl ]%; [V V.]Tin TxM, , denote & = {A =
[A] AL]":LAL+A,R"=¢} and o ={A=[A] AL]":LAL+A,R"=¢(and L'TA, + A]L-R"Ay —

Proof of Lemma 4. Given any tangent vector £ =[U U]

A LR = 0}. The rest of the proof is divided into two steps: in Step 1 we show the results on mfﬁR; in Step 2 we
show the results on QZ}CR.
Step 1.1t is clear dim(&° z) =% For any A = [A] AL]T € & g, it is straightforward to check LAL, + A;RT =
¢, so o p € . For any A such that LA], + A, RT = ¢, we have
S DJ U U’
o o [Ur |y va- U ware amnv v

3
[PLALV + UTA,P] P,ALV, )
= UTA,P] 0
by Observing L = UPl,R = VPQ ThlS lmphes PULAL = -[J-J_Dll:);—r7 PVLAR = VJ_DQPIT and PlA—};V +
UTA,P] =S. By denoting S; = UTA,PJ and S] = VTAzP], we have S; + S, =S, PyA, = US;P, " and
PVAR = VS-QFPIT Finally, AL = PuAL + PULAL = (USl + UlDl)PgT, AR = PvAR + PVLAR = (ng +

V.D,)P; . So A=[A] AL]" €4y and @ g 2 <. This proves the first result.
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Step 2. Let us begin by proving dlm(sz/LéR) (r? —r)/2. First, by simple computation, we have dlm(sz%]fR)
dim () where

= {S1eR” PSP, + (P]S,P; )T + PSP, + (P{'S;P,)T =P 'SP, + (P{!SP,)"}.

Next, we show .7 is of dimension (72 —r)/2. Construct the following linear map ¢ g : S’ —P]S'P; " + P 'S'Py.

We claim ¢1, g is a bijective linear map over R™*":

e injective part: suppose there exists S7, S, € R"*" such that S} # S}, and 1, g (S}) = ¢ r(S5). Then by definition
of 1, r, we have P (S}, —S5)P, " + P! (S, —S,)Py = 0. It further implies P, P] (S} —S4) + (S) —S,)P,P] =0
This is a Sylvester equation with respect to (S} —S5) and we know from (Bhatia 2013, Theorem VII.2.1) that
it has a unique solution 0 due to the fact P;P] and —P,P,] have disjoint spectra. So we get S| = S), a

contradiction.

e surjective part: for any Se R™", we can find a unique S’ such that @L,R(g’) = S. This follows from the facts:
(1) {S': PIS'P;T + P;'S'P, =S} = {S': P,P]S' + S'P,P] = P,SP]}; (2) P,P]S' +S'P,P] —=P,SP] is a
Sylvester equation with respect to S’ which has a unique solution again by (Bhatia 2013, Theorem VIL.2.1).

Then we have . = {¢r z(S): S’ + ST =P{'SP, + (P7'SP,)"} and

dim(.7) = dim({pp 3 (S):8'+S " =P'SP, + (P;'SP,)"})
—dim({S': 8"+ ST = PSP, + (P{!SP,)"}) = (r2 —1)/2.

Finally, we show the second result. For any A =[A] AL]|" € J%ER, it is straightforward to check LAJ, +
A;RT=¢and LT A, + A]L—-RTA;— AR =0. So ijfR C . For any A € «,, following the same proof of
(3) we have A, = (US, + U,D,)P; ", Ay = (VS] + V. D,)P; " where S; = UTA,P], S] = VTA,PT and they
satisfy S; +S;=S. LTA, + AJL—-RTA; — AR =0 further requires S;,S; to satisfy P{S,P; " + P;'S/P; —
PISIP; " —P;'S;P,=0.So A=[A] A}]Te JaijR and .;fiZfR D 4f5. This finishes the proof of this lemma. W

Proof of Lemma 5. We first consider the result of &/ and ,;z{ R . Tt is easy to check &/ and ,527 are

n

of dimensions 72 and (p; + py — r)r, respectively. Since 7% + (p; +p2 —7)r = (p1 + p2)r, to prove R(m*”)” =

USsP; '
AR @ A Vb e and

’_ (US,PQP; + ULD,I)PQ_T L, ’ ’ ’
A= [(VS/TPlPI V,.D)PT 42{7“, by simple calculations, we have (A, A’)=(S,S") —(S,S")=0.
Next, we prove the result of &?{l“ff‘ and %R. From the dimension of .# in Step 2 of the proof of Lemma 4, we

have dim(#, r) = (1> —r)/2. As a result of this, we have ,QZEI’F is of dimension (r? —r)/2. Thus, (S; —S2) L S r

in the definition of JA&R adds (r? —r)/2 constraints and dim(m/&R) = (p1 + p2)r — (r* — r)/2. Now, to prove
USP; "
~vs'P;T|€

we have (A, A’y =(S,S,)—(S,S,) =0, where the second

we only need to show 7 is orthogonal to A LR Tndeed, for any A = [

R(P1+p2)xr — . @@(711 , we only need to show ,Qin |, is orthogonal to ,;%R. In fact, for any A = [

(US{P:P{+ UD)P; T Sun
(VS, PP +V,D,)P; " all

equality is because S e 1 g and (S} —S}) L #r by the construction of .Q/nul’l and JZZTJHR

nul

null

.Q?L’R and A’ = [

, respectively. This
finishes the proof of this lemma. W

Proof of Corollary 2. First, for any Euclidean FOSP (L,R) of (5) or (L,R) such that L'L = R"R, we have
Vreg (L, R) = Vg(L,R) by (45) and Proposition 1, respectively. The connection on FOSPs of different formulations
can be easily obtained by the connection of Riemannian and Euclidean gradients given in (40). Next, we show the

equivalence on SOSPs of different formulations.
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Suppose X is a Riemannian SOSP of (2), we claim any (L,R) such that LR" = X is a Euclidean SOSP of (4)
and any (L,R) such that LRT = X and L'L = R"R is a Euclidean SOSP of (5). To see it, first (L, R) in both cases
are Euclidean FOSP of (4) and (5) as we mentioned before. For any A =[A] AL]|" e R®1#P2)x" by Theorems 2
and 3 we have

V2¢(L,R)|A, A] D Hess £(X)[62 r, 2 r] = 0;

Vv? greg(L R)[A, A] H%bf( )[fﬁmfﬁn] = 0.
Next we show the reverse direction: suppose (L,R) is a rank r Euclidean SOSP of (4) or (5), then X =LRT is

a Riemannian SOSP of (2). To see this, for any £ € Tx M.,
Hessf(LRT)[,€] "% V29(L R)[L R (6), Lok (§)] =0,
Hessf(LRT)[E, €] ) V20,0 (L R)[LL k(). L2 k()] > 0.
This shows X is a Riemannian SOSP of (2).

Suppose (L, R) is a rank r Euclidean strict saddle of (4) or (5), and let X = LR". Then by definition there exists
Ala AQ € R(p1+p2)><'r such that Vzg(L, :E{,)[.A]_7 Al] <0 and VQgreg(L, R) [AAQ7 AQ] < 0. Then

Hess f(X)[¢2%, LR] 2 v29(L,R)[A1, A4] < 0;

Hessf( )[fL R>SL R] V29reg(L R)[A27A2] <0.

This implies that Hess f(X) has negative eigenvalues in both cases, i.e., X is a Riemannian strict saddle. The proof

for the reverse direction is similar and for simplicity, we omit it here. W

Proof of Theorem 4. This proof is divided into two steps. In Step 1, we show (54); in Step 2, we give the spectrum
bounds for the bijective map J and the spectrum connection between Vzgreg(Lreg7 R,..) and V2g(L, R).

Step 1. First, since LregRrTeg =LR", L, and L share the same left singular subspace. Thus LA = LL'L,., =
L;cg and A is of rank 7. Meanwhile, by LR" = L, R/, we have AR/, = L'L,.;R/,, = L'LRT = R". Moreover,
as (Lyeg, Ryreg) is a Euclidean FOSP of (5), by (46) we have for any A =[A] AL]" e RPrtr2)xr,

v2greg (Lreg; Rreg)[A7 A] - :U/HLT AL + AT reg RT AR - AT reg“% = v.g2 (Lrega Rreg)[Aa A]

reg reg

Next, we show Vg?(Lyeg, Rreg)[A, A] = Vg*(L,R)[J(A), T (A)]. By Proposition 2 we have
V2g(Lregv Rreg) [A7 A]

=V f(LiegR) [Lreg AR + AR, Lo AL+ A R ]+ 2V f(Lyeg R, ), ALAL)

reg reg’ reg reg
=V?f(LR")[LAA,+A,A7'R",LAA,+A,A"'R"]
+2VF(LR"), AL ATTAAL)
= V(L R)[T(A), T (A)].
This finishes the proof for the first part.
Step 2. Next, we provide the spectrum bounds for the bijection operator. Suppose A =[A] AL]T and J(A) =
[AT AJ]". Then
|T(A)F = [ALIE + [A%RF = [ALAT 2 + [ARAT[E < (02(A) v (1/0,(A))* A,
|AIG = [ALIE + [Ar[E = JALAR + [ARATTE < (01(A) v (1/0,(A))* [T (A)[3.
Finally, we provide a spectrum connection of two Euclidean Hessians at FOSPs. By (54), we have
V2reg(Lregs Rreg) = T*Vg*(L,R)J. So the first inequality of (56) follows from Lemma 3(ii) in the Appendix and
(55). Also by (45), (54) and Lemma 5, we have V?g,eq(Lyeg, Rreg) — 8101 (Lyeg R, )Z < T*Vg*(L,R)J and the

reg
second inequality in (56) follows from Lemma 3(i) and (55). This finishes the proof. W
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A.4. Additional Proofs in Section 5
Proof of Theorem 5. By Theorem I.1 and Theorem II.2 of Li et al. (2019), we have with probability at least

1 —exp(—C'n), the factorization formulation g(x) in (59) has the following geometric landscape properties: (1)
x* is the unique Euclidean SOSP of g(x); (2) for any other non-zero Euclidean FOSP x of g(x), it satisfies
Amin (V29(x)) < =3||x*|2 = =30, (X*) under the assumptions of Theorem 5.

By Corollary 1, we have X* = x*x*T is the unique Riemannian SOSP of (61). In addition, by Theorem 1, for

any other Riemannian FOSP X of (61), we have

1
401(X)
where x is any Euclidean FOSP satisfying xx' =X. W

Ain(V2g(x)) < — 221 XY

Amin (Hess f (X)) < "I (X)

Proof of Theorem 6. First, Zhu et al. (2018) considered the geometric landscape of (5) when f satisfies the
(2r,4r)-restricted strong convexity and smoothness property. Under the assumptions of Theorem 6, Theorem 3 of
Zhu et al. (2018) shows any Euclidean SOSP (L, R) of the regularized factorization formulation satisfies LRT = X*.
By Corollary 2 of this paper, we further conclude if the input rank r = r* in (2), then X* is the unique Riemannian
SOSP of (2) and if > r*, there is no Riemannian SOSP of (2).

At the same time, by Theorem 3 of Zhu et al. (2018), any Euclidean FOSP (L,R) of (5) that is not a SOSP

must be a strict saddle and satisfy

o2 —0.08ay0,.(X*), if r = r*,
i (PR < { G007 W) 20,000, e

where W =[LT RT]T and r* is the rank of W. Under the manifold formulation (2), by Theorem 3, any Riemannian
FOSP X that is not a Riemannian SOSP must satisfy
Amin(Hess f(X)) < Amin (VZgreg (L', R')) /201 (X)

- { —0.08a;0,(X*) /(201 (X)), if 7 =r%;
=1 —0.05¢; - (o-f(wl) A 20,5 (X)) /(201 (X)), if 7> r*,

where W' = [L'T R'T]T and (I/,R/) is a rank r Euclidean FOSP of (5) satisfying L’'R'™ = X. Finally, we only
need to compute o?(W’). By Lemma 6 we have L’ = UP and R’ = VP for some invertible P € R"*", where U, V
are the left and right singular subspaces of X. So 0, (W’) =0,.([L'T R'T|T) =20, (P) = 1/20,(X). This finishes
the proof of this theorem. W

Proof of Theorem 7. Under the assumptions of Theorem 7, by Theorem 3 of Zhu et al. (2018) we have for a
rank 7 Euclidean FOSP (Lyeg, Ryeg) of the regularized formulation (5), it is either a Euclidean SOSP satisfying
Leg R/, = X* or a strict saddle with Amin(V?greg (Liregs Rreg)) < —0.0810,. (X*).

By Corollary 2 and Theorem 4, we have for any rank r Euclidean FOSP (L,R) of (4), it is either a Euclidean
SOSP satisfying LR = X* or a strict saddle with

Amin(VZ9(L,R)) < 03 Anin (V2 Greg (Lo Rl )) < —0.080% a1 0, (X¥),

reg)’ - vreg
where fa := (1/01(A)) A 0,(A), A =L'L;,, and (L], R},) is a rank 7 Euclidean FOSP of (5) satisfying
L, R =LR"=:X.

reg™ ‘reg

Finally, we give a lower bound for 6. Notice LA =L/ _ , and

reg’
’ ’ ,Lemma
51(A) =01 (LLL,,) < 01 (Lo (L) 2™ © 612(X) Jo, (L),

(45),Lemma 6

ol?(X) o, (L) =0.,(LA)= inf ) [LAx|, <oy(L) inf ) |[Ax|2 =01 (L)o,.(A).

re,
& x:x|2= x:|| x| 2=

We have 0, := (1/01(A)) A 0,(A) = (0,.(L)/o,*(X)) A (¢1/2(X) /o1 (L)). This finishes the proof of this theorem.
|
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Appendix B: Additional Lemmas

Recall A\x(-) and ox(-) are the kth largest eigenvalue and kth largest singular value of matrix (-). Also Apax(-),

Amin(+) denote the largest and least eigenvalue of matrix (-).

Lemma 2 Suppose A € SP*? is symmetric and P € RP*P is invertible. Then \,(PTAP) is sandwiched between

o2(P)A,(A) and o3 (P)\c(A) fork=1,...,p.

Proof. Suppose uy,...,u, are eigenvectors corresponding to A;(A),...,A,(A) and vy,...,v, are eigenvectors cor-
responding to A (PTAP),... ., \,(PTAP). For k=1,...,p, define
Uy =span{uy,...,u,}, U, =span{P 'uy,...,P " u,},
Vi, =span{vy,..., v}, V,=span{Pvy,...,Pv,}.
Let us first consider the case that A;(A) = 0. By Lemma 4, we have

TpT T 2
M(PTAP) > min vt PH)H@P“ = min 7H;—ﬁ:ﬁ% > min A’“P(fl)uT; > \(A)o2(P) = 0. (4)
On the other hand, we have
M (A) Lem;a S u'P-TPTAPP lu — min v'PTAPv . . M(PTAP)|v|3
uevj uzo [ul vevivzo  [Pv[3 T vevevzo  [Pv[3 (5)
(;) A (PTAP)
~ ai(P)

So we have proved the result for the case that Ay(A) = 0. When A, (A) <0, we have A1 1_1(—A) = =X (A) > 0.
Following the same proof of (4) and (5), we have
~M(PTAP) = A, 1 (—PTAP) > 02(P) A1 1_1(—A) = —02(P)Ac(A) > 0,
—Ak(A) =1 (—A) = A1k (P TAP) /07 (P) = =\ (PTAP) /07 (P).
This finishes the proof of this lemma. W

Lemma 3 Suppose A € SP*? B e S are symmetric matrices with ¢ =p and P € R”? Qe RP*?,
(i) If PTBP > A, then \(B)o2(P) v A\e(B)o%(P) = A\, (A) holds for k=1,...,p.

P
(ii) IfPTBP <A, then Apyq—p(B)o5(P) A Ajiq—p(B)o2(P) < Xi(A) holds for k=1,...,p.

(iii) If QTAQ X B, then Auin(B) = 0%7(Q)Amin(A) A 0.

(iv) If QTAQ > B, then A\ (B) < 02(Q)Amax(A) v 0.

Proof. We first prove the first and the second claims under the assumption that o,(P) > 0, i.e., all p columns of

P are linearly independent.

Suppose uy,...,u, are eigenvectors corresponding to A;(A),...,\,(A), respectively and let U, =
span{uy,...,u;}. Then
(@ u'P"BPu u’Au Ae(A)|ul3 Ae(A)/o2(P), if \p(A)=0;
MB)> inf ———— > inf ——— > inf 521012 5 ) 7k 1(F), L A(A) =0
fB) = L TIPug T [Pul3 T Pul3 © L A(A)/eR(R), i A(A) <0,
Here (a) is because {Puy,...,Pu,} forms a k dimensional subspace in R? and Lemma 4.
To see the second claim under o,(P) > 0, suppose vi,...,Vv, are eigenvectors corresponding to A;(B),...,A,(B)
and let Vi g—p =span{vi,..., Viiq_p}.
(@ TA "PTBP Aitq—p(B)|PV|3
MA) S inf YV oy T T2V gy Dk »l 2” vl
v:Pver+q,P HV”2 v:PveV;chq,l7 HV”2 V:PVGVkJrq,p HVH2

> U;z(P))‘k-%—q—p(B)a %f )‘k+q—p(B) =0
01 (P))‘kﬂrp(B)’ if )‘k+q7p(B> <0
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Here (a) is because of Lemma 4 and the fact {v:PveV,,, ,} has dimension at least k.
When o,(P) =0, we construct a series of matrices P, such that lim, ,., P, =P and o0,(P;) > 0. According to the
previous proofs,
Merg—p(B)IT(P1) A Nt g—p(B)oy (Pr) < A\ (P BP,).

Since o (-) and A, (-) are continuous functions of the input matrix, by taking [ — o0, we have

(@)
Ae(B)ai(P) v A\ (B)o?(P) = A\ (P"BP) > )\ (A), under the assumption of Claim 1;

p

(@)
Metgp(B)OI(P) A At p(B)o2(P) < A\ (P"BP) < A\, (A), under the assumption of Claim 2.

P

Here in (a) we use the fact for any two p;-by-p; symmetric matrices Wy, Wy, W1 > Wy implies A\, (W1) = A\, (Wy)
for any k € [p;]. This finishes the proof for the first two claims.

To prove the third claim, suppose v, is the eigenvector corresponding to the smallest eigenvalue of B, then

i . . T T . . 12 07 lf Amin(lA) > 07
Amln(B) - vminBlen > vminQ AQlen > >\1’n1n (A)”va1n”2 2 { J%(Q)Amln (A)7 lf >\min (A) < O

To prove the last claim, suppose V.« is the eigenvector corresponding to the largest eigenvalue of B, then

R T T 2 07 lf Amax(A) < 07
A (B) = VinaxBVmax < Vi Q@ AQViax < /\max(A)Hvaatz < { Uf(Q))\max(A)7 if Amax(A) = 0.

This finishes the proof of this lemma. W

Lemma 4 (Max-min Theorem for Eigenvalues (Bhatia 2013, Corollary II1.1.2) ) For any p-by-p real symmetric
matric A with eigenvalues Ay = Ay = -+ = X\,. If €, denotes the set of subspaces of RP of dimension k, then

Ak = MaXcew, Milyecuzo U Au/|lul3.

Lemma 5 Suppose LeRP**" and ReRP2*". Then for any [A] A}]T e Rpritr2)xr
|ILTAL + AJL—R"Ar — ARL[E <8(01(L) v 01 (R))*(JAr[ + [AL]E).

Proof.
[LTA, + AJL—R7Ax— AJL|2 <2(|JL7A, + AJLZ + [R™ A + ALL[2)

<2(4LTALJE + 4R AR[F)

N

8(01(L) v o1 (R)* (| Al + |ALIE).
This finishes the proof. W

Lemma 6 Suppose L e RP1*" ReRP2*" are two rank r matrices and LTL=RTR. Let UXVT be a SVD of LRT.
Then we have L =UP,R = VP for some r-by-r full rank matriz P satisfying PPT = X.

Proof. First since LR has SVD UX VT we have L = UP; and R = VP,. Next we show P; = P,. Since P, P, =X,
we have

»?-p,P]P.,P] YP,P/P,P] -2 x—P,P/.
Here (a) is because L'L = RTR implies P{P; = PJPy; and (b) is because a PSD matrix has a unique principal

square root (Johnson et al. 2001). This finishes the proof of this lemma. W
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