E-companion: “Stochastic Compositional

Optimization with Compositional Constraints”

EC.1 Proof of Results in Section 2

Letting Assumptions 1, 2, and 3 hold and letting (z*, A, m1:2,v) € X x R" x II x V be a general
feasible point, we first introduce two technical lemmas to facilitate our analysis.

Lemma EC.1 (Lemma 3.8 of Lan (2020)) Assume function g is p-strongly convex with respect

to some Bergman distance V., i.e., g(y) — g(y) — ¢ ()" (y —y) > uV (y. ). If § € argminer{WTy +
9() +7V(y.9)}, then

G-y '7+9@) —9y) <TV(y,9) — (r+ )V (y.9) — TV(5,9)

EC.1.1 Proof of Theorem 1

Proof: Recall that L(x,71:9,v,\) = Lp(z,71:2) + AT Ly(x, ) for any (z, A, m1:9,v) € X ¥ R xIIxV,
we consider Q(z, z) and decompose it as

Q(Zta Z) = E(‘rh )‘7 7[-1:271}) - E(.’L'*, )‘tv 7T1;2,t,’Ut)

= Ep(xt, 7T1;2) — ,CF(SU*,TFl;Zt) + )\Tﬁg(mt,v) — Afﬁg(m*,vt)

— Lr(wn i) — Lr(a" Triog) + AT (Lgm, v) — Ly, m)
. . . (EC.1)
+ )\t <Eg(l‘t, ’Ut) — ,Cg({E ,’Ut)) + ()\ - )\t) ,Cg(l‘t, ’Ut>

= Lp(z¢,m1:2) — Lz, m0e) + Lr(xe, mioe) — Lr(a™, mioy)

AT (zg(xt, v) = Lo (s, vt)) AT (cg(xt, o) = Ly (", m) (A= AT Ly (e, ).

We then provide bounds for the terms above in expectation. First, by Lemma EC.3 in Appendix
Section EC.1.2, we have

K
> E|Lp(zi,m12) — £F($t,ﬂ1:2,t)}

t=1 wrenor i (EC.2)
< — Ik S AR gy a0 2) +VE Ly 0% + 3VEC oy,

- 1o = 10

Secondly, by Lemma EC.4 in Appendix Section EC.1.3, we obtain that

K
ZE[ACF(%‘»WLQ,t) — Lp(x*, mas) + A (Eg(fb“t,vt) - ﬁg(fﬁ*,vt))}
=1
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Thirdly, by Lemma EC.5 in Appendix Section EC.1.4 and the condition that ||A|| < M), we obtain

K 10C2M}E nE[||z: — 21|
B[S (G (a) Lyt )] < 3 2Bl ] e
t=1

Finally, by Lemma EC.6 in Appendix Section EC.1.5, we obtain that

K
E[Z(/\ _ At)Tcg(xt,vt)} + 2Bl — AP)
t=1

K 2 2
5C<E[|[A — A
Ry (S M
=1 2n
Ko?
“E{IAg — A%+ .

+ 1Bl - wulP] - ElA - M) (BOD)

Summing (EC.1) over ¢t = 1,2,--- | K, taking expectations, and combining (EC.2), (EC.3),
(EC.4), and (EC.5), we conclude that

K

% (0%
S OB (L1 ) — Lo Ay 1)) + SEl A ~ AP
=1

2 2
_ 9KCC,

n " K
S 277 +\/ELfIUJZ:2+3\/ECfIUf2+§HCC0—x ||2+ED§(C§+\/EM>\O'Q

Ko?2 XK /5C2E[|M-a|?]  10C2M2 5C2E[||A — Ae||?]
Ello - AP+ —2 + 3 (S, ey T,
o t=1 n n n

which completes the proof. [

Lemma EC.2 (Lemma 2 of Zhang and Lan (2024)) Let F; be a filtration and {6}, be a
martingale noise sequence such that §; € Fiq for j =1,2,--- ¢, E[6:|F] = 0, and E[||6¢]|*|F¢] < o>.
For any random variable m € 11 correlated with {6;} ,, suppose it is bounded such that ||| < M,
uniformly, then

<\/>Mc7

Mz

EC.1.2 Lemma EC.3 and Its Proof

Lemma EC.3 Suppose Assumptions 1, 2 and 8 hold, and Algorithm 1 generates {(x¢, A, T1:2,4, v) WY,
by setting 7w =t/2 and ny =n for t =0,1,--- | N. Then for any integer K < N, we have

K
ZE{ (x¢,m1:2) — Lp(Te, T1:2,8)
t=1

2 2
40KC3 03,

K
ZUT ||xt—xt 1|| ] +2\/ELf10J2c2+3\/ECfIO'f2.
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Proof: This result can be derived by combining Propositions 5 and 6 of 7. Here we provide the
proof sketch. By decomposing Lp(x¢, m1:2) — Lr (¢, T1:2,t), we have

Lp(x,m1:2) — Lp(xt, T12¢)

= Ly (v, m1,72) — Lgy (21,71, 721) + Lgy (T2, 71, T2,0) — Lpy (0, Tt T2t)-

We provide bound for each term after the above decomposition. First, we consider Ly, (x¢, 71, m2) —
Ly, (x¢,m1,m2) and obtain

K
E([’fl L, T, 7T2 ‘Cfl (xhﬂ-lvﬂ?,t)) = ZE[<£f2 (:Utaﬂ'?) - £fz (-Z't,7T2,t),7T1>]
t=

t=1
=S E[{(m2 — 1) T = Flm) + F5 (o)) |
=1
tK
:ZE[ To — Tat) xt—1—fik(ﬁ2)+f§(7f2,t),ﬂ1>]
t=1
K

+

]E|:<(7T2 — o) (vt — x4-1), 7T1> ]7

t=1

By recalling (13) that 7 € argmax, oy, {(m2, 2¢—1) — f5(72)} and using Assumptions 3 that 71 > 0
for non-affine fo, we obtain for both affine (79 is a constant) and non-affine fo,

ER(@ —ma4) " wo1 — f3(me) + f;(ﬂz,t),m” <0,

which further implies that

K

ZE(Efl(xbﬂ-l?ﬂ-Q)_£f1($t77r177r2t > ZE 2_7r2t T, Tt — Tt— 1>}
t=1

— T2 ¢)T 2
<Z[5E (2 o 2,6)m1%] +2no e — xt_1|!2]] (EC.6)

[206']01 C'f2

< Z
The next part is similar to Proposition 6 of 7. Consider the following decomposition:
E[Ls (e, m1, o) — Ly (w0, T, map)] = E[(m1 — mug, fa(@e)) — {f7(m1) — f1(m10)}]
= B[(m — 714, fa(we-1,€5)) — {fi(m) = fi (m1.)}]
+ E[(m1e = Tra-1, fo(wiar) = folwi1, )] + E[(m = e, fa(a) = folwen))] (BCT)
+ E[<7Tl7 fo(@e—1) — f2(xt—17£§,t)>] + E[<7T1,t—1, fo(wi-1) — f2(xt—17£%,t)>]'

=0

Ui 2
—FE — Ty .
20 [l|ze — z¢—1]] ]]
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Among these terms, the update rule of 7y, the strong convexity of f{ with respect to Dyx, and the
choice of 73 imply

K
E[Y " (m1 — mup, folwi1,88,)) — {5 (m) — fi(ma)}]
t=1
K

ED> 7Dy (mi;me-1) — (7 + 1) Dygs (w13 me-1) — eDgr (15 m1-1) }]

K

—E[Z T D g (165 T1e-1) -

t=1

The 1/Ly,-strong convexity of D fz» the choice of 7 and the Cauchy-Schwartz inequality imply

K
EZ {(Wl,t - Wl,t—l)(f2($t—1af%,t) - f2(33t—1)) - Tthf (7T1,t; Wl,t—l)]
t=1

K Lf 02 2
<Yk VE[mi1 - 7T1,o||2]\/E[Hf2($o,€21,o) ~ fa(o)|]
t=2
< 2Lf10'J2z2 logK + 20f10'f2
< 2\/ELf10]2c2 + 2\/ECf10'f2.

Lemma 2 of ? implies that
K
Z<7T1,f2 Ti-1) f2(33t—1>f§,t)> < VECyop,.
t=1

Similar to (EC.6), we also have

s 20C2 C?
ED> (1 — mig, falae) — fo(we-1) Z { h-f2 |
t=1

LB lw: - mea ]|

Combining them with the decomposition in (EC.7), we obtain

K
> E<£f1 (wg, m1,m20) — Lgy (w4, 714, 7r2,t)>
=1

Z |:2OCflcf2 n

Bl — || + 2VELy o}, +3VECyop,

The desired result then follows from adding to preceding inequality to (EC.6). [
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EC.1.3 Lemma EC.4 and Its Proof

Lemma EC.4 Suppose Assumptions 1, 2, and 3 hold, and Algorithm 1 generates {(z¢, \¢, T1:2.4, V) oy
by setting 7w =t/2, o = o, and ny = n for all 0 <t < N. We have

|:£F 2y, T12t) — Lr(2®, Trog) + A (ﬁg(l‘n vp) — Lg(z7, Ut))]

K K 2 2
1 12 3n 2 5C5 CF,
< TBllar — ") = 3 0B e — o] + 3 L0
2 ; 10 o 2n
K K 2
a SE[||Ae—1[*]CF
+ZZE[H/\'5 Ae-1]1%] +Z DXC2+ —]
t=1
Proof. Recall Algorithm 1, for t =1,2,--- , K, we note that mom ¢, v\ € R% and obtain

Lp(e, Tiog) — Lr(a®, o) + A (Eg(:ct, vg) — Lg(7, Ut))
= (moumie, Tt — ) 4+ (Vehe, 1 — &)
= <7Tg,tﬂ-?,t7wt — $*> + <Ug)\t_1, Tt — .I'*>
+ <772,t771,t - Wg,tﬂ?,t, Ty — 93*> + <vt)\t — v N1, T — 93*> ;

and

: 0 .0 0 Mt—1 2
x4 = argmin { <7r27t7rl7t + vy A1, x> + —||zem1 — x| }
reX 2

By applying Lemma EC.1 to the above update rule, since z* € X', we have
(3 emds +oh1, 0 — 2%) < Dlar — 22 = 2wy — 2l = Llw — 272,
e 2 2 2
which further yields

Lp(xe,mas) — Lp(z* miog) + N (Eg(xt, vg) — Lg(x™, Ut))

* n 2 Ui *
< Dlwemy — 2|2 = Ly — 2ol = 2z — 2|
2 2 2 (EC.8)

0 0 * 0 *
+ <7T2,t7T1,t — 7T2,t7r1,t7 Iy — X >+ <’Ut)\t — Uy At_l, Ty — X > .

At

0 A

0

Then, we decompose Al by
t 0.0 * 0.0
Ap = (772,t771,t - 772,t771,t) (Te-1 — %) + (772,1?771,75 - 7T2,t771,t) (z¢ — w-1).

We note that given x;—1,y;,
0.0
IE[W?,tﬂl,t - 7r2,t7r1,t‘xt—17 yt} =0,

and

yt]
< E{Hﬂl,t — 7T1,tH ‘xt—l’ yt}E[
<20% 0%

E{H”Z,tﬂ'lt

2

4

aft—l} + E[H(Wg,t — M)
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By the independence between (z,_1 — *) and the mean-zero term (my w1y — 73,7} ), we have
T
E{(wg,ml,t - Wgytw?i) (r4—1 — :E*)} = 0. Moreover, to handle the possible correlation between

(2t —x¢—1) and (w7t — Wg’tw?vt), we utilize the fact that ab < % + % for all a,b € R, and obtain

K K
t 0 .0
E ZAO :E{Z<7T2,t771,t772,t771,t7$t$t1>:|

K’(50ﬁCﬁ EHWt—1%4’ﬂ>‘

(EC.9)

P 10

We then decompose Af as
AO = <Ut()\t — )\tfl),fl,‘t — l‘*> + <(Ut — U?))\tfl, Ty — SL'*> .

Al Ab

By the fact that 2ab < a® + b? and Assumptions 1 and 2 that ||z; — 2*|| < Dx and |Jv:|| < C,, for
any « > 0, we have

BIA) < SEIA — M-t + ~Ello] (o — ")
N ) ‘f Y (EC.10)
< ZE[H/\t = A—1l7] + S DxCy.
Meanwhile, since E[v; — vf] = 0 and E[||v; — v?||*] < CZ, we obtain
K K K
E ZAZ = |: <(’Ut—U?)At_1,.Tt_1—.T*>:| +E|:Z<(’Ut—’U?)At_l,ﬂft—xt_1>:|
t=1 t=1 t=1
K
— ZE <(Ut — v?)/\t_l,xt — wt_1>}
=1 (EC.11)

K
R v?)kt—llq +Z77E[vat—$t—1H2}
2n et 10

5@WW&4WH+§fﬂW%—xFNﬂ
2n poe 10 ’

where the second equality holds by the independence between (vt — o1 and (241 — 2*), and

IA
Mw

w
Il
—

IA
M=

&~
Il
—

the second last inequality holds due to the fact that ab < 5“ + 10 Taking expectations on both
sides of (EC.8), summing over t =1,--- , N, and substitutlng (EC.9), (EC.10), and (EC.11) into it,
we obtain

K

zFumnmzn-—cFuﬁmnlo-%AI(chuva-—chiva)}
< E|Jlla —a"? = Do = weal]? = Jleven — 2| + A+ Af + Af
< 5 t 5 t t+1 5 T4+l — X 0 1 2

K 2 2

n \ 31 2 5C%, 05,
< SE[l|lze—y — 27 E — [Hﬂft 1 — T ] +

2 = 10 = 20—

o~ DXCY SBR[ P16

K
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i =1 =1 2n
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where the last inequality holds by the fact that n; = n for t =1,2,--- , N. This completes the proof.

EC.1.4 Lemma EC.5 and Its Proof

Lemma EC.5 Suppose Assumptions 1, 2 and 3 hold, and Algorithm 1 generates {(x¢, Ay, s, v4) }Y 4
by setting v = t/2, oy = a, and ny =1 for all0 <t < N. Let A € R be a nonnegative random
variable whose norm is bounded such that |A|| < My uniformly. Then for any K < N, we have

L0MEC] | B[l — xya )

K
E[; AT(Eg(xt,v) —ag(a:t,vt))} = 10

Proof. Recall that the update rule is that

vy € argmax{ (v, p—1) — g*(v)}.
veV

By the fact that A > 0, we have
AT (ﬁg(l’t’ v) = Lg(z4, vt))
AT (= )z = (670 = g (@) + (0= 00) (r — 1))
<\ ((v — ’Ut)T(ZL‘t — xtl)).

By taking expectations on both sides of the above inequality, we have

E

5[ (v — ve) A2 — 4|12
XT@@M»—@@MMHSE{WvQMH +W%1?1\]

SMZE[|lv — vel|*] | nB[lze — 2a|?) _ 10CTME B[z — 21|
< + < + ,
2m¢—1 10 n 10

where the first inequality uses the fact that ab < % + %, the second inequality holds by the condition
that [|A]] < M), and the third inequality holds by Assumption 2 that [[v—uv;||* < 2[Jv]|*+2[jve||* < 4C3.

Summing the above inequality over t = 1,--- , K, we obtain
K 2702
10CG My | nE[||ze — z-1]J°]
E| S AT (Lo(ze,v) — Lo(21, } < 9 A ,
AT (£l — £yl w) | £ T+ T

which completes the proof. [

EC.1.5 Lemma EC.6 and Its Proof

Lemma EC.6 Suppose Assumptions 1, 2, and 3 hold, and Algorithm 1 generates {(x¢, A, T1:2,1, v ) MY,
by setting v = t/2, ay = o, and g =1 for all 0 <t < N. Let X € R be a bounded nonnegative

ec’



random variable such that ||A|| < M. For any integer K < N, we have

K

A
B[ 30 2Ty )] + SRl A~ A
t=1
K 2 2
S5CIE[|IA — Ael|?] a
< VRMyoy + Y (2 4 Ll — ) - Sl - X))
= 2n 10 4

! Ko?
g o) Al + 29
+ 5Eo = AT+ —

Proof: By decomposing (A — A¢) " L,(¢, vt), we have,
(A — At)T,Cg(H?t, ’Ut)

=(A— )\t)T (ﬁg(xt, v) — Lg(w4-1, Ut)> + (A — )\t)—r[ﬁg(xt*b ve) = 9(ze-1, Ctl_l)]
+ (A= M)g(ze_1, ¢ )

= (0N = M)y 21 — x) + (A — M) Tg(2em1) — g1, G 1)) (EC.12)
Te Tot
+ (A=) Tgli-1, ¢y
T3

We provide bounds for T4 4,75, and T3, in our analysis.

First, for T+, by using the fact that (a,b) < 5”'21”2 + % and Assumption 2 that [jv]|? < CgQ,

we obtain

SE([lveA = MIP] | nElllwr — 2]’
2n 10
SCRE(IA = M) | nEflee-s = )

2n 10 ’

E[{vs(A = Xe), -1 — 241)] <
(EC.13)

Second, consider T4 4, by the independence between \;—1 and the fact that E[g(z;—1)—g(zi—1, ()] =
0, we have

EAL1(9(w) — gz, ¢0))] =0,
which further implies that

E[Ty: =E

:()\ —M—1) Tg(we1) — g(we1, Ctll)]:|

+E

et — 2 Tgems) — gz, c}m} (BC.14)

—E|\T[glar-1) = o1, 6l + B[t = 20 o) = oo ).

Recall that A is random but bounded such that ||A|| < M), by Lemma EC.2 and Assumption 2 that
Elllg(zi-1) = g(ze-1,¢1)IIP] < o, we obtain

K

E[Z AT (g(xt_l) — (@i, ggl)ﬂ < VEMyo,. (EC.15)

t=1
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Meanwhile, by the fact that (a,b) < = lZHQ + % for a > 0, we bound the second term within the
right side of (EC.14) by

E[(AH — )T lg(@er) — gz, cs_lﬂ

) - v o (EC.16)
aE[[I -1 = Mell”] | Elllg(zi—1) = g(@—1, G )IP] _ aB[[M—1 = A|?] | @
< + < + —=.
4 o 4 o
Summing (EC.14) over t = 1,--- , K and applying (EC.15) and (EC.16), we obtain
ZETN | < VEMyo +Z< -1 = Ml | 2 > (EC.17)
g 4 o
Third, consider T3, by recalling (15) that
e
n € angmae { (glai1,6La),A) = S = MR,
A€RT
and by Lemma EC.1, we have
Tso == XM) g(@-1,¢ 1) = =N — N Tg(m1, G y)
(EC.18)

(0] (0] (0]
< §||>\t—1 —AI? - 5\\)%—1 [ §H)\t — A%

Finally, summing (EC.12) over t = 1,--- , N, taking expectations on both sides, and plugging in
(EC.13), (EC.17), and (EC.18), we conclude that

K

(6
B 30— 2Ty )] + Bl ~ M
t=1
S5CZE[IA = N|?] a
< VEMyo, + Z (P gl — ] = Gl - )
Ko?
OBl - M + T8,
«
which completes the proof. [

EC.1.6 Proof of Proposition 1

By applying Theorem 1 with A = A\*, 7.0 = 7}.5, and v = v* defined in (12), we set My« = || A\*|
and obtain

K
* * * * « *
ZE<£($tv)\ (Mg, v7) — L2 a>\t77r1:2,tavt)> + gE[H)\K —A H2]

95K C?% C?
< ThT + \/ELflO'JZc2 + 3\/ECf10'f2 + gHCC() — :ZZ*HZ

= 2
KD%C? 10KCZ|N |2 K 5C2E[| 1|
a n =1 N
2 K 2 * 2
o . C’ E[| ])\ — e||7]
+§H/\0—>\ 12+ Z :

=1
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By using the fact that || A\]|? < 2||A¢ — A*|[|? + 2||A\*||?, we further express the above inequality as

K
(6%
ZE<£(.T,§, A*ﬂTT:Z?U*) - ﬁ(:lj*, >‘t7771:2,t7vt)> + §E[H)‘K - )‘*”2]
2 2
_ BKCHC,
= m
KDYCE | SCHNIE | SO~ X

+ \/?Lflafcz + 3\/?Cflaf2 + ngO —*|?

+3 +3 + VKXo
@ =1 N t=1
2 K 2 * 2
a ] SCE[ IM Al
RPN DY .
By using the min-max relationship (12) that
£($t7 )\*7 Trf:Q? 'U*) - £($*7 )‘t7 7T1:2,t7 Ul,t) Z 07
. . . . a . 1502V N .
dividing both sides of the above inequality by &, and setting o = 2v/N and n = $——, we obtain
2 K
Ell Ak = XP) < = Y B( Lo A 7ia,07) - £ A mrns ) ) + EfJ s = A
t=1
E[X* = Axl?] |, = B[N = Aef?
< Ry + -2 — 2K L A (R
< R + 3N + — N )

where

K (7C}C3,  D%C?2 o2\  15C%
= — 2 )\* 2 g) g X2 )\ _)\* 2
R = ( G+ = AN )+ o I o= ]
vK 9 N
+ \/N<Lf10f2 +3Cp 05, + (A ||Ug>-

Next, letting R be the constant defined in (18), we note that Rx < R, and the above inequality
further implies that

1 1EII>\* M)
1— — |E[||Ag — A"
( 3N> I 1< R+ 3

Dividing both sides of the above inequality by (1 — 5%), using the fact that (1 — &) > 1/2 for
N > 2, and applying Lemma 1, we conclude that

N 1\ ~E[[A - A2
Ellax - P < (1- 5 ) (R+ > =Ry )
E[JA" = Aell?] ( 2 )K 2
<2R+2 — < <2R|(1 < 2R
+ 2 N + N < 2Re”,
for all 1 < K < N. This completes the proof. [
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EC.1.7 Proof of Theorem 2

Proof: In our analysis, we set A\g = 0 for ease of presentation. Recall that Ty = % Zt]\il x¢, for any
fixed (A, m1:2,v), by the convexity of L(x, A, 1.2, v) with respect to x, we have

| N
N Zﬁ(xt, A, m:2,0) > L(ZN, A, T1:2,0). (EC.19)
t=1
Meanwhile, we denote by
#y € 0fa(ZN), 1= Vi (fQ(:zN)), and o € dg(Zy), (EC.20)

the dual variables associated with . By the definition of composite Lagrangian (10), we have
F(zy) = Lp(Zn,71:2) = L(ZN, 0, 7122, D). (EC.21)

First, we derive the convergence rate of the objective optimality gap F(Zy) — F(x*). Let
S\N = %Zi\il At, 7_1'1;27]\7 = %Zi\;l T1:2,t, and ’L_)N = %Ei\il Vt. By setting A= 0, T2 = 7AT1;2, and
v = 0 within (EC.20), and using (12) that £(x*, \*, 7}.9, v*) > L(x*, X\, 71:2,v) for any (A, 71:2,v) €
R x IT x V, we have

1 N

AT [: 707/\27A _E *7)\7 2,0

NZ}( (22,0, F12,9) = £, des i vt)) (EC.22)
>

[,(CEN,O,ﬁ'l;Q,’l/)) - [,(.I*,)\*,TFT:Q,U*) = F(:EN) - F(IL’*),

where the last equality holds by (EC.21). Therefore, by (EC.22), setting the feasible point as
(x*, N\, 71:2,v) = (2*,0, @12, 0), and applying Theorem 1 with the fact ||A]| = 0 when A\ = 0, we have

_ N . .
E[F(zn)] — F(z¥) < NZ]E<£($t,O,771;2,U) — L(x ,)\t,m;g,t,vt)>
t=1
| <7c;1 2 1507 2
< ——=\—~3~ +Lpoy, +3C 0y + —Z||lzg — z*|| )
\/N Cg 1 2 1 2 4
N
1§ (Bl | By
NZ=\ 3/N 3V N
1 (7C}C3 15C2 (4]|A*]|? + 8Re?)
< 1 f2 L 2 3C g X 2)
= m( Cg + Loy, +30p0p + 4 lzo — 2|7 ) + 3VN )

where the last inequality comes from the bound of || \¢||? provided by Proposition 1 that

E[|IA¢[1?] < 2[|A*)12 + 2E[[|As — A*[|] < 2| A*||> + 4Re?, for allt =1,2,---, N. (EC.23)

This establishes the convergence rate for the objective optimality gap F(zy) — F(z*).

Second, we consider the feasibility residual ||g(Zxn)+||2. Recall that 7r1.2 and ¥ are the dual vari-
ables associated with Zy such that 71,2 € argmax,, . Lr(Zn,71:2) and 0 € argmax, ¢y Ly(Zn,v),
we have

F(xN) = ,CF(EZN,ﬁ'l;Q) > [,F(i‘N,TF;Q) and g(:fN) = ,Cg(i‘N,f)) > EQ(SEN,U*).
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Since A* > 0, by the above inequalities and the min-max relationship (12), we can see

E(fN, )\*,77'1;2,17) = ,CF(:EN,ﬁ') + <)\*,,Cg(i‘N,@)>
> ‘CF('%N’WTQ) + <)‘*v [’g(*vav*» = ‘C(SENv )‘*’ 7[-;2’”*) > ‘C(J:*’ Xk’ﬂ-fﬁvv*)’
which further implies
F(zy) + (N, g(zN)) — F(z*) > 0.

Meanwhile, due to the facts that A* > 0 and g(zn) < g(Zn)+, we have (\*, g(Zn)) < (A, g9(ZN)+),
hence,

F(zn) + IV llg(@n) ]l = F(2) = F(Zn) + (A, g(Zn)) — F(z") = 0. (EC.24)

Let A = (|A*]|2 + 1)g (xN)+/||g ~)+|l. Consider another feasible point (z*, X, 1.9, 9), by (EC.19)
and the facts that 9(@N)T9(ZN)+ = |9(Zn)+]1? and L(x*, A, 124, v¢) < L(2%, N*, 7.9, v*), We have
(9(Zn), ) = (|A*|l2 + Dlg(Zn)+ ||, which further yields that

)+
(z

1 o 5y — I - ~ * * * *
> (E(xt, A 1,0 — L) )\t,m:u,vt)) > L(Exs A Fiig, ) — L(2", A g, 07)
t=1

= F(zn) + (A g(zn)) = F(«*) = F(zn) + (IX*[l2 + Dlg@n)+ ]| — F(z*).
By rearranging the terms in the inequality above and applying (EC.24), we obtain

N

1 -
loan)+) < 5 3 (Lo 3 Ao ) — (267 A miz )

t=1

~ (F@w) + X lg@n)- | - Fa)
1Y .
S -— Z (ﬁ(.%'t, )\, 7?'1;2, @) — E(.Z'*, >\t7 T1:2,t5 'Ut)> .
N t=1

Next, we note that Al = [\ + 1. By the inequality above, considering the feasible point
(x*, A\, r1:2,0), and applying Theorem 1 with A\g = 0, M5 = ||A]| = [[A]| + 1, a = 2v/N, and
1502V N
n= 4—, we have
Elllg(zn)+1[]
95C% C3  Lpo%  3C DxCZ |\
f17f2 1194, + f19f2 Hl, _ ||2 X™g + I HUg

2n VN VN 2N VN

- ey, N (OB | OGIEIAR] | SOLEIP - uiTy
N R 2 n 2n
1 (70} 15 Lo D%C?
< =(=4 f2+Lfla?2+30flaf2+ﬂxo—xu2 ZE8 1 Ry + IA1?)
o2 3112 3112 2
i, LS (BIDAP] ARIE  20AF + El)
TN N=\ 3N 3vV'N 3VN
1 (7C3C3 ) 15C2 ., D%CZ g2
< (i Lo+ 3Chos + St —a P i + )
1 . . ~
+m(<2u 2+ 4Re) + 3I3P + Al ).
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where the second inequality holds because ||A — \||? < 2||A[|% + 2||A¢||?, and the last inequality holds
by the bound of | A¢||? in (EC.23). The desired result can be acquired by substituting |[A|| = [|A\*||2+1
and ||A||? = (J]\*]]2 + 1)? into the above inequality. This completes the proof.

EC.2 Proof of Results in Section 3
EC.2.1 Proof of Lemma 3
First, we decompose (A — )\t)Tﬁg(azt, v1:2¢) that
(A — )\t>Tﬁg($t, V1:2.4)
(-7 (.cg(xt, ore) — Loz, m,g) + = AT L@, v1y)
= (vo,v10(N = Ae)y 2 — xp1) + (A= M) T [La(i—1,v100) — Hi] + (A= \) T H

T1 oy Tt

(EC.25)

We now provide bounds for the three terms 774,75, and T3;. First, for T1, by the fact that

2 2
(a,b) < 5Ha” + ng” for any vectors a, b, we have

K K
> E[T1,] :Z (2 — 1) "2,01,6 (A = Ay)]
t=1 t=1
K
S leno1a A = M)~ 7Ell2 =z ]
< EC.26
_; 2n Z 10 ( )
K
<3 P CREIN = AP | 5 Bl — el

P 2n 10

where the last inequality holds by Assumption 4 (d)-(e) that [jv1]* < 0921 and [jvgs|? < 032.
Second, we consider 75 ; and denote by Ag,t = Lg(xt—1,v1:2¢) — H. Given z4_;, we observe from
Algorithm 2 that H; is conditionally independent of A\;_;. Together with Lemma 2(a) that Hy is
also an unbiased estimator for Lg(x¢—1,v1:2,¢), we have E[)\tT_ 152,4 = 0, which further implies that

E(T24) = EA"Agy] —E[A] No1] + E[(M—1 — M) T Agy]
=EN Aoy +E[(M—1 — Ae) T Agy].

By setting My = ||\|| and recalling Lemma 2(b) that Var(Ag;) < 0%, we further have

K
> E[Tyy] = ZIE

ATA%} +ZE[ M1 — o) Agt]

t=1
<VKMyoy + ZIE[()\tl — At)TAg,t] (EC.27)
t=1
E[||A—1 — A
<Vt + 3o (M= o)

where the first inequality holds by Lemma EC.2 in Appendix Section EC.1, and the last inequality
2
holds by the fact (a,b) < @ + ||b]|? for any vectors a, b.
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Finally, for T3, by applying the three-point Lemma EC.1 to the update rule that
A+ € argmax {)\THt - *||)\t 1— )\H2}
AERT

we have that for any A € R,

8] (0% (8]
A=) TH=—(N\—N"TH < §||/\t—1 — AP - §H)\t—1 — A - §||)\t —AlI%,

which implies
K

[0 (6 «
BT <3 (5 et = A1 = S 1At = MlP = S = A7), (5C.28)
t=1

Summing (EC.25) over ¢t = 1,---, K, taking expectations, and plugging (EC.26), (EC.27), and
(EC.28) in, we obtain that for all A € R,

K

E{Z(A - At)TEG(CUt, V1,t, U2,t)]
t=1
(6% K o
<35 E[[|Ao — Al - *E IRV EPIREDS EE IAe—1 = Xell?] + VE Mo
t=1

N f: (aE[H/\t—1 S 5CHCHENIA — M) 4 Ellle — a?t—lﬂ)
4 « 2n 10

(0%
5HA0—AH?—*E[HAK M)+ VEMion

t=1

ok a1 — Ml 5C2CLE[IA = M) nE[th—xt-l\Q])
+ Z ( 4 + 2n + 10 ’

which completes the proof. [

EC.2.2 Proof of Theorem 3

We provide bound on each term after decomposing (28). Consider any integer K such that K < N.
First, by Lemma EC.7 in Appendix Section EC.2, we obtain

ZE l (ﬁc T, V1:2) — ﬁc(wt,vm,t))]

202 (EC.29)
40K
Z {|$t$t 1||2} % +2VKLg, gzMAJF?W KCy 04, M.
Second, by Lemma EC.8 in Appendix Section EC.2, we have
K
ZE[EF(% mrae) — Le(a®, miar) + A (ﬁe(ﬂct, vi) — Loz, ’vm,t)ﬂ
t=1
K K 2 12
7 g2 3n 2 5CF Ch,
< 5 llwo — 2| - E{H%ﬁl — x| } +) —5— (EC.30)
2 ; 10 Pt 2n

K K 2 2 2 K 2 2 2

a D%.C2 2, 5C2 C2E[| A1 ]

+§ 4]E[|)\t )\t 1||2:|+§: X § g1 g2 L )
t= t=1

=1 1 @ 2n
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Meanwhile, Lemma EC.3 in Appendix Section EC.1.2 implies that

K
Y E
t=1

Lp(x, m:2) — Lr(2t, 7T1:2,t)]

K HOKC2 2 (EC.31)
3 Bl ] 25D s s,
t=1
Finally, by Lemma 3 and the assumption that ||[A|| < M), we have
X a
E[Z(A - At)T»CG(l'ta ’Ul:2,t)} + QE{‘)\K — )\HQ}
t=1
K
<3 (ch - OBl =) SCRCREID ML ol —l?)  po
= 4 2n 10

+ ;‘E[HAO - /\\2] +VE Moy

By substituting (EC.29), (EC.30), (EC.31), and (EC.32) into (28), and omitting some algebras, we
obtain

K
. a
ZE<E($1‘,, A, T, V1:2) — L( 7)\t7771:2,t77)1:2,t)> + §E[H)\K — AlI?]
40KO2 Ce, M o2
< T + 2ng1 g M + 3fcglagzMA + *on —z*|
2 2
N 95K CF CF, N K

T ~(DXC3,C3, + o) + SEllAo = AP+ VEMyon

2 2
VR Ly + VR g, + 3= S (= AP+ Bl

This completes the proof. [

Lemma EC.7 Suppose Assumptions 1, 3, and 4 hold, and Algorithm 2 generates {(z¢, A, T1:2.4, V1:2.4) iy
by setting 7o = py = /2, n; =1, and oy = « fort =1,2,--- |N. Letting X € R be a bounded
random variable satisfying ||| < My uniformly, then for any K < N, we have

ZIE

t=1

AT <£G xt,v1:2) — La(e, V122 t))}

K 2 2
60K C2 C2,
Z% [l — e ))?] + # +2VEK Ly Myo2, + 4VEM\Cy0,,.

Proof: This result is similar to Lemma EC.3 with an additional nonnegative (random) variable A.
We start with the following decomposition that

N (La(x,vi0) — Lo, v1:04))

= A (L, (w4, v1,v2) — Ly, (21,01,02,4)) + AT (Lg, (1,01, v2,8) — Loy (T4, V1,4, V21))-
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First, we recall (25) that va; € argmax,, ¢y, {vs 211 — g5(v2)}. By Assumption 4 (g) that for each
compositional constraint GU) = g(J Vo gV )( ), the outer-level function gg 7 is monotone nondecreasing

for non-affine inner-level function gé ), we obtain
| (02— va) o1 = g3(0) + g3loas).on) | <0
Because A > 0, by following (EC.6) in Lemma EC.3, we have
K
Z [ ( g1 (@, v1,02) — Ly (24, v1,v2,1) ﬂ ZE (v2 —vo )1\, ¢ — x4—1)]

K 2
10E[|[(va — vor)viA||*] =~ 7 2 ]
Z 7 + LE[|z — 2o

—Z

where the last inequality uses the fact that H)\H < M. Second, by Proposition 15 in ?, the L,

. : T  r AT (i) < AT (vi—o1)]? ; ;
smoothness of ¢g; implies A Dgf (v1;01) > B 1H gi > 5 MIA T, VI which further yields

4002 02
{ 5y LRl — 711 ]}

K
Y E P\T(vu —v14-1) " (ga(zs-1, Co01) — g2(mi—1)) — pt)\TDg’f (V1,43 Ul,t—l)}

K M,Ly,02 ’
<3 2008 4 JelaRuns — sl Elfsa(oo, 6ho) — ga(oo)|

t=2
< 2L91M)\U log K 4+ 2MCy, 04,

< 2VKLg Myo2, + 2V KM\Cy, 04,

By substituting the above bound into Proposition 6 of 7, we further obtain that
ZE[ ( g1 (wt,v1,v2,) — Ly, (4, Ul,t,Uz,t))]
Z [20(12 Cz,M

The desired result then follows by combining the preceding inequalities. [

nE[th—xt 1l ]} +2VK Ly, Myoz, + 4V K M\Cy, 04,

Lemma EC.8 Suppose Assumptions 1, 3, and 4 hold, and Algorithm 2 generates {(xs, My, 7, v¢) Y4
by setting py = 1 = %, =, and oy = « fort < N. Then for any integer K < N, we have

K
ZE{ (24, T24) — Lr(x*, Tras) + A (EG(JUt,Uth) — Lg(x", Ul:2,t))]
=1

K w2 2
<N 2 31 2 5C%, 0,
Mga — Elllz, 1 — ThTf
2||£L‘0 ¥ — E 0 [Hwt 1 — x| ] +t:1 2

t=1
K Dyc2 2 K 5C2 CLE[||Ad-1]1?]

K
+§_j E[| A — A1l + > +>

-1 @ =1 2n
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Proof: Recall the update rule for z; (26) that

: 0.0 0 .0 n 2
xy = argmin {<7727t7r17t + vy 407 1 A1, x> + §||:L‘t,1 — x| }
TEX

By following analogous analysis in Lemma EC.4, and applying the three-point Lemma EC.1 to the
above update rule, we have

Lp(xe,mas) — Lr(z* miog) + N (ﬁe(ﬂ?t, viae) — La(x™, Ul:2,t)>

= (zp — %) " moumie + (v — 2%) Twg o1 N (BC.33)
< et = I = Jlars = @l = Il — o
+ (mo T — W(Q)ytﬂ'?yt, x—x%) + A1g + Aoy,

where

]\l,t = (o — a:*)Tvgivl,t()\t — A\¢—1) and Ag,t = (z; — w*)T (Ugﬂ)u — vgtv??t) Ai—1.

We note that a bound for <772,t771,t — 77877577?715, Ty — :1;*> has been provided in (EC.9). Specifically, we
have

K

K
E{Z <772,t7T1,t - 77(2),1}71-(1),15’ Ty — $*>} = E{Z <7T2,t7T1,t - Wg,tﬂ-?,tvxt - $t—1>]
t=1 t=1
(EC.34)
K 2 2
<y (5Cf1Cf2 n nE[||z: — wt—1||2]>
Bt 2n 10 '
To bound /~X1,t, by following the analysis of (EC.10), we have
~ o 1 N
ElAr] < JE[[[Ae ~ A1)+ SE[l(ze —2 ) vz p016]%]
EC.35)
D2 CQ 02 (
< %E[H)\t — A1l + %-

Meanwhile, we observe from Algorithm 2 that E[z, ; (v9 00, — va4v14)A—1] = 0. By following the
analysis of (EC.11), we have

™=

K ~
E[> Ayl =
t=1

E[(zr — z¢-1) T (v2,001,6 — 03,109 1) A1]
t

I
—

(EC.36)

IA
WE

E 5[|(v9 0, — vapvi ) N1l SN nE[f|ze — 212
[ 2n I+ Z 10
t=1

5(5’31 C§2E[H)\t_1 |2
2n

o~
Il
—

IA
™=

| & E[flar — e )]
+ )
t T

I
—

where the last inequality uses the fact that A\;—1 and vgytv%t — 9,41, are independent. Summing
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(EC.33) over t =1,2,--- , K, and combining (EC.34), (EC.35), and (EC.36), we obtain

K
ZE ﬁF(l’t,Wl,tﬂTQ,t) - ﬁF(l’*,WLtﬂTQ,t) + >\tT (EG(l‘t,Ut) - ﬁG(»’C*7 Ut))]
t=1

K 2 2
Ny g2 LA e 5C} O,
fzo - +Z(10+m 2 V[ ] + 3

3

2
K K 2 2 2 K 2 2 2
o Dx 5 Cg, 5C% C2 E[|| Ai—1]7]
+ *}E ||)\t )\t 1|| + g1 ~ g2
2 LR
K 2 2
n *1)2 31 2 5Oflcfz
D SEL [P } 4y bk
2 = 10 =2
K K 2 2 2 K 2 2 2
a D5 C; C 5Cs C2 E[|| Ae—1]|?]
+ g o) ||)\t . )\t71||2 + g1 g2 + g1 g2 )
2" A e T

This completes the proof.

EC.2.3 Proof of Proposition 2
For the feasible point (z*, A, m1:2, v1:2), We set 1.2 = T}y, V1:2 = V.9, and A = A\* as defined in (24).
By applying Theorem 3 with My« = ||\*||, we obtain

K
*_* * * o *
ZE<£(xt7)‘ 771:27”1:2) - 6(56 7/\t77T1:2,t70152,t)) + §E[H)‘K —A HZ]

40K C2 C2 || N|| i .
< 9177 B+ 2V K Ly, 0, |\ + 3VK Cyy 00, |\ +*Hwo—:r I”
95KC%C%? K o
- # + —(DXC5,Cp, + o) + 520 = NP+ VE[ X |lon
02
+2VELy o}, + 3VKCyay, +Z 222 (B[N = M)+ Blly ).

We note that L£(z¢, A*, 759, v].9) — L(z%, A, 124, V1:2,¢) > 0 by the definition of a saddle point (24).

Thus, we have

«
FElAK = A1)
40KC2 C2|IN ] n . 95KC2C% K
s —=e 5”% =@l g (DR O G, + o)

202
20— ¥+ 32 T (a7 + Blll) + VEQ

where Q = 2Ly, 05 [|X*|| 4+ 3Cg, 04, | M| + |\ [lom + 2Lf1012¢2 + 3Cy, 04, is defined in (29). By using
2
the fact that ||A¢|> < 2|\ — A*||% 4 2||X*||?, setting a = 2v/N and 7 = M , and dividing

ecl8



both sides of the above inequality by v/ N, we obtain

E[[[Ax — A%
16KH)‘*H 1509210922 2 chj%l 01%2 K 2 M2 2
< x* _J1 J2 C
= 73N 1 I ey + oy (PxCy G + 11)
1 & VEQ
Ao — M2 + E[A* — Ml/] + 2E[|| A1 — A*||? 2)\*2) —
+ | I~ + 3NZ(H| elI7] 4 2E[f A1 — ™[] + 2| A7]] 5
1 * 1 K * (12
= Ri + 5Bl - J+ 37 2Bl = X1,
t=1
where
K 702 C? D3%C2 C? + o? 15C2 C? VEKQ
R = — [ 6lI\* 2 9192 H> 9192 * 12 Aa — M\F|I12 '
o= (I g+ B g — "+ o — NP+
By noting that Rxg < R defined in (29), the above inequality further implies that
1 E[fl A1 — A7)
1—— A A7) <
(1- 5 JElAK = X1 .R+;; 5
Assuming N > 2, for all K < N, we have
K-1
E[|[Ax = A*|IP] < 2R+ E[[[Ae = A*[|?].
t=0
Finally, by applying Lemma 1, we recursively bound E[[|Ag — A*||?] by
EllAx — X[ < 2Re?
for all K < N, which completes the proof. |

EC.2.4 Proof of Theorem 4

We set A\g = 0 throughout our analysis. We first consider the objective optimality gap F(zy)— F(z*).
We denote by

Ty € afz(f]v), T = Vfl (fg(i’N)), Uy € agg(.fN), and U7 = Vgl(gg(:EN)).

Setting the feasible point as (x*,0, 1.2, 01:2) and following Theorem 2 with M), = 0 for A = 0,

15C7. C
a; =2V N, and n; = gliﬁ\ﬁ , we obtain that

LN
E[F(zn)] — F(z*) < — ZE<£(%7 0, 71:2, O1:2) — L(x™, A, 1224, U1:2,t))
N

1 (15C2 C2 . 7C}C3,  D%CZC2 +o% )
< (T Bl a7 P g+ PR 0L, 3000, )

ﬁ e (BN + Bl
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We then derive the convergence rate of the optimality gap by the bound of ||\]|?

in Proposition 2
that

E[|[Ae]?] < 2| M 1% + 2E[||Ae — M*||?] < 2|2 ||* + 2Re?, forallt =1,2,---, N.

Second, we consider the feasibility residual G (Zn)+. By adopting the feasible point (z*, X, #1.2, 01:2)
where X = (\* + 1)% and following Theorem 2 with M; = ||\, &z = 2v/N, and 7 =
15C2 C2 VN

91 92 , we obtain

1 Y - .
E[|G(ZN)+]2] NZ ( (T4, A, 12, D1:2) — L(2 ,>\t,7T1:2,t,v1:2,t)>
=1

1 16”/\“2 1502 C? .
< \/ﬁ<3 +2Lg, g2H>‘” + 3\/>Cglo'gg||)\” + %HM) o ||2)
1 (7C}CF, D% CZC2 +0f - -

m( 021022 * 5 + NP + oI X| + 2Ly, 07, +3cflaf2)

iz e (IS = AP+ Bl

+

We obtain the convergence rate of feasibility residual ||G(x)4||2 by using the facts that
Al < 20N + 2[|Ae = X*[* and [|X = Xel® < B + B[N + 3[|Ae — X2,

and applying E[|[\; — A*||?] < 2Re? provided by Proposition 2. This completes the proof. [
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