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Electronic Companion

EC.1. Preliminaries of Difference-of-Moreau-Envelopes Smoothing
EC.1.1. Moreau Envelope

We summarize some known properties of Moreau envelope in the next proposition.

ProposiTiON EC.1. Suppose Assumptionll] holds and 0 < pn < 1/my in . Then the following

claims hold.

1
1—pmy *

2. M, is differentiable with gradient VM, 4(z) = pu= ' (z — 2,4(2)).

1. z,4 ts Lipschitz continuous with modulus

2—;nn¢
p—pnZmy

3. VM, is Lipschitz continuous with modulus

Proof. The first two claims are well-known, see, e.g., (Zhang and Luo|2020b, Lemma 3.5) and
(Rockafellar and Wets| 2009, Proposition 13.37), combining which proves the last one. [

Proposition suggests that M,, forms a smooth approximation of the possibly nonconvex
nonsmooth function ¢. Similarly, the Moreau envelope and proximal mapping of g are given by M,
and x4, respectively. Since g is convex, it is known that x,,, is 1-Lipschitz and M, is differentiable,

whose gradient VM, ,(2) = (z — x,,(2)) /1 is 1/p-Lipschitz (Beck|2017, Theorem 6.60).

EC.1.2. Lipschitz Differentiability of F),
ProrosiTioN EC.2. Suppose Assumptionllj holds and 0 < p < 1/my in . F, is differentiable,

2—pmy
p—plmy

and VF,(z) = p~(2,9(2) — 2,44(2)) is Lipschitz continuous with modulus Ly, =

Proof. By the Lipschitz differentiability of the Moreau envelope shown in Proposition [EC.1]
and the definition of F),, we know that F), is differentiable, and VF,,(2) = VM, ,(2) — VM, 4(z) =

w2,y (2) — 246(2)). Since z,, and z,, are Lipschitz with modulus 1 and %, respectively, we

obtain the claimed Lg, =+ (1+ ). O

1—pmy
If ¢ is convex, then the Lipschitz constant of VF), can be improved to 2/ (Hiriart-Urruty|1991)).
EC.1.3. Correspondence of Stationary Points and Global Minima of F' and F),
In addition to being smooth, the approximation F), captures both the local and global structure of
the original function F'. In particular, some properties of F), established in Hiriart-Urruty| (1991)

are summarized in the next proposition.

ProrosiTioN EC.3 (Hiriart-Urruty| (1991)). Suppose Assumptions [1 and [2 hold and 0 <
w<l/my in . Then the following claims hold.

1. The set of global minimizers of F,,, argmin F,,, is nonempty, and F* = min,egn F),(2).
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2. (Correspondence of Stationary Point) If z is a stationary point of F,,, i.e., VF,(z) =0, then
Tup(2) =2,4(2), and x,4(2) is a stationary point of F in the sense of with F(z,4(2)) = F,(2);
conversely, if x € R is a stationary point of F, then there exists z € R™ such that VF,(z) =0,
z=x4(x) =x4(z), and F,(z) = F(x).

3. (Correspondence of Global Minima) If z € argmin F),, then x,4(z) € argmin F'; conversely, if

x € argmin F, then there exists z € argmin F,, such that x = x,4(2) = z,4(2).

EC.2. Proofs in Section [3
EC.2.1. Proof of Proposition [

Proof. By Proposition and Lemma |1, we know x,,(Z) = x,,(Z), and for all z such that
|z — 2| <r, we have F(z,4(2)) = F(2,4(2)) = F,.(Z) < F,.(2) < F(x,4(2)). It suffices to show that,
for all = sufficiently close to x,4(Z), there exists some z € R" such that ||z — z|| <7 and x = z,,(2).
In particular, take Vg(z) € dg(x) and let z =z + uVg(x). By construction, we have 0 = Vg(z) +
ptH(x—z)€dg(x)+ p(z— 2z), and therefore x = x,,,(z). It follows that

l2 = 2] = [l + pVg(x) = 24 (2) = 1V g (29 (2))]

< llo = 2, (2)]| + 1V g @) ~ Vgl ()] < {“ * ko)l - zul2)| <r

r—2uMyy +2uMsy =T,
where the two cases above correspond to the two claims respectively. [

EC.2.2. Proof of Proposition [2
Proof. 1. We prove that lev, F), is bounded. Without loss of generality, we consider a > F™,
otherwise lev, F, = () by Proposition Firstly notice that

1
levoFl, C{z: M,4(2) —g(z) <a} C {z :dx st F(z)+ Q—Hx —z|P = Lllz—z2|| < a—l—M} , (EC.1)
1

where the first inclusion is due to M,, < g, and the second inclusion is due to our assumption on

2
g. Using the fact that L]z — z|| < % + % for any ¢ > 0 and taking ¢t =2y, we have

1 1
F(r)+ ﬂllfv — 2| = Ljjz - 2] > F(z) + @HIB =2 = pL?. (EC.2)

Now (EC.1)), (EC.2)), and the fact that F(z)+ i”x—zHQ > max{F(x), F*+ %ﬂHx—zHQ} imply that

levaF}Lg{z: 2] < v/ (4p)(a+ M + pL? — F*) + max HxH} (EC.3)

z:F(z)<a+M+puL?

Since lev, a4, 2 F is compact, max,. r(,)<a+am+ur2 |2] is finite, and hence lev, F), is bounded.



e-companion to K. Sun and A. Sun : Algorithms for DC Programs Based on DME Smoothing ecd

2. Suppose F'=¢ —g>al - || +r for some a € (0,400) and r € R. For a convex function f, we

use f* to denote its convex conjugate, i.e., f*(z) =sup,(z,x) — f(z). By definition, we have

1 ) 1 )
pFy = p(Myup — M) = </~Lg+ 5” ) H2> - <,u¢+ 5” ’ H2>

1 : 1
> (ng 117 = (nobpall-lurs 51 7) . (ECa)

where the inequality uses the fact that f; > f, implies f; < f5 for any functions f; and fs.

We first consider some properties of the first term in (EC.4]). For simplicity, denote p =
(g + 3] - 1I?)". Since g+ 1| - ||? is strongly convex with modulus 1, its conjugate p is convex and
has Lipschitz gradient with modulus 1 (Beck|[2017, Theorem 5.26). Moreover, we claim that p is
coercive: notice that for any a € (0,400), we have

p2) =mox{ (e.a) = pgle) = gl } = max (e max {uglo) + el b =als)+7

Tzl <a z:f|]|[<a

where 7 = — max,. |, <a {#g(x) + 1 ||z||*} is finite, since g+ 3| - ||* achieves a finite maximum over
the compact set {x: ||z| < a}.
Next we rewrite the second term in (EC.4)): for any z € R,

(ug+ua||-u+m+§||-||2> (=) =min {p(z) + (gl - || + )" (= =) }
= min p(z—w)— ur, (EC.5)

willwl|<ap

where the first equality is due to (Beck| 2017, Theorem 4.17), and the second equality uses the
following facts: ||-||* = 6z ey <1y (Beck|2017, Section 4.4.2), and (o] - |+ pr)* (w) = () ||| (35) —
ur (Beck 2017, Theorem 4.13, 4.14). Combining (EC.4) and (EC.5)), we have
pEu(2) 2p(z) = min p(z—w)+pr= max p(z)—p(z—w)+pur
w:||wl|| <ap w:||wl|| <ap

1 1
> max (Vp(z),w) = 5 [[wl* +pr > ap|[Vp(z)| - 50%0° + pur, (EC.6)

T wiflw]|<ap 2

where the second inequality is due to the Lipschitz differentiability of p, and the last inequality
holds with w = au% when [|[Vp(z)|| >0, or any w with ||w| = au when ||[Vp(z)|| = 0. Notice

that (EC.6) further suggests that

1 — 1
liminf F,(2) Zlﬂin‘fllinfaHVp(z)H - 5042;1 + 7> aliminf p(z) =p(0) _ —a’u+r=+o0, (EC.7)

(eSS l| 2] — o0 Ilz]] 2

where the second inequality is due to the convexity of p: ||[Vp(2)||||z]| > Vp(2) "2 > p(z) — p(0), and
the last equality is due to p being coercive (see an equivalent characterization in (Rockafellar and

Wets| 2009, Definition 3.25)). Therefore, (EC.7)) implies that F), is level-bounded.



ecd e-companion to K. Sun and A. Sun : Algorithms for DC Programs Based on DME Smoothing

3. Since dom ¢ is compact, there exists R > 0 such that dom ¢ C {x:||z|| < R}. Notice that

~alll<R u

. R 1 1
>¢* — —||z +max{ z,z)—g(x) — —||z 2},
Al masq 2@, 2) = g(x) = 5 Pl

Rz v {60) 4 5ol = 2oa) b max{ o) = g(o) - gl

where in the last inequality, ¢* = min,{¢(x) + i”:v”z} is well-defined by the strong convexity of

o+ iH -]|?. Pick any a € (0,+00). By a similar argument used in the previous part, we have

mc{ 2 0.2) ~g(a) - bl = (R +a) lol = max Lo+ ool
Combining the above two inequalities, we have F,(z) > allz|| + r, where r = ¢* —
MAX . |2 < Rt pa { g(z)+ i Hx||2} is finite. Therefore, we conclude that F), is coercive, and hence also
level-bounded.

4. We show that lev,F), is bounded. Let z € lev,F),. By Lemma (1| and the assumption that F’
is level-bounded, we know that z,,(2) € lev,F" and hence is bounded. The definition of x,, gives
z€(ud+ 5|+ [1*)(@up(2)). Since z,4(2) is bounded, and pp+ 3| -] is a (strongly) convex function
whose domain is R”, we conclude that z is bounded (Rockafellar 1970, Theorem 24.7). O

EC.3. Proofs in Section 4]
EC.3.1. Proof of Theorem [1

Proof. Notice that since VF,, is Lp,-Lipschitz and o <1/Lp,, we have

1 LF 1 (6%
R = B 2 (= 5 )10 = 222 57 = 4 = 5 ) ~ GO
Summing the above inequality over k=0, -- , K — 1 for some positive integer K — 1, we have
k g2 — 2K 0 K 21 0 *
[0g (27) = 2 (27)[]7 < ——(Fl(2") = Fu(27)) < —(Fu(z") = F7). (EC.8)

(07 [0

=
Il

0

Let k=argmin,_ ... g, [|2,4(2%) — 2,4(")||?, then from (EC.8) it holds

. _ 2 20y _ [ 1/2
1249 (") = 20 ()] < (M (Fﬁ(m) : )> .

(EC.9)
For any k € Z., due to the optimality of the proximal mapping z,4(2*) and z,,(z"), we have
€ = 1 (2 = 00 (2)) — 1 (2 = 0,0(2)) € 09(0,0(2)) — g9 (). (EC.10)

In view of (EC.9)), we have proved due to the claimed upper bound K in (13). Since F), is
level-bounded and {F),(z*)}ren is monotonically non-increasing, we know the sequence {z*}ien

is bounded and therefore has at least one limit point 2*. Let {2%},cn denote the subsequence
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convergent to z*. Since z,4 and x,, are continuous, (EC.8|) implies z,4(2*) = x,4(2*). Since g is

continuous, we have lim; .. g(2,,(2")) = g(x,,(z*)); in addition,

d(zu(2")) < lixginf (f)(azw(zkﬂ')) <limsup (;S(xw,(zkj))

Jj—o0o
1 1
< lim [¢(%¢(2*)) + ﬂHxW(Z*) — 2N * ﬂ”%qs(zkj) — 2" H = ¢(4s(27)),
where the first inequality is due to the lower-semicontinuity of ¢ and the last inequality is due

to the optimality of z,4(2") in each Moreau envelope evaluation, and therefore we also have
lim; 00 A(2,4(2%)) = p(2,4(2*)). Taking limit on (EC.10) along the subsequence gives . O

EC.3.2. Proof of Lemma [2
Proof We first show that the sequence is bounded from below:

1
Fat,2) 2 min £(0) 4 h(a) + gl = 1 = My () = Fu(4) 2 P,
where the last inequality is due to Proposition Next we show the descent in z:

L 1
F(aH,29) SP(0) + (TH), 0 =)+ L = b2 B 4 o0 2P = My ()

21
<F() () 2t = AP = MR+ (2= L) e a2
- 2u e 2 2u
=F(a",2*) - <“2f) l2*+ — k2, (EC.11)

where the first inequality is due to the Lipschitz differentiability of f and the second inequality is

k+1

due to 2" being the minimizer of some p~!-strongly convex function. The descent with respect

to z is given as:

f(l‘k+1,zk) . f(l‘k+1, Zk+1)

1/1 1 1
(G5 ) 17 = 1P M ) = M 69) = (2 = (), 500 = %)

1/1 1
> S ) R R, EC.12

where we replace "™ by z,,(2") + %(z’“rl — 2%) to get the equality, and the inequality is due to
M,,, being convex and VM,,,(z*) = p= (2 — 2,,(2*)). Combining (EC.11) and (EC.12) gives (15).
[l

EC.3.3. Proof of Theorem [2
Proof. By Lemma [2, we have

Fla*,2) = Fa, 20 > minfey, e} (! — 242+ (25— 24?).
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summing which from k£ =0 to some positive integer K — 1 gives

K-1
JT_‘ 0 .0 _}‘ K K f 0 .0 _ F*
(kaJrl_kaQ_i_(szJrl_Zk”Q) < (l' ,Z‘) (CU , 2 ) < (55 y 2 ) _ (EC.13)
— min{cy, ¢} min{cy, ¢}
Let k= argmin ||z"" —2%|]> + || 2" — 2¥||?, then (EC.13) implies
k=0, K —1

_ _ _ _ .7:(3:0 20) _ 1/2
k+1 _ .k k+1 _ _k P S e ) EC.14
a1 =, |50 - ) < (LD (BC.14

1

Due to the optimality condition of 25! and z,,(2"), we have

eV (@) + () — ag(fﬂug(zk)) = 0p(a") — 89($ug(zk))a
which proves (17a)). Now in view of (EC.14), we have

) o L1\ [ F(20,20) — B\ 2
F+1 By _ ki< (1, P !
(€, () — 5 < (2 L) (ZLEE0 ) T

which proves (17b) and (18).

Next we show that if F), is level bounded, then {(z*, 2*)}1en stays bounded. Since F), is continuous
and level-bounded, and F(z°,2°%) > F(a*, 2%) > F,(2*), we know that z* stays in some compact
level set of F),. Since the mapping x,, is continuous, z,,(z*) is also bounded. Consequently, z* =
Lyg(2*) + 5(2FF1 — 2¥) stays bounded for all k € N. Therefore, the sequence {(z",2")}ren has a
limit point, denoted as (z*,2*). Let {(x",2%)},cn be a subsequence converging to (x*,z*). Since
|2% — 2%~ = 0 and [|z% — 2% ~![| = 0, taking limit on "' = ,,,(2") + 5(2**' — 2*) along the
subsequence gives z* = x,,(z*). Finally the asymptotical convergence follows a similar argument

as in the proof of Theorem O

EC.4. Proofs in Section [5
EC.4.1. Proof of Lemma [3

Proof. We first verify condition under the first two conditions. Since g is Lipschitz, we
2
have —g(y) > —g(x) — Ly|lz — y|| > —g(x) — |z —y|* — % For 0 < u <1, it follows that

o(.p) > int { 7(x) ~g(w) + 2] Az — b} - . (EC.15)

rERM

The first case implies that is finite for any p > 0. For the second case, notice that we
can choose p > 0 big enough so that V2f 4+ pAT A = 0. Since —g dominates an affine function, the
objective in the right-hand side of is level-bounded, and hence v(pu, p) > —o0.

Next we verify condition for the third case. Denote V2f = F and V?¢g = G. The Hessian of the
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objective in (z,y) in the right-hand side of is positive-definite if p < Apax(G) ™! and its Schur

complement

1 1 1 AR
I I I I
=F+pATA+ /1/" - Mlg (1l +12G(I, — pG) '] = F + pAT A~ G(I,, — uG) ™!

is positive-definite, where we use the Woodbury matrix identity in the second equality, and I,, €
R™*™ denotes the identity matrix. Since F' = 0 over the null space of A by assumption, we can
choose p > 0 large enough so that F + pATA = 0. Since Apax (G(I — uG)™1) = Apax (G) as u— 0,
we know S(u, p) = 0 if the smallest eigenvalue of F' over the null space of A is strictly greater than
Amax(G). This completes the proof. [

EC.4.2. Proof of Lemma [4
Proof.  Similar to the derivation in (EC.11)-(EC.12)), the descent of ¢ in  and z are given as

1 1
1/J(ack+1,zk,)\k) _ w(xlﬁ_l,zk—i_l,)\k) 2 < _ > Hzlc-&-l o Zku?

—1 L
w(xk’zk’)\k) _w(xk+1’zk7)\k) > <’u2f> ||:L1k+1 - :EkHQ’
1
p\B 2

In addition,
w(Ik+1,2k+l,)\k) —¢(5L‘k+l7zk+l,>\k+1) — <Ak o )\k+1,A$k+1 o b> — _1||>\k+1 o )\kHQ
P

Adding the above three expressions completes the proof. O

EC.4.3. Proof of Lemma [5
Proof. For k € N, the update of 2**! gives V f(z*) + AT\ 4 = (2%+! — 2*) = 0, which implies
that for k € N, AT(ANFFL — \F) = =t (ah — o) + (V (2" 1) = VF(2¥) + p (2" — 2*71). Since

AL \F = p(Az*+1 —b) belongs to the column space of A, we have

in (AN = NP < AT =N < et = ¥+ Lylla® — 2 4+ 28 = 221,

min

where the first inequality is due to the min-max theorem of eigenvalues of a real symmetric matrix.

Dividing both sides by o, (A) gives the desired inequality. [

min

EC.4.4. Proof of Lemma [6
Proof. 1. By Lemma |5} squaring both sides gives

H/\kJrl _ )\kHQ < CBkaJrl _ xkuz +C4ka _xlcfl”Q +63H23k o Zkile.

Then follows from Lemma |4 and constants defined in .
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2. Recall that
1 1
We 2 (ot 2500 2 (4) = g(o4) + GIAT =P+ ook = 2HP O A -
1 _
Zu(p, p) + o (NP = IAHP?),

p
where the second inequality is due to M,,(z) < g(z) and \* = \=1 + p(Az* —b), and the third
inequality is due to . This further implies that

K

(Wi —v(p, p)) =

1
(N2 = A7) = = [IA%)17 > =0,
k=1 2/)

1
2p
for all positive integer K. Since W; is non-increasing, we must have W, > v(u,p) for all k € Z;
otherwise, there exists some § > 0 such that U, —v(u,p) < =4 for all large enough k, then the
above summation would converge to —oo as K — oo.

3. For any positive integer K, summing from 0 to K —1 gives

O e e Al A EARE L 1 SR (0 A )

n
=0,--- , K —
K-1
S <H1||1Uk+1 o $k||2 4 I€2||Zk+1 o Zk”Z _{_ﬂ?)”xk _ xkleQ + Ii4HZk o Zkle2>

T
et

< (Vi = Vipr) =V — W < Wy —v(p, p),

=~
Il
=]

where the last inequality is due to Wy > v(u,p) for all K > 1. Now let k be the minimizer in

(EC.16)); it follows that
max { [F+! = 2|2, |25 = 2F|2, 2 — 2R )12F - 52

_ _ _ _ o o U, —
< (||l‘k+1 _ l‘kHQ + ||zk+1 _ Zk”Q + ”:Bk _ IEk_lHQ + sz _ Zk—lHQ) < 0 ’U(Ilév p) ]
Rmin

This completes the proof. [

EC.4.5. Proof of Lemma [T
Proof. By and the p-strong convexity of the function in the following line, it holds for all
x € H that

1
(V@) = b o)+ hi@)+ (W, Ar =) + Az b} + o= 2

>(V (") =&, ah =) 4 h(a") 4+ (W, At —b) 4 £ Ax* — b

g’

1 1
4 7||xk+1 _ZkHQ 4 <Ck+1’$ —$k+1> W

R |2, EC.1
o o || (EC.17)

[z
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Using the Lipschitz condition of V f, the convexity of g, inequality (EC.17) with = = z*, the fact
that (CF+L 2k+l — 2k) < i”x’““ — 2*(|2 + p|[¢¥*1]2, and the choice that ||[¢**Y]| < €xy1, the descent

in z can be derived as follows:

-1 2L
P, 25 AF) <P(a*, 25 AF) 4 pel, | — %ka-ﬂ — k|2,

The descent with respect to variable z can be derived as follows:

2
’

P(karl,Zk?)\k) - P(xk+17zk+17)\k) :21M (; - 1) sz+1 _ zkHQ > 2;” szﬂ _ Zk‘

where we replace z**! by 2% + %(ZkJrl — 2%) to get the equality, and the inequality is due to 3 < 1.
Finally, similar to Lemma (4] the change in \ is

P(.I‘k+1 Zk—i—l )\k) —P($k+1 Zk—i—l )\k—i—l) — _l”)\k-&-l _ )\kHQ.
p
Combining the above three expressions completes the proof. [
EC.4.6. Proof of Lemma [8

Proof. The optimality condition (EC.17)) with k=0 and =z (by Assumption 4] AZ = b) gives

g’

1
(V") =&, a! —a®) +h(z') + (X, Az’ = b) + gHAwl —b|* + @Ilﬂf1 =2

1
<V f(z®) =&,z —2) +h(z)+ ﬂ”f = 2P+ (¢t 2t —T). (EC.18)
Since ||¢Y|| < e <1, p< L;', and 2,7 € H, we have

1 Lyt 1
V1o By 2o o2 o 2 D2 EC.1
(¢t =) BN+ et~ < 2+ 5D (BC.19)

The above two inequalities together with the L;-Lipschitz continuity of A and z, 2° € H give that

pllAz' —b|[* < 2(M + Moy + Ln) Dy + 217" D3y + Ly + 2|\ max || Az — b (EC.20)

Notice that due to V f being Lipschitz and g being convex, P(z',2° A\°) is bounded from above by

L 1
£(a%) = 9(a) + L 2" = )P+ (V £(2) — €, = 2%) + h(a!) + (N, Azt — b+ £l Azt — b+ [lat — 20
W

— &,

<F) = g(a”) + et a0+ (TF) = 60,8 - %)+ hla) + o= 4+t )

Ly+2u1t L
”T“D; +=L, (EC.21)

where the first inequality is due to (EC.18), and the second inequality is due to the compactness
of H, the L;-Lipschitz continuity of h, and (EC.19). By Lemma (EC.20), and (EC.21), we have

Pzt 2\ = P(z', 24, \°%) + p|| Azt — b|]? < P(2',2°, \%) + p|| A" — b||* < P.

—1

<max{f(z) +h(z) —g(x)} + (Ln + My s+ Mag) Dy +

This completes the proof. [



ecl0 e-companion to K. Sun and A. Sun : Algorithms for DC Programs Based on DME Smoothing

EC.4.7. Proof of Lemma [9
Proof. By step 4 in Algorithm |3 there exists £f1! € Oh(x*+1) such that

=V (ah) - g+ 6+ ATA 4 i@c — ). (BC.22)

Since A\°,b € Im(A) and \F+t =\ + p(Ax*+t —b), A+ e Im(A) for all k€ N. Since 2° € H, 2¥F € H,
and 2" = (1 — B)2% + Ba*+1, 2F € H for all k € N as well. Consequently,

e s (e 2ty + 2 ) &1L (BC.23)
min(A) /’L min(A)
By (Melo et al. 2020, Lemma 4.7), we can bound ||£"|| as follows:
A& < (d+ || = Z|)) Ly + (g 2" — &) <2Dy Ly + (7, 2 — 7). (EC.24)
Using (EC.22), we can further bound the inner product term in (EC.24)) by
< }/§+1 phtl j) — <<k+1 _ Vf($k) _|_§k AT\ l(karl _ Zk) phtl $>
’ It
Dy AN T TS
< | Mg+ My, + . +1 | Dy — (N Az b)
D 1 1
< (Mo Moy + ZE41) Dy LN - TN, (BC25)

where we use the facts that A7 =b and [|(""!|| < €,,1 <1 in the first inequality, and Az*T! — b=
%()\’“rl — A\F) to get the second inequality. Combining (EC.23)), (EC.24) and (EC.25)), we have

AR [ASFHIIA* 2Dy

L L J >\k+1 <
s d) TN STE @ T oA
which further implies that, for all k£ € N,
A ) ht MU ey 7
s A N < S [N+ dA,
(parﬁm(A) PO in (A)

The claim then follows from an inductive argument: if || A\*|| < A, then the above inequality implies

that |[A\**1|| <A as well, and ||\°|| < A holds by the definition of A. [

D
(va + My, + 7” +Lh+1> :

EC.4.8. Proof of Lemma [10]
Proof. 1. For all ke N,

1
P(z*, 2% N =f(a") + h(a*) — g(a") + (A, Az" —b) + g\lAﬂf’“ —b|* + ﬂ\lxk el

> min {f(z) +h(z) — g(z)} — Amax |[ Az —bf| > —oo,

TERM

where the inequality is due to the continuity of f, h, g, and || - || over compact domain #.
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2. Lemma [7]implies that, for all k£ € N,
1
n (Hl‘k_H —:Ek”Q + ”Zk+1 _ ZkHQ) SP(Ik,Zk,)\k) _ P(J}k+l,zk+l,)\k+l) + ;H>\k+l _)‘k||2+uei+l‘

Summing the above inequality over k=1,..., K,

K
K min { |25 — 25)2 4+ (|25 — 2F)12) < 2R k|12 (A k2
nK min {| I+ 1 I }_n;{\\ I+ I}

K K
1
<P, 2 ) = PR 2R XK LSS Ry S e
p k=1 k=1

K+1
— 4 — 4(K +1)A?
<P Pipp+ P WP <P prpp e AT UAT
P4 P
where we use the the fact that P(z®+1 251 NEF1) > P for all integer K € Z, and ||\ — \F||2 <
2[|AF+1[2+2||A¥||? in the third inequality, and Lemmal9]in the last inequality. Let & be the minimizer

in the first line of the above chain of inequalities, then dividing both sides by any positive integer

K gives

P—P+uE  8A?
Lrpb |

max{||$k+1—xk||2 HZE—H_ZEHQ}S )
’ nk np

This completes the proof. [
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