
Appendix A: Additional Proofs

A.1. Additional Proofs in Section 2.1

Proof of Proposition 1. The expressions for Euclidean gradients are obtained via direct computation. For

the Riemannian gradient, since Mr` and Mr are embedded submanifolds of Rpˆp and Rp1ˆp2 , respectively and

the Euclidean metric is considered, from (Absil et al. 2009, (3.37)), we know the Riemannian gradients are the

projections of the Euclidean gradients onto the corresponding tangent spaces. The results follow by observing the

projection operator onto TXMr` and TXMr given in (9). �

Proof of Proposition 2. First the expressions for ∇2gpL,RqrA,As and ∇2gregpL,RqrA,As are given in (Ha et al.

2020, Eq. (2.8)) and (Zhu et al. 2018, Section IV-A and Remark 8), respectively. The expressions for ∇2gpYqrA1,A1s

can be obtained by letting A“ rA
1J A

1JsJ and L“R“Y in ∇2gpL,RqrA,As.

Next, we derive the Riemannian Hessian of f . The Riemannian Hessian of an objective function f is usually

defined in terms of the Riemannian connection as in (6). But in the case of embedded submanifolds, it can also be

defined by means of the so-called second-order retractions.

Given a general smooth manifold M, a retraction R is a smooth map from TM to M satisfying i) RpX,0q “

X and ii) d
dt
RpX, tηq|t“0 “ η for all X PM and η P TXM, where TM “ tpX, TXMq : X PMu, is the tangent

bundle of M (Absil et al. 2009, Chapter 4). We also let RX to be the restriction of R to TXM and it satisfies

RX : TXMÑM, ξ ÞÝÑRpX, ξq. Retraction is in general a first-order approximation of the exponential map (Absil

et al. 2009, Chapter 4). A second-order retraction is the retraction defined as a second-order approximation of

the exponential map (Absil and Malick 2012). As far as convergence of Riemannian optimization methods goes,

first-order retraction is sufficient (Absil et al. 2009, Chapter 3), but second-order retraction enjoys the following

nice property: the Riemannian Hessian of an objective function f coincides with the Euclidean Hessian of the lifted

objective f̂X :“ f ˝RX.

Lemma 1 (Proposition 5.5.5 of Absil et al. (2009)) Let RX be a second-order retraction on M. Then

HessfpXq “∇2pf ˝RXqp0q for all X PM.

We present the second-order retractions under both PSD and general low-rank matrix settings in the following

Proposition 1.

Proposition 1 (Second-order Retractions in PSD and General Low-rank Matrix Manifolds)

• PSD case: Suppose X PMr` has eigendecomposition UΣUJ. Then the mapping Rp2qX : TXMr`ÑMr` given by

Rp2qX : ξ “ rU UKs

„

S DJ

D 0



rU UKs
JÑWX:WJ

is a second-order retraction on Mr`, where W “ X ` 1
2
ξs ` ξp ´ 1

8
ξsX:ξs ´ 1

2
ξpX:ξs, ξs “ PUξPU and ξp “

PUKξPU`PUξPUK . Furthermore, we have

Rp2qX pξq “X` ξ`UKDΣ´1DJUJ
K`Op}ξ}

3
Fq, as }ξ}FÑ 0.

• General case: Suppose X PMr has SVD UΣVJ. Then the mapping Rp2qX : TXMrÑMr given by

Rp2qX : ξ “ rU UKs

„

S DJ
2

D1 0



rV VKs
JÑWX:W

1
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is a second-order retraction on Mr, where W“X` 1
2
ξs` ξp´ 1

8
ξsX:ξs´ 1

2
ξpX:ξs´ 1

2
ξsX:ξp, ξs “ PUξPV and

ξp “ PUKξPV`PUξPVK . Furthermore, we have

Rp2qX pξq “X` ξ`UKD1Σ
´1DJ

2 VJ
K`Op}ξ}

3
Fq, as }ξ}FÑ 0.

Proof of Proposition 1. The results for the PSD case can be found in (Vandereycken and Vandewalle 2010,

Proposition 5.10) and the results under the general case can be found in (Vandereycken 2013, Proposition A.1) and

(Shalit et al. 2012, Theorem 3). �

By Lemma 1 and the property of second-order retraction, the sum of the first three dominating terms in the

Taylor expansion of f ˝Rp2qX pξq w.r.t. ξ are fpXq`xgradfpXq, ξy` 1
2
HessfpXqrξ, ξs. By matching the corresponding

terms and the expressions of Rp2qX in Proposition 1, we can get the quadratic expression for HessfpXqrξ, ξs.

Next, we discuss how to obtain HessfpXqrξ, ξs in PSD and general low-rank matrix manifolds, respectively.

PSD case: Given small enough ξ “ rU UKs

„

S DJ

D 0



rU UKs
J, define Up “ UKD. By Proposition 1 and

Taylor expansion, we have

f ˝Rp2qX pξq “ fpX` ξ`UpΣ
´1UJ

p `Op}ξ}
3
Fqq

“ fpX` ξ`UpΣ
´1UJ

p q`Op}ξ}
3
Fq

“ fpX` ξq` x∇fpX` ξq,UpΣ
´1UJ

p y`Op}ξ}
3
Fq

“ fpXq` x∇fpXq, ξy` 1

2
∇2fpXqrξ, ξs` x∇fpXq,UpΣ

´1UJ
p y`Op}ξ}

3
Fq.

(1)

Since ξpX:ξp “ UpΣ
´1UJ

p , where ξp “ PUKξPU ` PUξPUK , the second order term in (1) is 1
2
∇2fpXqrξ, ξs `

x∇fpXq,UpΣ
´1UJ

p y and it equals to 1
2
HessfpXqrξ, ξs.

General case: Given small enough ξ “ rU UKs

„

S DJ
2

D1 0



rV VKs
J, define Up “UKD1 and Vp “VKD2. By

Proposition 1 and Taylor expansion, we have

f ˝Rp2qX pξq “ fpX` ξ`UpΣ
´1VJ

p `Op}ξ}
3
Fqq

“ fpX` ξ`UpΣ
´1VJ

p q`Op}ξ}
3
Fq

“ fpX` ξq` x∇fpX` ξq,UpΣ
´1VJ

p y`Op}ξ}
3
Fq

“ fpXq` x∇fpXq, ξy` 1

2
∇2fpXqrξ, ξs` x∇fpXq,UpΣ

´1VJ
p y`Op}ξ}

3
Fq.

(2)

Since ξpX:ξp “ UpΣ
´1VJ

p , where PUKξPV ` PUξPVK , the second order term in (2) is 1
2
∇2fpXqrξ, ξs `

x∇fpXq,UpΣ
´1VJ

p y and it equals to 1
2
HessfpXqrξ, ξs. This finishes the proof of this proposition. �

We note the proof technique for deriving the Riemannian Hessian is analogous to the proof of (Vandereycken

2013, Proposition 2.3). Here we extend it to the setting for a general twice differentiable function f .

A.2. Additional Proofs in Section 3

Proof of Lemma 2. Suppose X has the eigendecomposition UΣUJ and P “ UJY. Given ξ “

rU UKs

„

S DJ

D 0



rU UKs
J. For any A PA ξ

Y, it is easy to check YAJ`AYJ “ ξ, so A ξ
Y Ď tA : YAJ`AYJ “ ξu.

For any A such that YAJ`AYJ “ ξ, we have
„

S DJ

D 0



“

„

UJ

UJ
K



ξrU UKs “

„

UJ

UJ
K



pYAJ`AYJqrU UKs “

„

PAJU`UJAPJ PAJUK

UJ
KAPJ 0



by observing Y “UP. This implies UKUJ
KA“UKDP´J and PAJU`UJAPJ “ S. By denoting S1 “UJAPJ,

we have S1 ` SJ1 “ S and UUJA “US1P
´J. Finally, A “UUJA`UKUJ

KA “ pUS1 `UKDqP´J P A ξ
Y. This

proves A ξ
Y Ě tA : YAJ`AYJ “ ξu and finishes the proof. �
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Proof of Lemma 3. First, it is easy to check the dimensions of A Y
null and A Y

null
are pr2´ rq{2 and pr´pr2´ rq{2,

respectively. Since pr2 ´ rq{2` pr´ pr2 ´ rq{2“ pr, to prove Rpˆr “A Y
null ‘A Y

null
, we only need to show A Y

null is

orthogonal to A Y

null
. Suppose A“USP´J PA Y

null and A1 “ pUS1`UKD1qP´J PA Y

null
. Then

xA,A1y “ xSP´J,S1P´Jy “ xS,S1P´JP´1y
paq
“ xS,S1Σ´1

y
pbq
“ ´xSJ, pS1Σ´1

qJy “´xA,A1y,

where (a) is because PPJ “Σ, (b) is because S`SJ “ 0, and S1Σ´1 is symmetric by the construction of A Y
null and

A Y

null
, respectively. So we have xA,A1y “ 0 and this finishes the proof of this lemma. �

Proof of Corollary 1. First, by the connection of Riemannian and Euclidean gradients in (18), the connection of

FOSPs under two formulations clearly holds.

Suppose Y is a rank r Euclidean SOSP of (3) and let X“YYJ. Given any ξ P TXMr`, we have

HessfpXqrξ, ξs
(19)
“ ∇2gpYqrL´1

Y pξq,L´1
Y pξqs ě 0,

where the inequality is by the SOSP assumption on Y. Combining the fact X is a Riemannian FOSP of (1), this

shows X“YYJ is a Riemannian SOSP of (1).

Next, let us show the other direction: suppose X is a Riemannian SOSP of (1), then for any Y such that

YYJ “X, it is a Euclidean SOSP of (3). To see this, first Y is of rank r and we have shown Y is a Euclidean

FOSP of (3). Then by (19), we have for any A PRpˆr:

∇2gpYqrA,As “HessfpXqrξA
Y , ξ

A
Ys ě 0.

Suppose Y is a rank r Euclidean strict saddle of (3) and let X“YYJ. It implies that there exists A PA Y
null such

that ∇2gpYqrA,As ă 0. Then by (19) ∇2gpYqrA,As “HessfpXqrLpAq,LpAqs ă 0, and this implies that HessfpXq

also has at least one eigenvalue. Thus, X is a Riemannian strict saddle. The proof for the other direction is similar

and for simplicity, we omit it here. �

A.3. Additional Proofs in Section 4

Proof of Lemma 4. Given any tangent vector ξ “ rU UKs

„

S DJ
2

D1 0



rV VKs
J in TXMr , denote A1 “ tA“

rAJ
L AJ

Rs
J : LAJ

R `ALRJ “ ξu and A2 “ tA “ rAJ
L AJ

Rs
J : LAJ

R `ALRJ “ ξ and LJAL `AJ
LL´RJAR ´

AJ
RR“ 0u. The rest of the proof is divided into two steps: in Step 1 we show the results on A ξ

L,R; in Step 2 we

show the results on ĂA ξ
L,R.

Step 1. It is clear dimpA ξ
L,Rq “ r

2. For any A“ rAJ
L AJ

Rs
J PA ξ

L,R, it is straightforward to check LAJ
R`ALRJ “

ξ, so A ξ
L,R ĎA1. For any A such that LAJ

R`ALRJ “ ξ, we have

„

S DJ
2

D1 0



“

„

UJ

UJ
K



ξrV VKs “

„

UJ

UJ
K



pLAJ
R`ALRJqrV VKs

“

„

P1A
J
RV`UJALPJ

2 P1A
J
RVK

UJ
KALPJ

2 0

 (3)

by observing L “ UP1,R “ VP2. This implies PUKAL “ UKD1P
´J

2 , PVKAR “ VKD2P
´J

1 and P1A
J
RV `

UJALPJ
2 “ S. By denoting S1 “ UJALPJ

2 and SJ2 “ VJARPJ
1 , we have S1 ` S2 “ S, PUAL “ US1P

´J

2 and

PVAR “ VSJ2 P´J

1 . Finally, AL “ PUAL ` PUKAL “ pUS1 ` UKD1qP
´J

2 , AR “ PVAR ` PVKAR “ pVSJ2 `

VKD2qP
´J

1 . So A“ rAJ
L AJ

Rs
J PA ξ

L,R and A ξ
L,R ĚA1. This proves the first result.
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Step 2. Let us begin by proving dimp ĂA ξ
L,Rq “ pr

2 ´ rq{2. First, by simple computation, we have dimp ĂA ξ
L,Rq “

dimpS q where

S :“
 

S1 PRrˆr : PJ
1 S1P

´J

2 `pPJ
1 S1P

´J

2 qJ`P´1
1 S1P2`pP

´1
1 S1P2q

J “P´1
1 SP2`pP

´1
1 SP2q

J
(

.

Next, we show S is of dimension pr2´ rq{2. Construct the following linear map ϕL,R : S1ÑPJ
1 S1P´J

2 `P´1
1 S1P2.

We claim ϕL,R is a bijective linear map over Rrˆr:

• injective part: suppose there exists S11,S
1
2 PRrˆr such that S11 ‰ S12 and ϕL,RpS

1
1q “ϕL,RpS

1
2q. Then by definition

of ϕL,R, we have PJ
1 pS

1
1´S12qP

´J

2 `P´1
1 pS

1
1´S12qP2 “ 0. It further implies P1P

J
1 pS

1
1´S12q`pS

1
1´S12qP2P

J
2 “ 0.

This is a Sylvester equation with respect to pS11 ´S12q and we know from (Bhatia 2013, Theorem VII.2.1) that

it has a unique solution 0 due to the fact P1P
J
1 and ´P2P

J
2 have disjoint spectra. So we get S11 “ S12, a

contradiction.

• surjective part: for any rS PRrˆr, we can find a unique rS1 such that ϕL,RprS
1q “ rS. This follows from the facts:

(1) tS1 : PJ
1 S1P´J

2 `P´1
1 S1P2 “ rSu “ tS1 : P1P

J
1 S1 ` S1P2P

J
2 “ P1

rSPJ
2 u; (2) P1P

J
1 S1 ` S1P2P

J
2 “ P1

rSPJ
2 is a

Sylvester equation with respect to S1 which has a unique solution again by (Bhatia 2013, Theorem VII.2.1).

Then we have S “ tϕ´1
L,RpS

1q : S1`S
1J “P´1

1 SP2`pP
´1
1 SP2q

Ju and

dimpS q “ dimptϕ´1
L,RpS

1q : S1`S
1J “P´1

1 SP2`pP
´1
1 SP2q

Juq

“ dimptS1 : S1`S
1J “P´1

1 SP2`pP
´1
1 SP2q

Juq “ pr2´ rq{2.

Finally, we show the second result. For any A “ rAJ
L AJ

Rs
J P ĂA ξ

L,R, it is straightforward to check LAJ
R `

ALRJ “ ξ and LJAL `AJ
LL´RJAR ´AJ

RR “ 0. So ĂA ξ
L,R Ď A2. For any A P A2, following the same proof of

(3) we have AL “ pUS1`UKD1qP
´J

2 ,AR “ pVSJ2 `VKD2qP
´J

1 where S1 “UJALPJ
2 , SJ2 “VJARPJ

1 and they

satisfy S1 `S2 “ S. LJAL `AJ
LL´RJAR ´AJ

RR“ 0 further requires S1,S2 to satisfy PJ
1 S1P

´J

2 `P´1
2 SJ1 P1 ´

PJ
2 SJ2 P´J

1 ´P´1
1 S2P2 “ 0. So A“ rAJ

L AJ
Rs
J P ĂA ξ

L,R and ĂA ξ
L,R ĚA2. This finishes the proof of this lemma. �

Proof of Lemma 5. We first consider the result of A L,R
null and A L,R

null
. It is easy to check A L,R

null and A L,R

null
are

of dimensions r2 and pp1 ` p2 ´ rqr, respectively. Since r2 ` pp1 ` p2 ´ rqr “ pp1 ` p2qr, to prove Rpp1`p2qˆr “

A L,R
null ‘A L,R

null
, we only need to show A L,R

null is orthogonal to A L,R

null
. Indeed, for any A“

„

USP´J

2

´VSJP´J

1



PA L,R
null , and

A1 “

„

pUS1P2P
J
2 `UKD1

1qP
´J

2

pVS
1JP1P

J
1 `VKD1

2qP
´J

1



PA L,R

null
, by simple calculations, we have xA,A1y “ xS,S1y´ xS,S1y “ 0.

Next, we prove the result of ĂA L,R
null and ĂA L,R

null
. From the dimension of S in Step 2 of the proof of Lemma 4, we

have dimpSL,Rq “ pr
2´ rq{2. As a result of this, we have ĂA L,R

null is of dimension pr2´ rq{2. Thus, pS1´S2q KSL,R

in the definition of ĂA L,R

null
adds pr2 ´ rq{2 constraints and dimp ĂA L,R

null
q “ pp1 ` p2qr ´ pr

2 ´ rq{2. Now, to prove

Rpp1`p2qˆr “ ĂA L,R
null ‘

ĂA L,R

null
, we only need to show ĂA L,R

null is orthogonal to ĂA L,R

null
. In fact, for any A“

„

USP´J

2

´VSJP´J

1



P

ĂA L,R
null and A1 “

„

pUS11P2P
J
2 `UKD1

1qP
´J

2

pVS
1J
2 P1P

J
1 `VKD1

2qP
´J

1



P ĂA L,R

null
, we have xA,A1y “ xS,S11y ´ xS,S

1
2y “ 0, where the second

equality is because S PSL,R and pS11 ´ S12q K SL,R by the construction of ĂA L,R
null and ĂA L,R

null
, respectively. This

finishes the proof of this lemma. �

Proof of Corollary 2. First, for any Euclidean FOSP pL,Rq of (5) or pL,Rq such that LJL “RJR, we have

∇gregpL,Rq “∇gpL,Rq by (45) and Proposition 1, respectively. The connection on FOSPs of different formulations

can be easily obtained by the connection of Riemannian and Euclidean gradients given in (40). Next, we show the

equivalence on SOSPs of different formulations.
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Suppose X is a Riemannian SOSP of (2), we claim any pL,Rq such that LRJ “X is a Euclidean SOSP of (4)

and any pL,Rq such that LRJ “X and LJL“RJR is a Euclidean SOSP of (5). To see it, first pL,Rq in both cases

are Euclidean FOSP of (4) and (5) as we mentioned before. For any A“ rAJ
L AJ

Rs
J PRpp1`p2qˆr, by Theorems 2

and 3 we have

∇2gpL,RqrA,As
(41)
“ HessfpXqrξA

L,R, ξ
A
L,Rs ě 0;

∇2gregpL,RqrA,As
(47)

ě HessfpXqrξA
L,R, ξ

A
L,Rs ě 0.

Next we show the reverse direction: suppose pL,Rq is a rank r Euclidean SOSP of (4) or (5), then X“LRJ is

a Riemannian SOSP of (2). To see this, for any ξ P TXMr,

HessfpLRJqrξ, ξs
(41)
“ ∇2gpL,RqrL´1

L,Rpξq,L´1
L,Rpξqs ě 0,

HessfpLRJqrξ, ξs
(47)
“ ∇2gregpL,RqrL´1

L,Rpξq,L´1
L,Rpξqs ě 0.

This shows X is a Riemannian SOSP of (2).

Suppose pL,Rq is a rank r Euclidean strict saddle of (4) or (5), and let X“LRJ. Then by definition there exists

A1,A2 PRpp1`p2qˆr such that ∇2gpL,RqrA1,A1s ă 0 and ∇2gregpL,RqrA2,A2s ă 0. Then

HessfpXqrξA1
L,R, ξ

A1
L,Rs

(41)
“ ∇2gpL,RqrA1,A1s ă 0;

HessfpXqrξA2
L,R, ξ

A2
L,Rs

(47)

ď ∇2gregpL,RqrA2,A2s ă 0.

This implies that HessfpXq has negative eigenvalues in both cases, i.e., X is a Riemannian strict saddle. The proof

for the reverse direction is similar and for simplicity, we omit it here. �

Proof of Theorem 4. This proof is divided into two steps. In Step 1, we show (54); in Step 2, we give the spectrum

bounds for the bijective map J and the spectrum connection between ∇2gregpLreg,Rregq and ∇2gpL,Rq.

Step 1. First, since LregR
J
reg “LRJ, Lreg and L share the same left singular subspace. Thus L∆“LL:Lreg “

Lreg and ∆ is of rank r. Meanwhile, by LRJ “LregR
J
reg, we have ∆RJ

reg “L:LregR
J
reg “L:LRJ “RJ. Moreover,

as pLreg,Rregq is a Euclidean FOSP of (5), by (46) we have for any A“ rAJ
L AJ

Rs
J PRpp1`p2qˆr:

∇2gregpLreg,RregqrA,As´µ}L
J
regAL`AJ

LLreg´RJ
regAR´AJ

RRreg}
2
F “∇g2pLreg,RregqrA,As.

Next, we show ∇g2pLreg,RregqrA,As “∇g2pL,RqrJ pAq,J pAqs. By Proposition 2 we have

∇2gpLreg,RregqrA,As

“∇2fpLregR
J
regqrLregA

J
R`ALRJ

reg,LregA
J
R`ALRJ

regs` 2x∇fpLregR
J
regq,ALAJ

Ry

“∇2fpLRJqrL∆AJ
R`AL∆´1RJ,L∆AJ

R`AL∆´1RJs

` 2x∇fpLRJq,AL∆´1∆AJ
Ry

“∇2gpL,RqrJ pAq,J pAqs.
This finishes the proof for the first part.

Step 2. Next, we provide the spectrum bounds for the bijection operator. Suppose A“ rAJ
L AJ

Rs
J and J pAq “

rA
1J
L A

1J
R s

J. Then

}J pAq}2F “ }A1
L}

2
F`}A

1
R}

2
F “ }AL∆´1

}2F`}AR∆J
}2F ď pσ1p∆q_ p1{σrp∆qqq

2
}A}2F,

}A}2F “ }AL}
2
F`}AR}

2
F “ }A

1
L∆}2F`}A

1
R∆´J

}2F ď pσ1p∆q_ p1{σrp∆qqq
2
}J pAq}2F.

Finally, we provide a spectrum connection of two Euclidean Hessians at FOSPs. By (54), we have

∇2gregpLreg,Rregqě J ˚∇g2pL,RqJ . So the first inequality of (56) follows from Lemma 3(ii) in the Appendix and

(55). Also by (45), (54) and Lemma 5, we have ∇2gregpLreg,Rregq ´ 8µσ1pLregR
J
regqI ď J ˚∇g2pL,RqJ and the

second inequality in (56) follows from Lemma 3(i) and (55). This finishes the proof. �
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A.4. Additional Proofs in Section 5

Proof of Theorem 5. By Theorem I.1 and Theorem II.2 of Li et al. (2019), we have with probability at least

1´ expp´C 1nq, the factorization formulation gpxq in (59) has the following geometric landscape properties: (1)

x˚ is the unique Euclidean SOSP of gpxq; (2) for any other non-zero Euclidean FOSP x of gpxq, it satisfies

λminp∇2gpxqq ď´3}x˚}22 “´3σ1pX
˚q under the assumptions of Theorem 5.

By Corollary 1, we have X˚ “ x˚x˚J is the unique Riemannian SOSP of (61). In addition, by Theorem 1, for

any other Riemannian FOSP X of (61), we have

λminpHessfpXqq ď
1

4σ1pXq
λminp∇2gpxqq ď´

3σ1pX
˚q

4σ1pXq
,

where x is any Euclidean FOSP satisfying xxJ “X. �

Proof of Theorem 6. First, Zhu et al. (2018) considered the geometric landscape of (5) when f satisfies the

p2r,4rq-restricted strong convexity and smoothness property. Under the assumptions of Theorem 6, Theorem 3 of

Zhu et al. (2018) shows any Euclidean SOSP pL,Rq of the regularized factorization formulation satisfies LRJ “X˚.

By Corollary 2 of this paper, we further conclude if the input rank r“ r˚ in (2), then X˚ is the unique Riemannian

SOSP of (2) and if rą r˚, there is no Riemannian SOSP of (2).

At the same time, by Theorem 3 of Zhu et al. (2018), any Euclidean FOSP pL,Rq of (5) that is not a SOSP

must be a strict saddle and satisfy

λminp∇2gregpL,Rqq ď

"

´0.08α1σrpX
˚q, if r“ r˚;

´0.05α1 ¨ pσ
2
rcpWq^ 2σr˚pX

˚qq, if rą r˚,

where W“ rLJ RJsJ and rc is the rank of W. Under the manifold formulation (2), by Theorem 3, any Riemannian

FOSP X that is not a Riemannian SOSP must satisfy

λminpHessfpXqq ď λminp∇2gregpL
1,R1qq{2σ1pXq

ď

"

´0.08α1σrpX
˚q{p2σ1pXqq, if r“ r˚;

´0.05α1 ¨ pσ
2
r pW

1q^ 2σr˚pX
˚qq{p2σ1pXqq, if rą r˚,

where W1 “ rL
1J R

1JsJ and pL1,R1q is a rank r Euclidean FOSP of (5) satisfying L1R
1J “X. Finally, we only

need to compute σ2
r pW

1q. By Lemma 6 we have L1 “UP and R1 “VP for some invertible P PRrˆr, where U,V

are the left and right singular subspaces of X. So σrpW
1q “ σrprL

1J R
1JsJq “

?
2σrpPq “

a

2σrpXq. This finishes

the proof of this theorem. �

Proof of Theorem 7. Under the assumptions of Theorem 7, by Theorem 3 of Zhu et al. (2018) we have for a

rank r Euclidean FOSP pLreg,Rregq of the regularized formulation (5), it is either a Euclidean SOSP satisfying

LregR
J
reg “X˚ or a strict saddle with λminp∇2gregpLreg,Rregqq ď´0.08α1σrpX

˚q.

By Corollary 2 and Theorem 4, we have for any rank r Euclidean FOSP pL,Rq of (4), it is either a Euclidean

SOSP satisfying LRJ “X˚ or a strict saddle with

λminp∇2gpL,Rqq ď θ2∆λminp∇2gregpL
1
reg,R

1
regqq ď´0.08θ2∆α1σrpX

˚q,

where θ∆ :“ p1{σ1p∆qq ^ σrp∆q, ∆ “ L:L1reg and pL1reg,R
1
regq is a rank r Euclidean FOSP of (5) satisfying

L1regR
1J
reg “LRJ “: X.

Finally, we give a lower bound for θ∆. Notice L∆“L1reg, and

σ1p∆q “ σ1pL
:L1regq ď σ1pL

:qσ1pL
1
regq

(45),Lemma 6
“ σ1{2

1 pXq{σrpLq,

σ1{2
r pXq

(45),Lemma 6
“ σrpL

1
regq “ σrpL∆q “ inf

x:}x}2“1
}L∆x}2 ď σ1pLq inf

x:}x}2“1
}∆x}2 “ σ1pLqσrp∆q.

We have θ∆ :“ p1{σ1p∆qq ^ σrp∆q ě pσrpLq{σ
1{2
1 pXqq ^ pσ1{2

r pXq{σ1pLqq. This finishes the proof of this theorem.

�
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Appendix B: Additional Lemmas

Recall λkp¨q and σkp¨q are the kth largest eigenvalue and kth largest singular value of matrix p¨q. Also λmaxp¨q,

λminp¨q denote the largest and least eigenvalue of matrix p¨q.

Lemma 2 Suppose A P Spˆp is symmetric and P P Rpˆp is invertible. Then λkpP
JAPq is sandwiched between

σ2
ppPqλkpAq and σ

2
1pPqλkpAq for k“ 1, . . . , p.

Proof. Suppose u1, . . . ,up are eigenvectors corresponding to λ1pAq, . . . , λppAq and v1, . . . ,vp are eigenvectors cor-

responding to λ1pP
JAPq, . . . , λppP

JAPq. For k“ 1, . . . , p, define

Uk “ spantu1, . . . ,uku, U 1k “ spantP´1u1, . . . ,P
´1uku,

Vk “ spantv1, . . . ,vku, V 1k “ spantPv1, . . . ,Pvku.

Let us first consider the case that λkpAq ě 0. By Lemma 4, we have

λkpP
JAPq ě min

uPU 1
k
,u‰0

uJPJAPu

}u}22
“ min

uPUk,u‰0

uJAu

}P´1u}22
ě min

uPUk,u‰0

λkpAq}u}
2
2

}P´1u}22
ě λkpAqσ

2
ppPq ě 0. (4)

On the other hand, we have

λkpAq
Lemma 4
ě min

uPV1
k
,u‰0

uJP´JPJAPP´1u

}u}22
“ min

vPVk,v‰0

vJPJAPv

}Pv}22
ě min

vPVk,v‰0

λkpP
JAPq}v}22
}Pv}22

(4)

ě
λkpP

JAPq

σ2
1pPq

.

(5)

So we have proved the result for the case that λkpAq ě 0. When λkpAq ă 0, we have λp`1´kp´Aq “ ´λkpAq ą 0.

Following the same proof of (4) and (5), we have

´λkpP
JAPq “ λp`1´kp´PJAPq ě σ2

ppPqλp`1´kp´Aq “´σ2
ppPqλkpAq ą 0,

´λkpAq “ λp`1´kp´Aq ě λp`1´kp´PJAPq{σ2
1pPq “´λkpP

JAPq{σ2
1pPq.

This finishes the proof of this lemma. �

Lemma 3 Suppose A P Spˆp,B P Sqˆq are symmetric matrices with qě p and P PRqˆp,Q PRpˆq.
(i) If PJBP ě A, then λkpBqσ

2
1pPq_λkpBqσ

2
ppPq ě λkpAq holds for k“ 1, . . . , p.

(ii) If PJBP ď A, then λk`q´ppBqσ
2
1pPq^λk`q´ppBqσ

2
ppPq ď λkpAq holds for k“ 1, . . . , p.

(iii) If QJAQ ď B, then λminpBq ě σ
2
1pQqλminpAq^ 0.

(iv) If QJAQ ě B, then λ1pBq ď σ
2
1pQqλmaxpAq_ 0.

Proof. We first prove the first and the second claims under the assumption that σppPq ą 0, i.e., all p columns of

P are linearly independent.

Suppose u1, . . . ,up are eigenvectors corresponding to λ1pAq, . . . , λppAq, respectively and let Uk “
spantu1, . . . ,uku. Then

λkpBq
paq

ě inf
uPUk

uJPJBPu

}Pu}22
ě inf

uPUk

uJAu

}Pu}22
ě inf

uPUk

λkpAq}u}
2
2

}Pu}22
ě

"

λkpAq{σ
2
1pPq, if λkpAq ě 0;

λkpAq{σ
2
ppPq, if λkpAq ă 0.

Here (a) is because tPu1, . . . ,Puku forms a k dimensional subspace in Rq and Lemma 4.

To see the second claim under σppPq ą 0, suppose v1, . . . ,vq are eigenvectors corresponding to λ1pBq, . . . , λqpBq

and let Vk`q´p “ spantv1, . . . ,vk`q´pu.

λkpAq
paq

ě inf
v:PvPVk`q´p

vJAv

}v}22
ě inf

v:PvPVk`q´p

vJPJBPv

}v}22
ě inf

v:PvPVk`q´p

λk`q´ppBq}Pv}22
}v}22

ě

"

σ2
ppPqλk`q´ppBq, if λk`q´ppBq ě 0
σ2
1pPqλk`q´ppBq, if λk`q´ppBq ă 0

(6)
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Here (a) is because of Lemma 4 and the fact tv : Pv P Vk`q´pu has dimension at least k.

When σppPq “ 0, we construct a series of matrices Pl such that limlÑ8Pl “P and σppPlq ą 0. According to the

previous proofs,

λkpBqσ
2
1pPlq_λkpBqσ

2
ppPlq ě λkpP

J
l BPlq,

λk`q´ppBqσ
2
1pPlq^λk`q´ppBqσ

2
ppPlq ď λkpP

J
l BPlq.

Since σkp¨q and λkp¨q are continuous functions of the input matrix, by taking lÑ8, we have

λkpBqσ
2
1pPq_λkpBqσ

2
ppPq ě λkpP

JBPq
paq

ě λkpAq, under the assumption of Claim 1;

λk`q´ppBqσ
2
1pPq^λk`q´ppBqσ

2
ppPq ď λkpP

JBPq
paq

ď λkpAq, under the assumption of Claim 2.

Here in (a) we use the fact for any two p1-by-p1 symmetric matrices W1,W2, W1 ě W2 implies λkpW1q ě λkpW2q

for any k P rp1s. This finishes the proof for the first two claims.

To prove the third claim, suppose vmin is the eigenvector corresponding to the smallest eigenvalue of B, then

λminpBq “ vJminBvmin ě vJminQJAQvmin ě λminpAq}Qvmin}
2
2 ě

"

0, if λminpAq ě 0;
σ2
1pQqλminpAq, if λminpAq ă 0.

To prove the last claim, suppose vmax is the eigenvector corresponding to the largest eigenvalue of B, then

λ1pBq “ vJmaxBvmax ď vJmaxQ
JAQvmax ď λmaxpAq}Qvmax}

2
2 ď

"

0, if λmaxpAq ă 0;
σ2
1pQqλmaxpAq, if λmaxpAq ě 0.

This finishes the proof of this lemma. �

Lemma 4 (Max-min Theorem for Eigenvalues (Bhatia 2013, Corollary III.1.2) ) For any p-by-p real symmetric

matrix A with eigenvalues λ1 ě λ2 ě ¨ ¨ ¨ ě λp. If Ck denotes the set of subspaces of Rp of dimension k, then

λk “maxCPCk
minuPC,u‰0 uJAu{}u}22.

Lemma 5 Suppose L PRp1ˆr and R PRp2ˆr. Then for any rAJ
L AJ

Rs
J PRpp1`p2qˆr,

}LJAL`AJ
LL´RJAR´AJ

RL}2F ď 8pσ1pLq_σ1pRqq
2p}AR}

2
F`}AL}

2
Fq.

Proof.

}LJAL`AJ
LL´RJAR´AJ

RL}2F ď 2p}LJAL`AJ
LL}2F`}R

JAR`AJ
RL}2Fq

ď 2p4}LJAL}
2
F` 4}RJAR}

2
Fq

ď 8pσ1pLq_σ1pRqq
2p}AR}

2
F`}AL}

2
Fq.

This finishes the proof. �

Lemma 6 Suppose L PRp1ˆr,R PRp2ˆr are two rank r matrices and LJL“RJR. Let UΣVJ be a SVD of LRJ.

Then we have L“UP,R“VP for some r-by-r full rank matrix P satisfying PPJ “Σ.

Proof. First since LRJ has SVD UΣVJ, we have L“UP1 and R“VP2. Next we show P1 “P2. Since P1P
J
2 “Σ,

we have

Σ2
“P1P

J
2 P2P

J
1

paq
“ P1P

J
1 P1P

J
1

pbq
ùñΣ“P1P

J
1 .

Here (a) is because LJL“RJR implies PJ
1 P1 “PJ

2 P2; and (b) is because a PSD matrix has a unique principal

square root (Johnson et al. 2001). This finishes the proof of this lemma. �
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