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EC.1. Preliminaries of Di↵erence-of-Moreau-Envelopes Smoothing
EC.1.1. Moreau Envelope

We summarize some known properties of Moreau envelope in the next proposition.

Proposition EC.1. Suppose Assumption 1 holds and 0<µ< 1/m� in (10). Then the following

claims hold.

1. xµ� is Lipschitz continuous with modulus
1

1�µm�
.

2. Mµ� is di↵erentiable with gradient rMµ�(z) = µ�1(z�xµ�(z)).

3. rMµ� is Lipschitz continuous with modulus
2�µm�

µ�µ2m�
.

Proof. The first two claims are well-known, see, e.g., (Zhang and Luo 2020b, Lemma 3.5) and

(Rockafellar and Wets 2009, Proposition 13.37), combining which proves the last one. ⇤
Proposition EC.1 suggests that Mµ� forms a smooth approximation of the possibly nonconvex

nonsmooth function �. Similarly, the Moreau envelope and proximal mapping of g are given by Mµg

and xµg, respectively. Since g is convex, it is known that xµg is 1-Lipschitz and Mµg is di↵erentiable,

whose gradient rMµg(z) = (z�xµg(z))/µ is 1/µ-Lipschitz (Beck 2017, Theorem 6.60).

EC.1.2. Lipschitz Di↵erentiability of Fµ

Proposition EC.2. Suppose Assumption 1 holds and 0<µ< 1/m� in (10). Fµ is di↵erentiable,

and rFµ(z) = µ�1(xµg(z)�xµ�(z)) is Lipschitz continuous with modulus LFµ =
2�µm�

µ�µ2m�
.

Proof. By the Lipschitz di↵erentiability of the Moreau envelope shown in Proposition EC.1

and the definition of Fµ, we know that Fµ is di↵erentiable, and rFµ(z) =rMµ�(z)�rMµg(z) =

µ�1(xµg(z)�xµ�(z)). Since xµg and xµ� are Lipschitz with modulus 1 and 1
1�µm�

, respectively, we

obtain the claimed LFµ = 1
µ
(1+ 1

1�µm�
). ⇤

If � is convex, then the Lipschitz constant of rFµ can be improved to 2/µ (Hiriart-Urruty 1991).

EC.1.3. Correspondence of Stationary Points and Global Minima of F and Fµ

In addition to being smooth, the approximation Fµ captures both the local and global structure of

the original function F . In particular, some properties of Fµ established in Hiriart-Urruty (1991)

are summarized in the next proposition.

Proposition EC.3 (Hiriart-Urruty (1991)). Suppose Assumptions 1 and 2 hold and 0 <

µ< 1/m� in (10). Then the following claims hold.

1. The set of global minimizers of Fµ, argminFµ, is nonempty, and F ⇤ = minz2Rn Fµ(z).
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2. (Correspondence of Stationary Point) If z is a stationary point of Fµ, i.e., rFµ(z) = 0, then

xµ�(z) = xµg(z), and xµ�(z) is a stationary point of F in the sense of (8) with F (xµ�(z)) = Fµ(z);

conversely, if x 2 Rn
is a stationary point of F , then there exists z 2 Rn

such that rFµ(z) = 0,

z = x�(x) = xg(x), and Fµ(z) = F (x).

3. (Correspondence of Global Minima) If z 2 argminFµ, then xµ�(z)2 argmin F ; conversely, if

x2 argminF , then there exists z 2 argminFµ such that x= xµ�(z) = xµg(z).

EC.2. Proofs in Section 3
EC.2.1. Proof of Proposition 1

Proof. By Proposition EC.3 and Lemma 1, we know xµ�(z̄) = xµg(z̄), and for all z such that

kz� z̄k  r, we have F (xµg(z̄)) = F (xµ�(z̄)) = Fµ(z̄) Fµ(z) F (xµg(z)). It su�ces to show that,

for all x su�ciently close to xµg(z̄), there exists some z 2Rn such that kz� z̄k  r and x= xµg(z).

In particular, take r̃g(x) 2 @g(x) and let z = x+ µr̃g(x). By construction, we have 0 = r̃g(x) +

µ�1(x� z)2 @g(x)+µ�1(x� z), and therefore x= xµg(z). It follows that

kz� z̄k= kx+µr̃g(x)�xµg(z̄)�µr̃g(xµg(z̄))k

 kx�xµg(z̄)k+µkr̃g(x)�r̃g(xµg(z̄))k 
(
(1+µLg)kx�xµg(z̄)k  r

r� 2µM@g +2µM@g = r,

where the two cases above correspond to the two claims respectively. ⇤

EC.2.2. Proof of Proposition 2

Proof. 1. We prove that lev↵Fµ is bounded. Without loss of generality, we consider ↵� F ⇤,

otherwise lev↵Fµ = ; by Proposition EC.3. Firstly notice that

lev↵Fµ ✓{z :Mµ�(z)� g(z) ↵}✓
⇢
z : 9x s.t. F (x)+

1

2µ
kx� zk2 �Lkx� zk  ↵+M

�
, (EC.1)

where the first inclusion is due to Mµg  g, and the second inclusion is due to our assumption on

g. Using the fact that Lkx� zk  tL2

2
+ kx�zk2

2t
for any t > 0 and taking t= 2µ, we have

F (x)+
1

2µ
kx� zk2 �Lkx� zk � F (x)+

1

4µ
kx� zk2 �µL2. (EC.2)

Now (EC.1), (EC.2), and the fact that F (x)+ 1
4µ
kx�zk2 �max{F (x), F ⇤+ 1

4µ
kx�zk2} imply that

lev↵Fµ ✓
⇢
z : kzk 

p
(4µ)(↵+M +µL2 �F ⇤)+ max

x:F (x)↵+M+µL2
kxk

�
. (EC.3)

Since lev↵+M+µL2F is compact, maxx:F (x)↵+M+µL2 kxk is finite, and hence lev↵Fµ is bounded.
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2. Suppose F = �� g � ↵k · k+ r for some a 2 (0,+1) and r 2R. For a convex function f , we

use f⇤ to denote its convex conjugate, i.e., f⇤(z) = supxhz,xi� f(x). By definition, we have

µFµ = µ(Mµ� �Mµg) =

✓
µg+

1

2
k · k2

◆⇤

�
✓
µ�+

1

2
k · k2

◆⇤

�
✓
µg+

1

2
k · k2

◆⇤

�
✓
µg+µ↵k · k+µr+

1

2
k · k2

◆⇤

, (EC.4)

where the inequality uses the fact that f1 � f2 implies f⇤

1  f⇤

2 for any functions f1 and f2.

We first consider some properties of the first term in (EC.4). For simplicity, denote p =
�
µg+ 1

2
k · k2

�⇤
. Since µg+ 1

2
k · k2 is strongly convex with modulus 1, its conjugate p is convex and

has Lipschitz gradient with modulus 1 (Beck 2017, Theorem 5.26). Moreover, we claim that p is

coercive: notice that for any ↵̄2 (0,+1), we have

p(z) =max
x

⇢
hz,xi�µg(x)� 1

2
kxk2

�
� max

x:kxk↵̄
hz,xi� max

x:kxk↵

⇢
µg(x)+

1

2
kxk2

�
= ↵̄kzk+ r̄,

where r̄=�maxx:kxk↵

�
µg(x)+ 1

2
kxk2

 
is finite, since µg+ 1

2
k ·k2 achieves a finite maximum over

the compact set {x : kxk  ↵}.

Next we rewrite the second term in (EC.4): for any z 2Rn,

✓
µg+µ↵k · k+µr+

1

2
k · k2

◆⇤

(z) =min
x

n
p(x)+ (↵µk · k+µr)⇤(z�x)

o

= min
w:kwk↵µ

p(z�w)�µr, (EC.5)

where the first equality is due to (Beck 2017, Theorem 4.17), and the second equality uses the

following facts: k ·k⇤ = �{x:kxk1} (Beck 2017, Section 4.4.2), and (↵µk ·k+µr)⇤(w) = (↵µ)k ·k⇤( w
↵µ

)�

µr (Beck 2017, Theorem 4.13, 4.14). Combining (EC.4) and (EC.5), we have

µFµ(z)�p(z)� min
w:kwk↵µ

p(z�w)+µr= max
w:kwk↵µ

p(z)� p(z�w)+µr

� max
w:kwk↵µ

hrp(z),wi� 1

2
kwk2 +µr� ↵µkrp(z)k� 1

2
↵2µ2 +µr, (EC.6)

where the second inequality is due to the Lipschitz di↵erentiability of p, and the last inequality

holds with w = ↵µ rp(z)
krp(z)k

when krp(z)k> 0, or any w with kwk= ↵µ when krp(z)k= 0. Notice

that (EC.6) further suggests that

lim inf
kzk!1

Fµ(z)� lim inf
kzk!1

↵krp(z)k� 1

2
↵2µ+ r� ↵ lim inf

kzk!1

p(z)� p(0)

kzk � 1

2
↵2µ+ r=+1, (EC.7)

where the second inequality is due to the convexity of p: krp(z)kkzk �rp(z)>z � p(z)�p(0), and

the last equality is due to p being coercive (see an equivalent characterization in (Rockafellar and

Wets 2009, Definition 3.25)). Therefore, (EC.7) implies that Fµ is level-bounded.
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3. Since dom � is compact, there exists R> 0 such that dom �✓ {x : kxk R}. Notice that

Fµ(z)� min
x:kxkR

⇢
�(x)+

1

2µ
kxk2 � 1

µ
hx, zi

�
+max

x

⇢
1

µ
hx, zi� g(x)� 1

2µ
kxk2

�

��̂⇤ � R

µ
kzk+max

x

⇢
1

µ
hx, zi� g(x)� 1

2µ
kxk2

�
,

where in the last inequality, �̂⇤ =minx{�(x) + 1
2µ
kxk2} is well-defined by the strong convexity of

�+ 1
2µ
k · k2. Pick any ↵2 (0,+1). By a similar argument used in the previous part, we have

max
x

⇢
1

µ
hx, zi� g(x)� 1

2µ
kxk2

�
�
✓
R

µ
+↵

◆
kzk� max

x:kxkR+µ↵

⇢
g(x)+

1

2µ
kxk2

�
.

Combining the above two inequalities, we have Fµ(z) � ↵kzk + r, where r = �̂⇤ �
maxx:kxkR+µ↵

n
g(x)+ 1

2µ
kxk2

o
is finite. Therefore, we conclude that Fµ is coercive, and hence also

level-bounded.

4. We show that lev↵Fµ is bounded. Let z 2 lev↵Fµ. By Lemma 1 and the assumption that F

is level-bounded, we know that xµ�(z) 2 lev↵F and hence is bounded. The definition of xµ� gives

z 2 @(µ�+ 1
2
k ·k2)(xµ�(z)). Since xµ�(z) is bounded, and µ�+ 1

2
k ·k2 is a (strongly) convex function

whose domain is Rn, we conclude that z is bounded (Rockafellar 1970, Theorem 24.7). ⇤

EC.3. Proofs in Section 4
EC.3.1. Proof of Theorem 1

Proof. Notice that since rFµ is LFµ-Lipschitz and ↵ 1/LFµ , we have

Fµ(z
k)�Fµ(z

k+1)�
✓
1

↵
�

LFµ

2

◆
kzk+1 � zkk2 � 1

2↵
kzk+1 � zkk2 = ↵

2µ2
kxµg(z

k)�xµ�(z
k)k2.

Summing the above inequality over k= 0, · · · ,K � 1 for some positive integer K � 1, we have

K�1X

k=0

kxµg(z
k)�xµ�(z

k)k2  2µ2

↵
(Fµ(z

0)�Fµ(z
K)) 2µ2

↵
(Fµ(z

0)�F ⇤). (EC.8)

Let k̄= argmink=0,··· ,K�1 kxµg(zk)�xµ�(zk)k2, then from (EC.8) it holds

kxµg(z
k̄)�xµ�(z

k̄)k 
✓
2µ2(Fµ(z0)�F ⇤)

↵K

◆1/2

. (EC.9)

For any k 2Z+, due to the optimality of the proximal mapping xµ�(zk) and xµg(zk), we have

⇠k = µ�1(zk �xµ�(z
k))�µ�1(zk �xµg(z

k))2 @�(xµ�(z
k))� @g(xµg(z

k)). (EC.10)

In view of (EC.9), we have (12) proved due to the claimed upper bound K in (13). Since Fµ is

level-bounded and {Fµ(zk)}k2N is monotonically non-increasing, we know the sequence {zk}k2N

is bounded and therefore has at least one limit point z⇤. Let {zkj}j2N denote the subsequence
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convergent to z⇤. Since xµ� and xµg are continuous, (EC.8) implies xµ�(z⇤) = xµg(z⇤). Since g is

continuous, we have limj!1 g(xµg(zkj )) = g(xµg(z⇤)); in addition,

�(xµ�(z
⇤)) lim inf

j!1

�(xµ�(z
kj )) limsup

j!1

�(xµ�(z
kj ))

 lim
j!1

h
�(xµ�(z

⇤))+
1

2µ
kxµ�(z

⇤)� zkjk2 � 1

2µ
kxµ�(z

kj )� zkjk2
i
= �(xµ�(z

⇤)),

where the first inequality is due to the lower-semicontinuity of � and the last inequality is due

to the optimality of xµ�(zkj ) in each Moreau envelope evaluation, and therefore we also have

limj!1 �(xµ�(zkj )) = �(xµ�(z⇤)). Taking limit on (EC.10) along the subsequence gives (8). ⇤

EC.3.2. Proof of Lemma 2

Proof We first show that the sequence is bounded from below:

F(xk, zk)�min
x

f(x)+h(x)+
1

2µ
kx� zkk2 �Mµg(z

k) = Fµ(z
k)� F ⇤,

where the last inequality is due to Proposition EC.2. Next we show the descent in x:

F(xk+1, zk)f(xk)+ hrf(xk), xk+1 �xki+ Lf

2
kxk+1 �xkk2 +h(xk+1)+

1

2µ
kxk+1 � zkk2 �Mµg(z

k)

f(xk)+h(xk)+
1

2µ
kxk � zkk2 �Mµg(z

k)+

✓
Lf

2
� 1

2µ

◆
kxk+1 �xkk2

=F(xk, zk)�
✓
µ�1 �Lf

2

◆
kxk+1 �xkk2, (EC.11)

where the first inequality is due to the Lipschitz di↵erentiability of f and the second inequality is

due to xk+1 being the minimizer of some µ�1-strongly convex function. The descent with respect

to z is given as:

F(xk+1, zk)�F(xk+1, zk+1)

=
1

µ

✓
1

�
� 1

2

◆
kzk+1 � zkk2 +Mµg(z

k+1)�Mµg(z
k)�

⌧
1

µ
(zk �xµg(z

k)), zk+1 � zk
�

� 1

µ

✓
1

�
� 1

2

◆
kzk+1 � zkk2, (EC.12)

where we replace xk+1 by xµg(zk) +
1
�
(zk+1 � zk) to get the equality, and the inequality is due to

Mµg being convex and rMµg(zk) = µ�1(zk �xµg(zk)). Combining (EC.11) and (EC.12) gives (15).

⇤

EC.3.3. Proof of Theorem 2

Proof. By Lemma 2, we have

F(xk, zk)�F(xk+1, zk+1)�min{c1, c2}
�
kxk+1 �xkk2 +(kzk+1 � zkk2

�
,
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summing which from k= 0 to some positive integer K � 1 gives

K�1X

k=0

�
kxk+1 �xkk2 +(kzk+1 � zkk2

�
 F(x0, z0)�F(xK , zK)

min{c1, c2}
 F(x0, z0)�F ⇤

min{c1, c2}
. (EC.13)

Let k̄= argmin
k=0,··· ,K�1

kxk+1 �xkk2 + kzk+1 � zkk2, then (EC.13) implies

max{kxk̄+1 �xk̄k,kzk̄+1 � zk̄k}
✓
F(x0, z0)�F ⇤

min{c1, c2}K

◆1/2

. (EC.14)

Due to the optimality condition of xk+1 and xµg(zk), we have

⇠k+1 2rf(xk+1)+ @h(xk+1)� @g(xµg(z
k)) = @�(xk+1)� @g(xµg(z

k)),

which proves (17a). Now in view of (EC.14), we have

max{k⇠k̄+1k,kxµg(z
k̄)�xk̄+1k}

✓
Lf +

µ�1 +1

�

◆✓
F(x0, z0)�F ⇤

min{c1, c2}K

◆1/2

,

which proves (17b) and (18).

Next we show that if Fµ is level bounded, then {(xk, zk)}k2N stays bounded. Since Fµ is continuous

and level-bounded, and F(x0, z0) � F(xk, zk) � Fµ(zk), we know that zk stays in some compact

level set of Fµ. Since the mapping xµg is continuous, xµg(zk) is also bounded. Consequently, xk+1 =

xµg(zk) +
1
�
(zk+1 � zk) stays bounded for all k 2 N. Therefore, the sequence {(xk, zk)}k2N has a

limit point, denoted as (x⇤, z⇤). Let {(xkj , zkj )}j2N be a subsequence converging to (x⇤, z⇤). Since

kxkj � xkj�1k! 0 and kzkj � zkj�1k! 0, taking limit on xk+1 = xµg(zk) +
1
�
(zk+1 � zk) along the

subsequence gives x⇤ = xµg(z⇤). Finally the asymptotical convergence follows a similar argument

as in the proof of Theorem 1. ⇤

EC.4. Proofs in Section 5
EC.4.1. Proof of Lemma 3

Proof. We first verify condition (20) under the first two conditions. Since g is Lipschitz, we

have �g(y)��g(x)�Lgkx� yk ��g(x)� 1
2
kx� yk2 � L2

g

2
. For 0<µ 1, it follows that

v(µ,⇢)� inf
x2Rn

n
f(x)� g(x)+

⇢

2
kAx� bk2

o
�

L2
g

2
. (EC.15)

The first case implies that (EC.15) is finite for any ⇢ � 0. For the second case, notice that we

can choose ⇢> 0 big enough so that r2f + ⇢A>A� 0. Since �g dominates an a�ne function, the

objective in the right-hand side of (EC.15) is level-bounded, and hence v(µ,⇢)>�1.

Next we verify condition (20) for the third case. Denote r2f = F and r2g=G. The Hessian of the
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objective in (x, y) in the right-hand side of (20) is positive-definite if µ< �max(G)�1 and its Schur

complement

S(µ,⇢) :=F + ⇢A>A+
1

µ
In �

✓
� 1

µ
In

◆✓
1

µ
In �G

◆�1✓
� 1

µ
In

◆

=F + ⇢A>A+
1

µ
In �

1

µ2

⇥
µIn +µ2G(In �µG)�1

⇤
= F + ⇢A>A�G(In �µG)�1

is positive-definite, where we use the Woodbury matrix identity in the second equality, and In 2
Rn⇥n denotes the identity matrix. Since F � 0 over the null space of A by assumption, we can

choose ⇢> 0 large enough so that F + ⇢A>A� 0. Since �max(G(I � µG)�1)! �max(G) as µ! 0,

we know S(µ,⇢)� 0 if the smallest eigenvalue of F over the null space of A is strictly greater than

�max(G). This completes the proof. ⇤

EC.4.2. Proof of Lemma 4

Proof. Similar to the derivation in (EC.11)-(EC.12), the descent of  in x and z are given as

 (xk, zk,�k)� (xk+1, zk,�k)�
✓
µ�1 �Lf

2

◆
kxk+1 �xkk2,

 (xk+1, zk,�k)� (xk+1, zk+1,�k)� 1

µ

✓
1

�
� 1

2

◆
kzk+1 � zkk2.

In addition,

 (xk+1, zk+1,�k)� (xk+1, zk+1,�k+1) = h�k ��k+1,Axk+1 � bi=�1

⇢
k�k+1 ��kk2.

Adding the above three expressions completes the proof. ⇤

EC.4.3. Proof of Lemma 5

Proof. For k 2N, the update of xk+1 gives rf(xk)+A>�k+1+µ�1(xk+1�zk) = 0, which implies

that for k 2 N, A>(�k+1 � �k) = µ�1(xk � xk+1) + (rf(xk�1) �rf(xk)) + µ�1(zk � zk�1). Since

�k+1 ��k = ⇢(Axk+1 � b) belongs to the column space of A, we have

�+
min(A)k�k+1 ��kk  kA>(�k+1 ��k)k  µ�1kxk+1 �xkk+Lfkxk �xk�1k+µ�1kzk � zk�1k,

where the first inequality is due to the min-max theorem of eigenvalues of a real symmetric matrix.

Dividing both sides by �+
min(A) gives the desired inequality. ⇤

EC.4.4. Proof of Lemma 6

Proof. 1. By Lemma 5, squaring both sides gives

k�k+1 ��kk2  c3kxk+1 �xkk2 + c4kxk �xk�1k2 + c3kzk � zk�1k2.

Then (28) follows from Lemma 4 and constants defined in (27).
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2. Recall that

 k � (xk, zk,�k)�f(xk)� g(zk)+
⇢

2
kAxk � bk2 + 1

2µ
kxk � zkk2 + 1

⇢
h�k,�k ��k�1i

�v(µ,⇢)+
1

2⇢
(k�kk2 �k�k�1k2),

where the second inequality is due to Mµg(z)  g(z) and �k = �k�1 + ⇢(Axk � b), and the third

inequality is due to (20). This further implies that

KX

k=1

( k � v(µ,⇢))� 1

2⇢
(k�Kk2 �k�0k2)�� 1

2⇢
k�0k2 >�1,

for all positive integer K. Since  k is non-increasing, we must have  k � v(µ,⇢) for all k 2 Z+;

otherwise, there exists some � > 0 such that  k � v(µ,⇢) < �� for all large enough k, then the

above summation would converge to �1 as K !1.

3. For any positive integer K, summing (28) from 0 to K � 1 gives

minK min
k=0,··· ,K�1

n
kxk+1 �xkk2 + kzk+1 � zkk2 + kxk �xk�1k2 + kzk � zk�1k2

o
(EC.16)


K�1X

k=0

⇣
1kxk+1 �xkk2 +2kzk+1 � zkk2 +3kxk �xk�1k2 +4kzk � zk�1k2

⌘


K�1X

k=0

( k � k+1) = 0 � K  0 � v(µ,⇢),

where the last inequality is due to  K � v(µ,⇢) for all K � 1. Now let k̄ be the minimizer in

(EC.16); it follows that

max
n
kxk̄+1 �xk̄k2,kzk̄+1 � zk̄k2,kxk̄ �xk̄�1k2,kzk̄ � zk̄�1k2

o


⇣
kxk̄+1 �xk̄k2 + kzk̄+1 � zk̄k2 + kxk̄ �xk̄�1k2 + kzk̄ � zk̄�1k2

⌘
  0 � v(µ,⇢)

minK
.

This completes the proof. ⇤

EC.4.5. Proof of Lemma 7

Proof. By (34) and the µ-strong convexity of the function in the following line, it holds for all

x2H that

hrf(xk)� ⇠kg , x�xki+h(x)+ h�k,Ax� bi+ ⇢

2
kAx� bk2 + 1

2µ
kx� zkk2

�hrf(xk)� ⇠kg , x
k+1 �xki+h(xk+1)+ h�k,Axk+1 � bi+ ⇢

2
kAxk+1 � bk2

+
1

2µ
kxk+1 � zkk2 + h⇣k+1, x�xk+1i+ 1

2µ
kxk+1 �xk2. (EC.17)
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Using the Lipschitz condition of rf , the convexity of g, inequality (EC.17) with x= xk, the fact

that h⇣k+1, xk+1 �xki  1
4µ
kxk+1 �xkk2 +µk⇣k+1k2, and the choice that k⇣k+1k  ✏k+1, the descent

in x can be derived as follows:

P (xk+1, zk,�k)P (xk, zk,�k)+µ✏2k+1 �
µ�1 � 2Lf

4
kxk+1 �xkk2.

The descent with respect to variable z can be derived as follows:

P (xk+1, zk,�k)�P (xk+1, zk+1,�k) =
1

2µ

✓
2

�
� 1

◆��zk+1 � zk
��2 � 1

2�µ

��zk+1 � zk
��2

,

where we replace xk+1 by zk + 1
�
(zk+1 � zk) to get the equality, and the inequality is due to �  1.

Finally, similar to Lemma 4, the change in � is

P (xk+1, zk+1,�k)�P (xk+1, zk+1,�k+1) =�1

⇢
k�k+1 ��kk2.

Combining the above three expressions completes the proof. ⇤

EC.4.6. Proof of Lemma 8

Proof. The optimality condition (EC.17) with k= 0 and x= x̄ (by Assumption 4, Ax̄= b) gives

hrf(x0)� ⇠0g , x
1 �x0i+h(x1)+ h�0,Ax1 � bi+ ⇢

2
kAx1 � bk2 + 1

2µ
kx1 � z0k2

hrf(x0)� ⇠0g , x̄�x0i+h(x̄)+
1

2µ
kx̄� z0k2 + h⇣1, x1 � x̄i. (EC.18)

Since k⇣1k  ✏1  1, µ<L�1
f , and x1, x̄2H, we have

h⇣1, x1 � x̄i  µ

2
k⇣1k2 + 1

2µ
kx1 � x̄k2 

L�1
f

2
+

1

2µ
D2

H
. (EC.19)

The above two inequalities together with the Lh-Lipschitz continuity of h and x̄, z0 2H give that

⇢kAx1 � bk2  2(Mrf +M@g +Lh)DH +2µ�1D2
H
+L�1

f +2k�0kmax
x2H

kAx� bk. (EC.20)

Notice that due to rf being Lipschitz and g being convex, P (x1, z0,�0) is bounded from above by

f(x0)� g(x0)+
Lf

2
kx1 �x0k2 + hrf(x0)� ⇠0g , x

1 �x0i+h(x1)+ h�0,Ax1 � bi+ ⇢

2
kAx1 � bk2 + 1

2µ
kx1 � z0k2

f(x0)� g(x0)+
Lf

2
kx1 �x0k2 + hrf(x0)� ⇠0g , x̄�x0i+h(x̄)+

1

2µ
kx̄� z0k2 + h⇣1, x1 � x̄i

max
x2H

{f(x)+h(x)� g(x)}+(Lh +Mrf +M@g)DH +
Lf +2µ�1

2
D2

H
+

L�1
f

2
, (EC.21)

where the first inequality is due to (EC.18), and the second inequality is due to the compactness

of H, the Lh-Lipschitz continuity of h, and (EC.19). By Lemma 7, (EC.20), and (EC.21), we have

P (x1, z1,�1) = P (x1, z1,�0)+ ⇢kAx1 � bk2  P (x1, z0,�0)+ ⇢kAx1 � bk2  P .

This completes the proof. ⇤
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EC.4.7. Proof of Lemma 9

Proof. By step 4 in Algorithm 3, there exists ⇠k+1
h 2 @h(xk+1) such that

⇣k+1 =rf(xk)� ⇠kg + ⇠k+1
h +A>�k+1 +

1

µ
(xk+1 � zk). (EC.22)

Since �0, b2 Im(A) and �k+1 = �k +⇢(Axk+1� b), �k+1 2 Im(A) for all k 2N. Since z0 2H, xk 2H,

and zk+1 = (1��)zk +�xk+1, zk 2H for all k 2N as well. Consequently,

k�k+1k  1

�+
min(A)

✓
Mrf +M@g +

DH

µ
+1

◆
+

k⇠k+1
h k

�+
min(A)

. (EC.23)

By (Melo et al. 2020, Lemma 4.7), we can bound k⇠k+1
h k as follows:

d̄k⇠k+1
h k  (d̄+ kxk+1 � x̄k)Lh +

⌦
⇠k+1
h , xk+1 � x̄

↵
 2DHLh +

⌦
⇠k+1
h , xk+1 � x̄

↵
. (EC.24)

Using (EC.22), we can further bound the inner product term in (EC.24) by

h⇠k+1
h , xk+1 � x̄i=

⌧
⇣k+1 �rf(xk)+ ⇠kg �A>�k+1 � 1

µ
(xk+1 � zk), xk+1 � x̄

�


✓
Mrf +M@g +

DH

µ
+1

◆
DH �

⌦
�k+1,Axk+1 � b

↵


✓
Mrf +M@g +

DH

µ
+1

◆
DH +

1

⇢
k�k+1kk�kk� 1

⇢
k�k+1k2, (EC.25)

where we use the facts that Ax̄= b and k⇣k+1k  ✏k+1  1 in the first inequality, and Axk+1 � b=

1
⇢
(�k+1 ��k) to get the second inequality. Combining (EC.23), (EC.24) and (EC.25), we have

k�k+1k2

⇢�+
min(A)

+ d̄k�k+1k k�k+1kk�kk
⇢�+

min(A)
+

2DH

�+
min(A)

✓
Mrf +M@g +

DH

µ
+Lh+1

◆
,

which further implies that, for all k 2N,
✓

k�k+1k
⇢�+

min(A)
+ d̄

◆
k�k+1k  k�k+1k

⇢�+
min(A)

k�kk+ d̄⇤,

The claim then follows from an inductive argument: if k�kk ⇤, then the above inequality implies

that k�k+1k ⇤ as well, and k�0k ⇤ holds by the definition of ⇤. ⇤

EC.4.8. Proof of Lemma 10

Proof. 1. For all k 2N,

P (xk, zk,�k) =f(xk)+h(xk)� g(xk)+ h�,Axk � bi+ ⇢

2
kAxk � bk2 + 1

2µ
kxk � zkk2

�min
x2Rn

{f(x)+h(x)� g(x)}�⇤max
x2H

kAx� bk>�1,

where the inequality is due to the continuity of f , h, g, and k · k over compact domain H.
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2. Lemma 7 implies that, for all k 2N,

⌘
�
kxk+1 �xkk2 + kzk+1 � zkk2

�
P (xk, zk,�k)�P (xk+1, zk+1,�k+1)+

1

⇢
k�k+1 ��kk2+µ✏2k+1.

Summing the above inequality over k= 1, . . . ,K,

⌘K min
k2[K]

�
kxk+1 �xkk2 + kzk+1 � zkk2

 
 ⌘

KX

k=1

�
kxk+1 �xkk2 + kzk+1 � zkk2

 

P (x1, z1,�1)�P (xK+1, zK+1,�K+1)+
1

⇢

KX

k=1

k�k+1 ��kk2 +µ
KX

k=1

✏2k+1

P �P+µE+
4

⇢

K+1X

k=1

k�kk2  P �P+µE+
4(K +1)⇤2

⇢
,

where we use the the fact that P (xK+1, zK+1,�K+1)� P for all integer K 2Z+ and k�k+1��kk2 

2k�k+1k2+2k�kk2 in the third inequality, and Lemma 9 in the last inequality. Let k̄ be the minimizer

in the first line of the above chain of inequalities, then dividing both sides by any positive integer

K gives

max
n
kxk̄+1 �xk̄k2,kzk̄+1 � zk̄k2

o
 P �P+µE

⌘K
+

8⇤2

⌘⇢
.

This completes the proof. ⇤
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