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Appendix

Here we present the proofs omitted from the main body of the paper as well as additional
numerical experiments.

A.1 Proofs of Theorem 1 and Theorem 2

In the following, we prove that the sequence of solutions to the problem (DRO;) converge to
the true stochastic optimization (SO) problem. These results are an adaptation of the proofs
presented in Mohajerin, Esfahani and Kuhn (2018) for our setting.

Lemma 3 Given the true distribution p* and the ambiguity set P, at any time t, we have
Pp*eP]>1-6 foralt=1,...,T.

Proof: This is true by the construction of the set P, which is such that it contains the true
distribution with probability at least 1 — d;. U

Lemma 4 (Finite sample guarantee) Given a solution x; to the problem (DRO;), we prove that

P [Eqp [f(24,8)] < Jt) > 1—6; forallt =1,...,T.
Proof: From Lemma [3] we know that p* € P, with probability at least 1 — §;. Thus, we have

IESNP* [f(ﬁt, 5)] < ;%%}t‘: ]Eswp[f<$ta 5)])

with probability at least 1 — d;. R
The right hand side (RHS) term in the above equation is the definition of J;. Thus,

IESNp* [f('rtas)] é j\tv
with probability of at least 1 — ¢;. O

Lemma 5 (Borel-Cantelli Lemma) Let F1, Es, ... be a sequence of events. If Y72 P(E;) < oo
then
Plan infinite number of E; occur] = 0.

*Corresponding author. E-mail address: kevin-martin.aigner@fau.de


mailto:kevin-martin.aigner@fau.de

Lemma 6 (Convergence of Distributions) Given the ambiguity set P;, we prove that

lim sup ||p — p*|l2 = 0 with probability 1.

t—o00 PEP:
Proof: From Lemma [9] [I0] and [TI] we know that for any of the three given types of ambiguity
sets there exists a function r(t) which satisfies

P [sup lp—p*lla < 7(t)| =1 -0,

pEP:

and lim;_,oo 7(t) = 0.
This means that

< 6.

P [Sup lp—p*lla—r(t) >0
PEP:

By construction, it follows that Y72, 6 < oo (as & = ﬂ%’—@). Then the Borel-Cantelli Lemma
implies that

= 1.

P | lim sup |[p—p*|la—7(t) <0
t—)OOpe'Pt

Since limy_,oo 7(t) = 0 and ||p — p*||2 > 0, this means that

lim sup ||p — p*||2 = 0 with probability 1.
t—00 pEP;

Proof of Theorem 1: We know that x; € X and
J* < Egp[f (x4, s)] as x; is a suboptimal solution. Applying Lemma [4] we obtain

P [J* < Eyupe[f(21,5)] < I 2 Pp" € P > 10,

Since > §2; 0; < 00, by the Borel-Cantelli lemma,
P [J* < tlggoIESNp* [f(xt,s)} < tlglolo Ji] = 1.

Let v > 0. Since X is compact, there exists a y-optimal solution z7 to the stochastic problem,
i.e.,
IESNP* [f(lﬁv 8)] <J'+ -

Let p; € P be a y-optimal distribution to 27, i.e.

sup Egp[f (27, 5)] <E 0 [f(27,5)] +.
pEPL

Then we can write

lim sup J;
t—o00

<limsup sup Eg.,[f(27,s)]

t—oo  peP:
<limsupE,_,[f(27,s)] +7
t—o00 t
=limsup Esp+[f (27, 5)] + Z f(27,s)(pls —ps) +
t—o00 sES
<limsup Egp[f (27, s)] + Gllp] —p*|l2 +~
t—o00

B [f(@,5)] 47w 1
=J"4+2y w.p. 1,



where the first inequality holds because of the definition of ft, the second inequality holds
because of the definition of p/, the first equality holds as we add and subtract p* and the third
inequality holds as |f(z,s)| < G for all (z,s) € X x S by assumption. The final two equalities
hold because of Lemma [6] and the definition of 27 respectively.

With this we conclude that limsup;_, ., J; < J*. Along with the earlier assertion of J* <
limy_y o jt, we can now complete the proof that j; — J* via the sandwich argument. O

Proof of Theorem 2: Let {s:}?2; be any sequence of scenario realizations such that lim;_, J, =
J*. By Theorem 1, we have J* < Egp+[f(x, s)] < J; with probability 1. By the same theorem,
we also know that lim; ., J; = J* w.p. 1. Then, we can write

lim inf .- [f(z,9)] < lim inf .J; = J*. (6)

Consider any limit point of the sequence {z;}§2;. Since the set X is compact, then there exists
a limit point of {z;}$2; which lies in X. WLOG let z* be that point and

lim inf; oo 2 = 2*.

Then we have

T < By (2", 9)]
= 1Esmp* [hgggf f(xty S)]

= > liminf f(a, 5)p5
sES

= hgg)lfz f($t,3)p5 < J 3
seS

where the first inequality holds because z* € &', the second inequality holds as liminf; ,o z; =
x* and because f(x,s) is continuous in z. The second equality exploits that S is finite and the
final inequality holds because of (€]). Thus, we have E,,+[f(z*,s)] = J* which completes the
proof. O

A.2 Proofs of Dynamic regret bounds

In order to prove the dynamic regret bound of Theorem 3, we first show that the ambiguity
sets are shrinking at a rate of O(y/logT/T) and contain the true data generating distribution
with a high confidence. The latter is stated in the following Lemma.

A crucial point for a shrinking dynamic regret bound is that the ambiguity sets are shrinking
over time. Our ambiguity sets are constructed with increasing confidence probabilities for the
multinomial distribution. We show that the ambiguity sets are shrinking even though the

confidence 1 — d; is increasing (d; = -95).

Lemma 7 For the upper (1 — %)—percentz’le zs5, of the standard normal distribution with confid-
2

ence update
0p i= W%—‘; and & € (0,1), it follows that

23, < 4log(rt),
2

for all roundst =1,...,T .

Proof: By the definition of the standard normal distribution, for the upper percentile 1 — %,



we have the Gaussian tail bound

(575 _%Z%t
1-2 < +
2 =¢ 7
2
5 “y
= log(l——)< ——2
og(l—3) =~
2 O
= zﬁ§—2log(1—§)
2

2t2

for all rounds ¢t = 1,...,T. Since 72t2 — 3§ > 1 for all rounds ¢t = 1,...,7 and 6 € (0,1) (try
t =1and § = 1), we are able write

22 < 2log(m?t?) < 4log(nt),

N

forallt=1,...,T. O

We now prove that the ambiguity sets P; shrink at a rate of O(y/logt/t) even as the
confidence requirement 1 — §; increases.

Here, we provide a proof for ambiguity sets as defined by confidence intervals. The proofs
for the other sets are provided in the electronic companion.

Lemma 8 (Confidence Interval Sets) The ambiguity sets P; derived from (1) with confidence
update O = Wﬁz—‘zz and § € (0,1) for all rounds t = 1,..., T fulfill

16|S| log(m(t — 1
sup ||z —y| < 1/16|S|logm and sup |z —y| < \/ (m( ))7

x€Po,y€P1 TE€Pt—1,y€P: Vit—1
for allt = 2,....T with a probability of at least 1 — 9.

Proof: As we know from Lemma 1 that p* € (", 1 P with a probability of at least 1 — 4, we
can compute for t = 1:

sup |z —yll= sup |z—p"+p" -y
xE€Po,yeP1 zE€Po,yeP1
< sup ||z —p*|| + sup [p* — vyl
xE€Py yeP1
< sup [z —p|+ sup [p—yl
z,p€Po p,YEP1

IN

V2+ \/4|S]10g7r < \/16\Sllog7r,

with a probability of at least 1 — ¢ because of sup, ,cp, Iz —yll = \/(1 —0)2+(0-1)2 =2
and Lemma [0
Similarly for ¢t = 2,...,T"

sup  |lz—yll= sup [lz—p " +p* -y
xE€Pt—1,y€Pt xE€EPt—1,y€Pt

< sup |z —p*|| + sup [p* —yl|
TEP_1 yEP:

< sup |lz—p||+ sup |p—vyl
z,pEPL—1 PYEP:

V4IS|log(n (t — 1))
S 2 \/t—il I




with a probability of at least 1 — 4. O
Lemma 9 The ambiguity sets P, derived from (1) with confidence update §; := % and é € (0,1)

for all rounds t =1, ..., T fulfill
i i \/4|S|log(mt)
sup ||z —y| £ ——.
z,y€Pt \/i

Proof: We can compute using Lemma [7}

151 S| 23,
Xt 4|S|log(mt
sup [lz —yl? <D (upe — lie)? = 2 < S| tg( )
fE,yGPt kil k:1

0

Finally, In the following result, we prove that the distance between elements from consecutive

fo-norm and kernel based ambiguity sets P;_; and P, also shrinks as measured in the fo-norm
while providing tighter guarantees of inclusion on the true distribution..

Lemma 10 (/s-norm Sets) Given an ambiguity set of the from Py = {p € P | [lp — pl2 < &} with

€ = w and §; = ﬂ%—‘;, then for |S| > 2 we have

S|l t—1 30
sup |z —yll2 < 4\/|S|log(7r/\/3>5) and sup |z —y|l2 < 4\/’ | log(( )/\F),

z€Po,yeP1 €PL—1,y€PL t—1

with probability at least 1 — 0.
Proof: For the case t = 1 we have

sup ||z —yll2 < sup ||z —p|l2 + sup [p" — vl
€P,yEP1 xE€Py yeEP1

< 2+2,/|S|log(r/V/39)
< 4y/|Slog(r/v/39).

The last inequality occurs because \/\8| log(w/v/38) > 1 for |S| > 2. Now for the case t > 1,
given the true distribution p*, we can write,

|z —yll2 < lz = p"[l2 + [Ip" — yll2
< 2641

Thus,

Sllog(m(t—1)/v36

ap lo—yls §4w [log(x(t —1)/v/38)
TEP;_1,Y€P; t—1

Here, the first inequality arises from triangle inequality. The second inequality is due to the

fact that the true distribution is contained inside all sets P, for t = 1,...,T with probability at

least 1 — 4. O

Lemma 11 (Kernel Based Sets) Given an ambiguity set of the form Py ={p € P ||lp — Dllm < €}
with € == */7?(2 +y/2log(1/6¢)) with 6 = %25 we have fort > 2,

sup [|lw —

8vC
< ———(4/log(mt/V65)),
z€Pt—1,YyEPt yH2 Am( g( ))
44/C

and  sup |z —yl2 <2+ —— fort=1,
z€Po,yEP1 A

with probability at least 1 — 0.



Proof: For t =1, we have

lz =yl < llz—p"ll2 + " —yll2
1 *
<2+ *Hp —yllm

4
<2+£

The second inequality comes from the definition of the set Py and the definition of the norm

- llar-
For the case t > 2, we get.

[z =yll2 < lz = p*ll2 + [Ip* — yll2

1 i} .
< *(Ilfc—p s+ llp* = yllm)

< i\ﬁ 1+\/10g (t—1)/V60))

< — 4 \/7

T AVE—
Here, the first inequality comes from the triangle inequality, the second from the fact that
VaT Mz > \||z||2 for any positive definite matrix M with the minimum eigen value A. The final

inequality arises from the construction of the ambiguity set which contains the true distribution
with probability at least 1 — §. Now note that 72t2/66 > 3 for ¢ > 2. Thus, we can write

=+ log(wt/V/65)).

log(t/V65).

o=yl < S YC
Uiz =31
O
The properties of the confidence interval ambiguity sets mentioned previously and those of

the fo-norm and kernel based sets prove in Lemmas (10| and [11] along with the cumulative path
length bounds from Theorem [5] enable us to prove the following shrinking dynamic regret.

Theorem 4 (Dynamic regret bound) Let f : X xS — R be uniformly bounded, i.e., for all
(z,s) € X xS, a constant G > 0 exists such that |f(z,s)] < G. Let n = ,/3+2h,(T) with

TC213]
Siollp—qll < W(T) forp € Py and q € Py
The output (x1,...,x7) from Algorithm with confidence update §; :=

z and 0 € (0,1) fulfills

7r2t

T
3|S|+2[S|W(T)  2G
T Z (max]ESNp f(z¢,s)] — minmax E,., [f(w,s)]) < G\/ T + o

pEP: zeX peEP:

with probability at least 1 — 9.

Proof of Theorem : Define ¢¢(p) = —Eq~p [f(x1,5)]. A gradient descent iteration is given
by

‘ 1
prr1 = argmin (Vg (pe),p) + =|lp — pell?,
PEP: 2

with optimality criteria (nVgi(pt), ut — pr+1) + (Pe+1 — pryue — prv1) > 0 for all uy € Py Clas-
sical theory for gradient descent yields

n?
(nVgi(pe), pr — us) *||pt—ut\| - *Hpt+1 —ug)|® + *||V9t(pt)||2~



Summation over rounds t = 1, ..., T results in the following inequality for all u; € Ps:

T
S (Va0 —w) < 3 LI Vaum) +Z(upt—ut|| — e — el ) (7)
t=1 t=1 2 t=1 2

Next, we rearrange the terms on the RHS as

T

1 1

> (gl = el = Sllpess — )

.\ 2 2

t=1
1
2¢

1 T
(Il = lpesal”) + 5 302 (e =) -
t=1
T

(Ipel1? = llpea 1) + > (peer =) -

™M= 1M~

1
24

Now consider the expression Zthl (pt+1 — pt) - ug. We can write it as

Z Dt+1 — Ut
t=1

= (p2—p1) w1+ (ps —p2) ~ug + -+ (pr41 — pr) - ur
T

=Pr41-UT —P1-Uul T+ Z(ut—l —ug) - py-
t=2

For the other expression we have

el 1 1
> (Hptll2 - Hpt+1ll2) = §HP1H2 - §HPT+1II2-
t=1

N

This then allows us to write

T T
77
(nVgt(pt),p 25 Ve (pe)I” + 5 ||Pl||2
=1 =1
T
—*HPT+1H +prgrur —preus+ 3 (w1 — ug) - pr.
=2

We know that ||p|| < 1 and for any 2 probability vectors p and ¢ we have that 0 < p-q < 1.
Thus we can write

T
Z’?Vgtpt s Pt — ug) Z%vatl)t 12+ - +1+Zut1fut) Dt
t=1 t=1 t=2
Note that
S|
IVge(p) 12 = D 1 f (e, s0) [ < 1SIG?,
k=1

This, along with the fact that 37 o (us—1 — ) - pr < b |1 — uel||pel] < Sy [Jus—1 — el
allows us to write

3

4 nT 1<
> (Vge(pe)pe — w) <——ISIG* + — 4+ =D [Jug—1 — ue|.
t=1 2 277 n t=2



By assumption, 3.7, |lus—1 — || < /(T with probability at least 1 — & for some function A’(-).
Then we have

T
T 3 K (T
Z (Vagi(pe),pr —ug) < %|S’G2 + o 4 (7)7
t=1 n n
3420/ (T)

with probability at least 1 — §. Choosing the optimal n = , we can write our result as

TG2[S]

S r 2 3 /
> (Vg(pe).pe — ur) < 24/ SIS|G2 - (3 + (1))

t=1

Then we can write

M=

(Vgi(pr), pe — us) < G|S|71/3T + 2Th/(T).

Since g¢(p) = —Egsnp [f(x1, s)] is linear in p for all t = 1,..., T, it follows

-
I

1

T

(Bsmu, [f (21, 8)] = Esp, [f (1, 5)])

1

T T
= (g(pe) — ge(w)) =D (Vai(pe), pe — w)
t=1 t=1

< G|S|2,/3T + 2TH/(T).

Now we choose in each round ¢ = 1,...,T the worst-case u; := arg maxpep, Esp [f (24, 5)] € P
and recall x; = arg mingex Esp, [f(z, s)] to obtain

o+
Il

T

SNUt xta 3)] _IESNPt [f(xt’ S)]) = Z (ma‘X]ESNP [f(xhs)] - géiEIESNPt [f(xwg)]) :

t:l t=1 \PEP:

M'ﬂ

Since p; € Pi—1, we know that mingex Eswp, [f(z, s)] < mingex max,ep, | Esvp [f(x, s)] for all
t=1,...,7 and thus we can conclude

T

1
s~ ? 8§~ ) S 2 / y
Z(mPIE p [f (w1, 5)] — min max By [f (o s>1) G|S|2/3T + 2TH/(T)

t=1

with a probability of at least 1 — . We add and subtract mingey maxpep, Es~p [f(x, s)] on the
LHS. Rearranging the terms this allows us to write the LHS as

XT: (maxIESNP [f(x¢,s)] — minmax Esp, [f(z, s)])

pay PEP: TEX pEP:

+ Z?’él)r(l max Esnp [f(z,8)] — gg)r(lpg%%xl Esp [f(2,9)].

Observing that the last two terms telescope, bringing them to the RHS and using the upper
bound G on |f(x,s)| we can conclude

T
; <géz%3}flE5~p [f(x,8)] — ;rg)l(lgg)}tdli%p [f(x, s)]) < G|S|2/3T + 2TW(T)+2G  w.p. 1-4.
Dividing by T on both sides completes the proof. O



Theorem 5 Given ambiguity sets of the form specified in Section 1?7, we have

T

T
> llpe — @l < R(T) and > |lpe — il < W'(T) for all pr € Pe_1,q: € Py,
t=1 t=2

N |

with probability at least 1 —§. The functions h(T') and I/ (T) for different categories of ambiguity
sets are as given below:

1. Confidence Intervals:
h(T) = 8|S|log(nT)(2+ logT)

B (T) = 84/|S|T log(=T)
2. Kernel based ambiguity sets, where \ denotes the smallest eigenvalue of the kernel matrix

M:
hT) = % (2 + A“() + ?’i—f log(7T/v65)(1 + logT)

}(T) :m;ﬁc\/ﬂog(ﬂ/\/{%)

3. la-norm ambiguity sets:

T
h(T) = 8|S|log ——(2 + log T
(T) = 8|S|log —==(2 + log T)
T
W(T) = 8, |S|T log ——=
(T) [SIT log —==
Confidence Intervals. Calculating the function h(7T), we have
1 & 2 _ log(m(t—1))
LS I al? < b6l togn + 1 3 161 8= 1)
t=1 2=
1
< 8|S]1 8|S 1 -
S/log + 8151 og(x gt

< 8|S|logm + 8|S|log(w (T — 1)) (1 + log(T — 1))
< 8|Sllog(7T)(2+1ogT).

Here, the first inequality arises from Lemma The second and third inequalities are from
bounding ¢ and from observing that 2" (1/t) < 1 +log(T —1).
Now for the function h'(T"), we can calculate

Zupt—m < ZNS'lOfifl))

<4\8\ \/log(7T) ZF
§8\S|%\/log(7rT VT.

Here, the first inequality arises from Lemma The second and third inequalities are from

bounding ¢ and from observing that 37 o (1/v/t—1) < 2¢/T —1 < 2V/T.




Kernel based ambiguity sets. Calculating the function h(T'), we have

1 T 1 4\/5 2 T 390
5;”2%_%”% =32 <2+ A) +Zmbg(ﬂ(t— 1)/v/69)
1 4O T
§2<2+/\> 2 log(nT/ Vi) t:ZQt
< % <2+4\)\F> —|-3§72Clog(7rT/\/675)(1+10gT)'

Here, the first inequality arises from Lemma The second and third inequalities are from
bounding ¢ and from observing that 327 ' (1/t) < 1+4log(T —1) <1 +logT.
Now, for the function h/(T), we have

Z|Pt—Qt||2_t2)\\/—\/1O m(t—1)/V60)

t=2

log (7T / V60

t=2
< 16;\/5\/T log (7T /V66).

Here, the first inequality arises from Lemma The second and third inequalities are from
bounding ¢ and from observing that ZtT:_ll(l/\/t —1)<2yT-1< 2VT.
{o-norm ambiguity sets. Calculating the function h(7T), we have

t—1

;§:||pt_qt|2 (4\/|S|10g 7T/\/> ) 216‘8|10g( ( )/\/%)

T
< 8|S/ log(m/V/30) + 8|S log(T'/ v/36) Zt
t=2

< 8|S|log(7T/V35)(2 +log T).

Here, the first inequality arises from Lemma The second and third inequalities are proven
similar to the case of h(T') for the interval sets.
Now for the function h'(T"), we can calculate

T
S| log(m(t —1)/+/35)
t:ZQHPt—QtHStZ \/ P

< 4\/|8| log(7T/V/30) ZT:

< 8\/\S]Tlog(7rT/\/ 34).
Here, the first inequality arises from Lemma The second and third inequalities are proven
similar to the case of A/(T') for the interval sets. O
A.3 Numerical Experiments

In this section, we provide the details for the numerical experiments conducted in Section 4. We
also provide an additional set of experiments on an optimal routing problem to further illustrate
our algorithms.
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A.3.1 Benchmark Instances

All mixed-integer linear optimization problems used in our numerical experiments can be found
in Table 5} The entries show the number of variables and constraints for each problem. The
same holds for the quadratic problems listed in Table [6]

Name Variables Constraints
All Bin. Int. Cont.
blend2 353 239 25 89 274
flugpl 18 0 11 7 19
grdx6 48 24 0 24 34
neos-1430701 312 156 0 156 668
noswot 128 75 25 28 182
prodl 250 149 0 101 208
prod2 301 200 0 101 211
ranl13x13 338 169 0 169 195
supportcasel4 304 304 0 0 234
supportcasel6 319 319 0 0 130
beavma, 390 195 0 195 372
k16x240b 480 240 0 240 256
neos-3610040 430 85 0 345 335
neos-3611689 421 88 0 333 323
timtabl1CUTS 397 77T 94 226 371

Table 5: Overview of MIP instances

Name Variables Constraints
All  Bin. Cont. All Quadr.

7579 300 100 200 203
10001 485 426 99 296
10002 485 426 99 296
10004 1058 999 99 867
10010 269 262 7 147
10003 1058 999 29 867
10008 845 713 132 416
10009 605 473 132 246
10011 1390 1258 132 873
10012 967 835 132 538

NG G VAT VA G G VT A O SR G WY

Table 6: Overview of MIQP instances
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