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Supplementary Material

EC.1. SPO Loss Functions and Duality
EC.1.1. SPO Loss and Duality for the Newsvendor Problem

As we noted in Section 1, Elmachtoub et al. (2020) develop an SPO approach for optimization
problems with side information of the form
minE [UT¢(V)], (EC.1)
ped
where U and V are an exogenous parameter vector and its associated side information, respectively,
and where @ is the set of policies mapping values of side information into feasible region 3?, which
is assumed to be convex. Given a prediction @ of the exogenous parameter, the corresponding
decision selection problem is
min 47z. (EC.2)
ceEX
In the work we present in this paper, we consider the optimization problem with side information

minE |"¢(V) +min {g"y | T(V) + Wy =U} |, (EC.3)

ped
where 2" is a polyhedron {z € R™ | Az = b,z > 0}.
Given a prediction @ for the value of the exogenous parameter, the corresponding decision selec-
tion problem can be written as
z’yergignz {z+qy|Az=bTx+Wy=14,2>0,y >0} (EC.4)
and its dual is

max {bTpu+aTA|ATu+TA<c,WTA<q}. (EC.5)

wAER™1TM2

Let @ denote the set of policies that produce an action that is feasible for (EC.5). The dual problem
(EC.5) is the decision selection problem for the optimization problem with side information

max 141 0(V)] (EC.6)
which may be viewed as a special case of (EC.2). For this reason, it may be tempting to apply
the Elmachtoub and Grigas (2022) procedure to (EC.6) in order to produce a predictor ¢, and
subsequently use ¢ as the predictor in a predict-then-optimize procedure for (EC.3). However,
we argue that such an approach is not likely to work well. While problems (EC.3) and (EC.6)

have corresponding decision problems that are dual with each other, the underlying optimization
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problems (EC.3) and (EC.6) are not necessarily dual, and the SPO loss produced by one can be
structurally quite different from the other. For this reason, minimizing the empirical SPO loss of
(EC.6) does not necessarily minimize the empirical SPO loss of (EC.3). This observation does not
take away from the value of the Elmachtoub and Grigas (2022) procedure as it was not intended
to be applied in such a way.

We expand on this discussion next. Throughout the section, we use the term primal decision
selection problem to refer to problem (EC.4) whereas we use the term dual decision selection
problem to refer to problem (EC.5).

Consider the following simple variant of the newsvendor problem. A newsvendor observes some
side information V', which can be used to predict the demand for the newspaper, which is not
known in advance. Based on this information, the newsvendor choose the quantity = of newspapers
to stock. Then, the newsvendor sells as many newspapers as possible at a unit price of ¢. The
number of newspapers sold cannot be greater than the stocked quantity x, nor can it be greater
than the quantity demanded, which is a value that we denote by U. We assume that there is a cost

¢ to stock a newspaper. This leads to the optimization problem with side information
inlk in{— < < .
mink \eo(V) +min {—qy [y <$(V),y <U}

The objective is to minimize the expected difference between costs and revenues, which is equiv-
alent to maximizing profits. We assume that ¢ > ¢; otherwise the optimal solution is to stock no
newspapers regardless of demand. We also assume that ¢ > 0, since the objective is unbounded
when ¢ < 0. The constraints, in sequence, state that the quantity of newspapers sold is less than or
equal to the quantity stocked and the demand. Quantities stocked and sold are nonnegative. For

an estimate v’ of the demand, the primal decision selection problem is given by

; in{— < <u'lp.
mp{er gl vy <]

If w' is nonnegative, this has a unique optimal decision given by z* = u’, which achieves an objective
value of (¢ — ¢)u’. Given this decision and a true observation u of the exogenous parameter, the

regret is given by

! in{— <u,y< — i in{— < < .
(cu + min { qyly_u,y_U}> (ggcxﬂ;lzlg{ qyly_:ay_u})

Consider the term m>i£1{—qy |y <, y<wu}. This optimization problem is minimized by y* =
y=z

min{u,u}, which produces the value —gmin{v’,u}. It follows that the SPO loss function #(-,u)

derived from the primal decision selection problem is given by

E(u’,u) = { (q_C)(u—u’) if u> u,;

c(u' —u) if u<uw'.
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This loss function is defined only when u and ' are nonnegative.
Given some prediction v’ of the exogenous parameter, the dual decision selection problem is

max {uA|p<c, A\—p<—q, n>0,2<0}. (EC.7)

(11, 2) ER2
If ' is positive, this problem has a unique optimal solution given by (u*, A\*) = (¢,c—q). Given a true
observation of the exogenous parameter u, this would incur an objective value of u(c—¢q). When
u’ = 0, every feasible solution to the decision selection problem is optimal. When v’ is negative, the
decision selection problem is unbounded. Given a prediction «' and observation u of the exogenous
parameter, the associated regret is then

mzk})c{u)\mgc,)x—,ug—q,uzo,/\SO}—u(c—q):u(c—q)—u(c—q)zO.

)

assuming that «' is positive and u is nonnegative. The regret is not well-defined otherwise.

This implies that the SPO loss ¢p(u',u) derived from the dual decision selection problem is
defined only when v’ is positive and v is nonnegative, and is exactly zero when it is well-defined.
This is in sharp contrast to the form of ¢(u’,u) derived above. Hence, the loss function £p(-,u) is
an unsuitable substitute for that derived from the primal decision selection problem ¢(-,u), and it
would be ill-advised to use £p(-,u) to fit a function to predict values of the exogenous parameter.

Elmachtoub and Grigas (2022) also propose a convex approximation to the SPO loss, called
the SPO+ loss function. Similarly to the exact SPO loss, deriving an SPO+ loss from the dual
decision problem does not produce a loss function that is useful for the primal problem. Again,
this should not be taken as criticism of the SPO+ loss, as this loss was not intended to be applied
in this manner. Let ¢ be a selection function for the dual decision problem, which is to say that
o is function that takes a value u of the exogenous parameter and returns an optimal solution to

the decision selection problem, o(u) € argmaxuTz. Then, the SPO+ loss is given as follows:
zeX

(lpo, (v u) = <ma§uT$> —2u"To(u) — min {(u — 2u')Tz}.
zeX zeX

For u > 0, this can be specialized to the dual decision selection problem (EC.7) as
Zpor (U u)=u(c—q) —2u'(c—¢)— min {(u—2u)A|p<c,A—pu<—q,un>0,A<0}. (EC.8)

(p,X)ER?

Here, we make use of the previously-discussed fact that when the demand is predicted to be some
positive real number u, the unique solution to the dual decision selection problem (EC.7) is given

by (u*,A*) = (¢,c — ¢). By similar arguments as before, if u < 0, then the loss is undefined, as the
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dual decision selection problem (EC.7) has no optimal solution. In the case where w =0, the SPO+
loss depends on the decision selection function. Consider the last term of (EC.8):

(ﬁ\l)igu@ {(u=2u )\ p<e,A—p<—q,u>0,A<0}. (EC.9)
If v <u/2, then the optimal solution to (EC.9) is again given by (u*, \*) = (¢,c¢—¢) and this term
reduces to (u—2u')(c—q). If v > u/2, then the optimization problem (EC.9) is unbounded. This
implies that if u > 0, the loss £spo (u',u) is zero for all v’ < /2 and is infinite when «’ > /2. This
is again not a useful substitute for the primal SPO loss.
EC.1.2. SPO Loss and Duality for the Production Planning and Transportation

Problem

A similar phenomenon occurs in the optimization problem used in the computational experiments

of Section 5. For this problem, the decision selection problem takes the form

=y Y T, VseS

ship  ship scrap , ,scrap unmet , unmet Ls
min T+ 30 rg Py D rETPY P S Yt tes
s€S s€S teT __ ,unmet ship
©>0,y>0 te T Ut — yt + Z ySt 3 vt S y
seS

The dual of this problem, which we again refer to as the dual decision selection problem, is given

by

Hs Z —Cs, Vs € .4
max utx e S Vs€.7
weRl LI AcrI T A < T?nmet, Vte T

s+ A <P Vse SVe T

The primal SPO loss ¢(u',u) for the production planning and transportation planning problem is
more complicated than that for the newsvendor problem, and we do not derive an expression for
this loss function. However, it is easily observed that the loss £(u/,u) is typically not equal to zero
when u' # u and both «' and u are positive vectors. Furthermore given an estimate u' of demand
such that u) <0 for some s € ., the primal decision selection problem is infeasible and the dual
selection problem is unbounded, so both the primal SPO loss and dual SPO loss are undefined if
u' #0oru?0.

Consider the SPO loss ¢p(u',u) corresponding to the dual decision selection problem. Given a

positive estimate u’' > 0 for the demand, it can be shown that the unique optimal solution to the

decision selection problem is given by (u*,A*) where p* = —c¢ and
* . unmet : ship
AL mln{rt ,?é};}{rst +cs}}. (EC.10)

Equation (EC.10) does not depend on u’ beyond the fact that u’ must be positive for this expression
to be valid. Thus, this is also the unique optimal solution to the decision selection problem where
the demand is known to be u, assuming that u > 0. This implies that if 4’ > 0 and u > 0, then

lp(u',u) =0, and we again observe that the dual SPO loss is not useful.
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EC.2. Proof of Results from Section 2

For simplicity of notation, we first prove some results concerning the single-stage LP & =

min {c¢"z|Ax = b,z > 0}. In this section, we refer to the dimension of x as n.
x

LEMMA EC.1. Let B be a basis of A such that the corresponding reduced costs are nonnegative
and Az'b>0. Let p be the indices of variables x with positive reduced costs under basis B. Then,

the set of optimal solutions to & is given by
{z|z,=0,Az="0,2>0}.

Proof of Lemma EC.1. Let ¢* denote the optimal value of &2. Since the basis B has nonnegative
reduced costs and Az'b > 0, then ¢* exists and is given by ¢* = ¢TA5'b. Let = be any feasible solution
to Z. Let ¢ (resp. p) be the indices of non-basic variables with zero (resp. positive) reduced costs.

Then,
rp=Ag'b— Ag' Acr. — A5 Az,
Further,
o =chAg'b+ (] — G AR Ac) me + (] — cGAG' Ay) 1, = R AR b+ () — AR A,) Ty,

since ¢/ — cL At A¢ are the reduced costs of the variables z, which by definition are zero. Similarly,
the vector ¢} — ¢ A" A, contains the reduced costs of the variables x,, which by definition are
positive. Since z is feasible, it must be that = > 0. Thus, (clT) — c]BAglAp) x, is zero if and only if
x,=0. We conclude that cTz = c[;A5'b=c* if and only if z, = 0. This is the desired result. [J

The following results require an extension of the definition of a lexicographically optimal solution
and of a lex-prc basis. Given an index i in [n], we define a partial ordering called the lezicographical
partial ordering up to component i, denoted by =<;, so that z<;x’ holds if and only if there exists
some j € [i] such that x;<z’; and x; =z}, for any positive integer & in [j — 1]. Let X* denote the set
of optimal solutions to & and let X! denote the subset of X* that is minimal under <;. We will
refer to the elements of X} as ¢-lexmin solutions.

DEFINITION EC.1. Let B be a basis of A. Let ((0) be the set of variables with zero reduced
costs under basis B and cost vector c, i.e., ((0) = {i € [n] | ¢; — cgAZ'A; = 0}. For each i € [n],
let ¢(i) be the subset of ((i — 1) with zero reduced costs when the cost vector is chosen to be
e(i), i.e., C(i)={j€C(i—1)|e(i); —e(i)zAz"A; =0}. Let k be in [n]. Basis B is lexicographically
positive-reduced-costs up to component k (k-lex-pre) if:

L. T —cLAZ'A>0.

2. e(i); —e(i),Az'A; > 0 for each i € [k] and for each j € ((i —1).
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PROPOSITION EC.1. If B is a k-lex-prc basis for A such that Az'b> 0, then the solution x given
by (x5, zppB) = (A5'H,0) is an element of Xj.

Proof of Proposition EC.1. Let B be a k-lex-prc basis of A such that Az'b > 0. We define
the 0" level problem Z, to be £, and we let X} = X*. Further, for j > 1, we define the j*" level
problem, &;, to be

;rellg% {:E]- |x € X;_l} ,
The set of optimal solutions to &; is exactly X.

Let ((j) be as in the definition of a k-lex-prc basis, i.e.,
¢(0) = n)|c; — chAR'A; =0}
¢(5) { €C(i—1)|e(j)i —e(i)pAs' Ai =0},

for j in [k —1]. Let p(0) be the set of indices of variables with positive reduced costs under cost

vector ¢, and let p(j) be the subset of (7 — 1) with positive reduced costs under cost function e(5):
p(0) = {i€n]|c; — cL AL 4; >0}
p(7) = {i€C(i—1)|e(j): —e(i)sAs A: > 0}.

Lemma EC.1 implies that &7, can be formulated as
mzin{:ck | Az =b,2>0, z,;=0,Vie [k—1]}.

Clearly, we can omit the variables whose indices fall in the set p(i) for some i in [k — 1]; these
are precisely the variables whose indices are not in the set ((k — 1). This leads to the equivalent
problem ] defined as
zﬁlnl){ g | Acho)Tehor) = by Tero1) >0} -

Any optimal solution for &7, can be extended into an optimal solution to &, by assigning a value
of zero to each variable whose index is not in ((k —1). For the given k-lex-prc basis B, we define a
solution x’ for & (b) by Xz = A5'b,x, =0, Vi € ((k— 1)\ B. By definition, B must be a subset of
((k —1), since basic variables always have zero reduced costs. This ensures that x’ is well-defined.
By assumption, A5'b is nonnegative, so X’ is feasible. Further, it is an optimal solution for 2,
since it is a basic solution associated with basis B, which is a basis for &, corresponding to a basic
feasible solution whose associated reduced costs are nonnegative. As previously noted, the solution
X’ can be extended into an optimal solution x for &, by assigning a value of zero to each variable
whose index is not in ((k — 1). This results in the solution (x5, X 5) = (45'b,0). Since y is an
optimal solution for #;, it must be in Xj. The form of this solution matches that given in the

statement of the proposition, proving the result. [
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Proposition EC.1 immediately implies Proposition 1.

A procedure for identifying lexicographically minimal solutions is given in Akgul (1984). We
further show that it can be used to identify a corresponding k-lex-prc basis. The procedure is
summarized in Algorithm 3, where we use the notation £(b,Z,i) to refer to the optimization

problem

min{x; | Azzz =b, x7 >0} .

where Z is a subset of [n] and i in Z.

Algorithm 3 Let A be an m X n constraint matrix, b a right-hand side vector, ¢ an objective
vector, and k a variable index in [n]. This procedure finds a k-lexmin basic solution and k-lex-prc
basis

1. procedure LEXMIN(k, b, A, ¢)

2: Let z* be an optimal solution to & with corresponding basis B(0).
3: Let Z(0) = [n].
4: for j in [n]\ B(0) do

5: Calculate r; =¢; — C}B(O)AE;%O)AJ-.
6: If 7; > 0, remove j from Z(0).
7 end for

8: for i in [k] do

9: if ieZ(i—1) then
10: Solve .Z(b,Z(i—1),1); let 2* be an optimal solution with corresponding basis B(%).
11: Let Z(i) =Z(i—1).
12: for jinZ(i—1)\ B(i) do
13: Calculate r; = e(7); — e(i)g(i)Agb)Aj.
14: If 7; > 0, remove j from Z(7).
15: end for
16: else
17: Let B(i) = B(i—1).
18: Let Z(i) =Z(i—1).
19: end if
20: end for
21: return k-lexmin solution z* and corresponding k-lex-prc basis B(k).

22: end procedure
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ProprosITION EC.2. Suppose that &2 has an optimal solution and the rows of A are linearly

independent. Algorithm 3 returns an element x* of X; and a corresponding k-lex-prc basis B. [

Proof of Proposition EC.2. Throughout this proof, whenever we use Z(i) for i € [k], we refer
to the value at the termination of the algorithm. We also use the notation .7 (0, B) to denote the
simplex tableau of & under basis B, whereas .7 (i, B) denotes the simplex tableau of £(b,Z(i —
1),4) under basis B.

First, we claim that the algorithm is well-defined, which is to say that the optimal basic solution
produced in steps 2 and 10 exists. By assumption, & has an optimal solution and the constraint
A matrix has linearly independent rows; the simplex algorithm will then return an optimal basic
solution. Thus, step 2 is well-defined. The problem £ (b,Z(0),1) is feasible because the optimal
solution x* produced in step 2 is feasible to this problem; likewise, for ¢ > 1 the problem Z(b,Z(i —
1),i) is feasible for each i, because the optimal solution z* produced in the previous iteration is a
feasible solution if ¢ > 1. Also, it is clear that the objective of this problem is bounded below by
zero, so the problem is not unbounded. Thus, the optimal basic solutions referred to in steps 2 and
10 exist.

To prove the result, we show by induction that the following hypotheses hold for each i €
{0,...,k}:

1. ™ — cg(i)Agb)A =cT— CJTB(O)A;;%O)A,

2. e(j);(j—l) - CTB(z‘)Agb)AI(J'—l) = e(j)}(j—l) - CTB(j)AE%j)AI(j—lﬁ for i>1 and j € [i].

The case in which ¢ =0 holds trivially. Suppose that the hypotheses hold when i = for some
¢ in {0,...,k — 1}. By definition, all variables in Z(0) have zero reduced costs in the tableau
7(0,B(0)). By the first induction hypothesis, the reduced costs of the variables Z(0) must also
be zero in the tableau 7 (0,B(:)). The set Z(¢) is a subset of Z(0), so all variables in Z(¢) must
have zero reduced costs in the tableau 7 (0, B(¢)). By definition, B(¢) is a subset of Z(¢), and it
can easily be verified that B(:) corresponds to a feasible basic solution of £ (b,Z(¢),. + 1). By
definition, B(¢+ 1) also corresponds to a basic feasible solution of .Z(b,Z(¢),¢+ 1). This implies
that there is a series of simplex pivots that maintain a feasible basic solution and that transform
T (+1,B(t)) into 7 (t+1,B(t+1)). The same sequence of pivots could be applied to 7 (0, B(¢))
to transform it into .7 (0,B(¢ + 1)). These pivots only use variables in Z(¢), since these are the
variables of .Z(b,Z(¢),t + 1). Since all of these variables have zero reduced costs in the tableau
7(0,B(1)), then pivoting any of these variables does not affect reduced costs. This implies that
the reduced costs in the tableau .7 (0, B(t+ 1)) must be the same as those of .7 (0, B(¢)). The first
induction hypothesis then gives that ¢ — C};(L +1)A§%L +1)A =T — C;(O)AE%O)A‘ This shows that the
first induction hypothesis holds.
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The proof of the second induction hypothesis is nearly identical. Let j € [t +1]. If j = ¢+ 1, then
the second induction hypothesis holds trivially, so we can assume that j <:. By definition, all of
the variables in Z(j) have zero reduced costs in the tableau .7 (j, B(j)). By the second induction
hypothesis, the reduced costs of the variables Z(j) must also be zero in the tableau .7 (j, B(1)).
The set Z(¢) is a subset of Z(j), so all variables in Z(¢) must have zero reduced costs in the
tableau .7 (j, B(¢)). By definition, B(¢) is a subset of Z(¢), and it can easily be verified that B(¢)
corresponds to a feasible basic solution of .Z(b,Z(¢),t+ 1). By definition, B(t+ 1) also corresponds
to a basic feasible solution of £ (b,Z(¢),.+ 1). This implies that there is a series of simplex pivots
that maintain a feasible basic solution and that transform .7 (v +1,B(¢)) into (v + 1, B(t + 1)).
The same sequence of pivots could be applied to 7 (j,B(t)) to transform it into 7 (j, B(t + 1)).
These pivots only use variables in Z(¢), since these are the variables of £ (b,Z(¢),¢+1). All of these
variables have zero reduced costs in the tableau 7 (j, B(¢)), so entering any of these variables does
not affect the reduced costs. This implies that the reduced costs in the tableau .7 (j, B(¢+ 1)) must
be the same as those of 7 (j,B(t)). Applying the second induction hypothesis again, we obtain
that

. —1 . —1
6(9);@_1) - CJTB(L+1)AB(L+1)AI(J‘—1) = e(]);(j—l) - CE(j)AB(j)AI(j—l)-

This completes the proof of the second induction hypothesis.

We are now ready to prove that B(k) is a k-lex-prc basis. Following the definition of a k-lex-prc
basis, we let ((0) = {i € [n] | C,T—C]Tg(k)A]}%k)Ai =0}and (i) ={jeC(i—1)|e(i)] —e(i)g(k)Agﬁk)Aj =
0}. It follows immediately from the two hypotheses and from the algorithm that ((0) =Z(0) and
that ((¢) =Z(i) for any ¢ € [k]. Furthermore, it also follows immediately from the definition of the
algorithm that ¢ — cg(O)A;O)A >0 and e(i)}, ;) — c}g(i)Al_gb)AI(i—l) >0, for i in [k]. Then, using
the first hypothesis,

-1 —1
c’ — cg(k)AB(k)A =c"— CIB(O)AB(O)A >0

and, using the second hypothesis,
. _1 . _1
e(Z)Z(z’—l) - CIB(k)AB(k)AC(z—l) = e(l);(i—l) - CIB(i)AB(i)AI(fi—l) 2 0.

This completes the proof that B(k) is a k-lex-prc basis. O
Proposition EC.2 implies that LEXMIN (n,[2], A, [¢]) provides a solution (z*,y*) and a n;-lex-

prc basis B of A such that z* is the lexmin solution. This provides a proof of Proposition 2.

Recall the statement of Theorem 1:

THEOREM 1. Under Assumptions 1, 2, 3, and 4, the lex-SPO loss function £(-,u) is continuous

and piecewise-linear for each u in F, with a finite number of pieces. O
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Proof of Theorem 1. First, we construct a suitable polyhedral subdivision. Let [ be the dimen-
sion of .%,. For any basis B of A, let P be the polyhedron given by Pz = {v | Az'[2] > 0}. Let P be
the set {Pg | B is a lex-prc basis}. Let P and P be the subsets of P consisting of those polyhedra
whose dimension is equal to ! and those less than [ respectively. We claim that P is a polyhedral
subdivision of .%,. By definition, each polyhedron P € P is I-dimensional. Also, since there is a
finite number of bases, the set P is finite. We show next that P covers .%,. Each element of P
is closed and this set has a finite number of elements. Thus, the union of the polyhedra in P is
a closed set and therefore P must contain all of its limit points. Hence, it is sufficient to show
that every element of .%, is a limit point of P, which is to say that for any set Y containing v
that is open relative to .%, there exists some element v’ in T and some P in P such that v’ is in
P. Let F, be the affine hull of .%,. There is an invertible affine transformation w between F, and
R!. The image w(Y) must contain an open set of R! and therefore must have non-zero Lebesgue
measure. For any polyhedron P in P, the image w(P) has dimension less than [, which implies
that each of these images must have Lebesgue measure zero. Since P is finite, the union of images
Upepw(P) must also have Lebesgue measure zero. Thus, there exists some point ¢ in w(Y) that is
not in |Jpepw(P). Let v be equal to w™!(¢). By Proposition EC.2, there exists a lex-prc basis B
such that A" [:,] > 0. Furthermore, polyhedron Pg has dimension [; if it had dimension less than
[, then ¢ would be contained in (J,pw(P). This completes the proof that P covers .%.

Now, we show that £(-,u) is piecewise-linear on %, with a finite number of pieces. Consider
polyhedron Py in P corresponding to some lex-prc basis B. For any v« € Pg, it follows from

Proposition 1 that the lexmin solution z'**(u’) is given by

(W) =1(B)A5" [ 5].

u

Then,

((,u)=cTI(B)AG [ D]+ Q ((B)AG [ 5] u) — 2 (u).

o
It follows from well-known linear programming results (see, for example, the discussions in Sec-
tions 5.2 and 5.3 of Bertsimas and Tsitsiklis (1997)) that, when Q(-,u) is well-defined, it is contin-
uous, convex, and piecewise-linear with a finite number of pieces. This proves that the restriction
of £(-,u) on each P in P is continuous, convex, and piecewise-linear with a finite number of pieces.

Finally, we show that £(-, ) is continuous. Select € > 0 and «’ in .%, that will remain fixed in this
paragraph. Let P be the subset of P consisting of those polyhedra P that contain u’. Since each
polyhedron in P is closed, then for each P’ in the set difference P\ P there exists some 7(P’) >0
such that ||u” —u'|| > n(P’) for any " in P’. Let

min n(P’) if P\ P is non-empty,

7’,* = P/€75\'P
1 otherwise.
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Since P is finite, n* is guaranteed to be a positive number. Since, as we have already demonstrated,
the restriction of £(-,u) to any polyhedron P of P is continuous, then for any P in P there exists
some A(P) > 0 such that [{(uv”,u)—4(v/,u)| < e for any u” in P where ||u” — /|| < A(P). Let
A* =min A(P). The set P is finite and must be non-empty since P covers .%,. Hence, A* exists
and isple)gsitive. Finally, let v” be any vector in %, such that ||u” —u'|| < min{n*,A*}. Then, by
definition of n*, the vector «” must be in some polyhedra P of the set P. By definition of A*,
|u" — || < A(P), so |€(uw',u) —€(u',u)| < e. This proves that £(-,u) is continuous. [

Recall the statement of Theorem 2.

THEOREM 2. Suppose that Assumptions 1, 2, 3, and 4 hold. Further suppose that Z is a
bounded polyhedron and that U has finite second moments. For any € > 0, there exists a pre-

dictor function . : R — R™2 such that for any v in the support of the side information,

E[f(@"(4(v),U) |V =v] < min E[f(z,U) [V =] +e. u

In order to prove Theorem 2, we first prove some properties about a related stochastic optimiza-
tion problem without side information. Given some probability distribution P on R™1, let S*(P)
denote the set of optimal solutions to the optimization problem migrgl Eyp [f(z,U)]. Let x'**(P) be

e

the lexicographically minimal element of S*(P).

ProprosiTION EC.3. Suppose that Assumptions 1, 2, 8 and 4 hold. If P is supported on a finite
subset of Fy, then ' (Tx'*(P)) = x'*(P).

Proof of Proposition EC.3. Let u',...,u* be the elements in the support of P with correspond-
ing probabilities p,,. .., px. In this case, the optimization problem m% Eyp[f(x,U)] can be written
S

in extensive form as the linear program:

min ¢z + Xk: q"Y'pi (EC.11a)
st. Ar= bZ:1 (EC.11b)
Tr+Wy'=u', Vi € [k] (EC.11c¢)
y' >0, Vi € [k] (EC.11d)
x> 0. (EC.11e)

Let L' denote this LP. It follows from Assumptions 1 and 2 that LI°! has an optimal solution.
Let T denote the constraint matrix of LP'. Assumptions 3 and 4 imply that the rows of T' are
linearly independent. Let B be a ni-lex-prc basis for LP' that has a corresponding feasible basic

solution (Z,7",...,§"); such a basis is guaranteed to exist by Proposition EC.2. Then, it follows from
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Proposition EC.1 that x'*(P) = Z. Consider now #'*(T'%). This is the lexicographically minimal

solution to the optimization problem m% f(z,TZ), which can equivalently be written as
fAS

min ¢’z + zk: q"y'pi (EC.12a)
s.t. Ar= l;:1 (EC.12b)
Tx+Wy' =Tz, Vi € [k] (EC.12¢)
y' >0, Vi € [K] (EC.12d)
x> 0. (EC.12¢)

Let LP? denote this LP. Since LP? has the same cost vector and constraint matrix as LP!, and
since the ni-lex-prc property only depends on the constraint matrix and cost vector, then B is
also a n;-lex-prc basis for LP?. Let Z,%",...,7" be the basic solution to LP? corresponding to the
basis B. If this solution vector can be shown to be non-negative, then Proposition EC.1 implies
that 7 = 2'"(T'%). Let B(0) denote the subset of B corresponding to the vector of variables z and
let B(i) denote the subset of B corresponding to the vector of variable y*. Then, by definition, the

basic solution (Z,#',...,%") is the unique solution to the system of equations:
AB(O)Q_?B(O) =b (EC.lBa)
T T+ Wige =TT,  Vielk]. (EC.13b)

We now note that by definition, it must be true that Ap)Zp ) = b. Furthermore, 7'z; = 0 for all
i ¢ B(0), so T0)Tr) =T7. So, the vector given by T =7 and §' =0 for all i € [k] is the solution
to the system (EC.13a) and (EC.13b). Thus, '™*(Tx'*(P)) =x'(P) O

Given a subset S CR™ and an element & € R™, define the distance from % to S, denoted
dist(,5), as dist(&,5) = 91:122 ||z — &|| where || - || denotes the usual Euclidean norm.

Given two sets S, 5% CR", define the deviation from S* to S?, denoted D(S*, S?), as D(S*, 5?) =
sup dist(z,5?). Let P, denote the probability distribution of the exogenous parameter given that

zeS!
the side information takes the value v, so that for any Borel set S CR™2,

P,(S)=P(U € S|V =wv).

To simplify notation, let 2,(z) =E[f(z,U)|V =v].
We can now prove the desired result.
Proof of Theorem 2. We construct ¢, in a pointwise fashion. Consider v € R” in the support of
the side information and € > 0. Since U has bounded second moments and the objective function

f takes the assumed form f(z,u) = ¢’z + E[Q(z,u)], it follows from known results concerning
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stochastic programs that 2, is continuous; for example, see Theorem 6 of Birge and Louveaux
(2011). Then, the assumption that £ is bounded implies that 2, is uniformly continuous on 2,
so that there exists some § > 0 such that if x and 2’ are elements of 2~ with ||z — 2’| <9, then
|2, (z) — 2, (2")| < e. Tt follows from known results that there exists some probability distribution
@v with finite support such that D (S* <]/I\”U) S *(IP’,,)) < §; for example, see Theorem 5.3 of Shapiro
et al. (2014). Then, we claim that if we let

V(o) =Tx= (B,)

the desired property is satisfied. From Proposition EC.3, we have that '™ (¢ (v)) = x'* (@1) Fur-
thermore, by definition, y!** (]@) S (ITDU> By assumption, the deviation D <S* (ITDU> , S *(Pv)) <
5. Thus, there must exist some solution z* € S* (P,) such that ||2'*(¢).(v)) — 2*|| < §. Then, by
definition of ¢, it must be true that |QU (7' (1 (v))) — 2y (z7)

< e. This provides the desired result.

EC.3. Proof of Theorem 3

Proof of Theorem 8. Suppose by contradiction that the algorithm does not terminate after a
finite number of iterations. Under this assumption, we first make the following simple observations:
1. For any i,j with j >i>1, 672 >0, > 6-5.
2. There exists 6* € [0,1] such that lim 6; = lim 6/ = lim 6}® = 6~.
3. Let t* = lim #(4). Then t* exists f;;((?lot* = Zﬁjzjz +(1 —ng;ﬂ.
4. For any ;;ml, g(OPBu+ (1 —07B)u°) > 0Bg(u) + (1 —07B)g(u°).
5. For any i > 1, g (6FB4 + (1 —0-B) u®) <0Bg(u) + (1 — 6058) g(u®).
Observations 4 and 5 hold trivially when i =1 as they reduce to g(u) > g(4) and g(u°®) < g(u®).
Further, one can establish that they continue to hold for 7 > 1 by induction, because of lines 14-18
of Algorithm 1. In fact, the “if” condition of these lines changes exactly one value of 0-f, and )5
(from their previous values 6-B and 67P) so that the conditions are met, while the other remains
unchanged, and hence verified by induction. It follows from these claims and the fact that ¢ is
continuous that
lim g((i)) = g(t") = g(6%i + (1 0")u) = 0°g i) + (1 — 0")g ("), (EC.14)
The set Z ={0u+ (1—60)u° |0 €[0,1]} is bounded. Let P be the polyhedral subdivision of R™ on
which ¢ is defined. By the definition of polyhedral subdivision, there exists P € P and an increasing
function 7 : N — N such that #(n(i)) € P for all i € N and d(n(i)) € dgp(t(n(3))), i.e., there is a
subsequence of the pairs of points and piece-subgradients (£(i),d(i)) such that all the points in the
subsequence fall in P and each piece-subgradient is a subgradient of the piece function defined on

P. Since P is closed, t* must belong to P. We now consider four cases. In discussing them, we use

t;, 0;, and d; as shorthand notations for (1)(i)), 0,, and d(n(i)), respectively.
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Case 1: There exists a positive integer i such that
g(t:) > Big(i) + (1= 6:)g(u®). (EC.15)

Then, 0* <65, = 6; < 1. Define function 7: R R as m() = d] (6u + (1 — 0)u® — i;) + g(i;) and

function w: R+— R as w(#) =0g(a) + (1 — 0)g(u®). Observe that
m(0:) = g(£:) > Oig(i0) + (1 = 0,)g(u®) = w(6y),
where the inequality holds because of (EC.15). Observe also that
m(0°) =d] (07 u+ (1—0%)u’ —1;) +g(t:) = dl (t*—1;) +g () <g(t*)=w(6),

where the inequality holds because d; is a subgradient of gp at #; and the last equality because of
(EC.14). As (i) 0 <6, (ii) 7(0%) <w(#*), and (iii) 7(0;) > w(6;), there exists § € [6*,6;) such that

7(0) <w(0) for 6 <O and 7(0) > w(f) for § > O because 7 and w are affine functions. Then,
di(a—1t,)+g(t) =n(1) 2 w(1) = g(i) > g(a) — e
and

dl(u® — ;) + g(i;) = 7(0) <w(0) = g(u°).

This establishes that element (f;,d;) of D(g) cuts (4, g(w) — €) but does not cut (u°, g(u°)). This
contradicts the assumption that the algorithm did not terminate at step 7(7).

Case 2: There exists a positive integer i that satisfies
g(t:) < 0ig(ir) + (1 —6:)g(w°) and g(f;) < 6;(g() —€) + (1= 6;)g(u°). (EC.16)

In this case, 1 > 0" > 0,7, = 0, > 0. Define functions 7, w : R — R where 7, (0) = g(0t.+ (1 —0)u°)

and w(f) =0(g(1) —e)+ (1 —0)g(u°). Now,

Jim (6 — 6 = Jim g 0(0)) ~ lim () =6°9(0) + (1 6)g(u) ~ (6")
=60"g(4)+ (1 —0")g(u®) — 0" (g(d) —€) — (1 —0%)g(u®) =0"¢ > 0.

This implies that there must be j > ¢ such that m(6;) > w(6;). Now, define function 7y : R— R as
mo(0) = d;(eu + (1= 0)u° — ;) + g (£;). Since j > i, 0; > 6’5(?”1 = 0,. Now, since d; is a subgradient

of gp at 6;,

Wz(éz') = d;(tz - ij) +yg (ij) <g (ii) < 9z(g(u) —e)+(1- 92‘)9(UO) = w(éi)»
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where the last inequality holds because of (EC.16). Further, m5(6;) = m(6;) > w(6;). As (i) 6; > 6;,
(i) m5(0;) > w(b;), and (iii) w5 (6;) < w(8;), there exists 0 € [6;,6;) such that my(0) <w(h) for 6 <
and m5(0) > w(#) for # > because 7, and w are affine functions. Then,
d}(u® = 1;) + g (i) = m2(0) <w(0) = g(u°)
and
dj(a—1t;) +g (£;) = ma(1) > w(1) = () — e
This establishes that the element (i;,d;) of D(g) cuts (u,g(%) —¢) but does not cut (u°,g(u®)).

This contradicts the assumption that the algorithm did not terminate at step 7(7).

Case 3: There exists a positive integer i that satisfies

(@) g(t:) <Oig(@)+ (1—0:)g(u°), and
() glis) > b(g(@) — )+ (1 - 6)g(u). (EC.17)
In this case, 1 > 6* > QTL, (41 = éi > 0. Define real number v* = g(iz)_(lé—w
7, w:R—=Ras m(0) =g(fu+ (1 —0)u®) and w(f) =0v* + (1 —60)g(u°). Now,
lim 7 (0;) —w(6;) = lim g (£(7)) = Jim w(0;) = 07g(@) + (1 = 07)g(u*) = w(6")
=0"g() + (1=0")g(u®) = 00" — (1= 0")g(u”) = 0" (g(i) —v")
_ <g(u) Cg(l)-(0- éi>g<u°>> o,
0;
where the last inequality holds because of (EC.17a). This implies that there must be j > such
that 7 (6;) > w(é;). Now, define function 7, : R R where m,(0) = d;(Ou +(1=0)u®—1;))+g (i)
Clearly, my(6;) =1 (8;) > w(8,). Since j >, 6, > 000 = 6,. Now, since d; is a subgradient of gp
at t;,

. Next, define functions

ma(0;) = dl (i —1;) + g (£5) < g (£:) = w(6)).
As (i) 0; < 0;, (i1) m5(0;) <w(B;), and (ii7) m(8;) > w(8;), there exists 0 € [4;,6,) such that my(h) <
w(f) for @ <0 and 75(A) > w(h) for @ > because 7, and w are affine functions. Then,

dl(u —1;) +g () = 72(0) < w(0) = g(u)

and

dT(i— 1)) + g (£) = ma(1) > w(1) = v =

> = . — =g(u) —e,
;. g(i) —e

where the last inequality holds because of (EC.17b). This establishes that the element (f;,d;) of
D(g) cuts (u,g(u) —€) but does not cut (u°,g(u°)). This contradicts the assumption that the
algorithm did not terminate at step 7(7).
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Case 4: For all i,

g(ii) =0ig(u) + (1 —0;)g(u®). (EC.18)

Note that 0= 6* <, < Ot = 0, < 1. Define function 7: R — R as m(0) = d} (0t + (1 — O)u° —

t1) 4+ g(f1). Define function w: R — R as w(f) = 0g(i) + (1 — 0)g(u®). Now,
m(61) = g(i1) = b1g(d) + (1 = 01)g(u®) = w(6h),
where the second equality holds because of (EC.18) and
n(07)=di (07u+ (1 =0’ — i) +g(ia) =d] (1" — 1) +g (1) <g (1) =w(8"),

because dl is a subgradient of gp at ty.
As (i) 0* < 6y, (i1) ©(0%) < w(07), and (ii7) 7(6,) = w(6:), there exists @ € [0*,0] such that
7(0) < w(#) for all # < and () > w(h) for all # > O because 7™ and w are affine functions. Then,

A1 (i — 1) + g(i) = (1) > w(1) = g i) > (i) — ¢
and
d}(u® — ) + g(tr) = 7(0) <w(0) = g(u°).

This establishes that element (f1,d;) of D(g) cuts (@, g(%) —€) but does not cut (u°, g(u°)). This
contradicts the assumption that the algorithm did not terminate at step 7(1).



