E-companion: “On the Trade-Off Between Distributional Belief and
Ambiguity: Conservatism, Finite-Sample Guarantees, and Asymptotic
Properties”

EC.1. Proofs
EC.1.1. Proof of Theorem 1

Proof.  First, we prove part (i). Suppose that Py is star-shaped and P N € Py 1is a star center of
Pn. We show that {Pyy | 6 € [0,1]} satisfies the hierarchical property. For any 0 < 6; <6y <1

and Q € Py, we have

(1—91)@N+91Q:(1_91)@N+92@N_QQ@N‘I’QlQ
=(1—6)Py+(6—61)Py+6,Q

0 \ = 0
1— 2 |Py+—=0Q], (EC.1)
0 0
where 0, /0, € [0,1). Since Py is star-shaped and @N € Py is a star center of Py, the measure (1 —

01/ QQ)I/EBN + (01/62)Q in the second term of (EC.1) belongs to Py. It follows from the definition
of Py 4, that (1 —6,) @N + 6, Q € Py, for any Q € Py, and thus, Py 5 C Py 4,. This shows that

= (1= 0,)Py + s

{Pny |0 €[0,1]} satisfies the hierarchical property.
Now, suppose that {Py | 0 € [0, 1]} satisfies the hierarchical property, i.e., Py 4, C Py, for
all 0 < 6; < 0y < 1. We show that Py is star-shaped with a star center I/F\’N. For any Q € Py, by

(EC.1), we have that
01 \ =~ 0,
1——|P —
( 92> N+ 0, Q

since (1 —6,)Py +6,Q € Pxo, € Py g,- By definition of Py, , the inclusion in (EC.2) implies
that (1 — 01/92)@1\/ +(61/62)Q € Px. Since 0, /6, € [0,1) is arbitrary, we have (1 — a)Py+aQe
Py for all a € [0,1] and Q € Py. (Note that when « = 1, we have (1 — a)fPN +aQ=Q € Py.)

(1—0)Py+6,Q=(1—06)Py+65 € Phs, (EC.2)

This shows that Py is star-shaped and P N 1S a star center.

Next, we prove part (ii). Suppose that {Py g | 6 € [0, 1]} satisfies the strict hierarchical property,
ie., PJ’W is increasing in #. We show that Py is star-shaped with a star center P ~y and Py # {@ N}
From part (i), we have that Py is star-shaped with a star center P ~- Suppose, on the contrary, that
Py = {Px}. Then, we have Py , = {Py} for all 6 € [0, 1], contradicting that Pl g is increasing in
6. This shows that Py # {Px }.

ecl
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Now, suppose that Py is star-shaped with a star center P N € Py and Py # {@ ~ }. We show that
{Pn, | 0 €[0,1]} satisfies the strict hierarchical property. From part (i), we have Py, C Py, , for
any 0 <6, < 6, < 1. To show the strict inclusion P, 5 C Py ,,, we need to show that there exists
a probability measure M such that Ml € P} o, but M & P} , . We first claim that this is equivalent

to

,PN\{<1—%)@N+%Q‘QE,PN}7A® (EC.3)
2 2

Indeed, (EC.3) is equivalent to the existence of Q' € Py such that Q' # (1 — 6,/ %)@N +(01/62)Q
for all Q € Py. Note that Q" # (1 — 61/02)@]\/ + (01/02)Q for all Q € Py is equivalent to 6,Q’ +
(1—02)Px # 0,:Q + (1 — )Py for all Q € Py. Thus, we have that §,Q' + (1 — 62)By € Py,
cannot be expressed as 6;Q + (1 — 01)@]\; for any Q € Py, i.e., Q' + (1 — «92)@]\; & Py.g,- This
completes the proof of the claim.

Next, suppose, for the sake of contradiction, that condition (EC.3) does not hold, i.e.,
0\ ~ 0,
Pn C 1—0— IP)N+9—Q QePn ;. (EC.4)
2 2

We claim that (EC.4) is equivalent to Py = {@N} is a singleton, which contradicts with Py #
{@N} Consider an arbitrary probability measure M € Py. By (EC.4), we can write Ml = (1 —
01/ QQ)I/EBN + (61/6,)Q; for some Q; € Py. Moreover, note that for any i € N and probability
measure Q; € Py, by (EC.4), we can write Q; = (1 — 91/92)@1\/ + (01/02)Q;41 for some Q41 €

Pn. Using this recursion, we have

2
81 = 91 6)1 = 01 01
M=(1- Byt = (105, (1402 il
0 o\ (o))"
(1 .. (O b1
5)m 2 (3) +(3) @

for any n € N. Since 6, < 0, Z?;01(91/92)i —1/(1—6,/6,) and (0,/6,)" — 0 as n — oo. Thus,
for any e > 0, there exists n’ € N such that (1 —0;/62) S0~ (01 /62)' — 1| < &/2 and |(6,/62)"| <
/2 for all n > n’. Therefore, for any B € B, we have that

[ a)pan E(6) (2w

M(B) —Py(B)| =
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< ( —Z—)X%(Z—) 1] Bu(B) + (Z—) Qu(B)
< SBy(B)+5Qu(B)
<e

for all n > n’/, where the first inequality follows from triangular inequality. Since € > 0 is arbi-
trary, it follows that M = Py for any M € Py, implying that Py = {I/P\)N} This contradicts the
assumption that Py # {]IA” ~} and completes the proof. [J

EC.1.2. Relationship between Star-Shapedness and Convexity

In Lemma EC.1, we show that convexity of a set implies star-shapedness.
LEMMA EC.1. If Py is convex and @N € Pn, then Py is star-shaped with a star center I?PN

Proof. Since P ~ € Py, it follows from the convexity of Py that
(1—(%)@N—|—QPG,PN, VQE[O, 1],P€PN.

This shows that Py is star-shaped with a star center P . U

EC.1.3. Proof of Proposition 1

Proof.  Suppose that K; is star-shaped on S; with a star center Eg [®;(§)] foralli € {1,...,p}.
We show that Py is star-shaped with a star center @N. Indeed, for all ¢ € {1,...,p}, by the star-
shapedness of K;, we have (1 — a)Eg [®;(§)] + oEq[Pi(€)] =E(;_ )5, +a0/Pi(€)] € K; for any
a €[0,1] and Q € Py. It follows from the definition of Py that (1 — &)Py + aQ € Py for any
a €[0,1] and Q € Py, i.e., Py is star-shaped with a star center I/EBN.

Now, suppose that Py is star-shaped with a star center @N. We show that K; is star-shaped on
Si = {Eg[®:(§)] | Q € Py} € R%*% with a star center Eg [®;(§)] € S; forall i € {1,...,p}.
Since (1 — a)]IADN + aQ € Py for any a € [0,1] and Q € Py, we have E\; 5 . .o[Pi(§)] =
(1 — a)Eg [®:(§)] + aEg[®i(§)] € K; for all 4 € {1,...,p}. This, in turn, implies that (1 —
a)Eg [®:(§)] +aV € K; forany a € [0,1] and ¥ € S;. This completes the proof. [

EC.1.4. Proof of Proposition 2
Proof. Suppose that d is quasi-convex about Py in the first argument. We show that Py (¢) is

star-shaped with a star center P n for all € > 0. Indeed, for any given ¢ > 0, by quasi-convexity, we

have d((1 — a)@N + a@,l@N) < d(@,@N) < e forany «a € [0,1] and Q € Py (e). It follows from
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the definition of Py (&) that (1—a)Py +aQ € Py () forany a € [0,1] and Q € Py (e), i.e., Py(c)
is star-shaped with a star-center P N-

Now, suppose that Py () is star-shaped with a star center ]?DN for all € > 0. We show that d is
quasi-convex about Py. Since Pn(e) is star-shaped, we have (1 — a)I@N + aQ € Py(e) for any
a € (0,1] and Q € Py (e). It follows from the definition of Py (¢) thatd((1 — a)Py +aQ, I/PBN) <e
for any a € [0,1] and Q € Px /(). Suppose, for the sake of contradiction, that d is not quasi-convex
about Py in the first argument. That is, there exist o € (0,1) and Q € P(Z) such that d((1 -
a)]?”N + aQ, ]IADN) > d(Q, @N) Let&:= d(@,f"N) € [0,00). Since Py () is star-shaped with a star
center I@N and Q € Py(€), we have (1 — a)@N + aQ € Py(€). Thus, d((l — a)@N + a@,@N) <
£=d(Q, I/P\’N) contradicting the assumption that d is not quasi-convex. This completes the proof.

O

EC.1.5. Proof of Theorem 2
Proof.  First, we show that for any {6,605} C [0, 1], we have

]H<7D1/V,91>7)§v,92) <2Cy|60 — 0. (EC.5)

For any P, € Py, and P, € Py 4, we can write P; = (1 — Hi)@N + 6,Q; for some Q; € Py and
i€ {1,2}. Then,

1

EIPH [f((l?,é)] _E]Pb[f(mvé-)]’ = (92 _91) : sz(x’EZ) + 61 EQl[f<m7£)] — 0 EQ2[f(z7§)]‘
<61 — 6, %;f(w@) + HlE@l[f(x,ﬁ)]—%E@Q[f(w,&)])
< Ol = 0al + |1 Eo, [/ (@.6)] — 0:E, [f (.£)], (EC.6)

where the last inequality follows from Assumption 1 and the definition of C'y in (13). Note that

sup inf d(Py,Py)= sup inf  sup Epl[f(x,f)]—EPQ[f(x,E)]‘

! /
P1ePy o, P2EPN 0, P1ePy 0, P2€PY 9, zEX

< Cpl0y — 03]+ sup inf sup
Q1ePy QEPN gex

01Eq, [/ (@.€)] — 6:Eq, f (.€)]
(EC.7a)

< Cn|0— s + sup sup HIEQl[f(x,ﬁ)]—QQE@l[f(x,f)]‘ (EC.7b)

Q1PN zEX

< Cnl0h — ] + sup sup |0y — 02|[Eq, [f(2,8)]]

Q1PN zEX
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S 20N|91 — 02| (EC7C)

Inequality (EC.7a) follows from (EC.6), where we note that the arguments in supremum and infi-
mum are changed to Q; € Py and Q; € Py, respectively; inequality (EC.7b) follows from the fact
that choosing QQ; = QQ; for the infimum problem yields an upper bound; inequality (EC.7c) follows
from Assumption 1 and the definition of Cy in (13). Interchanging the role of P; and IP,, as well

as Py 4, and Py 4., we can obtain a similar inequality:

sup inf (d(Pl, ]PQ) < 20N|91 |
PoePl 5, F1EPN 0,

Therefore, from the definition of H in (12), we have

H(Py g, Pro,) = max{ sup  inf d(Py,Ps), sup  inf d(Pl,Pg)} <2Cy|0; — 6]

P1EPY o, 2P0, PoePl 5, F1EPN 0,

Now, we prove assertion (1):
[On (61) — Un (62)] < H(Ply g, Phg,) < 2CN[01 — 02,

where the first inequality follows from the quantitative stability analysis; see Proposition EC.4 in
EC.6.

For (ii), under the second-order growth condition, we have

3 6CN
H( N917 N92 |61

D(Eu(en). 2utt) </

pu
where the first inequality follows again from the quantitative stability analysis; see Proposition

EC.4 in EC.6. This completes the proof. [J

EC.1.6. Proof of Theorem 3

Proof. First, we prove part (i). To show the concavity of Ux(#), we define the function
9(6;x) :=Ep_[f(z,8)]+ 0{ suppep, Eplf(z,£)] — Es, [f(z,€)] }, which is linear in § for any z €
X. Since Uy(0) is the pointwise minimum of the linear functions {¢(0;z) |z € X'}, i.e., Un(0) =
minge v g(0;2), the function Uy (6) is concave. Next, to show (15), note that 6 = (1 —6)-0+6- 1.

Thus, concavity of vy implies

P (0) = 0n(0) — [(1—0) - Tx(0) + 6 Tx(1)] >0.
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Also, by Theorem 2, we have

F(8) = 0(8) = | (1= 0) - Dx(0) +0- (1)
< (1-6)- o (6) = B(0)| + 8- |2 (6) ~ D (1)
< (1-6)-2Cx0+0-2Cy(1—0)
<4CnNO(1-0).

This completes the proof of part (i).

Finally, for part (ii), we have

D (0), (1= 0) 2w (0) +62x(1))

= sup nf o —Z|

Xy (0) TE1—0)XN (0)+0X (1)

— s e [a—0'+ 0|

z€Xy ()T €EXN(0),2"€XN (1)

<sw il {A-0e -2+ 0 —a"Il} (EC.8a)

IEX\N(O)mIEXN(O)»zHGXN(l)

<(1—6) sup inf |lz—2'||+6 sup inf |z —2z"| (EC.8b)
zeXy ()T €XN(0) zeXy(9) T €XN(1)

— (1 9)D(2?N<9),)?N(0)) +eD(2?N(e),)?N(1)>

§(1—9)\/66;N9+9w/w (EC.8¢)

SCU=0) (.1 ).

T

Inequality (EC.8a) follows from triangle inequality; inequality (EC.8b) follows from separating

the supremum operator to each summand; inequality (EC.8c) follows from Theorem 2. [
EC.1.7. Proof of Proposition 3
Proof.  Since Epn [Un(0)] < v*, we have
Epn [Un(0)] — 0" < Epn [On (0)] — Epn [0n(0)]
=Epn[(1—-0)-Un(0)+0-Un(1) +7n(0)] — Epn [Un(0)] (by (15) in Theorem 3)
= 0B [0(1)] — Eow [ (0)] } + Eon [P (6)].
From Theorem 3, we have 7y (6) € [0,4Cx0(1 — 6)]. Thus, Ry (6) := Epx [Fn(6)] € [0,4Cn0(1 —

0)]. Finally, if @N € Pu, then U (0) < vpn(1). It follows that the upper bound on the bias in (17) is

non-negative. [J
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EC.1.8. Proof of Theorem 4

Proof. From Theorem 2, we have that Uy () is Lipschitz continuous with Lipschitz constant
Cn < oo (almost surely). Thus, Ep~ [Un(#0)] is also Lipschitz continuous with Lipschitz constant
Cn =Epnv(Cy) < 0. Since Epn [Un(0)] < v* < Epn[Un(1)], it follows by the intermediate value
theorem (see Theorem 4.23 of Rudin 1976) that there exists 6}, € [0, 1] for which Ep~ [0y (6%)] =

v*. This completes the proof. [

EC.1.9. Proof of Corollary 1

Proof. By Theorem 3, vy () is concave on [0, 1], and so is Ep~ [Un(0)]. Since Epn [Un(0)] <
Epn[On(1)], we have that Epny[Un(6)] is either (a) non-decreasing on [0,1] or (b) first non-
decreasing and then non-increasing (see Lemma 1.1.4 of Niculescu and Persson 2018). By Theo-
rem 4, there exists 6% such that Ep~y [Uy(0)] = v*. When it is not unique, take 6% = inf{6 € [0,1] |
Epn [On(0)] = v*}. Tt follows that Ep~ [Un (0)] is non-decreasing on [0, 6%] and thus, |Ep~ [Un(0)] —
v*| < |Epn [On(0)] — v*| forall 6 € [0,6%]. O
EC.1.10. Proof of Theorem 5

Proof.  First, note that 0% satisfies Ep~ [Un (6% )] = v*, where Theorem 4 ensures the existence

of 6%,. Moreover, Theorem 3 implies that
Epn [On (03)] = (1 = 0 )JEpn [Un (0)] + Oy Epn [Un (1)] + B (O ),
where Ry (6%) € [0,4C 6% (1 — 6%)]. Combining these two equations, we have
v* — Epn [On(0)] = 64, {EW [On(1)] = Egw [0 (0)] } + Ra(6%). (EC.9)

Note that left-hand-side of (EC.9) corresponds to the bias of the SAA estimator. Under assumptions
(a)—(c), Theorem 6 of Banholzer et al. (2022) gives v* — Epn [Ux(0)] = o(+/Toglog N /v/N). For
the ease of notation, let Ay = Epn [Un(1)] — Epn [0x(0)] and by = /Ioglog N/V/N. By the

assumption that inf yey Ax > 0, we know that Ay > A for some A > 0. Then,
0 <ONyA <ONyAn+ Ry(0y) =o0(bn), (EC.10)
where the second inequality follows from Rx (6% ) > 0. In other words, (EC.10) implies that
0< (b'0%) A< o(1),

showing that b'6% — 0 as N — co. This completes the proof. [
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EC.1.11. Proof of Theorem 6
Proof. Theorem 5.7 of Shapiro et al. (2014) gives the following asymptotic normality of U, (0):

Xy = \/N(ﬁN(O) - U*> = inf G(z), (EC.11)

reEX*

where “=-" denotes the convergence in distribution, X* is the set of optimal solutions to
(1), and G is a Gaussian process indexed by X with mean zero and covariance function
Cov(G(z1),G(z2)) = Covp«(f(21,€), f(22,£)). Together with the asymptotic uniform integrabil-
ity of { X} nen, (EC.11) implies that

Epx [V (03 (0) — ") | =E[ inf, G(@)] +o(1)

reX'*

(see, e.g., Theorem 2.20 of van der Vaart 2000). Hence, the bias of the SAA estimator is given by

Epn [0 (0)] — v* %EL@@G@)] +o(1/VN). (EC.12)

If X" is a singleton, then inf,c v+ G(2) reduces to a normal distribution with mean zero. Therefore,
(EC.12) implies that the bias of the SAA estimator is of order o(1/v/N). A similar argument in the
proof of Theorem 5 shows that 6% = o(1/v/N).

Next, we consider that X* is not a singleton. In the trivial case when Epv [infycx« G(z)] = 0,
we immediately have 6% = o(1/+/N), which directly implies 8% = O(1/v/N). Now, consider the
case when Epn [inf,c x+ G(z)] < 0. From (EC.9) and (EC.12), we have

eyv{EW [Oy(1)] — Epw [0v(0)] } + Ry(6%) = —\/LN E Liean* @(m)} +o(1/vV/N), (EC.13)

where Ry (0%) € [0,4C6% (1 — 6% )]. Again, for the ease of notation, let Ay = Epn [Uy(1)] —
Ep~ [@N(O)} > (. By the assumption that inf ycny Ay > 0, we know that Ay > A for some A > 0.
Since Ry (6%) > 0, (EC.13) implies

0< (VNOL)A < —E[ inf G(m)] +o(1). (EC.14)

reX*

Thus, (EC.14) shows that lim supy_,., v/ N6% is upper bounded, concluding that 6% = O(1/v/N).
O
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EC.1.12. Proof of Theorem 7
Proof.  First, we show that C'y defined in (13) satisfies Cy < L - diam(Z) 4+ M almost surely.

Note that

where the first inequality follows from assumptions (a) and (c), and the second inequality follows
from assumption (b). Therefore, we have Ep[f(z,£)] < L - diam(Z) + M for any P € P(2). It
follows from the definition of Cy that C'y < L - diam(=Z) + M almost surely.

Next, we show the desired inequality. Note that almost surely, we have

O (0) < (8) < o (0) + {B[Dw(1) — B (0)] +46Cw (1-6) }, (EC.16a)
< On(0) + [2901\; 400N (1 — 9)] , (EC.16b)
<On(0)+260(3 —26)(L - diam(Z) + M). (EC.16¢)

The first inequality in (EC.16a) follows from assumption (d), the second inequality in (EC.16a)
follows from part (i) of Theorem 3, (EC.16b) follows from Theorem 2, and (EC.16c) follows from
(EC.15). Multiplying both sides of inequality (EC.16c) by —1 and taking the expectation with

respect to PV, we obtain
—Epn[On(0)] — 20(3 — 20) (L - diam(Z) + M) < —Epn [Uy(0)] < —Epn [On(0)].  (EC.17)
Together with (EC.16a)—(EC.16¢) and (EC.17), we have

On(0) — Epn[On(0)] — 20(3 — 20) (L - diam(Z) + M)

<ON(0) — Epn [Un(0)]
<Oy (0) — Epn[On(0)] 4 26(3 — 260) (L - diam(Z) + M),

which implies that
HaN(e) — Epw [@Nw)]} - {@N(O) B [On(0)] }) <20(3—20)(L - diam(Z) + M) (EC.18)

almost surely. Therefore, we have

\/V&I'PN (@Nw))
_ \/ Epv | (0n(6) - Eov [0 (0)])°]
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= o [(00(0) Een 50 0) + [ (50(6) ~ Bes 5 (0)) — (5w(0) ~ Ean o (0))])

< \[Box [(05(0) ~ Exvlon )] + VB [({2500) = En B0}~ {50 (0) ~ Een (0} ]

< /Varg (G (0)) +26(3 — 20) (L - diam(Z) + M),

where the first inequality follows from Minkowski’s inequality, and the second inequality follows

from (EC.18). This completes the proof. []
EC.1.13. Proof of Theorem 8
Proof.  First, we prove the following lemma.

LEMMA EC.2. Let Ay and As be random variables, P be any probability distribution, and
0 € (0,1). For any § > 0, the following inequality holds.

. 0 0—7
— < _ _ .
P((1—0)A;+04;>6) < vg&fﬂ {P(Al > _9) +IP><A2 >— ) } (EC.19)

Proof of Lemma EC.2. Consider the event (1—60)A; +6A, > §. We have either A; >v/(1—0)
or Ay > (6 —~)/6 for any ~y € [0, d]. It follows from the union bound (Boole’s inequality) that

1—46
for any v € [0,0]. Inequality (EC.19) follows directly from (EC.20), as the right-hand side of
(EC.20) holds for any «y € [0, §]. This completes the proof of Lemma EC.2. [

P((1—0)A; + 604, > 6) §IP><A1 > L) +IP>(A2 > 5%) (EC.20)

With Lemma EC.2, we are ready to derive the desired generalization bound as follows:

PN (Sup {]E]P’* [f((l?,&)] — Ssup E]}D[f(ﬁ,&)]} > 5)

rzekX PEPY 4o

=P (sup {1-0)- (e1f.60] - 52, [0.6)]) + - (Be[/@.6)] ~ sup Belf(a.6)]) | > 5>

xeX PePn

< ]P)N ((1 - 9) sup {EP* [f(il',f)] —E@N[f(.’l,',é)]} +qup {E]P’* [f(mugﬂ — sup Ep[f(.’l?,f)]} > 6)

reX reX PePn
. N Y
< 7él&)f’é] {IP’ <2161213 {EP* [f(z.6)] —Es, [f(xaf)]} > m)

+PN (Sup {EIP’* [f(xag)] — sup E]P’[f(x7£)]} > 5_7) } (Eczla)

zeX PePy 0

: gl 0—7
< o . .
_7ér[%)f6]{aN’l(1—9) +aN72( 7 )} (EC.21b)

Inequality (EC.21a) follows from (EC.19) and inequality (EC.21b) follows from (19) and (20).
O




e-companion to Tsang and Shehadeh: On the Trade-Off Between Distributional Belief and Ambiguity ecll

EC.1.14. Proof of Lemma 1
Proof.  For brevity, all convergence, equalities and inequalities hold almost surely in this proof.
If f is uniformly bounded, i.e., sup,c y supgc= f(2,€) < oo, then the desired inequality follows

immediately. Now, suppose that Assumption 3(a) holds. We can directly obtain an upper bound

from (22):

Sup Eplf(z,£)| < EEEEP[ k(€)] - diam(X) +;1€17I;E1P"f($07€)| =M <o (EC.22)
for all sufficiently large N. Thus, we obtain lim supy_, ., SUpgc v SUPpep,, Ep|f(2,£)| < M by tak-
ing supremum over £ € X’ on both sides of (EC.22).

Now, suppose that Assumption 3(b) holds. Then, for any x € X', we have

Sup Ep[f(m,ﬁ)] <

PePyn

sup EP[f(x7£)] - SupEHD[f(‘”?&)]

PePy PeP

T supEe[f(@,€)
PeP

<H(Py,P) + { sup Ep[r(£)] - diam(X) + sup Ep| f (2o, £)| }, (EC.23)

PeP PeP

where the first term in (EC.23) follows from the definition of H(Py, 73) and the second term in
(EC.23) follows from the same argument in (EC.22). Since H(Py, 73) — 0, (EC.23) implies that

limsupsup sup Ep|f(z,€)| < supEp[ ()] - diam(X) 4+ sup Ep|f (z0,€)| < o0.
N—oo zeXPePy PP PP

Finally, suppose that Assumption 3(c) holds. For any IP € Py identified as p € RY,

fj(pz——) &)< Hp——lu 3w

i=1 =1

[Ez [k (€)] — Bz [(§)]] =

N

1
= IVp =1 > (E)

i=1
=[NP — 1| - Eg  [£(£)]- (EC.24)

Hence, we have

limsup sup Ep[(€)] < limsup sup {Bs [5(€)] +|Ea[s(€)] — Es, [<(€)]|}

N—oo PePn N—oo PePn

<limsupEs [/{(E)]%—limsup{ sup ||[Np — 1| - Es [/{(5)]} (EC.25)

N—oo N—o00 PePn

<limsupEg_[x(§)]+ (hmsup sup ||[Np — 1||OO> (hmsupE@N[/f(f)])

N—oo N—oo PePyn N—o0
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= <1 + limsup sup |[|[Np — 1||oo> (thUpE@N [’%(5)]>7

N—oo PePyn N—o0

where the second term in (EC.25) follows from (EC.24). Since {El}f\il are i.i.d. following P*,
the strong law of large numbers gives limsupy_, ., Eg, [k(§)] = Ep-[r(£)] < co. Moreover, since
limsupy ., Suppep,, | NP — 1o < 00, we have limsupy_, ., suppep, Ep[k(§)] < co. Using a

similar argument, we can obtain limsupy _, ., suppcp,, Ep|f(20,£)| < co. Therefore, we have
limsupsup sup Ep|f(z,£)| <limsup{ sup Ep[x(§)] - diam(X) + sup Ep|f(x0,&)|
N—oo zeX PePyn N—o00 PePn PePn

<limsup sup Ep[x(§)] - diam(&X') 4+ limsup sup Ep|f(zo,€)| < oo.
N—oco PePy N—oco PePy

This completes the proof. [J
EC.1.15. Proof of Theorem 9

Proof.  For brevity, all convergence, equalities and inequalities hold almost surely in this proof.

First, we claim that the following uniform convergence holds:

sup
zeX

{(1 —03) D@ &)+ s Epmx,a]} ~Fp. [f(x,s>J| S0 (EC26)

PePn

as N — oo. To prove (EC.26), note that

{(1 - GN) ' %Zf(xv/éJ +6N © sup Ep[f(x,f)]} —]E[p*[f<$,€)]|

sup
reX i—1 PePn
< (1= 0x)-sup| 3 f(@.8) — Ber[F(@,)]| +y -sup | sup Belf(.6)] — B [/(.6)]|.

=1

(EC.27)

Assumption 2 implies that the first term sup, y ]N -1 Zf\il f (x,gz) — Ep+[f(z,& )H converges to

zero. Next, for the second term, note that

Oy - sup
reX

sup EIP[f(“’.ug)] — Ep« [f<$7§>]

PePn

<Oy (sup sup Ep|f(x,£)| + SupEP*If($,€)|> :
zEX PEPy zeX
(EC.28)
Since limsupy._, SUPgey SUPpep, Erlf(@.€)] < M by Lemma 1 and supycy Ee-|f(2,€)] < oc.
the upper bound in (EC.28) converges to zero by 6y = o(1). Therefore, the upper bound in (EC.27)

converges to zero, which shows (EC.26).
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Now, with the use of (EC.26), we can prove the desired asymptotic convergence results in a way
similar to Theorem 5.3 of Shapiro et al. (2014). For completeness, we also provide the details here.

To show assertion (i), note that

N
[N (Ox) —v*| = | min {(1 —Oy)- %Zf(w,@) H0x - sup Ep[f(w,é)]} — min B [f(x,ﬁ)]‘
< Slelg {(1 _QN) ’ %Zf(m;ﬁ\z) +On .]P’Sel;-?p Ep[f(m,f)]} _EIP’*[f(m7£)]’a

which converges to zero by (EC.26). Next, to show assertion (ii), suppose, on the contrary, that
D(fN(QN), X*) — 0 does not hold almost surely, i.e., P> (D ()?N(GN), X*) #+0) > 0. Consider a
data sequence such that the event D (é? N(On), X *) - 0 holds. Then, for some € > 0, there exists a
sequence {Z, }jen such thatzy, € )?N]. (0n,) and d(mNj, X*) > €. Since X is compact by Assump-
tion 1, without loss of generality, we can assume that z, — Z for some z € X'. By continuity of
the distance function d, we have d(Z, X*) = lim;_, d(2x,, X*) > €. Thus, ¢ X™*, which implies

that Ep. [f(z,£)] > v*. However, note that

Ep-[f(Z,£)] — Un, (O,)

< [Bp-[(5,6)] ~ Bo- [ @, £))| + [Ee-[F (@, £)] — O, (O,

where the first term converges to zero by the continuity of Ep«[f(+,€)], and the second term con-
verges to zero by (EC.26). Therefore, we arrive at lim;_, Uy, (0n,) = Ep+[f(Z,£)] > v*, which

contradicts assertion (i) that lim;_,. Uy, (On,) =v*. [

EC.1.16. Proof of Lemma 2

Proof. Recall that, following the convention in empirical process theory, we view P € P(Z) as
an element in *°(?) defined as P(h) = Ep(h) for h € H. We divide the proof of the desired weak
convergence Sy = G’ into two steps.

Step 1. We first show that (Sy(hi),...,Sy(hk)) = (G'(h1),...,G/(hy)) for any finite sub-
set {h1,...,hx} C H. To prove this, we write Sy = VN(1 — 0y)(Py — P*) + VNOy(Py —
P*). Note that VN (Py — P*)(hq, ..., hy) = (G/(h1),...,G'(hy)) by Assumption 4. Also, from
the assumption that 6y = o(N~1/2), we have (1 — fy) — 1. Hence, for the first term in Sy,
we have (1 — Oy) - VN(Py — P*)(hy,... hy) = (G'(h1),...,G'(hy)) by Slutsky’s Theorem
(see, e.g., Example 1.4.7 of van der Vaart and Wellner 1996). Next, for the second term in
Sy, Lemma 1 implies that limsupy .. Supjcy Suppep, Ep|h| < M almost surely for some

constant ). Therefore, there exists constant M’ such that limsupy_, . |[Ep, (k) — Ep«(h)| <
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limsupy_, . SUPecy SUPpep,, [Ep(h) —Ep+(h)| < M’ for any Py € Py and h € H (since Ep- |h| <
00). By assumption (b), VNox converges to zero as N — oo and hence, VvV NO N (Px —P*)(h) also
converges to zero almost surely. This implies that vV NOy (Py —P*)(hy,..., k) = (0,...,0) € R
almost surely. Therefore, provoking Slutsky’s Theorem again, we obtain the desired convergence,
ie., (Sn(h),...,Sn(hk)) = (G'(h1),...,G (hk)). This completes step 1.

Step 2. We show that Sy is asymptotically tight. Note that for any € > 0,

lim sup lim sup PV ( sup }SN(h — h’)‘ > 5) (EC.29a)

§—0  N—oo 1h=h! || 2 ey <6

< lim sup lim sup PV ( sup (1- On)VN (Py —P*)(h — n)| > g) (EC.29b)

5—0  N—oo =R/ 2 px) <6

+ lim sup lim sup PV ( sup }GN\/N(IP’N —P*)(h—H)| > %) : (EC.29¢)
50 N-oo 1h=h! | 2 (pry <6

Since VN (1 — HN)(ITDN —P*) = @, the sequence {V/N (1 —0y)(Py — P*)} yen is asymptotically

tight. Therefore, (EC.29b) equals zero by Theorem 1.5.7 of van der Vaart and Wellner (1996). Now,

we show that (EC.29¢) also vanishes. It suffices to show that the sequence {v/ N0y (Py —P*)} yen

is asymptotically tight. Note that

Qu(h) = VNOy(Py —P*)(h) = VNOx[Epy (h) — Ep- (h)].

By assumption (a), the metric space (H, ||-||z2(p+)) is totally bounded. Also, as shown earlier (in
step 1), Qn(h) converges to zero almost surely. It follows by Theorem 1.5.4 of van der Vaart
and Wellner (1996) that Qn (h) is asymptotically tight for any h € H. Next, we claim that Qy is
asymptotically uniform equicontinuous in probability, i.e., for any € > 0, and n > 0, there exists

0 > 0 such that
limsupIP’N< sup |Qn (h—h')| >5) <.

N—oo 1= || 2. pry <6

For notational simplicity, we write || — /|| = ||h — I/|| 2(p+). Note that

sup |Qu(h—H)|= sup |VNON(Py—P*)(h—1)
[[h—h'||<d [[h—h'||<d

<Vox sup {[Pu(h=1)| £ 1))

<VNOy sup |Py(h—1)|+VNOy sup [P*(h—H)|.
Ih—h'l|<o [|h—h/||<5
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Therefore, we have

PN( s [Qulh— )] >s)

=1 2 sy <6

<IP’N(\/_9N sup  |Py(h—h')| > )+PN(\/N9N sup yP*(h—h’)y>§)

||h—h'||<8 [[h—h'||<d

—: Ay + By. (EC.30)

Consider the term By in (EC.30). For any h and /' such that ||h — h'|| < J, we have |P*(h — 1)| =
|Ep (h—R')| < Eplh— 1| < /Ep-[(h — 1) = ||h— I|| < §, where the second inequality follows
from Cauchy-Schwartz inequality. Also, by assumption (b), we have v Ny = o(1). Therefore,
limsup By <]P’°°(hmsup{\/_9]v(5} > ):0. (EC.31)
N—00 N—r00
Consider the term Ay in (EC.30). Note that for any Py € Py,

sup Ep,|h—1h'|< 23upEpN|h| < 2sup sup Eplhl. (EC.32)
|h—h' || <5 heH PEPy

By Lemma 1, (EC.32) implies that limsupy_,., Supj_p/|<s Epy|[h — h'| < M" almost surely
for some constant M”. Since v/ Ny = o(1), we have limsupy_,,, {V N0y SUD||p_p <5 By [P —
h |} = (0. Therefore, we have

limsup Ay <P* <limsup {\/N@N sup Ep,|h— h’]} > E) =0. (EC.33)

N—oo Novoo |h—h|| <6 2

Combining (EC.31) and (EC.33) with (EC.30), we have

0 <limsup ]P’N( sup Qn(h—h)| > 5) <limsup Ay +limsup By <0. (EC.34)

N—o0 ||h7h’||L2(]P,*><§ N—o0 N—oo

Since (EC.34) holds for any ¢ > 0, this shows that Q is asymptotically uniform continuous in
probability. Since (a) the metric space (H, ||-||z2(p+)) is totally bounded, (b) Qu(h) is asymptoti-
cally tight for any h € H, and (c) Q is asymptotically uniform continuous in probability, Q is
asymptotically tight by Theorem 1.5.7 of van der Vaart and Wellner (1996), implying that (EC.29c¢)
equals zero. Since both (EC.29b) and (EC.29¢) equal zero, (EC.29a) also equals zero, showing that
the sequence {Sy } nven is asymptotically tight. This completes step 2.

Combining the two steps, we have (a) {Sy} is asymptotically tight and (b) the marginals
(Sn(R1),-..,Sn(hy)) converge weakly to (G/(hy),...,G'(hy)). It follows from Theorem 1.5.4 of
van der Vaart and Wellner (1996) that Sy = G'. O
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EC.1.17. Proof of Theorem 10
Proof. By our assumption, there exists P}, € argmaxp.p  Ep[f(2,§)] such that P € Py for
any ¢ € X. Thus, by Lemma 2, we have
VN|(1= 03Py () + 0y sup P(-) = P*(-)| = G'(-) in (>(H), (EC.35)
PePn
where suppcp, IP(-) € Py denotes the worst-case distribution of the input function / € H. Recall
that H = {f(z,-) | z € X}. Note that the map from ¢>°(H) to ¢>°(X) given by g(-) — g(h(-,-))
is continuous, where ¢>°(X’) is the Banach space of bounded functions ) : X — R equipped with
the supremum norm ||¢)|| = sup,c |¢(2)|. By continuous mapping theorem (see Theorem 1.3.6 of
van der Vaart and Wellner 1996), (EC.35) implies that
VN (1= 0n)Es, [£ (- €)] + O sup Eelf(-§)] ~Ez[f(-,€)]| = G() in £¥(X).  (EC36)
€PN
Consider the functional V' : £>°(X) — R by V(¢) = infzcx ¢ (z). Since X’ is compact by Assump-
tion 1, the Hadamard directional derivative of V" at ¢ is given by V//(¢) = infzcp(y) #(x), where
B(v) = argming., ¢ (z) (see, e.g., Corollary 2.2 of Carcamo et al. 2020). Thus, together with
(EC.36), applying the Delta’s method (see, e.g., Theorem 2.2 of Carcamo et al. 2020), we obtain
the desired assertions: (i) v/ N (Ty — v*) = infycx» G(2) and (ii)

O v = f { (1= 03)Es, [F(2.6)] + O sup B[/ (0.6)] - Br-[/@.€)] p + 0m-(V 1),
(EC.37)
Finally, since —oo < v* = Ep.[f(2,€)] for any z € &X™*, (EC.37) directly implies Uy =
infexs {(1—On)Ep[f(2,€)]+ 0y suppep, Ep[f(2,£)]} + op« (N ~1/2). This completes the proof.
[

EC.1.18. Proof of Theorem 11

Proof.  Using (23), we can rewrite the objective function of the TRO model with shape param-

eter Py, as follows:

sup Ep[f(m,g)] = (1 - ‘gN)E@N [f(m’gﬂ +€N sup ]EP[f<m’§)]

PEPY PEPN,» 5
=B, [f(z.8)] + (On1X) gn (@) + (On7])en (@),

which resembles the expansion (23) with 7}, replaced by 6y7},. Thus, we can prove the desired

assertions by following the same proof techniques of Theorem 1 in Blanchet and Shapiro (2023).
OJ
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EC.2. Additional Discussions
EC.2.1. Differences between the Huber Contamination Model and Our TRO Model

As mentioned in Section 1, the form of our TRO ambiguity set resembles those considered in
robust statistics, particularly in Huber contamination models (Huber 1964). However, the underly-
ing idea of the Huber contamination model fundamentally differs from that of our TRO model. In
robust statistics, the Huber contamination model is used to address data contamination or outliers.
Specifically, in this model, the data {Ez}fL is assumed to be drawn from a mixture distribution
(1 — )Py +Q, where PPy is the distribution of interest (e.g., the true distribution), Q € P(Z) rep-
resents some arbitrary distribution, and e represents the contamination ratio (see, e.g., Chen et al.
2018, Copas 1988, Huber 1964, Mu and Xiong 2023). This stream of literature often focuses on
developing statistical procedures to estimate the distribution of interest IPy. In contrast, as discussed
in Section 1, we consider the case where the true distribution P* of £ is unknown. We assume that
one has a (potentially small) set of historical observations {Zl}fil of £ from the unknown true dis-
tribution P* (i.e., we do not assume that the data is contaminated). Our TRO model is an alternative
approach for modeling uncertainty in problem (1) that serves as a middle ground between the opti-
mistic approach, which adopts a distributional belief, and the pessimistic approach, which protects
against distributional ambiguity. The TRO ambiguity set P} , = {(1- G)I/P\’N +0Q|QePy}isa
key ingredient of our TRO model in (4). The size parameter 6 € [0, 1] controls the trade-off between
solving the problem under a distributional belief and solving it under the worst-case distribution
that resides in the shape parameter Py . Hence, 0 plays a different role in our model than ¢ in the

Huber contamination model (which quantifies the contamination level in the data).

EC.2.2. Additional Clarification Related to Remark 1

Suppose that the (data-driven) ambiguity set Py, satisfies PN (P* € Py, ) > 1 — « for some small
a € (0,1). In this case, the set Py, potentially consists of a wide range of distributions such
that Ep~ [Un(0) | P* € Pn o) > v* + A(a) for some A(a) > 0, i.e., the expected value of Uy (6)
(conditional on P* € Py ,) is strictly greater than the true optimal value v*. If the function f is

bounded from below, say, f(x,£) > M for allz € X and £ € =, then

Epn [On(0)] = PV (P* € Py o) Epn [On (0) | P* € Pro) + PN (P* & Pyo)Epn [On(0) | P* € Pyl
> (1 —a)[v* + Ala)] + MPY (P* € Py o). (EC.38)

If we pick a sufficiently small «, the probability PV (P* ¢ Py ) can be arbitrarily small since it

satisfies PV(P* & Pyo) < a. As « decreases, the value of A(«) is non-decreasing since Py,
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consists of a larger number of distributions. Thus, the first term in (EC.38) increases when «

decreases. Therefore, we can choose « sufficiently small such that Ep~ [Uy(6)] > v*.

EC.3. An Example of a Sequence of TRO Ambiguity Sets

Let Py = &, i.e., the Dirac measure on 0, and Py = {(1—=1t)01 +td. |t €[0,1], e € {0,2}}. That
is, Py contains the one-point distributions {dg, d1,d>}, as well as all two-point distributions with
support on either {0, 1} or {1,2}. Note that Py is star-shaped with a star center ¢;. Indeed, for any
a€[0,1] and Q= (1 —t)d; + té. € Py, we have

(1—a)d +aQ=(1—-a)d +a[(1—1t)6 + 5] = (1 — at)d; + atd. € Py

since at € [0, 1]. However, Py = d; is not a star center. To see this, note that

1 1/1 1 1 1 1
500+ 3 (551 + 552) = 500+ 301+ 102 & Py

since it is a three-point distribution.
Now, we show that Py , is not non-decreasing. In particular, we show that for any 0 < 6, < ¢, <
1, there exists M € Py, but M ¢ P}, , . Indeed, since 301 + 30, € Py, we construct the measure

M € Py, as follows:

1.1
M = (1 — 1)y + 6, (551 +§52>. (EC.39)

We show that Ml defined in (EC.39) does not belong to Py 4, . Note that

1 1 1 1
M — (1 - 91)60 —|— 91 <§(51 —|— 5(52) — (1 - 92)50 —|— (92 - 91)60 —|— 91 <§(51 —|— 5(52)

B 01 0 (1. 1
_(1—92)50+92{ <1_9_2)5°+9_2(§51+§§2> }

Since (1 — g—;)éo + %(%51 + 185) is a three-point distribution that does not belong to Py, we have

M & Py 4,

EC.4. Robust Optimization Ambiguity Set
PROPOSITION EC.1. Forafixedx € X, if there exists €y € U such that f(z,€y) > f(x,gi)for
alli € {1,...,N}, then supgey, f(x,€) = suppep,, Ep[f(x,£)], where Py = conv (]@N U{d|& €

uj).
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Proof.  First, if supg, f(x,£) = oo, then there exists a sequence {§;}jen C U such that
f(x,§;) — oo as j — oo. Since §; € U, we have J¢, € Py and Es, [f(z,€)] = f(x,&;) = o0 as
J — oc. This shows that suppcp, Ep[f(z,§)] = co.

Now, assume that supgo,, f(x,€) < oo, and thus f(z,£) < oo for all £ € U. Note that for any
P € Py, by definition of Py, there exists K € N, A € [0,1], and {a} } 5, C [0,1] with oy, > 0 and
Zszl ar = 1such that P= (1 — )\)I?DN + )\Z,[f:l g, for some €. €U, ke{l,... K} Then,

sup Ep[f(z,£)]

PePn
1 & ~ K _ | KeN, xe0,1], ay €10,1],
_ Y )+ A , _
Sup{( ) Nizlf(mg) ;akﬂmgk) S k=16 €U, ke{l,... K}
(EC.40a)
1 & . K | KeN ape0,1, 5 i =1,
= 1—)) - — &€, + A\ ’ B =
Asel[lo?ll{( ) Nl;f(xg) Sup{;akf(x &) &LeU, ke{l,... K}
1 & ~
_ L=\ — Y EC.40b
)\Sel[lol?l]{( ) N;f(w,&H ?elgf(w,é)} ( )
=sup f(z,€). (EC.40c)
13524

Equality (EC.40a) follows from [P € Py and the definition of Py. Equality (EC.40b) follows from
the fact that

K K
> anf(@,€,) <sup f(z,€) <sup { > anf(@,€y)
k=1 k=1

geu

KeN, a€ [0,1],2,521%:1,}

£, €U, ke{l,... K}
(EC.41)

forany k €N, o, € [0,1] and &, €U for k € {1,..., K} with Z,ﬁ;l oy, = 1. Here, the first inequal-
ity in (EC.41) follows from f(z,£) < supgey f(x,€) for all & € U while the second inequality in
(EC.41) follows from letting K = 1. Taking supremum over K, {a;}/, and {£,}/, in (EC.41),
we obtain the desired equality in (EC.40b). Finally, equality (EC.40c) follows from the fact that
A =1 is optimal to (EC.40b) since

f(@,€) < f(z,&) < sup f(z,£)

Ecu

for all < € {1,..., N}, where the first inequality follows from our assumption that f(z,&,) >
f(m,gl) forall i € {1,..., N'}. This shows that (1/N) S f(x,/f\z) <supgey f(2,€). O
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EC.5. Convergence of Distance-Based Ambiguity Sets
PROPOSITION EC.2. Consider the distance-based ambiguity set Py = {P € P(Z) |
d(P, @N) < r} for some radius r > 0, where d is any statistical distance satisfying
(i) (normalization) d(P,P) =0 for any P € P(Z),
(ii) (symmetry) d(Py,Py) = d(Py,Py) for any {P,IP,} CP(Z),
(iii) (triangle inequality) d(Py,Ps) < d(Py,P3) +d(Ps, Ps) for any {P1,Py, P53} CP(Z), and
(iv) (convexity) d is convex in the first argument.
Let P={P € P(E) |d(P,P*) < r}. If A :=supp, cp(z) prep(e) A(P1, P2) < 00 and d(By, P*) — 0

~

almost surely, then H(Px, P) — 0 almost surely as N — oo.

Proof. The idea of the proof follows from the proof of Hoffman’s Lemma for moment problems
(see Theorem 2 in Liu et al. 2019). First, we claim that for any P; € Py, (1 — p)P; + pP* € 7/5
where p=d(Py,P*)/(r +d(By,P*)). To see this, note that

d((1 = p)P1+ pP*,P*) < (1 - p)d(Py,P*)
L [d(Py, Py) +d(By, PY)]

IA

T —}—d(]P)N,]P)*)
T

< [r4d(Py,P)] =, (EC.42)
r+d(IP’N,IF’*)[ (B B

where the first inequality follows from properties (iv) and (i), the second inequality follows from

the definition of p and property (iii). Then, we have

D(Py, P) = inf d(Py, P) <al(Py, (1 — p)P; + pP*)

PeP

—sup B, (2. - {(1 - B, 1 0.6)) + B 0,61
~ psup B2, - B 0.6)]

@ P* A ~
_ d( N ) d(Py,P*) < = -d(Py,P), (EC.43)
T+d<PN7P*> "

where the last inequality follows from the fact that d(Py,P*) > 0 and d(PP;,P*) < A. This implies
that supp, cp, 1D(IP1,73) <(A/ r)d(@N,IP*). Similarly, following a similar argument in (EC.42),
we can show that for any P, € P, (1 — 7)Ps + 7Py € Py, where T = d(P, IEADN)/(T + d(IP’*,I@N)).

A similar argument as in (EC.43) shows that

~ A ~ A=
D(Ps,Py) < - -d(P*,Py) = " -d(Py,PY),
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where the last inequality follows from property (ii). This implies that supy, .5 ]D(IP’2,73N) <
(A/r)d(]@N, IP*). Therefore, we have

~ ~ A ~
H(Pn,P) = max{ sup D(Py,P), SUBD(PQ,PN>} < — -d(Py,P*) =0

P1ePn PocP

almost surely as N —oo. [

EC.6. Some Quantitative Stability Analysis Results
Consider two DRO models with two different ambiguity sets:

v; = inf sup Ep[f(z,£)]

TEX pep;

for i € {1,2}, where we assume that v; is finite and the set of optimal solutions X* is non-empty.
In quantitative stability analysis, we analyze how the change in the ambiguity set would affect the
optimal value and the set of optimal solutions to the DRO model. In this appendix, we summarize
some relevant results in the existing literature, in particular, the upper bounds on the differences
between the optimal values and the set of optimal solutions from the two DRO models (see, e.g.,
Liu and Xu 2013, Pichler and Xu 2022, Sun and Xu 2016). For the sake of completeness, we also

provide the proof of these results.

PROPOSITION EC.3. The (pointwise) absolute difference between the two objective functions
is upper bounded by the Hausdorff distance between the two ambiguity sets, i.e., for any x € X,
sup EQ[f((L',f)] — sup EQ’ [f(mvg)]‘ S H—I(P17P2)' (EC44)
QeP: Q' eP2
Proof. By definition of the pseudometric d in (11), for any Q € P; and Q" € P,, we have
|Eq[f(z,€)] — Eg/[f(2,£)]| <d(Q,Q) forall z € X. Since
sup Eqlf(@,€)] - sup Bo/[f(@.6)] = sup inf {Eq[f(z.6)]— Ea[f(=.6)}

QePy Q' EPs2 Qep, U EP2

< sup inf d(Q,Q’
Qep, VEP2 ( )

and

sup Byy[f(@,€)] — sup Eq[f(.€)] = sup inf {Eq[f(.€)] ~ Eolf(,€)]}

QEP; QePy Qep, QEP1

< sup inf d(Q,Q"),
_Q’€g2Q€P1 (QQ)
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we obtain

QePy QeP; Qep, VEP2 Qepy QEP

sup Eq[f(z,£)] — sup E@f[f(ﬂ%é)]‘ SmaX{ sup inf d(Q,Q'), sup inf d(Q,@')}

=H(P1,P2).
This completes the proof. [

PROPOSITION EC.4. The following assertions hold.
(i) |v1 —vg| <H(Py,Pa).
(ii) If, in addition, suppcp, E|f (x,£)] satisfies the second order growth condition at XY, i.e., there
exists T > 0 such that

sup E[f (z,£)] > vy + 7[d(z, X))
PePy
forallx € X, then
3

Proof. Part (i) follows directly from

inf sup Ep[f(z,£)] — Inf sup Ep[f(m,E)]’

[U1 — Vo] =
TEX pep, TEX Pep,
< sup| sup Eol/(@.6)] ~ sup Eal/(@.6)]
zeX | QePy Q' ePa
S H<P17 P2>7

where the last inequality follows from Proposition EC.3. For part (ii), suppose, on the contrary,

/3
D(X5, X)) = sup d(z, XT) > ;H(Pl,Pg).
Xy

Then, there exists T € X; such that d(Z, X}) > /37 'H(P;, P2). The second order growth con-

dition implies that

that

sup E[f (Z,€)] — vy > 7[d(E, X7)]* > 3H(Py, Py). (EC.45)
PeP1

However, by Proposition EC.3 and part (i), we have
sup E[f(Z,£)] —v1 < { sup E[f(Z,£)] + ]H(PMP?)} — [v2 —=H(P1, P,)]
PePy PeP2

= sup E[f(Z,&)] —va +2H(Py, Ps)
PePo

=2H(Py, Pa),

where the first equality follows from T € X7". Thus, this contradicts with (EC.45). [J
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EC.7. Details of Numerical Experiments
EC.7.1. Inventory Control — Reformulations

Recall the TRO model (24) under shape parameters (a)—(d) in Table 1. This model cannot be solved
directly because of the inner supremum problem supp.p, Ep [(f —x)y — f}. In this section, we
provide tractable reformulation to this inner supremum problem, and thus our TRO model.

First, consider ambiguity set (a) in Table 1. Using the worst-case distribution derived in Gallego

and Moon (1993), we have

5{—(1’—MN)+\/012V+(95—MN)2}—MN lfl’ZNQT:N
sup ]E’]P [(S_gj)ﬁ‘_g} = ~92 ~9 ~9
PEPN ___HN " if0<m<UN+MN_
0%+ i3 - 2oy

Therefore, the TRO model under set (a) is equivalent to

minimize (¢ —h)x + (p— h) { (1— 9)% Z [(a — ) — a}

x>0 -
=1
—|—(9 1\/824-(1‘—/\ )2—<£L‘—A) Y -1 =2 =2 —i(%-]_ ~2 =2
2| VN i S R R e A B
Next, consider ambiguity set (b) in Table 1. Applying the reformulation in Lee et al. (2021), we
have N
1 ~ ~
sup E —x)—&|l=r+— i —T)y — &
sup Be[(§ — o)y =] =r 5 ) [(G— ) ~ €]

Therefore, the TRO model under set (b) is equivalent to

1 N

minimize (c—h)az—i—(p—h){(l—@)ﬁz [(&—); —&] —I—Q{r#—%é [(a—x)+—§}}}.

x>0 -
=1

Now, consider ambiguity set (c) in Table 1. By the strong duality result for ¢-divergence DRO

problems in Bayraksan and Love (2015), we have

N ~ ~
sup Bo (¢ ), — €] — inf {Tw_%;log(l_<s@-—x>&_gi_7)}7

PePn A>0,7

where —0log(1 — s/0) =0 for s <0 and —0log(1 — s/0) = oo for s > 0. Therefore, the TRO

model under set (c) is equivalent to

minimize (c—h)x+ (p—h) { (1— 9)% Z [(EZ — )t — gz]

z>0,A>0,7
A al (é\i_i’?ﬁ—@—T
+9{T+)\T—N;:1log(1— 3 )}}

I}
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Finally, consider the ambiguity set (d) in Table 1. For notational simplicity, let v :=
tN_l,a/Qc/fN/\/N. Then, we have

sup Er[(€—a)s —&] = sup  {(€—a)y —&} =max{ —az,—(ix =)+ }.

PEPN £20:/6—1in <y

where the last equality follows from the fact that ({ — z), — £ = max{—x,—¢} and the objective
function is non-increasing in £. Thus, the supremum over £ € [(fiy — )+, iy + 7] is attained at the

lower bound. Therefore, the TRO model under set (d) is equivalent to

minimize (c—h)x + (p—h){(l —«9)%2 [(EZ — )4 —5} +0max{ —z, —(iy —7)+}}.

x>0 ]
i=1

EC.7.2. Inventory Control — Ambiguity Set (d)

We show that ambiguity set (d) in Table 1, i.e., Py = {0¢ | |£ — fin| < tn-_1,0/20n/V N}, satisfies
Assumption 3(b). Recall that f(z,£) = ({ — z); — &, which is Lipschitz in £ with modulus 1. We
claim that H(Py, P) — 0 as N — oo almost surely, where P = {0, } with p* = Ep«(£). Indeed,

-~ ~

H(Py.P) = sup D(E,P) = sup sup | f(2,€) — (&, 1") (EC.460)
PEPy E20:/6—AN| <N 1,0/20N/VN 720
< sup I (EC.46b)

B E>0:6—in|<tN—_1,0/20N/VN
= max UN —IN-1,a/2—F= —H
VN/

—0

oN

/7N+tN_1,a/2\/N H

*
Y

}

(EC.46¢)

almost surely. Here, (EC.46a) follows from the definitions in (12) and (11), and that
SUPpc 5 D(P,P) < SUPpep,, D(P, P); (EC.46b) follows from the Lipschitz continuity of f(z,¢)
in &; (EC.46¢) follows from the fact that the supremum over a compact interval of the absolute
value function |{ — p*| is attained either at the lower or the upper bound of the interval. Finally,

by the strong law of large numbers, |fiy — p*| — 0 and |0y — 0*| — 0 almost surely, where

o* = Varp:(§) < 00. Also, tn_1,4/2 = Zaj2 < 00, Where 2,/ is the upper (1 — a)/2-th quantile
of a standard normal distribution. Thus, we have (EC.46c) converges to zero almost surely. Thus,

ambiguity set (d) satisfies Assumption 3(b).
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EC.7.3. Portfolio Optimization — Reformulations

Recall the TRO model (28) under shape paraemters (a)—(c) in Table 4. Again, this model cannot
be solved directly because of the inner supremum problem suppcp, Ep|f(2,%,£)]. In this section,
we provide tractable reformulation to this inner supremum problem, and thus our TRO model.

First, consider ambiguity set (a) in Table 4. By Lemma 2.2 and Lemma 2.4 of Chen et al. (2011),

we have

- 1— 1 N = —
sup Exl(@.1.6)] = (1 )t = G i+ 15|~ Ry~ 4y B+ (2T — 07
PePy —a 2

Therefore, the TRO model under set (a) is equivalent to

N
minjmize (1-0) %Z {(1 )4 B(-aTE) 1 (aTE - t>+}
rof (1= — 07+ =2 S| =T =tV R+ (a0 |

Now, consider ambiguity set (b) in Table 4. By Theorem 6.3 of Mohajerin Esfahani and Kuhn
(2018), we have

sup Bel2,0,6) = (1= 0)t+ (5 120 el 3 | -2 80+ =0 (-2 T 1.

PePn -«

Therefore, the TRO model under set (b) is equivalent to

N
minimize  (1-0)- %Z {(1 )+ A8+ T (T - t)*}
N

+9{(1 —B)t—l—r(ﬁ+ %) [E2 +%Z [ﬁ(—m@) + %(—x@ —t)+] }

i=1
Finally, consider ambiguity set (c). Note that ambiguity set (c) is characterized by the ¢; norm
constraint. Thus, as in Lemma 3.1 of Huang et al. (2021), using linear programming duality,

Suppep,, Ep|f(x,1,€)] is equivalent to

N
L 1 L
minimize (1—ﬁ)t—|—7—|—M+N;(ui —u; ) (EC.47a)
~ 1— ~
subject to TZB(—mTﬁi)—Fl—B(—mTfi—t)+—u:r+u;, Vie{l,...,n}, (EC.47b)
—
A>uf 4w, Vie{l,...,n}, (EC.47¢)

A>0,uf >0,u; >0, Vie{l,...,n}. (EC.474d)
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Therefore, the TRO model under set (c) is equivalent to

1 & ~ 1-p ~
minimize ~ (1-0)- > {(1 —B)t+B(—x'E)+ (—x¢ — t)+}

zeX t, T, \ut,u" 11—«
LN
+ —_

9{(1—ﬁ)t+7+r>\+NZ(ui —u; )} (EC.48a)

=1

1 ~
subject to 7> 0(—x §)+1—B(—mT£i—t) —uf +u;, Vie{l,...,n}, (EC.48b)
A>uf +u;, Vie{l,...,n}, (EC.48¢)
A>0,uf >0,u; >0, Yie{l,...,n}. (EC.48d)

EC.7.4. Portfolio Optimization — Lipschitz Continuity
In this section, we show that the function f(z,t,£) = (1 — B)t + B(—xT¢&) + [(1 — B)/(1 —
a)](—z "€ — )7 is Lipschitz continuous in (x,t). Indeed, for any {(z1,t), (s, t2)} C X x R, we

have

’f(xhthé) - f($27t2,€)|

=H<1—ﬁ>t1+5<—zls> =2 o )7| - |-t st-afe) + 10 ale -]
< (= Bt —ta] + BlefE 23] + T2 |(alE 1) — (~afE—12)"]
)|~ o] + BlaT € ~a]E| + 1 (|~ o] + |2~ T (EC.492)

1 11—«
<=8 (14 2 )= tal+ Tl 2l (EC.490)
- l—a

[ 1 1—af

<la-p(1 t—t

<|a-m (i) el (1t + o )
[ 1 1—a

< (1—6)(1+ >+ 5||£||1 (EC.49c¢)
L 1-a l1-a tl_tQ tl—tg L

Here, (EC.49a) follows from the fact that |(a;)*t — (a2)™| < |a; — ag| for any {a;,a2} C R;

(EC.49b) follows from |z € — z, &| < ||€]1]jz1 — xgHoo; the inequality in (EC.49c¢) follows from

|21 — 22|00 < |21 — 22|31

EC.8. Additional Results
In this section, we provide additional experiment results. Specifically, in Section EC.8.1, we ana-

lyze the spectra of solutions obtained from the DRO model with distance-based ambiguity sets and
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Figure EC.1 Spectrum of optimal solutions from the TRO model with TRO ambiguity set constructed using
total variation ambiguity set as its shape parameter and the total variation DRO model in the
portfolio optimization problem.

those obtained from our TRO model with the TRO ambiguity set constructed using these distance-
based ambiguity sets as its shape parameter. In Section EC.8.2, we analyze the bias-variance trade-
off of the TRO estimator. In Section EC.8.3, we analyze the conservatism of our TRO model. In

Section EC.8.4, we analyze the out-of-sample performance of our TRO model.

EC.8.1. Spectra of Solutions Obtained from Distance-Based DRO Models
As noted by a reviewer of our paper, one could obtain a spectrum of optimal solutions to DRO
models equipped with distance-based ambiguity sets by changing the radii of such sets. In this
section, we compare the spectra of solutions obtained from the DRO model with distance-based
ambiguity sets, namely the 1-Wasserstein ambiguity set and the total variation ambiguity set (i.e.,
set (b) and set (c) in Table 4), and those obtained from our TRO model with TRO ambiguity
set constructed using these distance-based ambiguity sets as its shape parameter. For illustrative
purposes, we focus on the portfolio optimization problem discussed in Section 5.2. We follow
the same experimental settings detailed in Section 5.2. to obtain the spectra of optimal solution
to the DRO and TRO models for this problem. Specifically, we solve the TRO model with dif-
ferent size parameters (0 € {0,0.01,0.02,...,1}), the 1-Wasserstein DRO model with different
radii (r € {0,0.002,0.004, ...,0.1}), and the total variation DRO model with different radii (r €
{0,0.002,0.004, ...,0.2}).

Figure EC.1 presents the spectra of solutions obtained from the TRO model employing the total
variation ambiguity set as the shape parameter in the TRO ambiguity set and the DRO model with

the total variation ambiguity set. Clearly, the spectra of TRO and DRO solutions could be different.
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Figure EC.2  Spectrum of optimal solutions from the TRO model with TRO ambiguity set constructed using
1-Wasserstein ambiguity set as its shape parameter and the 1-Wasserstein DRO model in the
portfolio optimization problem.

Specifically, the portfolio weights change gradually as the TRO ambiguity set’s size parameter
increases. In contrast, the shape of the portfolio weights changes when the radius r of the total
variation set increases from (0.086 to 0.092.

Figure EC.2 presents the spectra of solutions obtained from the TRO model employing the 1-
Wasserstein ambiguity set as the shape parameter of the TRO ambiguity set and the DRO model
with 1-Wasserstein ambiguity set. In contrast to the spectra obtained with the total variation ambi-
guity set, the spectra of the TRO and DRO models with the 1-Wasserstein set are approximately
the same. Specifically, the portfolio weights of S&P500, DAX, and HSI decrease to 0.25, and the
portfolio weight of FTSE 100 increases to 0.25 when the TRO ambiguity set’s size parameter ¢
increases from 0 to 0.1 or when the radius  in the DRO model increases from 0 to 0.01.

These results suggest that the spectra obtained from our TRO model with a TRO ambiguity
set characterized by a distance-based shape parameter and the DRO model equipped with that
shape parameter could be different for some choices of the statistical distance in the distance-
based shape parameter. Finally, we note that it is not possible to obtain a spectrum of optimal
solutions to the DRO model with other ambiguity sets, such as the mean-variance ambiguity set
since such sets do not have a parameter that allows for controlling the conservatism. In contrast,
our TRO model with TRO ambiguity set constructed using mean-variance ambiguity set as its
shape parameter will enable decision-makers to explore a spectrum of solutions, ranging from
optimistic to conservative solutions (see results in Section 5.2). As discussed in Section 6, we leave
investigating the characteristics of the spectra of TRO optimal solutions of the TRO model under

different shape parameters for future work.
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Figure EC.3  The bias-variance trade-off characterized by (stdy(6), biasy(¢)) for different values of 6 with
N = 10. The black dot corresponds to (stdn (0), biasn(0)), i.e., the standard deviation and bias
of the SAA estimator.

EC.8.2. Bias-Variance Trade-off

In this section, we numerically analyze the bias-variance trade-off of the TRO estimator Uy (6).
We follow the same experimental settings detailed in Sections 5.1 and 5.2 to estimate the bias,
biasy(f), and standard deviation, stdy(6), of Ux(0) for 6 € © := {0,0.01,0.02,...,1} with
N = 10. Figures EC.3a and EC.3b present the bias-variance curves for the TRO model of the
inventory control problem and portfolio optimization problem with TRO ambiguity set constructed
using different shape parameters Py. The (x,y) values of each point on each curve correspond to
(stdn(f),biasn(f)) for some O € [0,1]. The black dot corresponds to (stdx(0), biasy(0)),
i.e., the standard deviation and bias of the SAA estimator. The figure also presents the bias-variance
curves of the estimators obtained from some distance-based DRO models with varying radii r.
Specifically, for the inventory control problem (see Figure EC.3a), we consider the 1-Wasserstein
and Burg divergence DRO models; for the portfolio optimization problem (see Figure EC.3b), we
consider the 1-Wasserstein and total variation DRO models.

Not surprisingly, the bias and standard deviation vary across different shape parameters
employed in the TRO model and different statistical distances employed in the distance-based
DRO model. For the inventory control problem (see Figure EC.3a), TRO model employing set (b)
as the shape parameter and 1-Wasserstein DRO model result in estimators with constant standard
deviation but varying bias. Note that these two models yield the same bias-variance curve because
they have the same optimal solution for this problem. In contrast, using sets (a), (c), or (d) as shape

parameters produces TRO estimators that achieve both lower bias and standard deviation compared
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with the SAA estimator. This indicates that employing sets (a), (c), or (d) as shape parameters
offers a superior bias-variance trade-off for this problem. Interestingly, using set (c), i.e., Burg
divergence ambiguity set, as the shape parameter in the TRO model produces estimators with bet-
ter bias-variance trade-off than the Burg divergence DRO model. We also observe that neither TRO
models nor distance-based DRO models consistently yield estimators with the best bias-variance
trade-off. For example, when all estimators have biases between —62 and —42, the TRO estimator
using set (a) has the smallest standard deviation. When all estimators have biases less than —62 or
greater than —42, the TRO estimator using set (c) has the smallest standard deviation.

For the portfolio optimization problem (see Figure EC.3b), we again observe that neither
TRO models nor distance-based DRO models consistently produce estimators with the best bias-
variance trade-off. Specifically, when all estimators have biases less than —0.0464, the TRO esti-
mator using set (a) has the smallest standard deviation. When all estimators have biases greater than
—0.0464, TRO model with set (b) as the shape parameter and 1-Wasserstein DRO model produce
estimators with the smallest standard deviation. Additionally, employing some shape parameters
in the TRO model and some statistical distances in the distance-based DRO model yield estima-
tors with smaller standard deviations than the SAA estimator. For example, TRO model with sets
(a) and (b) as the shape parameter, as well as 1-Wasserstein DRO model, produce estimators with
smaller standard deviations for certain values of the shape parameter # or radius r. In contrast,
TRO model with set (c) as the shape parameter and total variation DRO model yield estimators

with smaller biases but larger standard deviations than the SAA estimator.

EC.8.3. Conservatism of TRO Solutions

In this section, we investigate the conservatism of the spectra of optimal solutions to the TRO
model. Similar to prior studies (see, e.g., Liu et al. (2022), Yin et al. (2023)), we employ the mea-
sure T (0) = On(0) — Ep«[f (25 (0),€)] to quantify conservatism, where Uy (6) and z () are the
optimal value and optimal solution to the TRO model with size parameter . This measure captures
the extent to which the estimated optimal value (cost), Uy (6), exceeds the actual expected objective
function value (cost), Ep«[f (2 (0),€)], associated with implementing the optimal solution z  (6).
A larger positive value of Ty (#) indicates that the estimated cost Ux () exceeds the true expected
cost, suggesting that the solution x () may be overly conservative. Conversely, a large nega-
tive value of Ty (6), with a large absolute value, indicates that the actual cost is underestimated,

suggesting that x v (6) is overly optimistic.
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We follow the same experimental settings detailed in Sections 5.1 and 5.2 to obtain spectra
of optimal solutions to our TRO models and compute the associated T (6). Figures EC.4a and
EC.4b present the values of T (6) for the inventory control problem and portfolio optimization
problem, respectively. Clearly, Ty (0) is negative, suggesting that the SAA solutions vy (0) may
be optimistic. Moreover, except for the TRO model of the inventory control problem that employs
set (d) as the shape parameter, the value of Ty (6) increases with 6. This indicates that the TRO
model generates more conservative solutions as 6 grows, which is consistent with the theoretical
results and discussions in Section 2. For example, T (1) associated with the DRO (TRO with
f = 1) solutions to the portfolio optimization problem (Figure EC.4b) is fairly large, suggesting
that the DRO solutions z (1) using sets (a)-(c) may be overly conservative. Solutions with an
intermediate value of § have a larger absolute value of 7y (#) than the SAA solutions but a smaller
Ty (6) than the DRO solutions. This indicates that these solutions are less optimistic than the SAA
solutions and less conservative than the DRO solutions. In the next section, we demonstrate that
the out-of-sample performance of TRO solutions obtained with an intermediate value 6 is better
than those of the SAA and DRO solutions. Finally, we note that in the inventory control problem,
since the optimal value U (#) of TRO model with TRO ambiguity set constructed using set (d) is
first increasing and then decreasing (see discussions in Section 5.1), the resulting T (6) follows

the same pattern.

EC.8.4. Out-of-Sample Performance
In this section, we analyze the performance of the spectrum of optimal solutions to the TRO model

via out-of-sample testing. First, we follow the same procedure detailed in Sections 5.1 and 5.2 to
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Figure EC.5 Omin for different values of perturbation A

obtain the spectrum of TRO solutions {zx () | § € ©}, where © := {0,0.01,0.02,...,1}. Then,
we compute the out-of-sample cost 0° (0) = Epos[f (xx(0),£)] of the TRO solutions for all § € O,
where P93 denotes the out-of-sample distribution. For the inventory control problem, we choose
PO as the exponential distribution with mean 50 + A and A € {—20,—19.8,-19.6,...,10},
where a positive (resp. negative) value of A corresponds to an increase (resp. decrease) in
mean. For the portfolio optimization problem, we choose PS as the multivatiate normal dis-
tribution described in Section 5.2, and we change the mean from g to p + Al with A €
{-0.1,-0.098,—0.096,...,0.05}. Finally, we search for 6, := argmin{f € © | 0°(0) <
055(0'), V0" € ©1, i.e., the value of 6 that gives the smallest out-of-sample cost.

Figures EC.5a and EC.5b present the values of 6,,;, in the inventory control problem and portfolio
optimization problem, respectively. Not surprisingly, the value of 8,,;, varies across different shape
parameters employed in the TRO model. Moreover, the value of € that yields the lowest out-
of-sample costs is generally neither O nor 1 but lies strictly between these two extremes. This
highlights that adopting solutions from the spectrum of TRO optimal solutions results in smaller
out-of-sample costs than the SAA and DRO solutions. Consider the inventory control problem, for
example (see Figure EC.5a). When A € [1.8,7.2], the TRO model for this problem with set (a) as
the shape parameter and intermediate values of 6 yields the smallest out-of-sample costs. The TRO
model with sets (¢) and (d) and intermediate values of ¢ yield the smallest out-of-sample costs
when A € [—10.2,1.6] and A € [—20, 1], respectively. Note that the optimal solution to our TRO
model using set (b) is always the same for any 6 € [0, 1], i.e., there is only one solution for this

problem. Similarly, for the portfolio optimization problem (see Figure EC.5b), our TRO model with
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sets (a), (b), and (c) and 6 = 0.25, § = 0.01, and # = 0.15 yields the smallest out-of-sample costs,
respectively. Note that 6,,;, is the same for all A € [—0.1,0.05] since adding a constant A to each
entry of the mean vector p shifts the entire objective function of this problem by a constant. These
results demonstrate the benefits of adopting solutions on the spectrum of TRO optimal solutions

over the SAA and DRO solutions.

EC.9. Comparison with Wang et al. (2023)

In this appendix, we provide a detailed comparison between our work and that of Wang et al.

(2023).

* The Proposed Model. While our TRO model looks similar to Wang et al. (2023)’s model at the
outset, our work actually generalizes the idea of Wang et al. (2023). Recall our TRO model in
(4), which is equipped with the TRO ambiguity set Py, in (5). The TRO ambiguity set (5) is
characterized by two parameters: the shape parameter Py and the size parameter 6. The shape
parameter Py represents distributional ambiguity and could be any (data-driven) ambiguity
set satisfying some mild assumptions mentioned in the paper. The size parameter 6 € [0, 1]
controls the level of optimism, i.e., it controls the trade-off between solving the problem under
a distributional belief and solving it under ambiguity. By choosing the shape parameter Py as
the distance-based ambiguity set B, (Py) = {P € P(Z) | A(P,Py) < ¢} (where P(Z) is the
set of probability measures on the support = and A is a statistical distance), our TRO model
reduces to the Bayesian distributionally robust (BDR) optimization model proposed in Wang
et al. (2023) (see equation (11) in Wang et al. 2023), i.e., model (4) reduces to

minimize By max  Ep[f(z,§)]+ (1 - Bn)Es [f(z,£)]. (BDR)
ze PeB.  (Pn)

Thus, Wang et al. (2023)’s BDR model is a special case of our TRO model. In particular, we
emphasize that one can construct the TRO ambiguity set P}, , using any shape parameter Py,
including general moment- and distance-based ambiguity sets. Hence, our theoretical results
are valid for various types of the shape parameter. In contrast, Wang et al. (2023) analyses are
limited to the case where Py is a distance-based ambiguity set.

* Hierarchical Properties. In Section 2.1, we analyze properties of the TRO ambiguity set Py,
defined in (5) and the sequence of TRO ambiguity sets {Py, | 0 € [0,1]}. These were not ana-
lyzed in Wang et al. (2023). We first formally introduce the notion of hierarchical properties of
the sequence of the TRO ambiguity sets {P};, | 0 € [0, 1]}; see Definition 2. The hierarchical
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properties indicate that the size of the TRO ambiguity set Py, increases with 0, i.e., P} 4 con-
tains more distributions with a larger 6. This implies that the TRO model is more conservative
when we pick a larger 6. Then, in Theorem 1, we provide necessary and sufficient conditions
for the sequence of TRO ambiguity sets {Py, | 0 € [0, 1]} to satisfy these properties. Specifi-
cally, Theorem 1 establishes that constructing the TRO ambiguity set Py, , using a star-shaped
shape parameter Py with a star center P ~ 1s necessary and sufficient for the sequence of TRO
ambiguity sets {P), | 0 € [0,1]} to satisfy the hierarchical property. Part (i) shows that for
a general star-shaped shape parameter Py, the TRO ambiguity set Py , is non-decreasing in
0, 1ie., 77]’\,791 - 77]’\,792 whenever #; < 6,, indicating that the objective function of the trade-off
model (4) is non-decreasing in 6. Part (ii) illustrates the relationship between the sets {I?P N}
P .o, Pr.g,» and Py with 0 < 6; < 05 < 1. Specifically, part (ii) shows how the TRO ambiguity
set 73]’\,79 enlarges with 6. This, in turn, implies that the TRO model is more conservative when
we pick a larger #. These important new results establish the connection between the specific
choice of § and the conservatism of the TRO model. However, they were not analyzed in Wang
et al. (2023). In addition, in Proposition 2, we derive necessary and sufficient conditions for a
general distance-based ambiguity set, i.e., the one adopted in the BDR model, to be star-shaped
with a star center P ~- Thus, our results provide necessary and sufficient conditions under which
the sequence of ambiguity sets corresponding to the BDR model satisfies the hierarchical prop-
erty. This was not studied in Wang et al. (2023). Moreover, as mentioned in the first point, our
findings can be applied to TRO models with a general shape parameter. For instance, in Propo-
sition 1, we establish the corresponding conditions for a general moment-based ambiguity set
to be star-shaped, with a star center represented by ]IADN, a novel contribution not explored in
previous studies.

* Analysis of the Conservatism. In Section 2.2, we investigate the conservatism and properties of
the optimal value Dy (#) and the set of optimal solutions Xy (6) of the TRO model through the
lens of quantitative stability analysis. First, in Theorem 2, we establish mechanisms to quan-
tify the difference in Oy (6) and Xy(6) (and hence conservatism) incurred by perturbation in
6. In particular, it shows that Uy () is Lipschitz continuous in 6 and X, v (0) is Holder contin-
uous with Holder exponent 1/2 under distance D. This shows that both the optimal value and
the set of optimal solutions change gradually with 6 € [0, 1]. Then, in Theorem 3, we show

that naively combining SAA and DRO optimal solutions, e.g., via a convex combination after
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solving each separately, may not yield a feasible solution to the TRO problem (4). This is par-
ticularly true in applications where X" is not convex (e.g., problems involving integer variables
such as facility location and scheduling problems). Specifically, part (i) of Theorem 3 estab-
lishes that the optimal value Uy (6) to our TRO model is not less than the convex combination
(1 — 6)Dx(0) + 60x(1) of the SAA and DRO optimal values. In addition, if Py € Py, Theo-
rem 3 implies that Uy is non-decreasing in 6 as illustrated in Figure 2. Part (ii) of Theorem 3
indicates that the set of optimal solutions X, '~ (0) to our TRO model can be approximated by
Xn(0):=(1—0)Xy(0) +6Xy(1) only when 6 is close to zero or one; however, the difference
could be huge for intermediate values of 6 € (0,1). These important investigations and results
are new. In particular, Wang et al. (2023) only suspected that their BDR model is likely to be
less conservative than the DRO model without providing any theoretical analysis. Indeed, we
could apply our results to show that by changing Sy in Wang et al. (2023)’s BDR model, one
can obtain a spectrum of optimal solutions, ranging from optimistic to conservative solutions.

* Finite-Sample Properties. As discussed in the first paragraph of Section 3.1, the optimal value
of our TRO model Uy () represents an estimator of the true optimal value of the stochastic
optimization problem v* = inf ¢ v Ep« [ f(z, € )} . Analyzing the bias of an estimator to the true
optimal value v* is common in the related literature; see, e.g., Blanchet et al. (2019), Dentcheva
and Lin (2022). Also, it is well known that the SAA estimator vy (0) is a downward biased
estimator of v*; see (16). Thus, we and Wang et al. (2023) analyze the bias of the TRO and
BDR estimators, respectively. Specifically, we and Wang et al. (2023) show that there exists
g% € [0, 1] in our TRO model and 5} € [0, 1] in the BDR model such that the optimal values of
the TRO model and the BDR model are unbiased estimators of v*. However, in Section 3.1, we
provide a more detailed investigation of the bias of the more general model, the TRO model,
as well as new results. First, in Proposition 3, we derive an upper bound on the bias of the
TRO estimator Uy (). It suggests that the bias of Uy (0) may not be a downward bias as that
of the SAA estimator. Second, in Corollary 1, we show that for sufficiently small #, the TRO
estimator U,y (6) has a smaller bias than the SAA estimator, which was not discussed in Wang
et al. (2023). Third, we show that Ep, [Ux(#)] can be decomposed as the sum of three terms:
(a) the expected value of the SAA estimator Epn [Uy(0)], (b) the DRO effect §{Ep~ [Uy(1)] —
Ep~ [On(0)] }, and (c) the concavity effect Ry (6) (see Figure 3). Finally, as pointed out by
Wang et al. (2023), parameter (3}, is typically hard to obtain. Similarly, 6% is hard to obtain.

However, in Theorems 5 and 6, we analyze the asymptotic behavior of 0Y%,. In particular, we
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prove the convergence of 6}, as N — oo and derive its convergence rate. Wang et al. (2023)
did not conduct such analyses. In Section 3.2, we derive the generalization bound for our TRO
model in Theorem 8 based on that of the SAA and DRO models. In particular, we show that the
probability (18) (i.e., the generalization error) is upper bounded by the sum of the probabilities
ap 1 in (19) from the SAA model and oy 2 in (20) from the DRO model. This indeed corrects
the generalization bound derived in Theorem 3.5 of Wang et al. (2023), where they did not
take the sum of the two probability bounds from the SAA and DRO models; see Appendix C.6
of Wang et al. (2023). In addition, we show that for specific choices of the shape parameter
Pn, such as popular distance-based ambiguity sets as the one employed in Wang et al. (2023)’s
BDR model, the generalization error exhibits an exponentially decaying tail. This important and
attractive finite-sample property was not mentioned in Wang et al. (2023).

» Asymptotic Convergence. In Section 4, we show the almost sure convergence of the optimal
value Ty (fy) and the set of optimal solutions X () of the TRO model to their true coun-
terparts when N — oo, and we derive the asymptotic distribution of Uy (6y) when N — oo.
Our asymptotic convergence results hold for TRO models with TRO ambiguity sets constructed
using general shape parameters Py, such as moment- and distance-based ambiguity sets. This
differs from results in the existing literature focusing on a specific ambiguity set, including
Wang et al. (2023). Note that the asymptotic convergence and distribution are two basic asymp-
totic properties that are commonly analyzed in the existing literature for data-driven optimiza-
tion models (Blanchet and Shapiro 2023, Kuhn et al. 2019, Shapiro et al. 2014). Hence, Wang
et al. (2023) analyzed these asymptotic properties of their BDR model. However, the following
are some differences between our analyses and those of Wang et al. (2023).

— First, Wang et al. (2023) assumed the DRO objective supp. (5, E[h(z,€)] is P*-bounded
and attainable for x € X', where we recall that P* is the true distribution; see assumption C1
of Theorem 3.3 in Wang et al. (2023). To justify this assumption, Wang et al. (2023) pro-
vided one example based on the Wasserstein ambiguity set; see Appendix C.2 in Wang et al.
(2023). Our convergence analyses also require the DRO objective to be upper-bounded for
sufficiently large N. However, we adopt a more general set of assumptions under which the
desired boundedness condition holds. Specifically, we impose assumptions on the objective
function or the sequence of the ambiguity sets { Py } ven; see Assumption 3. Examples 6-10
provide a wide range of settings under which Assumption 3 holds. These examples include

the case where Py is constructed based on the Wasserstein ambiguity sets, as well as other
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distance-based and moment-based ambiguity sets. In Lemma 1, we formally prove that under
Assumption 3, the DRO objective is asymptotically bounded, which is weaker than assump-
tion C1 adopted by Wang et al. (2023) (which requires the DRO objective to be bounded for
all N e N).

—Second, in Theorem 9, we prove the almost-sure convergence of our TRO model. Specifi-
cally, we show that the optimal value Ty (6y) and the set of optimal solutions Xy (6y) of
our TRO model converges almost surely to the true optimal value v* and the set of optimal
solutions X to (1), respectively. In contrast, in Theorem 3.3 of Wang et al. (2023), they only
provided the convergence of the optimal value and the set of optimal solutions of the BDR
model in probability, which is weaker than our almost-sure convergence. We would like to
highlight that the asymptotic convergence holds for TRO models with TRO ambiguity sets
constructed using general shape parameters, such as moment-based ambiguity sets. This dif-
fers from the existing convergence results established for data-driven DRO models, which
mainly employ distance-based ambiguity sets.

—Third, in Theorem 3.3 of Wang et al. (2023), they derived the asymptotic normality of
the optimal value of the BDR model. To show this, they assumed that the optimal solu-
tion Z, y to the BDR model converges (in probability) to an optimal solution z, to the
stochastic optimization problem under the true distribution P*. This assumption is not com-
mon in relevant literature when deriving the asymptotic distribution of the optimal value of
data-driven optimization models (Blanchet and Shapiro 2023, Guigues et al. 2018, Shapiro
et al. 2014). In contrast, in Theorem 10, we derive the asymptotic distribution of Uy (6y)
without imposing such an assumption. Specifically, we apply the Delta’s method (see, e.g.,
Cércamo et al. 2020) to derive the following asymptotic distribution of the optimal value
On = On(fy) of the TRO model: VN (Uy — v*) = infzex+ G(z), where G is a tight Gaus-
sian process indexed by X with mean zero and covariance function Cov(G(z1)),G(z2)) =
Covp«(f(21,€), f(22,€)). Thus, our results on the asymptotic distribution of the optimal
value are different from those of Wang et al. (2023).

— Finally, for the special case when the shape parameter is chosen as some popular distance-
based ambiguity set Py, = {P € P(2) | d(P,Py) <7y} as in Wang et al. (2023)’s BDR
model, we can recover the asymptotics of the optimal value in classical distance-based DRO
models. Specifically, in Theorem 11, we derive the asymptotic distribution of the optimal

value Uy (6y) of our TRO model under different convergence rates of the size parameter 6
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and the radius ry in the shape parameter Py ., . This generalizes the asymptotic convergence
of the optimal solution derived in Theorem 3.3 of Wang et al. (2023). In particular, the
asymptotic distribution results in Theorem 3.3 of Wang et al. (2023) essentially correspond
to the case (i) in Theorem 11 only. Cases (ii) and (iii) in Theorem 11 were not investigated in
Wang et al. (2023). Moreover, we also investigate the connection between the size parameter
6 in our TRO model (with TRO ambiguity set constructed using the shape parameter Py )
and the radius ry in classical distance-based DRO models. This was not analyzed in Wang

et al. (2023).
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