
E-companion: “On the Trade-Off Between Distributional Belief and
Ambiguity: Conservatism, Finite-Sample Guarantees, and Asymptotic
Properties”

EC.1. Proofs
EC.1.1. Proof of Theorem 1

Proof. First, we prove part (i). Suppose that PN is star-shaped and P̂N ∈PN is a star center of

PN . We show that {PN,θ | θ ∈ [0,1]} satisfies the hierarchical property. For any 0 ≤ θ1 < θ2 ≤ 1

and Q∈PN , we have

(1− θ1) P̂N + θ1Q= (1− θ1) P̂N + θ2 P̂N − θ2 P̂N + θ1Q

= (1− θ2) P̂N +(θ2− θ1) P̂N + θ1Q

= (1− θ2)P̂N + θ2

[(
1− θ1

θ2

)
P̂N +

θ1
θ2
Q

]
, (EC.1)

where θ1/θ2 ∈ [0,1). Since PN is star-shaped and P̂N ∈PN is a star center of PN , the measure (1−
θ1/θ2)P̂N + (θ1/θ2)Q in the second term of (EC.1) belongs to PN . It follows from the definition

of P ′
N,θ2

that (1− θ1) P̂N + θ1Q∈P ′
N,θ2

for any Q∈PN , and thus, P ′
N,θ1

⊆P ′
N,θ2

. This shows that

{PN,θ | θ ∈ [0,1]} satisfies the hierarchical property.

Now, suppose that {PN,θ | θ ∈ [0,1]} satisfies the hierarchical property, i.e., P ′
N,θ1

⊆ P ′
N,θ2

for

all 0 ≤ θ1 < θ2 ≤ 1. We show that PN is star-shaped with a star center P̂N . For any Q ∈ PN , by

(EC.1), we have that

(1− θ1) P̂N + θ1Q= (1− θ2)P̂N + θ2

[(
1− θ1

θ2

)
P̂N +

θ1
θ2
Q

]
∈P ′

N,θ2
(EC.2)

since (1− θ1) P̂N + θ1Q ∈ P ′
N,θ1

⊆ P ′
N,θ2

. By definition of P ′
N,θ2

, the inclusion in (EC.2) implies

that (1− θ1/θ2)P̂N +(θ1/θ2)Q∈PN . Since θ1/θ2 ∈ [0,1) is arbitrary, we have (1−α)P̂N +αQ∈
PN for all α ∈ [0,1] and Q ∈ PN . (Note that when α = 1, we have (1− α)P̂N + αQ=Q ∈ PN .)

This shows that PN is star-shaped and P̂N is a star center.

Next, we prove part (ii). Suppose that {PN,θ | θ ∈ [0,1]} satisfies the strict hierarchical property,

i.e., P ′
N,θ is increasing in θ. We show that PN is star-shaped with a star center P̂N and PN ̸= {P̂N}.

From part (i), we have that PN is star-shaped with a star center P̂N . Suppose, on the contrary, that

PN = {PN}. Then, we have P′
N,θ = {P̂N} for all θ ∈ [0,1], contradicting that P ′

N,θ is increasing in

θ. This shows that PN ̸= {PN}.

ec1
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Now, suppose that PN is star-shaped with a star center P̂N ∈PN and PN ̸= {P̂N}. We show that

{PN,θ | θ ∈ [0,1]} satisfies the strict hierarchical property. From part (i), we have P ′
N,θ1

⊆P ′
N,θ2

, for

any 0≤ θ1 < θ2 ≤ 1. To show the strict inclusion P ′
N,θ1

⊂P ′
N,θ2

, we need to show that there exists

a probability measure M such that M ∈P ′
N,θ2

but M ̸∈ P ′
N,θ1

. We first claim that this is equivalent

to

PN \

{(
1− θ1

θ2

)
P̂N +

θ1
θ2

Q

∣∣∣∣∣Q∈PN

}
̸= ∅. (EC.3)

Indeed, (EC.3) is equivalent to the existence of Q′ ∈PN such that Q′ ̸= (1− θ1/θ2)P̂N +(θ1/θ2)Q

for all Q ∈ PN . Note that Q′ ̸= (1− θ1/θ2)P̂N + (θ1/θ2)Q for all Q ∈ PN is equivalent to θ2Q′ +

(1− θ2)P̂N ̸= θ1Q+ (1− θ1)P̂N for all Q ∈ PN . Thus, we have that θ2Q′ + (1− θ2)P̂N ∈ P ′
N,θ2

cannot be expressed as θ1Q+ (1− θ1)P̂N for any Q ∈ PN , i.e., θ2Q′ + (1− θ2)P̂N ̸∈ P ′
N,θ1

. This

completes the proof of the claim.

Next, suppose, for the sake of contradiction, that condition (EC.3) does not hold, i.e.,

PN ⊆

{(
1− θ1

θ2

)
P̂N +

θ1
θ2

Q

∣∣∣∣∣Q∈PN

}
. (EC.4)

We claim that (EC.4) is equivalent to PN = {P̂N} is a singleton, which contradicts with PN ̸=

{P̂N}. Consider an arbitrary probability measure M ∈ PN . By (EC.4), we can write M = (1 −

θ1/θ2)P̂N + (θ1/θ2)Q1 for some Q1 ∈ PN . Moreover, note that for any i ∈ N and probability

measure Qi ∈ PN , by (EC.4), we can write Qi = (1− θ1/θ2)P̂N + (θ1/θ2)Qi+1 for some Qi+1 ∈

PN . Using this recursion, we have

M=

(
1− θ1

θ2

)
P̂N +

θ1
θ2

Q1 =

(
1− θ1

θ2

)
P̂N ·

(
1+

θ1
θ2

)
+

(
θ1
θ2

)2

Q2

= · · ·

=

(
1− θ1

θ2

)
P̂N ·

n−1∑
i=0

(
θ1
θ2

)i

+

(
θ1
θ2

)n

Qn

for any n ∈N. Since θ1 < θ2,
∑n−1

i=0 (θ1/θ2)
i → 1/(1− θ1/θ2) and (θ1/θ2)

n → 0 as n→∞. Thus,

for any ε > 0, there exists n′ ∈N such that |(1− θ1/θ2)
∑n−1

i=0 (θ1/θ2)
i− 1|< ε/2 and |(θ1/θ2)n|<

ε/2 for all n> n′. Therefore, for any B ∈B, we have that

|M(B)− P̂N(B)|=

∣∣∣∣∣
(
1− θ1

θ2

)
P̂N(B) ·

n−1∑
i=0

(
θ1
θ2

)i

+

(
θ1
θ2

)n

Qn(B)− P̂N(B)

∣∣∣∣∣
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≤

∣∣∣∣∣
(
1− θ1

θ2

)
n−1∑
i=0

(
θ1
θ2

)i

− 1

∣∣∣∣∣ · P̂N(B)+

∣∣∣∣∣
(
θ1
θ2

)n∣∣∣∣∣ ·Qn(B)

≤ ε

2
P̂N(B)+

ε

2
Qn(B)

≤ ε

for all n > n′, where the first inequality follows from triangular inequality. Since ε > 0 is arbi-

trary, it follows that M = P̂N for any M ∈ PN , implying that PN = {P̂N}. This contradicts the

assumption that PN ̸= {P̂N} and completes the proof. □

EC.1.2. Relationship between Star-Shapedness and Convexity

In Lemma EC.1, we show that convexity of a set implies star-shapedness.

LEMMA EC.1. If PN is convex and P̂N ∈PN , then PN is star-shaped with a star center P̂N

Proof. Since P̂N ∈PN , it follows from the convexity of PN that

(1−α)P̂N +αP∈PN , ∀α ∈ [0,1], P∈PN .

This shows that PN is star-shaped with a star center P̂N . □

EC.1.3. Proof of Proposition 1

Proof. Suppose that Ki is star-shaped on Si with a star center EP̂N
[Φi(ξξξ)] for all i∈ {1, . . . , p}.

We show that PN is star-shaped with a star center P̂N . Indeed, for all i ∈ {1, . . . , p}, by the star-

shapedness of Ki, we have (1− α)EP̂N
[Φi(ξξξ)] + αEQ[Φi(ξξξ)] = E(1−α)P̂N+αQ[Φi(ξξξ)] ∈ Ki for any

α ∈ [0,1] and Q ∈ PN . It follows from the definition of PN that (1− α)P̂N + αQ ∈ PN for any

α ∈ [0,1] and Q∈PN , i.e., PN is star-shaped with a star center P̂N .

Now, suppose that PN is star-shaped with a star center P̂N . We show that Ki is star-shaped on

Si := {EQ[Φi(ξξξ)] | Q ∈ PN} ⊆ Rdi×di with a star center EP̂N
[Φi(ξξξ)] ∈ Si for all i ∈ {1, . . . , p}.

Since (1 − α)P̂N + αQ ∈ PN for any α ∈ [0,1] and Q ∈ PN , we have E(1−α)P̂N+αQ[Φi(ξξξ)] =

(1 − α)EP̂N
[Φi(ξξξ)] + αEQ[Φi(ξξξ)] ∈ Ki for all i ∈ {1, . . . , p}. This, in turn, implies that (1 −

α)EP̂N
[Φi(ξξξ)] +αΨ∈Ki for any α ∈ [0,1] and Ψ∈ Si. This completes the proof. □

EC.1.4. Proof of Proposition 2

Proof. Suppose that d is quasi-convex about P̂N in the first argument. We show that PN(ε) is

star-shaped with a star center P̂N for all ε≥ 0. Indeed, for any given ε≥ 0, by quasi-convexity, we

have d
(
(1− α)P̂N + αQ, P̂N

)
≤ d(Q, P̂N)≤ ε for any α ∈ [0,1] and Q ∈ PN(ε). It follows from
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the definition of PN(ε) that (1−α)P̂N+αQ∈PN(ε) for any α ∈ [0,1] and Q∈PN(ε), i.e., PN(ε)

is star-shaped with a star-center P̂N .

Now, suppose that PN(ε) is star-shaped with a star center P̂N for all ε ≥ 0. We show that d is

quasi-convex about P̂N . Since PN(ε) is star-shaped, we have (1− α)P̂N + αQ ∈ PN(ε) for any

α ∈ [0,1] and Q∈PN(ε). It follows from the definition of PN(ε) that d
(
(1−α)P̂N +αQ, P̂N

)
≤ ε

for any α ∈ [0,1] and Q∈PN(ε). Suppose, for the sake of contradiction, that d is not quasi-convex

about P̂N in the first argument. That is, there exist α ∈ (0,1) and Q ∈ P(Ξ) such that d
(
(1 −

α)P̂N +αQ, P̂N
)
> d(Q, P̂N). Let ε̄ := d(Q, P̂N) ∈ [0,∞). Since PN(ε̄) is star-shaped with a star

center P̂N and Q ∈ PN(ε̄), we have (1− α)P̂N + αQ ∈ PN(ε̄). Thus, d
(
(1− α)P̂N + αQ, P̂N

)
≤

ε̄= d(Q, P̂N), contradicting the assumption that d is not quasi-convex. This completes the proof.

□

EC.1.5. Proof of Theorem 2

Proof. First, we show that for any {θ1, θ2} ⊂ [0,1], we have

H(P ′
N,θ1

,P ′
N,θ2

)≤ 2CN |θ1− θ2|. (EC.5)

For any P1 ∈ P ′
N,θ1

and P2 ∈ P ′
N,θ2

, we can write Pi = (1− θi)P̂N + θiQi for some Qi ∈ PN and

i∈ {1,2}. Then,

∣∣∣EP1 [f(xxx,ξξξ)]−EP2 [f(xxx,ξξξ)]
∣∣∣= ∣∣∣∣∣(θ2− θ1) ·

1

N

N∑
i=1

f(xxx, ξ̂ξξi)+ θ1 ·EQ1 [f(xxx,ξξξ)]− θ2 ·EQ2 [f(xxx,ξξξ)]

∣∣∣∣∣
≤ |θ1− θ2|

∣∣∣∣∣ 1N
N∑
i=1

f(xxx, ξ̂ξξi)

∣∣∣∣∣+ ∣∣∣θ1EQ1 [f(xxx,ξξξ)]− θ2EQ2 [f(xxx,ξξξ)]
∣∣∣

≤CN |θ1− θ2|+
∣∣∣θ1EQ1 [f(xxx,ξξξ)]− θ2EQ2 [f(xxx,ξξξ)]

∣∣∣, (EC.6)

where the last inequality follows from Assumption 1 and the definition of CN in (13). Note that

sup
P1∈P ′

N,θ1

inf
P2∈P ′

N,θ2

d(P1,P2) = sup
P1∈P ′

N,θ1

inf
P2∈P ′

N,θ2

sup
xxx∈X

∣∣∣EP1 [f(xxx,ξξξ)]−EP2 [f(xxx,ξξξ)]
∣∣∣

≤CN |θ1− θ2|+ sup
Q1∈PN

inf
Q2∈PN

sup
xxx∈X

∣∣∣θ1EQ1 [f(xxx,ξξξ)]− θ2EQ2 [f(xxx,ξξξ)]
∣∣∣

(EC.7a)

≤CN |θ1− θ2|+ sup
Q1∈PN

sup
xxx∈X

∣∣∣θ1EQ1 [f(xxx,ξξξ)]− θ2EQ1 [f(xxx,ξξξ)]
∣∣∣ (EC.7b)

≤CN |θ1− θ2|+ sup
Q1∈PN

sup
xxx∈X

|θ1− θ2|
∣∣EQ1 [f(xxx,ξξξ)]

∣∣
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≤ 2CN |θ1− θ2|. (EC.7c)

Inequality (EC.7a) follows from (EC.6), where we note that the arguments in supremum and infi-

mum are changed to Q1 ∈PN and Q2 ∈PN , respectively; inequality (EC.7b) follows from the fact

that choosing Q2 =Q1 for the infimum problem yields an upper bound; inequality (EC.7c) follows

from Assumption 1 and the definition of CN in (13). Interchanging the role of P1 and P2, as well

as P ′
N,θ1

and P ′
N,θ2

, we can obtain a similar inequality:

sup
P2∈P ′

N,θ2

inf
P1∈P ′

N,θ1

d(P1,P2)≤ 2CN |θ1− θ2|.

Therefore, from the definition of H in (12), we have

H(P ′
N,θ1

,P ′
N,θ2

) =max

{
sup

P1∈P ′
N,θ1

inf
P2∈P ′

N,θ2

d(P1,P2), sup
P2∈P ′

N,θ2

inf
P1∈P ′

N,θ1

d(P1,P2)

}
≤ 2CN |θ1− θ2|.

Now, we prove assertion (i):

|υ̂N(θ1)− υ̂N(θ2)| ≤H(P ′
N,θ1

,P ′
N,θ2

)≤ 2CN |θ1− θ2|,

where the first inequality follows from the quantitative stability analysis; see Proposition EC.4 in

EC.6.

For (ii), under the second-order growth condition, we have

D
(
X̂N(θ2), X̂N(θ1)

)
≤
√

3

τ
H(P ′

N,θ1
,P ′

N,θ2
)≤
√

6CN
τ

|θ1− θ2|,

where the first inequality follows again from the quantitative stability analysis; see Proposition

EC.4 in EC.6. This completes the proof. □

EC.1.6. Proof of Theorem 3

Proof. First, we prove part (i). To show the concavity of υ̂N(θ), we define the function

g(θ;xxx) :=EP̂N
[f(xxx,ξξξ)] + θ

{
supP∈PN

EP[f(xxx,ξξξ)]−EP̂N
[f(xxx,ξξξ)]

}
, which is linear in θ for any xxx∈

X . Since υ̂N(θ) is the pointwise minimum of the linear functions {g(θ;xxx) | xxx ∈ X}, i.e., υ̂N(θ) =

minxxx∈X g(θ;xxx), the function υ̂N(θ) is concave. Next, to show (15), note that θ= (1− θ) · 0+ θ · 1.

Thus, concavity of υ̂N implies

r̂N(θ) = υ̂N(θ)−
[
(1− θ) · υ̂N(0)+ θ · υ̂N(1)

]
≥ 0.
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Also, by Theorem 2, we have

r̂N(θ) = υ̂N(θ)−
[
(1− θ) · υ̂N(0)+ θ · υ̂N(1)

]
≤ (1− θ) ·

∣∣∣υ̂N(θ)− υ̂N(0)
∣∣+ θ ·

∣∣∣υ̂N(θ)− υ̂N(1)
∣∣

≤ (1− θ) · 2CNθ+ θ · 2CN(1− θ)

≤ 4CNθ(1− θ).

This completes the proof of part (i).

Finally, for part (ii), we have

D
(
X̂N(θ), (1− θ)X̂N(0)+ θX̂N(1)

)
= sup
xxx∈X̂N (θ)

inf
xxx∈(1−θ)X̂N (0)+θX̂N (1)

∥xxx−xxx∥

= sup
xxx∈X̂N (θ)

inf
xxx′∈X̂N (0),xxx′′∈X̂N (1)

∥∥xxx− [(1− θ)xxx′+ θxxx′′
]∥∥

≤ sup
xxx∈X̂N (θ)

inf
xxx′∈X̂N (0),xxx′′∈X̂N (1)

{
(1− θ)∥xxx−xxx′∥+ θ∥xxx−xxx′′∥

}
(EC.8a)

≤ (1− θ) sup
xxx∈X̂N (θ)

inf
xxx′∈X̂N (0)

∥xxx−xxx′∥+ θ sup
xxx∈X̂N (θ)

inf
xxx′′∈X̂N (1)

∥xxx−xxx′′∥ (EC.8b)

= (1− θ)D
(
X̂N(θ), X̂N(0)

)
+ θD

(
X̂N(θ), X̂N(1)

)
≤ (1− θ)

√
6CNθ

τ
+ θ

√
6CN(1− θ)

τ
(EC.8c)

=

√
6CNθ(1− θ)

τ

(√
θ+

√
1− θ

)
.

Inequality (EC.8a) follows from triangle inequality; inequality (EC.8b) follows from separating

the supremum operator to each summand; inequality (EC.8c) follows from Theorem 2. □

EC.1.7. Proof of Proposition 3

Proof. Since EPN [υ̂N(0)]≤ υ⋆, we have

EPN [υ̂N(θ)]− υ⋆ ≤EPN [υ̂N(θ)]−EPN [υ̂N(0)]

=EPN [(1− θ) · υ̂N(0)+ θ · υ̂N(1)+ r̂N(θ)]−EPN [υ̂N(0)] (by (15) in Theorem 3)

= θ
{
EPN

[
υ̂N(1)

]
−EPN

[
υ̂N(0)

]}
+EPN [r̂N(θ)].

From Theorem 3, we have r̂N(θ) ∈ [0,4CNθ(1− θ)]. Thus, RN(θ) := EPN [r̂N(θ)] ∈ [0,4CNθ(1−
θ)]. Finally, if P̂N ∈PN , then υ̂N(0)≤ υ̂N(1). It follows that the upper bound on the bias in (17) is

non-negative. □



e-companion to Tsang and Shehadeh: On the Trade-Off Between Distributional Belief and Ambiguity ec7

EC.1.8. Proof of Theorem 4

Proof. From Theorem 2, we have that υ̂N(θ) is Lipschitz continuous with Lipschitz constant

CN <∞ (almost surely). Thus, EPN [υ̂N(θ)] is also Lipschitz continuous with Lipschitz constant

CN = EPN (CN)<∞. Since EPN [υ̂N(0)]≤ υ⋆ ≤ EPN [υ̂N(1)], it follows by the intermediate value

theorem (see Theorem 4.23 of Rudin 1976) that there exists θu
N ∈ [0,1] for which EPN [υ̂N(θ

u
N)] =

υ⋆. This completes the proof. □

EC.1.9. Proof of Corollary 1

Proof. By Theorem 3, υ̂N(θ) is concave on [0,1], and so is EPN [υ̂N(θ)]. Since EPN [υ̂N(0)]≤

EPN [υ̂N(1)], we have that EPN [υ̂N(θ)] is either (a) non-decreasing on [0,1] or (b) first non-

decreasing and then non-increasing (see Lemma 1.1.4 of Niculescu and Persson 2018). By Theo-

rem 4, there exists θu
N such that EPN [υ̂N(θ)] = υ⋆. When it is not unique, take θu

N = inf{θ ∈ [0,1] |

EPN [υ̂N(θ)] = υ⋆}. It follows that EPN [υ̂N(θ)] is non-decreasing on [0, θu
N ] and thus, |EPN [υ̂N(θ)]−

υ⋆| ≤ |EPN [υ̂N(0)]− υ⋆| for all θ ∈ [0, θu
N ]. □

EC.1.10. Proof of Theorem 5

Proof. First, note that θu
N satisfies EPN [υ̂N(θ

u
N)] = υ⋆, where Theorem 4 ensures the existence

of θu
N . Moreover, Theorem 3 implies that

EPN [υ̂N(θ
u
N)] = (1− θu

N)EPN [υ̂N(0)] + θu
NEPN [υ̂N(1)] +RN(θ

u
N),

where RN(θ
u
N)∈ [0,4CNθ

u
N(1− θu

N)]. Combining these two equations, we have

υ⋆−EPN [υ̂N(0)] = θu
N

{
EPN

[
υ̂N(1)

]
−EPN

[
υ̂N(0)

]}
+RN(θ

u
N). (EC.9)

Note that left-hand-side of (EC.9) corresponds to the bias of the SAA estimator. Under assumptions

(a)–(c), Theorem 6 of Banholzer et al. (2022) gives υ⋆ − EPN [υ̂N(0)] = o(
√
log logN/

√
N). For

the ease of notation, let ∆N = EPN

[
υ̂N(1)

]
− EPN

[
υ̂N(0)

]
and bN =

√
log logN/

√
N . By the

assumption that infN∈N∆N > 0, we know that ∆N ≥∆ for some ∆> 0. Then,

0≤ θu
N∆≤ θu

N∆N +RN(θ
u
N) = o(bN), (EC.10)

where the second inequality follows from RN(θ
u
N)≥ 0. In other words, (EC.10) implies that

0≤
(
b−1
N θu

N

)
∆≤ o(1),

showing that b−1
N θu

N → 0 as N →∞. This completes the proof. □
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EC.1.11. Proof of Theorem 6

Proof. Theorem 5.7 of Shapiro et al. (2014) gives the following asymptotic normality of υ̂N(0):

XN =
√
N
(
υ̂N(0)− υ⋆

)
⇒ inf

xxx∈X ⋆
G(xxx), (EC.11)

where “⇒” denotes the convergence in distribution, X ⋆ is the set of optimal solutions to

(1), and G is a Gaussian process indexed by X with mean zero and covariance function

Cov(G(xxx1),G(xxx2)) = CovP⋆(f(xxx1,ξξξ), f(xxx2,ξξξ)). Together with the asymptotic uniform integrabil-

ity of {XN}N∈N, (EC.11) implies that

EPN

[√
N
(
υ̂N(0)− υ⋆

)]
=E

[
inf
xxx∈X ⋆

G(xxx)
]
+ o(1)

(see, e.g., Theorem 2.20 of van der Vaart 2000). Hence, the bias of the SAA estimator is given by

EPN [υ̂N(0)]− υ⋆ =
1√
N

E
[
inf
xxx∈X ⋆

G(xxx)
]
+ o(1/

√
N). (EC.12)

If X ⋆ is a singleton, then infxxx∈X ⋆ G(xxx) reduces to a normal distribution with mean zero. Therefore,

(EC.12) implies that the bias of the SAA estimator is of order o(1/
√
N). A similar argument in the

proof of Theorem 5 shows that θu
N = o(1/

√
N).

Next, we consider that X ⋆ is not a singleton. In the trivial case when EPN [infxxx∈X ⋆ G(xxx)] = 0,

we immediately have θu
N = o(1/

√
N), which directly implies θu

N =O(1/
√
N). Now, consider the

case when EPN [infxxx∈X ⋆ G(xxx)]< 0. From (EC.9) and (EC.12), we have

θu
N

{
EPN

[
υ̂N(1)

]
−EPN

[
υ̂N(0)

]}
+RN(θ

u
N) =− 1√

N
E
[
inf
xxx∈X ⋆

G(xxx)
]
+ o(1/

√
N), (EC.13)

where RN(θ
u
N) ∈ [0,4Cθu

N(1 − θu
N)]. Again, for the ease of notation, let ∆N = EPN

[
υ̂N(1)

]
−

EPN

[
υ̂N(0)

]
> 0. By the assumption that infN∈N∆N > 0, we know that ∆N ≥∆ for some ∆> 0.

Since RN(θ
u
N)≥ 0, (EC.13) implies

0≤
(√

Nθu
N

)
∆≤−E

[
inf
xxx∈X ⋆

G(xxx)
]
+ o(1). (EC.14)

Thus, (EC.14) shows that limsupN→∞
√
Nθu

N is upper bounded, concluding that θu
N =O(1/

√
N).

□
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EC.1.12. Proof of Theorem 7

Proof. First, we show that CN defined in (13) satisfies CN ≤ L · diam(Ξ)+M almost surely.

Note that

f(xxx,ξξξ) =
∣∣f(xxx,ξξξ)− f(xxx,ξξξ0)

∣∣+ ∣∣f(xxx,ξξξ0)∣∣≤L · ∥ξξξ−ξξξ0∥+M ≤L · diam(Ξ)+M, (EC.15)

where the first inequality follows from assumptions (a) and (c), and the second inequality follows

from assumption (b). Therefore, we have EP[f(xxx,ξξξ)] ≤ L · diam(Ξ) +M for any P ∈ P(Ξ). It

follows from the definition of CN that CN ≤L · diam(Ξ)+M almost surely.

Next, we show the desired inequality. Note that almost surely, we have

υ̂N(0)≤ υ̂N(θ)≤ υ̂N(0)+
{
θ
[
υ̂N(1)− υ̂N(0)

]
+4θCN(1− θ)

}
, (EC.16a)

≤ υ̂N(0)+
[
2θCN +4θCN(1− θ)

]
, (EC.16b)

≤ υ̂N(0)+ 2θ(3− 2θ)
(
L · diam(Ξ)+M

)
. (EC.16c)

The first inequality in (EC.16a) follows from assumption (d), the second inequality in (EC.16a)

follows from part (i) of Theorem 3, (EC.16b) follows from Theorem 2, and (EC.16c) follows from

(EC.15). Multiplying both sides of inequality (EC.16c) by −1 and taking the expectation with

respect to PN , we obtain

−EPN [υ̂N(0)]− 2θ(3− 2θ)
(
L · diam(Ξ)+M

)
≤−EPN [υ̂N(θ)]≤−EPN [υ̂N(0)]. (EC.17)

Together with (EC.16a)–(EC.16c) and (EC.17), we have

υ̂N(0)−EPN [υ̂N(0)]− 2θ(3− 2θ)
(
L · diam(Ξ)+M

)
≤ υ̂N(θ)−EPN [υ̂N(θ)]

≤ υ̂N(0)−EPN [υ̂N(0)] + 2θ(3− 2θ)
(
L · diam(Ξ)+M

)
,

which implies that∣∣∣{υ̂N(θ)−EPN [υ̂N(θ)]
}
−
{
υ̂N(0)−EPN [υ̂N(0)]

}∣∣∣≤ 2θ(3− 2θ)
(
L · diam(Ξ)+M

)
(EC.18)

almost surely. Therefore, we have√
VarPN

(
υ̂N(θ)

)
=

√
EPN

[(
υ̂N(θ)−EPN [υ̂N(θ)]

)2]
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=

√
EPN

[((
υ̂N(0)−EPN [υ̂N(0)]

)
+
[(
υ̂N(θ)−EPN [υ̂N(θ)]

)
−
(
υ̂N(0)−EPN [υ̂N(0)]

)])2]
≤
√
EPN

[(
υ̂N(0)−EPN [υ̂N(0)]

)2]
+

√
EPN

[({
υ̂N(θ)−EPN [υ̂N(θ)]

}
−
{
υ̂N(0)−EPN [υ̂N(0)]

})2]
≤
√

VarPN

(
υ̂N(0)

)
+2θ(3− 2θ)

(
L · diam(Ξ)+M

)
,

where the first inequality follows from Minkowski’s inequality, and the second inequality follows

from (EC.18). This completes the proof. □

EC.1.13. Proof of Theorem 8

Proof. First, we prove the following lemma.

LEMMA EC.2. Let A1 and A2 be random variables, P be any probability distribution, and

θ ∈ (0,1). For any δ > 0, the following inequality holds.

P
(
(1− θ)A1+ θA2 > δ

)
≤ inf

γ∈[0,δ]

{
P
(
A1 >

γ

1− θ

)
+P
(
A2 >

δ− γ

θ

)}
(EC.19)

Proof of Lemma EC.2. Consider the event (1−θ)A1+θA2 > δ. We have eitherA1 > γ/(1−θ)
or A2 > (δ− γ)/θ for any γ ∈ [0, δ]. It follows from the union bound (Boole’s inequality) that

P
(
(1− θ)A1+ θA2 > δ

)
≤ P

(
A1 >

γ

1− θ

)
+P
(
A2 >

δ− γ

θ

)
(EC.20)

for any γ ∈ [0, δ]. Inequality (EC.19) follows directly from (EC.20), as the right-hand side of

(EC.20) holds for any γ ∈ [0, δ]. This completes the proof of Lemma EC.2. □

With Lemma EC.2, we are ready to derive the desired generalization bound as follows:

PN
(
sup
xxx∈X

{
EP⋆ [f(xxx,ξξξ)]− sup

P∈P ′
N,θ

EP[f(xxx,ξξξ)]

}
> δ

)

= PN
(
sup
xxx∈X

{
(1− θ) ·

(
EP⋆ [f(xxx,ξξξ)]−EP̂N

[f(xxx,ξξξ)]
)
+ θ ·

(
EP⋆ [f(xxx,ξξξ)]− sup

P∈PN

EP[f(xxx,ξξξ)]
)}

> δ

)

≤ PN
(
(1− θ) sup

xxx∈X

{
EP⋆ [f(xxx,ξξξ)]−EP̂N

[f(xxx,ξξξ)]

}
+ θ sup

xxx∈X

{
EP⋆ [f(xxx,ξξξ)]− sup

P∈PN

EP[f(xxx,ξξξ)]

}
> δ

)

≤ inf
γ∈[0,δ]

{
PN
(
sup
xxx∈X

{
EP⋆ [f(xxx,ξξξ)]−EP̂N

[f(xxx,ξξξ)]

}
>

γ

1− θ

)

+PN
(
sup
xxx∈X

{
EP⋆ [f(xxx,ξξξ)]− sup

P∈PN

EP[f(xxx,ξξξ)]

}
>
δ− γ

θ

)}
(EC.21a)

≤ inf
γ∈[0,δ]

{
αN,1

(
γ

1− θ

)
+αN,2

(
δ− γ

θ

)}
. (EC.21b)

Inequality (EC.21a) follows from (EC.19) and inequality (EC.21b) follows from (19) and (20).

□
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EC.1.14. Proof of Lemma 1

Proof. For brevity, all convergence, equalities and inequalities hold almost surely in this proof.

If f is uniformly bounded, i.e., supxxx∈X supξξξ∈Ξ f(xxx,ξξξ) <∞, then the desired inequality follows

immediately. Now, suppose that Assumption 3(a) holds. We can directly obtain an upper bound

from (22):

sup
P∈PN

EP|f(xxx,ξξξ)| ≤ sup
P∈P̂

EP[κ(ξξξ)] · diam(X )+ sup
P∈P̂

EP|f(xxx0,ξξξ)| :=M <∞ (EC.22)

for all sufficiently large N . Thus, we obtain limsupN→∞ supxxx∈X supP∈PN
EP|f(xxx,ξξξ)| ≤M by tak-

ing supremum over xxx∈X on both sides of (EC.22).

Now, suppose that Assumption 3(b) holds. Then, for any xxx∈X , we have

sup
P∈PN

EP[f(xxx,ξξξ)]≤
∣∣∣∣ sup
P∈PN

EP[f(xxx,ξξξ)]− sup
P∈P̂

EP[f(xxx,ξξξ)]

∣∣∣∣∣+sup
P∈P̂

EP[f(xxx,ξξξ)]

≤H(PN , P̂)+

{
sup
P∈P̂

EP[κ(ξξξ)] · diam(X )+ sup
P∈P̂

EP|f(xxx0,ξξξ)|

}
, (EC.23)

where the first term in (EC.23) follows from the definition of H(PN , P̂) and the second term in

(EC.23) follows from the same argument in (EC.22). Since H(PN , P̂)→ 0, (EC.23) implies that

limsup
N→∞

sup
xxx∈X

sup
P∈PN

EP|f(xxx,ξξξ)| ≤ sup
P∈P̂

EP[κ(ξξξ)] · diam(X )+ sup
P∈P̂

EP|f(xxx0,ξξξ)|<∞.

Finally, suppose that Assumption 3(c) holds. For any P∈PN identified as ppp∈RN
+ ,

∣∣EP[κ(ξξξ)]−EP̂N
[κ(ξξξ)]

∣∣= ∣∣∣∣∣
N∑
i=1

(
pi−

1

N

)
κ(ξ̂ξξi)

∣∣∣∣∣≤
∥∥∥∥ppp− 1

N
1

∥∥∥∥
∞
·
N∑
i=1

κ(ξ̂ξξi)

=
1

N
∥Nppp−1∥∞ ·

N∑
i=1

κ(ξ̂ξξi)

= ∥Nppp−1∥∞ ·EP̂N
[κ(ξξξ)]. (EC.24)

Hence, we have

limsup
N→∞

sup
P∈PN

EP[κ(ξξξ)]≤ limsup
N→∞

sup
P∈PN

{
EP̂N

[κ(ξξξ)] +
∣∣EP[κ(ξξξ)]−EP̂N

[κ(ξξξ)]
∣∣}

≤ limsup
N→∞

EP̂N
[κ(ξξξ)] + limsup

N→∞

{
sup
P∈PN

∥Nppp−1∥∞ ·EP̂N
[κ(ξξξ)]

}
(EC.25)

≤ limsup
N→∞

EP̂N
[κ(ξξξ)] +

(
limsup
N→∞

sup
P∈PN

∥Nppp−1∥∞

)(
limsup
N→∞

EP̂N
[κ(ξξξ)]

)



ec12 e-companion to Tsang and Shehadeh: On the Trade-Off Between Distributional Belief and Ambiguity

=

(
1+ limsup

N→∞
sup
P∈PN

∥Nppp−1∥∞

)(
limsup
N→∞

EP̂N
[κ(ξξξ)]

)
,

where the second term in (EC.25) follows from (EC.24). Since {ξ̂ξξi}Ni=1 are i.i.d. following P⋆,

the strong law of large numbers gives limsupN→∞EP̂N
[κ(ξξξ)] = EP⋆ [κ(ξξξ)] <∞. Moreover, since

limsupN→∞ supP∈PN
∥Nppp − 1∥∞ < ∞, we have limsupN→∞ supP∈PN

EP[κ(ξξξ)] < ∞. Using a

similar argument, we can obtain limsupN→∞ supP∈PN
EP|f(xxx0,ξξξ)|<∞. Therefore, we have

limsup
N→∞

sup
xxx∈X

sup
P∈PN

EP|f(xxx,ξξξ)| ≤ limsup
N→∞

{
sup
P∈PN

EP[κ(ξξξ)] · diam(X )+ sup
P∈PN

EP|f(xxx0,ξξξ)|

}
≤ limsup

N→∞
sup
P∈PN

EP[κ(ξξξ)] · diam(X )+ limsup
N→∞

sup
P∈PN

EP|f(xxx0,ξξξ)|<∞.

This completes the proof. □

EC.1.15. Proof of Theorem 9

Proof. For brevity, all convergence, equalities and inequalities hold almost surely in this proof.

First, we claim that the following uniform convergence holds:

sup
xxx∈X

∣∣∣∣∣
{
(1− θN) ·

1

N

N∑
i=1

f(xxx, ξ̂ξξi)+ θN · sup
P∈PN

EP[f(xxx,ξξξ)]

}
−EP⋆ [f(xxx,ξξξ)]

∣∣∣∣∣→ 0 (EC.26)

as N →∞. To prove (EC.26), note that

sup
xxx∈X

∣∣∣∣∣
{
(1− θN) ·

1

N

N∑
i=1

f(xxx, ξ̂ξξi)+ θN · sup
P∈PN

EP[f(xxx,ξξξ)]

}
−EP⋆ [f(xxx,ξξξ)]

∣∣∣∣∣
≤ (1− θN) · sup

xxx∈X

∣∣∣∣∣ 1N
N∑
i=1

f(xxx, ξ̂ξξi)−EP⋆ [f(xxx,ξξξ)]

∣∣∣∣∣+ θN · sup
xxx∈X

∣∣∣∣∣ supP∈PN

EP[f(xxx,ξξξ)]−EP⋆ [f(xxx,ξξξ)]

∣∣∣∣∣.
(EC.27)

Assumption 2 implies that the first term supxxx∈X
∣∣N−1

∑N
i=1 f(xxx, ξ̂ξξi)− EP⋆ [f(xxx,ξξξ)]

∣∣ converges to

zero. Next, for the second term, note that

θN · sup
xxx∈X

∣∣∣∣∣ supP∈PN

EP[f(xxx,ξξξ)]−EP⋆ [f(xxx,ξξξ)]

∣∣∣∣∣≤ θN

(
sup
xxx∈X

sup
P∈PN

EP|f(xxx,ξξξ)|+sup
xxx∈X

EP⋆|f(xxx,ξξξ)|

)
.

(EC.28)

Since limsupN→∞ supxxx∈X supP∈PN
EP|f(xxx,ξξξ)| ≤M by Lemma 1 and supxxx∈X EP⋆|f(xxx,ξξξ)| <∞,

the upper bound in (EC.28) converges to zero by θN = o(1). Therefore, the upper bound in (EC.27)

converges to zero, which shows (EC.26).
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Now, with the use of (EC.26), we can prove the desired asymptotic convergence results in a way

similar to Theorem 5.3 of Shapiro et al. (2014). For completeness, we also provide the details here.

To show assertion (i), note that

|υ̂N(θN)− υ⋆|=

∣∣∣∣∣min
xxx∈X

{
(1− θN) ·

1

N

N∑
i=1

f(xxx, ξ̂ξξi)+ θN · sup
P∈PN

EP[f(xxx,ξξξ)]

}
−min

xxx∈X
EP⋆ [f(xxx,ξξξ)]

∣∣∣∣∣
≤ sup

xxx∈X

∣∣∣∣∣
{
(1− θN) ·

1

N

N∑
i=1

f(xxx, ξ̂ξξi)+ θN · sup
P∈PN

EP[f(xxx,ξξξ)]

}
−EP⋆ [f(xxx,ξξξ)]

∣∣∣∣∣,
which converges to zero by (EC.26). Next, to show assertion (ii), suppose, on the contrary, that

D
(
X̂N(θN),X ⋆

)
→ 0 does not hold almost surely, i.e., P∞(D(X̂N(θN),X ⋆

)
̸→ 0

)
> 0. Consider a

data sequence such that the event D
(
X̂N(θN),X ⋆

)
̸→ 0 holds. Then, for some ϵ > 0, there exists a

sequence {xxxNj
}j∈N such thatxxxNj

∈ X̂Nj
(θNj

) and d
(
xxxNj

,X ⋆
)
> ϵ. Since X is compact by Assump-

tion 1, without loss of generality, we can assume that xxxNj
→ xxx for some xxx ∈ X . By continuity of

the distance function d, we have d(xxx,X ⋆) = limj→∞ d(xxxNj
,X ⋆)> ϵ. Thus, xxx ̸∈ X ⋆, which implies

that EP⋆ [f(xxx,ξξξ)]> υ⋆. However, note that∣∣∣EP⋆ [f(xxx,ξξξ)]− υ̂Nj
(θNj

)
∣∣∣≤ ∣∣∣EP⋆ [f(xxx,ξξξ)]−EP⋆ [f(xxxNj

,ξξξ)]
∣∣∣+ ∣∣∣EP⋆ [f(xxxNj

,ξξξ)]− υ̂Nj
(θNj

)
∣∣∣,

where the first term converges to zero by the continuity of EP⋆ [f(·,ξξξ)], and the second term con-

verges to zero by (EC.26). Therefore, we arrive at limj→∞ υ̂Nj
(θNj

) = EP⋆ [f(xxx,ξξξ)] > υ⋆, which

contradicts assertion (i) that limj→∞ υ̂Nj
(θNj

) = υ⋆. □

EC.1.16. Proof of Lemma 2

Proof. Recall that, following the convention in empirical process theory, we view P∈P(Ξ) as

an element in ℓ∞(H) defined as P(h) =EP(h) for h∈H. We divide the proof of the desired weak

convergence SN ⇒G′ into two steps.

Step 1. We first show that
(
SN(h1), . . . ,SN(hk)

)
⇒
(
G′(h1), . . . ,G′(hk)

)
for any finite sub-

set {h1, . . . , hk} ⊂ H. To prove this, we write SN =
√
N(1 − θN)(P̂N − P⋆) +

√
NθN(PN −

P⋆). Note that
√
N(P̂N − P⋆)(h1, . . . , hk) ⇒

(
G′(h1), . . . ,G′(hk)

)
by Assumption 4. Also, from

the assumption that θN = o(N−1/2), we have (1 − θN) → 1. Hence, for the first term in SN ,

we have (1 − θN) ·
√
N(P̂N − P⋆)(h1, . . . , hk) ⇒

(
G′(h1), . . . ,G′(hk)

)
by Slutsky’s Theorem

(see, e.g., Example 1.4.7 of van der Vaart and Wellner 1996). Next, for the second term in

SN , Lemma 1 implies that limsupN→∞ suph∈H supP∈PN
EP|h| ≤ M almost surely for some

constant M . Therefore, there exists constant M ′ such that limsupN→∞ |EPN
(h) − EP⋆(h)| ≤
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limsupN→∞ suph∈H supP∈PN
|EP(h)−EP⋆(h)| ≤M ′ for any PN ∈PN and h∈H (since EP⋆|h|<

∞). By assumption (b),
√
NθN converges to zero as N →∞ and hence,

√
NθN(PN −P⋆)(h) also

converges to zero almost surely. This implies that
√
NθN(PN −P⋆)(h1, . . . , hk)→ (0, . . . ,0)∈Rk

almost surely. Therefore, provoking Slutsky’s Theorem again, we obtain the desired convergence,

i.e.,
(
SN(h1), . . . ,SN(hk)

)
⇒
(
G′(h1), . . . ,G′(hk)

)
. This completes step 1.

Step 2. We show that SN is asymptotically tight. Note that for any ε > 0,

limsup
δ→0

limsup
N→∞

PN
(

sup
∥h−h′∥L2(P⋆)<δ

∣∣SN(h−h′)
∣∣≥ ε

)
(EC.29a)

≤ limsup
δ→0

limsup
N→∞

PN
(

sup
∥h−h′∥L2(P⋆)<δ

∣∣(1− θN)
√
N(P̂N −P⋆)(h−h′)

∣∣≥ ε

2

)
(EC.29b)

+ limsup
δ→0

limsup
N→∞

PN
(

sup
∥h−h′∥L2(P⋆)<δ

∣∣θN√N(PN −P⋆)(h−h′)
∣∣≥ ε

2

)
. (EC.29c)

Since
√
N(1− θN)(P̂N −P⋆)⇒G′, the sequence {

√
N(1− θN)(P̂N −P⋆)}N∈N is asymptotically

tight. Therefore, (EC.29b) equals zero by Theorem 1.5.7 of van der Vaart and Wellner (1996). Now,

we show that (EC.29c) also vanishes. It suffices to show that the sequence {
√
NθN(PN −P⋆)}N∈N

is asymptotically tight. Note that

QN(h) :=
√
NθN(PN −P⋆)(h) =

√
NθN [EPN

(h)−EP⋆(h)].

By assumption (a), the metric space (H,∥·∥L2(P⋆)) is totally bounded. Also, as shown earlier (in

step 1), QN(h) converges to zero almost surely. It follows by Theorem 1.5.4 of van der Vaart

and Wellner (1996) that QN(h) is asymptotically tight for any h ∈H. Next, we claim that QN is

asymptotically uniform equicontinuous in probability, i.e., for any ε > 0, and η > 0, there exists

δ > 0 such that

limsup
N→∞

PN
(

sup
∥h−h′∥L2(P⋆)<δ

|QN(h−h′)|> ε

)
< η.

For notational simplicity, we write ∥h−h′∥= ∥h−h′∥L2(P⋆). Note that

sup
∥h−h′∥<δ

∣∣QN(h−h′)
∣∣= sup

∥h−h′∥<δ

∣∣√NθN(PN −P⋆)(h−h′)
∣∣

≤
√
NθN sup

∥h−h′∥<δ

{∣∣PN(h−h′)
∣∣+ ∣∣P⋆(h−h′)

∣∣}
≤
√
NθN sup

∥h−h′∥<δ

∣∣PN(h−h′)
∣∣+√

NθN sup
∥h−h′∥<δ

∣∣P⋆(h−h′)
∣∣.



e-companion to Tsang and Shehadeh: On the Trade-Off Between Distributional Belief and Ambiguity ec15

Therefore, we have

PN
(

sup
∥h−h′∥L2(P⋆)<δ

|QN(h−h′)|> ε

)
≤ PN

(√
NθN sup

∥h−h′∥<δ
|PN(h−h′)|> ε

2

)
+PN

(√
NθN sup

∥h−h′∥<δ
|P⋆(h−h′)|> ε

2

)
=:AN +BN . (EC.30)

Consider the term BN in (EC.30). For any h and h′ such that ∥h−h′∥< δ, we have |P⋆(h−h′)|=

|EP⋆(h−h′)| ≤EP|h−h′| ≤
√

EP⋆ [(h−h′)2] = ∥h−h′∥< δ, where the second inequality follows

from Cauchy-Schwartz inequality. Also, by assumption (b), we have
√
NθN = o(1). Therefore,

limsup
N→∞

BN ≤ P∞
(
limsup
N→∞

{√
NθNδ

}
>
ε

2

)
= 0. (EC.31)

Consider the term AN in (EC.30). Note that for any PN ∈PN ,

sup
∥h−h′∥<δ

EPN
|h−h′| ≤ 2 sup

h∈H
EPN

|h| ≤ 2 sup
h∈H

sup
P∈PN

EP|h|. (EC.32)

By Lemma 1, (EC.32) implies that limsupN→∞ sup∥h−h′∥<δ EPN
|h − h′| ≤ M ′′ almost surely

for some constant M ′′. Since
√
NθN = o(1), we have limsupN→∞

{√
NθN sup∥h−h′∥<δ EPN

|h−

h′|
}
= 0. Therefore, we have

limsup
N→∞

AN ≤ P∞
(
limsup
N→∞

{√
NθN sup

∥h−h′∥<δ
EPN

|h−h′|
}
>
ε

2

)
= 0. (EC.33)

Combining (EC.31) and (EC.33) with (EC.30), we have

0≤ limsup
N→∞

PN
(

sup
∥h−h′∥L2(P⋆)<δ

|QN(h−h′)|> ε

)
≤ limsup

N→∞
AN + limsup

N→∞
BN ≤ 0. (EC.34)

Since (EC.34) holds for any δ > 0, this shows that QN is asymptotically uniform continuous in

probability. Since (a) the metric space (H,∥·∥L2(P⋆)) is totally bounded, (b) QN(h) is asymptoti-

cally tight for any h ∈H, and (c) QN is asymptotically uniform continuous in probability, QN is

asymptotically tight by Theorem 1.5.7 of van der Vaart and Wellner (1996), implying that (EC.29c)

equals zero. Since both (EC.29b) and (EC.29c) equal zero, (EC.29a) also equals zero, showing that

the sequence {SN}N∈N is asymptotically tight. This completes step 2.

Combining the two steps, we have (a) {SN} is asymptotically tight and (b) the marginals(
SN(h1), . . . ,SN(hk)

)
converge weakly to

(
G′(h1), . . . ,G′(hk)

)
. It follows from Theorem 1.5.4 of

van der Vaart and Wellner (1996) that SN ⇒G′. □
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EC.1.17. Proof of Theorem 10

Proof. By our assumption, there exists P⋆N ∈ argmaxP∈PN
EP[f(xxx,ξξξ)] such that P⋆N ∈ PN for

any xxx∈X . Thus, by Lemma 2, we have

√
N

[
(1− θN)P̂N(·)+ θN sup

P∈PN

P(·)−P⋆(·)
]
⇒G′(·) in ℓ∞(H), (EC.35)

where supP∈PN
P(·) ∈ PN denotes the worst-case distribution of the input function h ∈H. Recall

that H = {f(xxx, ·) | xxx ∈ X}. Note that the map from ℓ∞(H) to ℓ∞(X ) given by g(·) 7→ g(h(·, ·))
is continuous, where ℓ∞(X ) is the Banach space of bounded functions ψ : X → R equipped with

the supremum norm ∥ψ∥= supxxx∈X |ψ(xxx)|. By continuous mapping theorem (see Theorem 1.3.6 of

van der Vaart and Wellner 1996), (EC.35) implies that

√
N

[
(1− θN)EP̂N

[f(·,ξξξ)] + θN sup
P∈PN

EP[f(·,ξξξ)]−EP⋆ [f(·,ξξξ)]
]
⇒G(·) in ℓ∞(X ). (EC.36)

Consider the functional V : ℓ∞(X )→R by V (ψ) = infxxx∈X ψ(xxx). Since X is compact by Assump-

tion 1, the Hadamard directional derivative of V at ψ is given by V ′
ψ(ϕ) = infxxx∈B(ψ) ϕ(xxx), where

B(ψ) = argminxxx∈X ψ(xxx) (see, e.g., Corollary 2.2 of Cárcamo et al. 2020). Thus, together with

(EC.36), applying the Delta’s method (see, e.g., Theorem 2.2 of Cárcamo et al. 2020), we obtain

the desired assertions: (i)
√
N(υ̂N − υ⋆)⇒ infxxx∈X ⋆ G(xxx) and (ii)

υ̂N − υ⋆ = inf
xxx∈X ⋆

{
(1− θN)EP̂N

[f(xxx,ξξξ)] + θN sup
P∈PN

EP[f(xxx,ξξξ)]−EP⋆ [f(xxx,ξξξ)]

}
+ oP⋆(N−1/2).

(EC.37)

Finally, since −∞ < υ⋆ = EP⋆ [f(xxx,ξξξ)] for any xxx ∈ X ⋆, (EC.37) directly implies υ̂N =

infxxx∈X ⋆

{
(1−θN)EP⋆ [f(xxx,ξξξ)]+θN supP∈PN

EP[f(xxx,ξξξ)]
}
+oP⋆(N−1/2). This completes the proof.

□

EC.1.18. Proof of Theorem 11

Proof. Using (23), we can rewrite the objective function of the TRO model with shape param-

eter PN,rN as follows:

sup
P∈P ′

N,θ

EP[f(xxx,ξξξ)] = (1− θN)EP̂N
[f(xxx,ξξξ)] + θN sup

P∈PN,rN

EP[f(xxx,ξξξ)]

=EP̂N
[f(xxx,ξξξ)] +

(
θNr

γ
N

)
gN(xxx)+

(
θNr

γ
N

)
εN(xxx),

which resembles the expansion (23) with rγN replaced by θNr
γ
N . Thus, we can prove the desired

assertions by following the same proof techniques of Theorem 1 in Blanchet and Shapiro (2023).

□
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EC.2. Additional Discussions
EC.2.1. Differences between the Huber Contamination Model and Our TRO Model

As mentioned in Section 1, the form of our TRO ambiguity set resembles those considered in

robust statistics, particularly in Huber contamination models (Huber 1964). However, the underly-

ing idea of the Huber contamination model fundamentally differs from that of our TRO model. In

robust statistics, the Huber contamination model is used to address data contamination or outliers.

Specifically, in this model, the data {ξ̂ξξi}Ni=1 is assumed to be drawn from a mixture distribution

(1− ε)P0 + εQ, where P0 is the distribution of interest (e.g., the true distribution), Q ∈P(Ξ) rep-

resents some arbitrary distribution, and ε represents the contamination ratio (see, e.g., Chen et al.

2018, Copas 1988, Huber 1964, Mu and Xiong 2023). This stream of literature often focuses on

developing statistical procedures to estimate the distribution of interest P0. In contrast, as discussed

in Section 1, we consider the case where the true distribution P⋆ of ξξξ is unknown. We assume that

one has a (potentially small) set of historical observations {ξ̂ξξi}Ni=1 of ξξξ from the unknown true dis-

tribution P⋆ (i.e., we do not assume that the data is contaminated). Our TRO model is an alternative

approach for modeling uncertainty in problem (1) that serves as a middle ground between the opti-

mistic approach, which adopts a distributional belief, and the pessimistic approach, which protects

against distributional ambiguity. The TRO ambiguity set P ′
N,θ =

{
(1− θ)P̂N + θQ |Q ∈PN

}
is a

key ingredient of our TRO model in (4). The size parameter θ ∈ [0,1] controls the trade-off between

solving the problem under a distributional belief and solving it under the worst-case distribution

that resides in the shape parameter PN . Hence, θ plays a different role in our model than ε in the

Huber contamination model (which quantifies the contamination level in the data).

EC.2.2. Additional Clarification Related to Remark 1

Suppose that the (data-driven) ambiguity set PN,α satisfies PN(P⋆ ∈PN,α)≥ 1−α for some small

α ∈ (0,1). In this case, the set PN,α potentially consists of a wide range of distributions such

that EPN [υ̂N(θ) | P⋆ ∈ PN,α] ≥ υ⋆ +∆(α) for some ∆(α) > 0, i.e., the expected value of υ̂N(θ)

(conditional on P⋆ ∈ PN,α) is strictly greater than the true optimal value υ⋆. If the function f is

bounded from below, say, f(xxx,ξξξ)≥M for all xxx∈X and ξξξ ∈Ξ, then

EPN [υ̂N(θ)] = PN(P⋆ ∈PN,α)EPN [υ̂N(θ) | P⋆ ∈PN,α] +PN(P⋆ ̸∈ PN,α)EPN [υ̂N(θ) | P⋆ ̸∈ PN,α]

≥ (1−α)[υ⋆+∆(α)] +MPN(P⋆ ̸∈ PN,α). (EC.38)

If we pick a sufficiently small α, the probability PN(P⋆ ̸∈ PN,α) can be arbitrarily small since it

satisfies PN(P⋆ ̸∈ PN,α) ≤ α. As α decreases, the value of ∆(α) is non-decreasing since PN,α
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consists of a larger number of distributions. Thus, the first term in (EC.38) increases when α

decreases. Therefore, we can choose α sufficiently small such that EPN [υ̂N(θ)]≥ υ⋆.

EC.3. An Example of a Sequence of TRO Ambiguity Sets

Let P̂N = δ0, i.e., the Dirac measure on 0, and PN = {(1− t)δ1 + tδe | t ∈ [0,1], e ∈ {0,2}}. That

is, PN contains the one-point distributions {δ0, δ1, δ2}, as well as all two-point distributions with

support on either {0,1} or {1,2}. Note that PN is star-shaped with a star center δ1. Indeed, for any

α ∈ [0,1] and Q= (1− t)δ1+ tδe ∈PN , we have

(1−α)δ1+αQ= (1−α)δ1+α
[
(1− t)δ1+ tδe

]
= (1−αt)δ1+αtδe ∈PN

since αt∈ [0,1]. However, P̂N = δ0 is not a star center. To see this, note that

1

2
δ0+

1

2

(
1

2
δ1+

1

2
δ2

)
=

1

2
δ0+

1

4
δ1+

1

4
δ2 ̸∈ PN

since it is a three-point distribution.

Now, we show that P ′
N,θ is not non-decreasing. In particular, we show that for any 0< θ1 < θ2 ≤

1, there exists M ∈ P ′
N,θ1

but M ̸∈ P ′
N,θ2

. Indeed, since 1
2
δ1 +

1
2
δ2 ∈ PN , we construct the measure

M∈P ′
N,θ1

as follows:

M= (1− θ1)δ0+ θ1

(
1

2
δ1+

1

2
δ2

)
. (EC.39)

We show that M defined in (EC.39) does not belong to P ′
N,θ2

. Note that

M= (1− θ1)δ0+ θ1

(
1

2
δ1+

1

2
δ2

)
= (1− θ2)δ0+(θ2− θ1)δ0+ θ1

(
1

2
δ1+

1

2
δ2

)
= (1− θ2)δ0+ θ2

{(
1− θ1

θ2

)
δ0+

θ1
θ2

(
1

2
δ1+

1

2
δ2

)}
.

Since (1− θ1
θ2
)δ0 +

θ1
θ2
(1
2
δ1 +

1
2
δ2) is a three-point distribution that does not belong to PN , we have

M ̸∈ P ′
N,θ2

.

EC.4. Robust Optimization Ambiguity Set

PROPOSITION EC.1. For a fixed xxx∈X , if there exists ξξξ0 ∈ U such that f(xxx,ξξξ0)≥ f(xxx, ξ̂ξξi) for

all i ∈ {1, . . . ,N}, then supξξξ∈U f(xxx,ξξξ) = supP∈PN
EP[f(xxx,ξξξ)], where PN = conv

(
P̂N ∪

{
δξξξ | ξξξ ∈

U
})

.
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Proof. First, if supξξξ∈U f(xxx,ξξξ) = ∞, then there exists a sequence {ξξξj}j∈N ⊂ U such that

f(xxx,ξξξj) → ∞ as j → ∞. Since ξξξj ∈ U , we have δξξξj ∈ PN and Eδξξξj [f(xxx,ξξξ)] = f(xxx,ξξξj) → ∞ as

j→∞. This shows that supP∈PN
EP[f(xxx,ξξξ)] =∞.

Now, assume that supξξξ∈U f(xxx,ξξξ) <∞, and thus f(xxx,ξξξ) <∞ for all ξξξ ∈ U . Note that for any

P ∈ PN , by definition of PN , there exists K ∈N, λ ∈ [0,1], and {αk}Kk=1 ⊆ [0,1] with αk ≥ 0 and∑K
k=1αk = 1 such that P= (1−λ)P̂N +λ

∑K
k=1αiδξ̄ξξk for some ξ̄ξξk ∈ U , k ∈ {1, . . . ,K}. Then,

sup
P∈PN

EP[f(xxx,ξξξ)]

= sup

{
(1−λ) · 1

N

N∑
i=1

f(xxx, ξ̂ξξi)+λ

K∑
k=1

αkf(xxx, ξ̄ξξk)

∣∣∣∣∣ K ∈N, λ∈ [0,1], αk ∈ [0,1],∑K
k=1αk = 1, ξ̄ξξk ∈ U , k ∈ {1, . . . ,K}

}
(EC.40a)

= sup
λ∈[0,1]

{
(1−λ) · 1

N

N∑
i=1

f(xxx, ξ̂ξξi)+λ · sup

{
K∑
k=1

αkf(xxx, ξ̄ξξk)

∣∣∣∣∣ K ∈N, αk ∈ [0,1],
∑K

k=1αk = 1,

ξ̄ξξk ∈ U , k ∈ {1, . . . ,K}

}}

= sup
λ∈[0,1]

{
(1−λ) · 1

N

N∑
i=1

f(xxx, ξ̂ξξi)+λ · sup
ξξξ∈U

f(xxx,ξξξ)

}
(EC.40b)

= sup
ξξξ∈U

f(xxx,ξξξ). (EC.40c)

Equality (EC.40a) follows from P∈PN and the definition of PN . Equality (EC.40b) follows from

the fact that

K∑
k=1

αkf(xxx, ξ̄ξξk)≤ sup
ξξξ∈U

f(xxx,ξξξ)≤ sup

{
K∑
k=1

αkf(xxx, ξ̄ξξk)

∣∣∣∣∣ K ∈N, αk ∈ [0,1],
∑K

k=1αk = 1,

ξ̄ξξk ∈ U , k ∈ {1, . . . ,K}

}
(EC.41)

for any k ∈N, αk ∈ [0,1] and ξ̄ξξk ∈ U for k ∈ {1, . . . ,K} with
∑K

k=1αk = 1. Here, the first inequal-

ity in (EC.41) follows from f(xxx, ξ̄ξξ)≤ supξξξ∈U f(xxx,ξξξ) for all ξ̄ξξ ∈ U while the second inequality in

(EC.41) follows from letting K = 1. Taking supremum over K, {αk}Kk=1 and {ξ̄ξξk}Kk=1 in (EC.41),

we obtain the desired equality in (EC.40b). Finally, equality (EC.40c) follows from the fact that

λ= 1 is optimal to (EC.40b) since

f(xxx, ξ̂ξξi)≤ f(xxx,ξξξ0)≤ sup
ξξξ∈U

f(xxx,ξξξ)

for all i ∈ {1, . . . ,N}, where the first inequality follows from our assumption that f(xxx,ξξξ0) ≥

f(xxx, ξ̂ξξi) for all i∈ {1, . . . ,N}. This shows that (1/N)
∑N

i=1 f(xxx, ξ̂ξξi)≤ supξξξ∈U f(xxx,ξξξ). □
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EC.5. Convergence of Distance-Based Ambiguity Sets

PROPOSITION EC.2. Consider the distance-based ambiguity set PN = {P ∈ P(Ξ) |

d(P, P̂N)≤ r} for some radius r > 0, where d is any statistical distance satisfying

(i) (normalization) d(P,P) = 0 for any P∈P(Ξ),

(ii) (symmetry) d(P1,P2) = d(P2,P1) for any {P1,P2} ⊆P(Ξ),

(iii) (triangle inequality) d(P1,P2)≤ d(P1,P3)+ d(P3,P2) for any {P1,P2,P3} ⊆P(Ξ), and

(iv) (convexity) d is convex in the first argument.

Let P̂ = {P ∈ P(Ξ) | d(P,P⋆)≤ r}. If ∆ := supP1∈P(Ξ),P2∈P(Ξ)d(P1,P2)<∞ and d(P̂N ,P⋆)→ 0

almost surely, then H(PN , P̂)→ 0 almost surely as N →∞.

Proof. The idea of the proof follows from the proof of Hoffman’s Lemma for moment problems

(see Theorem 2 in Liu et al. 2019). First, we claim that for any P1 ∈ PN , (1− ρ)P1 + ρP⋆ ∈ P̂ ,

where ρ= d(P̂N ,P⋆)/
(
r+ d(P̂N ,P⋆)

)
. To see this, note that

d
(
(1− ρ)P1+ ρP⋆,P⋆

)
≤ (1− ρ)d(P1,P⋆)

≤ r

r+ d(P̂N ,P⋆)

[
d(P1, P̂N)+ d(P̂N ,P⋆)

]
≤ r

r+ d(P̂N ,P⋆)

[
r+ d(P̂N ,P⋆)

]
= r, (EC.42)

where the first inequality follows from properties (iv) and (i), the second inequality follows from

the definition of ρ and property (iii). Then, we have

D(P1, P̂) = inf
P∈P̂

d(P1,P)≤ d
(
P1, (1− ρ)P1+ ρP⋆

)
= sup
xxx∈X

∣∣∣∣EP1 [f(xxx,ξξξ)]−
{
(1− ρ)EP1 [f(xxx,ξξξ)] + ρEP⋆ [f(xxx,ξξξ)]

}∣∣∣∣
= ρ sup

xxx∈X

∣∣∣∣EP1 [f(xxx,ξξξ)]−EP⋆ [f(xxx,ξξξ)]

∣∣∣∣
=

d(P̂N ,P⋆)
r+ d(P̂N ,P⋆)

·d(P1,P⋆)≤
∆

r
· d(P̂N ,P⋆), (EC.43)

where the last inequality follows from the fact that d(P̂N ,P⋆)≥ 0 and d(P1,P⋆)≤∆. This implies

that supP1∈PN
D(P1, P̂) ≤ (∆/r)d(P̂N ,P⋆). Similarly, following a similar argument in (EC.42),

we can show that for any P2 ∈ P̂ , (1− τ)P2 + τ P̂N ∈ PN , where τ = d(P⋆, P̂N)/
(
r+ d(P⋆, P̂N)

)
.

A similar argument as in (EC.43) shows that

D(P2, P̂N)≤
∆

r
· d(P⋆, P̂N) =

∆

r
· d(P̂N ,P⋆),
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where the last inequality follows from property (ii). This implies that supP2∈P̂D(P2, P̂N) ≤

(∆/r)d(P̂N ,P⋆). Therefore, we have

H(PN , P̂) =max

{
sup

P1∈PN

D(P1, P̂), sup
P2∈P̂

D(P2,PN)

}
≤ ∆

r
· d(P̂N ,P⋆)→ 0

almost surely as N →∞. □

EC.6. Some Quantitative Stability Analysis Results

Consider two DRO models with two different ambiguity sets:

υi = inf
xxx∈X

sup
P∈Pi

EP[f(xxx,ξξξ)]

for i ∈ {1,2}, where we assume that υi is finite and the set of optimal solutions X ⋆
i is non-empty.

In quantitative stability analysis, we analyze how the change in the ambiguity set would affect the

optimal value and the set of optimal solutions to the DRO model. In this appendix, we summarize

some relevant results in the existing literature, in particular, the upper bounds on the differences

between the optimal values and the set of optimal solutions from the two DRO models (see, e.g.,

Liu and Xu 2013, Pichler and Xu 2022, Sun and Xu 2016). For the sake of completeness, we also

provide the proof of these results.

PROPOSITION EC.3. The (pointwise) absolute difference between the two objective functions

is upper bounded by the Hausdorff distance between the two ambiguity sets, i.e., for any xxx∈X ,∣∣∣∣ sup
Q∈P1

EQ[f(xxx,ξξξ)]− sup
Q′∈P2

EQ′ [f(xxx,ξξξ)]

∣∣∣∣≤H(P1,P2). (EC.44)

Proof. By definition of the pseudometric d in (11), for any Q ∈ P1 and Q′ ∈ P2, we have∣∣EQ[f(xxx,ξξξ)]−EQ′ [f(xxx,ξξξ)]
∣∣≤ d(Q,Q′) for all xxx∈X . Since

sup
Q∈P1

EQ[f(xxx,ξξξ)]− sup
Q′∈P2

EQ′ [f(xxx,ξξξ)] = sup
Q∈P1

inf
Q′∈P2

{
EQ[f(xxx,ξξξ)]−EQ′ [f(xxx,ξξξ)]

}
≤ sup

Q∈P1

inf
Q′∈P2

d(Q,Q′)

and

sup
Q′∈P2

EQ′ [f(xxx,ξξξ)]− sup
Q∈P1

EQ[f(xxx,ξξξ)] = sup
Q′∈P2

inf
Q∈P1

{
EQ′ [f(xxx,ξξξ)]−EQ[f(xxx,ξξξ)]

}
≤ sup

Q′∈P2

inf
Q∈P1

d(Q,Q′),
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we obtain∣∣∣∣ sup
Q∈P1

EQ[f(xxx,ξξξ)]− sup
Q′∈P2

EQ′ [f(xxx,ξξξ)]

∣∣∣∣≤max

{
sup
Q∈P1

inf
Q′∈P2

d(Q,Q′), sup
Q′∈P2

inf
Q∈P1

d(Q,Q′)

}
=H(P1,P2).

This completes the proof. □

PROPOSITION EC.4. The following assertions hold.

(i) |υ1− υ2| ≤H(P1,P2).

(ii) If, in addition, supP∈P1
E[f(xxx,ξξξ)] satisfies the second order growth condition at X ⋆

1 , i.e., there

exists τ > 0 such that

sup
P∈P1

E[f(xxx,ξξξ)]≥ υ1+ τ [d(xxx,X ⋆
1 )]

2

for all xxx∈X , then

D(X ⋆
2 ,X ⋆

1 )≤
√

3

τ
H(P1,P2).

Proof. Part (i) follows directly from

|υ1− υ2|=
∣∣∣∣ infxxx∈X

sup
P∈P1

EP[f(xxx,ξξξ)]− inf
xxx∈X

sup
P∈P2

EP[f(xxx,ξξξ)]

∣∣∣∣
≤ sup

xxx∈X

∣∣∣∣ sup
Q∈P1

EQ[f(xxx,ξξξ)]− sup
Q′∈P2

EQ′ [f(xxx,ξξξ)]

∣∣∣∣
≤H(P1,P2),

where the last inequality follows from Proposition EC.3. For part (ii), suppose, on the contrary,

that

D(X ⋆
2 ,X ⋆

1 ) = sup
xxx∈X ⋆

2

d(xxx,X ⋆
1 )>

√
3

τ
H(P1,P2).

Then, there exists xxx ∈ X ⋆
2 such that d(xxx,X ⋆

1 )>
√

3τ−1H(P1,P2). The second order growth con-

dition implies that

sup
P∈P1

E[f(xxx,ξξξ)]− υ1 ≥ τ
[
d(xxx,X ⋆

1 )
]2
> 3H(P1,P2). (EC.45)

However, by Proposition EC.3 and part (i), we have

sup
P∈P1

E[f(xxx,ξξξ)]− υ1 ≤
{

sup
P∈P2

E[f(xxx,ξξξ)] +H(P1,P2)

}
−
[
υ2−H(P1,P2)

]
= sup

P∈P2

E[f(xxx,ξξξ)]− υ2+2H(P1,P2)

= 2H(P1,P2),

where the first equality follows from xxx∈X ⋆
2 . Thus, this contradicts with (EC.45). □
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EC.7. Details of Numerical Experiments
EC.7.1. Inventory Control – Reformulations

Recall the TRO model (24) under shape parameters (a)–(d) in Table 1. This model cannot be solved

directly because of the inner supremum problem supP∈PN
EP
[
(ξ − x)+ − ξ

]
. In this section, we

provide tractable reformulation to this inner supremum problem, and thus our TRO model.

First, consider ambiguity set (a) in Table 1. Using the worst-case distribution derived in Gallego

and Moon (1993), we have

sup
P∈PN

EP
[
(ξ−x)+− ξ

]
=


1

2

[
− (x− µ̂N)+

√
σ̂2
N +(x− µ̂N)2

]
− µ̂N if x≥ σ̂2

N + µ̂2
N

2µ̂N
,

− µ̂2
N

σ̂2
N + µ̂2

N

x if 0≤ x≤ σ̂2
N + µ̂2

N

2µ̂N
.

Therefore, the TRO model under set (a) is equivalent to

minimize
x≥0

(c−h)x+(p−h)

{
(1− θ)

1

N

N∑
i=1

[
(ξ̂i−x)+− ξ̂i

]
+ θ

[{
1

2

[√
σ̂2
N +(x− µ̂N)2− (x− µ̂N)

]
− µ̂N

}
·1

x≥
µ̂2
N

+σ̂2
N

2µ̂N

− µ̂2
N

µ̂2
N + σ̂2

N

x ·1
0≤x≤

µ̂2
N

+σ̂2
N

2µ̂N

]}
.

Next, consider ambiguity set (b) in Table 1. Applying the reformulation in Lee et al. (2021), we

have

sup
P∈PN

EP
[
(ξ−x)+− ξ

]
= r+

1

N

N∑
i=1

[
(ξ̂i−x)+− ξ̂i

]
.

Therefore, the TRO model under set (b) is equivalent to

minimize
x≥0

(c−h)x+(p−h)
{
(1−θ) 1

N

N∑
i=1

[
(ξ̂i−x)+− ξ̂i

]
+θ

{
r+

1

N

N∑
i=1

[
(ξ̂i−x)+− ξ̂i

]}}
.

Now, consider ambiguity set (c) in Table 1. By the strong duality result for ϕ-divergence DRO

problems in Bayraksan and Love (2015), we have

sup
P∈PN

EP
[
(ξ−x)+− ξ

]
= inf

λ≥0, τ

{
τ +λr− λ

N

N∑
i=1

log

(
1− (ξ̂i−x)+− ξ̂i− τ

λ

)}
,

where −0 log(1 − s/0) = 0 for s ≤ 0 and −0 log(1 − s/0) = ∞ for s > 0. Therefore, the TRO

model under set (c) is equivalent to

minimize
x≥0, λ≥0, τ

(c−h)x+(p−h)

{
(1− θ)

1

N

N∑
i=1

[
(ξ̂i−x)+− ξ̂i

]
+ θ

{
τ +λr− λ

N

N∑
i=1

log

(
1− (ξ̂i−x)+ − ξ̂i− τ

λ

)}}
.
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Finally, consider the ambiguity set (d) in Table 1. For notational simplicity, let γ :=

tN−1,α/2σ̂N/
√
N . Then, we have

sup
P∈PN

EP
[
(ξ−x)+− ξ

]
= sup

ξ≥0:|ξ−µ̂N |≤γ

{
(ξ−x)+− ξ

}
=max

{
−x,−(µ̂N − γ)+

}
,

where the last equality follows from the fact that (ξ− x)+ − ξ =max{−x,−ξ} and the objective

function is non-increasing in ξ. Thus, the supremum over ξ ∈ [(µ̂N −γ)+, µ̂N +γ] is attained at the

lower bound. Therefore, the TRO model under set (d) is equivalent to

minimize
x≥0

(c−h)x+(p−h)

{
(1− θ)

1

N

N∑
i=1

[
(ξ̂i−x)+ − ξ̂i

]
+ θmax

{
−x,−(µ̂N − γ)+

}}
.

EC.7.2. Inventory Control – Ambiguity Set (d)

We show that ambiguity set (d) in Table 1, i.e., PN = {δξ | |ξ− µ̂N | ≤ tN−1,α/2σ̂N/
√
N}, satisfies

Assumption 3(b). Recall that f(x, ξ) = (ξ − x)+ − ξ, which is Lipschitz in ξ with modulus 1. We

claim that H(PN , P̂)→ 0 as N →∞ almost surely, where P̂ = {δµ⋆} with µ⋆ =EP⋆(ξ). Indeed,

H(PN , P̂) = sup
P∈PN

D(P, P̂) = sup
ξ≥0:|ξ−µ̂N |≤tN−1,α/2σ̂N/

√
N

sup
x≥0

∣∣f(x, ξ)− f(x,µ⋆)| (EC.46a)

≤ sup
ξ≥0:|ξ−µ̂N |≤tN−1,α/2σ̂N/

√
N

|ξ−µ⋆| (EC.46b)

=max

{∣∣∣∣(µ̂N − tN−1,α/2
σ̂N√
N

)
+

−µ⋆

∣∣∣∣∣,
∣∣∣∣µ̂N + tN−1,α/2

σ̂N√
N

−µ⋆

∣∣∣∣∣
}

(EC.46c)

→ 0

almost surely. Here, (EC.46a) follows from the definitions in (12) and (11), and that

supP∈P̂D(P, P̂) ≤ supP∈PN
D(P, P̂); (EC.46b) follows from the Lipschitz continuity of f(x, ξ)

in ξ; (EC.46c) follows from the fact that the supremum over a compact interval of the absolute

value function |ξ − µ⋆| is attained either at the lower or the upper bound of the interval. Finally,

by the strong law of large numbers, |µ̂N − µ⋆| → 0 and |σ̂N − σ⋆| → 0 almost surely, where

σ⋆ = VarP⋆(ξ) <∞. Also, tN−1,α/2 → zα/2 <∞, where zα/2 is the upper (1− α)/2-th quantile

of a standard normal distribution. Thus, we have (EC.46c) converges to zero almost surely. Thus,

ambiguity set (d) satisfies Assumption 3(b).
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EC.7.3. Portfolio Optimization – Reformulations

Recall the TRO model (28) under shape paraemters (a)–(c) in Table 4. Again, this model cannot

be solved directly because of the inner supremum problem supP∈PN
EP[f(xxx, t,ξξξ)]. In this section,

we provide tractable reformulation to this inner supremum problem, and thus our TRO model.

First, consider ambiguity set (a) in Table 4. By Lemma 2.2 and Lemma 2.4 of Chen et al. (2011),

we have

sup
P∈PN

EP[f(xxx, t,ξξξ)] = (1− β)t− βxxx⊤µ̂N +
1− β

1−α
· 1
2

[
−xxx⊤µ̂µµN − t+

√
xxx⊤Σ̂ΣΣNxxx+(−xxx⊤µ̂µµN − t)2

]
.

Therefore, the TRO model under set (a) is equivalent to

minimize
xxx∈X , t∈R

(1− θ) · 1
N

N∑
i=1

{
(1− β)t+ β(−xxx⊤ξ̂ξξi)+

1− β

1−α
(−xxx⊤ξ̂ξξi− t)+

}

+ θ

{
(1− β)t− βxxx⊤µ̂N +

1− β

1−α
· 1
2

[
−xxx⊤µ̂µµN − t+

√
xxx⊤Σ̂ΣΣNxxx+(−xxx⊤µ̂µµN − t)2

]}
.

Now, consider ambiguity set (b) in Table 4. By Theorem 6.3 of Mohajerin Esfahani and Kuhn

(2018), we have

sup
P∈PN

EP[f(xxx, t,ξξξ)] = (1−β)t+r
(
β+

1− β

1−α

)
∥xxx∥∞+

1

N

N∑
i=1

[
β(−xxx⊤ξ̂ξξi)+

1− β

1−α
(−xxx⊤ξ̂ξξi− t)+

]
.

Therefore, the TRO model under set (b) is equivalent to

minimize
xxx∈X , t∈R

(1− θ) · 1
N

N∑
i=1

{
(1− β)t+ β(−xxx⊤ξ̂ξξi)+

1− β

1−α
(−xxx⊤ξ̂ξξi− t)+

}

+ θ

{
(1− β)t+ r

(
β+

1− β

1−α

)
∥xxx∥∞ +

1

N

N∑
i=1

[
β(−xxx⊤ξ̂ξξi)+

1− β

1−α
(−xxx⊤ξ̂ξξi− t)+

]}
.

Finally, consider ambiguity set (c). Note that ambiguity set (c) is characterized by the ℓ1 norm

constraint. Thus, as in Lemma 3.1 of Huang et al. (2021), using linear programming duality,

supP∈PN
EP[f(xxx, t,ξξξ)] is equivalent to

minimize
τ∈R, λ∈R

(1− β)t+ τ + rλ+
1

N

N∑
i=1

(u+i −u−i ) (EC.47a)

subject to τ ≥ β(−xxx⊤ξ̂ξξi)+
1− β

1−α

(
−xxx⊤ξ̂ξξi− t

)
+
−u+i +u−i , ∀i∈ {1, . . . , n}, (EC.47b)

λ≥ u+i +u−i , ∀i∈ {1, . . . , n}, (EC.47c)

λ≥ 0, u+i ≥ 0, u−i ≥ 0, ∀i∈ {1, . . . , n}. (EC.47d)
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Therefore, the TRO model under set (c) is equivalent to

minimize
xxx∈X , t, τ, λ,u+, u−

(1− θ) · 1
N

N∑
i=1

{
(1− β)t+ β(−xxx⊤ξ̂ξξi)+

1− β

1−α
(−xxx⊤ξ̂ξξi− t)+

}

θ

{
(1− β)t+ τ + rλ+

1

N

N∑
i=1

(u+i −u−i )

}
(EC.48a)

subject to τ ≥ β(−xxx⊤ξ̂ξξi)+
1− β

1−α

(
−xxx⊤ξ̂ξξi− t

)
+
−u+i +u−i , ∀i∈ {1, . . . , n}, (EC.48b)

λ≥ u+i +u−i , ∀i∈ {1, . . . , n}, (EC.48c)

λ≥ 0, u+i ≥ 0, u−i ≥ 0, ∀i∈ {1, . . . , n}. (EC.48d)

EC.7.4. Portfolio Optimization – Lipschitz Continuity

In this section, we show that the function f(xxx, t,ξξξ) = (1 − β)t + β(−xxx⊤ξξξ) + [(1 − β)/(1 −

α)](−xxx⊤ξξξ− t)+ is Lipschitz continuous in (xxx, t). Indeed, for any {(xxx1, t1), (xxx2, t2)} ⊆ X ×R, we

have

|f(xxx1, t1,ξξξ)− f(xxx2, t2,ξξξ)|

=

∣∣∣∣∣
[
(1− β)t1+ β(−xxx⊤1 ξξξ)+

1− β

1−α
(−xxx⊤1 ξξξ− t1)

+

]
−
[
(1− β)t2+ β(−xxx⊤2 ξξξ)+

1− β

1−α
(−xxx⊤2 ξξξ− t2)

+

]∣∣∣∣∣
≤ (1− β)

∣∣t1− t2
∣∣+ β

∣∣xxx⊤1 ξξξ−xxx⊤2 ξξξ∣∣+ 1− β

1−α

∣∣∣(−xxx⊤1 ξξξ− t1)
+ − (−xxx⊤2 ξξξ− t2)

+
∣∣∣

≤ (1− β)
∣∣t1− t2

∣∣+ β
∣∣xxx⊤1 ξξξ−xxx⊤2 ξξξ∣∣+ 1− β

1−α

(∣∣t1− t2
∣∣+ ∣∣xxx⊤1 ξξξ−xxx⊤2 ξξξ∣∣) (EC.49a)

≤ (1− β)

(
1+

1

1−α

)
|t1− t2|+

1−αβ

1−α
∥ξξξ∥1∥xxx1−xxx2∥∞ (EC.49b)

≤

[
(1− β)

(
1+

1

1−α

)
+

1−αβ

1−α
∥ξξξ∥1

](
|t1− t2|+ ∥xxx1−xxx2∥∞

)

≤

[
(1− β)

(
1+

1

1−α

)
+

1−αβ

1−α
∥ξξξ∥1

]∥∥∥∥∥∥
xxx1−xxx2
t1− t2

∥∥∥∥∥∥
1

=: κ(ξξξ)

∥∥∥∥∥∥
xxx1−xxx2
t1− t2

∥∥∥∥∥∥
1

. (EC.49c)

Here, (EC.49a) follows from the fact that |(a1)+ − (a2)
+| ≤ |a1 − a2| for any {a1, a2} ⊂ R;

(EC.49b) follows from
∣∣xxx⊤1 ξξξ −xxx⊤2 ξξξ

∣∣≤ ∥ξξξ∥1∥xxx1 −xxx2∥∞; the inequality in (EC.49c) follows from

∥xxx1−xxx2∥∞ ≤ ∥xxx1−xxx2∥1.

EC.8. Additional Results

In this section, we provide additional experiment results. Specifically, in Section EC.8.1, we ana-

lyze the spectra of solutions obtained from the DRO model with distance-based ambiguity sets and
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Figure EC.1 Spectrum of optimal solutions from the TRO model with TRO ambiguity set constructed using

total variation ambiguity set as its shape parameter and the total variation DRO model in the

portfolio optimization problem.

those obtained from our TRO model with the TRO ambiguity set constructed using these distance-

based ambiguity sets as its shape parameter. In Section EC.8.2, we analyze the bias-variance trade-

off of the TRO estimator. In Section EC.8.3, we analyze the conservatism of our TRO model. In

Section EC.8.4, we analyze the out-of-sample performance of our TRO model.

EC.8.1. Spectra of Solutions Obtained from Distance-Based DRO Models

As noted by a reviewer of our paper, one could obtain a spectrum of optimal solutions to DRO

models equipped with distance-based ambiguity sets by changing the radii of such sets. In this

section, we compare the spectra of solutions obtained from the DRO model with distance-based

ambiguity sets, namely the 1-Wasserstein ambiguity set and the total variation ambiguity set (i.e.,

set (b) and set (c) in Table 4), and those obtained from our TRO model with TRO ambiguity

set constructed using these distance-based ambiguity sets as its shape parameter. For illustrative

purposes, we focus on the portfolio optimization problem discussed in Section 5.2. We follow

the same experimental settings detailed in Section 5.2. to obtain the spectra of optimal solution

to the DRO and TRO models for this problem. Specifically, we solve the TRO model with dif-

ferent size parameters (θ ∈ {0,0.01,0.02, . . . ,1}), the 1-Wasserstein DRO model with different

radii (r ∈ {0,0.002,0.004, . . . ,0.1}), and the total variation DRO model with different radii (r ∈

{0,0.002,0.004, . . . ,0.2}).

Figure EC.1 presents the spectra of solutions obtained from the TRO model employing the total

variation ambiguity set as the shape parameter in the TRO ambiguity set and the DRO model with

the total variation ambiguity set. Clearly, the spectra of TRO and DRO solutions could be different.
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Figure EC.2 Spectrum of optimal solutions from the TRO model with TRO ambiguity set constructed using

1-Wasserstein ambiguity set as its shape parameter and the 1-Wasserstein DRO model in the

portfolio optimization problem.

Specifically, the portfolio weights change gradually as the TRO ambiguity set’s size parameter θ

increases. In contrast, the shape of the portfolio weights changes when the radius r of the total

variation set increases from 0.086 to 0.092.

Figure EC.2 presents the spectra of solutions obtained from the TRO model employing the 1-

Wasserstein ambiguity set as the shape parameter of the TRO ambiguity set and the DRO model

with 1-Wasserstein ambiguity set. In contrast to the spectra obtained with the total variation ambi-

guity set, the spectra of the TRO and DRO models with the 1-Wasserstein set are approximately

the same. Specifically, the portfolio weights of S&P500, DAX, and HSI decrease to 0.25, and the

portfolio weight of FTSE 100 increases to 0.25 when the TRO ambiguity set’s size parameter θ

increases from 0 to 0.1 or when the radius r in the DRO model increases from 0 to 0.01.

These results suggest that the spectra obtained from our TRO model with a TRO ambiguity

set characterized by a distance-based shape parameter and the DRO model equipped with that

shape parameter could be different for some choices of the statistical distance in the distance-

based shape parameter. Finally, we note that it is not possible to obtain a spectrum of optimal

solutions to the DRO model with other ambiguity sets, such as the mean-variance ambiguity set

since such sets do not have a parameter that allows for controlling the conservatism. In contrast,

our TRO model with TRO ambiguity set constructed using mean-variance ambiguity set as its

shape parameter will enable decision-makers to explore a spectrum of solutions, ranging from

optimistic to conservative solutions (see results in Section 5.2). As discussed in Section 6, we leave

investigating the characteristics of the spectra of TRO optimal solutions of the TRO model under

different shape parameters for future work.



e-companion to Tsang and Shehadeh: On the Trade-Off Between Distributional Belief and Ambiguity ec29

370 380 390 400 410

Standard Deviation

-100

-50

0

50

100
B

ia
s

(a) Mean-Variance
(b) 1-Wasserstein
(c) Burg-Divergence
(d) Confidence Interval
(DRO) 1-Wassertein
(DRO) Burg Divergence

(a) Inventory Control

0.061 0.062 0.063 0.064 0.065 0.066

Standard Deviation

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

B
ia

s

(a) Mean-Variance
(b) 1-Wasserstein
(c) Total Variation
(DRO) 1-Wasserstein
(DRO) Total Variation

(b) Portfolio Optimization
Figure EC.3 The bias-variance trade-off characterized by

(
stdN (θ), biasN (θ)

)
for different values of θ with

N = 10. The black dot corresponds to (stdN (0), biasN (0)), i.e., the standard deviation and bias

of the SAA estimator.

EC.8.2. Bias-Variance Trade-off

In this section, we numerically analyze the bias-variance trade-off of the TRO estimator υ̂N(θ).

We follow the same experimental settings detailed in Sections 5.1 and 5.2 to estimate the bias,

biasN(θ), and standard deviation, stdN(θ), of υ̂N(θ) for θ ∈ Θ := {0,0.01,0.02, . . . ,1} with

N = 10. Figures EC.3a and EC.3b present the bias-variance curves for the TRO model of the

inventory control problem and portfolio optimization problem with TRO ambiguity set constructed

using different shape parameters PN . The (x, y) values of each point on each curve correspond to

(stdN(θ),biasN(θ)) for some θ ∈ [0,1]. The black dot corresponds to (stdN(0), biasN(0)),

i.e., the standard deviation and bias of the SAA estimator. The figure also presents the bias-variance

curves of the estimators obtained from some distance-based DRO models with varying radii r.

Specifically, for the inventory control problem (see Figure EC.3a), we consider the 1-Wasserstein

and Burg divergence DRO models; for the portfolio optimization problem (see Figure EC.3b), we

consider the 1-Wasserstein and total variation DRO models.

Not surprisingly, the bias and standard deviation vary across different shape parameters

employed in the TRO model and different statistical distances employed in the distance-based

DRO model. For the inventory control problem (see Figure EC.3a), TRO model employing set (b)

as the shape parameter and 1-Wasserstein DRO model result in estimators with constant standard

deviation but varying bias. Note that these two models yield the same bias-variance curve because

they have the same optimal solution for this problem. In contrast, using sets (a), (c), or (d) as shape

parameters produces TRO estimators that achieve both lower bias and standard deviation compared
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with the SAA estimator. This indicates that employing sets (a), (c), or (d) as shape parameters

offers a superior bias-variance trade-off for this problem. Interestingly, using set (c), i.e., Burg

divergence ambiguity set, as the shape parameter in the TRO model produces estimators with bet-

ter bias-variance trade-off than the Burg divergence DRO model. We also observe that neither TRO

models nor distance-based DRO models consistently yield estimators with the best bias-variance

trade-off. For example, when all estimators have biases between −62 and −42, the TRO estimator

using set (a) has the smallest standard deviation. When all estimators have biases less than −62 or

greater than −42, the TRO estimator using set (c) has the smallest standard deviation.

For the portfolio optimization problem (see Figure EC.3b), we again observe that neither

TRO models nor distance-based DRO models consistently produce estimators with the best bias-

variance trade-off. Specifically, when all estimators have biases less than −0.0464, the TRO esti-

mator using set (a) has the smallest standard deviation. When all estimators have biases greater than

−0.0464, TRO model with set (b) as the shape parameter and 1-Wasserstein DRO model produce

estimators with the smallest standard deviation. Additionally, employing some shape parameters

in the TRO model and some statistical distances in the distance-based DRO model yield estima-

tors with smaller standard deviations than the SAA estimator. For example, TRO model with sets

(a) and (b) as the shape parameter, as well as 1-Wasserstein DRO model, produce estimators with

smaller standard deviations for certain values of the shape parameter θ or radius r. In contrast,

TRO model with set (c) as the shape parameter and total variation DRO model yield estimators

with smaller biases but larger standard deviations than the SAA estimator.

EC.8.3. Conservatism of TRO Solutions

In this section, we investigate the conservatism of the spectra of optimal solutions to the TRO

model. Similar to prior studies (see, e.g., Liu et al. (2022), Yin et al. (2023)), we employ the mea-

sure TN(θ) = υ̂N(θ)−EP⋆ [f(xxxN(θ),ξξξ)] to quantify conservatism, where υ̂N(θ) and xxxN(θ) are the

optimal value and optimal solution to the TRO model with size parameter θ. This measure captures

the extent to which the estimated optimal value (cost), υ̂N(θ), exceeds the actual expected objective

function value (cost), EP⋆ [f(xxxN(θ),ξξξ)], associated with implementing the optimal solution xxxN(θ).

A larger positive value of TN(θ) indicates that the estimated cost υ̂N(θ) exceeds the true expected

cost, suggesting that the solution xxxN(θ) may be overly conservative. Conversely, a large nega-

tive value of TN(θ), with a large absolute value, indicates that the actual cost is underestimated,

suggesting that xxxN(θ) is overly optimistic.
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Figure EC.4 TN (θ) for different values of θ

We follow the same experimental settings detailed in Sections 5.1 and 5.2 to obtain spectra

of optimal solutions to our TRO models and compute the associated TN(θ). Figures EC.4a and

EC.4b present the values of TN(θ) for the inventory control problem and portfolio optimization

problem, respectively. Clearly, TN(0) is negative, suggesting that the SAA solutions υ̂N(0) may

be optimistic. Moreover, except for the TRO model of the inventory control problem that employs

set (d) as the shape parameter, the value of TN(θ) increases with θ. This indicates that the TRO

model generates more conservative solutions as θ grows, which is consistent with the theoretical

results and discussions in Section 2. For example, TN(1) associated with the DRO (TRO with

θ = 1) solutions to the portfolio optimization problem (Figure EC.4b) is fairly large, suggesting

that the DRO solutions xxxN(1) using sets (a)–(c) may be overly conservative. Solutions with an

intermediate value of θ have a larger absolute value of TN(θ) than the SAA solutions but a smaller

TN(θ) than the DRO solutions. This indicates that these solutions are less optimistic than the SAA

solutions and less conservative than the DRO solutions. In the next section, we demonstrate that

the out-of-sample performance of TRO solutions obtained with an intermediate value θ is better

than those of the SAA and DRO solutions. Finally, we note that in the inventory control problem,

since the optimal value υ̂N(θ) of TRO model with TRO ambiguity set constructed using set (d) is

first increasing and then decreasing (see discussions in Section 5.1), the resulting TN(θ) follows

the same pattern.

EC.8.4. Out-of-Sample Performance

In this section, we analyze the performance of the spectrum of optimal solutions to the TRO model

via out-of-sample testing. First, we follow the same procedure detailed in Sections 5.1 and 5.2 to
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Figure EC.5 θmin for different values of perturbation ∆

obtain the spectrum of TRO solutions {xxxN(θ) | θ ∈ Θ}, where Θ := {0,0.01,0.02, . . . ,1}. Then,

we compute the out-of-sample cost υ̂OS
N (θ) =EPOS [f(xxxN(θ),ξξξ)] of the TRO solutions for all θ ∈Θ,

where POS denotes the out-of-sample distribution. For the inventory control problem, we choose

POS as the exponential distribution with mean 50 + ∆ and ∆ ∈ {−20,−19.8,−19.6, . . . ,10},

where a positive (resp. negative) value of ∆ corresponds to an increase (resp. decrease) in

mean. For the portfolio optimization problem, we choose POS as the multivatiate normal dis-

tribution described in Section 5.2, and we change the mean from µµµ to µµµ + ∆1 with ∆ ∈

{−0.1,−0.098,−0.096, . . . ,0.05}. Finally, we search for θmin := argmin{θ ∈ Θ | υ̂OS
N (θ) ≤

υ̂OS
N (θ′), ∀θ′ ∈Θ}, i.e., the value of θ that gives the smallest out-of-sample cost.

Figures EC.5a and EC.5b present the values of θmin in the inventory control problem and portfolio

optimization problem, respectively. Not surprisingly, the value of θmin varies across different shape

parameters employed in the TRO model. Moreover, the value of θ that yields the lowest out-

of-sample costs is generally neither 0 nor 1 but lies strictly between these two extremes. This

highlights that adopting solutions from the spectrum of TRO optimal solutions results in smaller

out-of-sample costs than the SAA and DRO solutions. Consider the inventory control problem, for

example (see Figure EC.5a). When ∆ ∈ [1.8,7.2], the TRO model for this problem with set (a) as

the shape parameter and intermediate values of θ yields the smallest out-of-sample costs. The TRO

model with sets (c) and (d) and intermediate values of θ yield the smallest out-of-sample costs

when ∆ ∈ [−10.2,1.6] and ∆ ∈ [−20,1], respectively. Note that the optimal solution to our TRO

model using set (b) is always the same for any θ ∈ [0,1], i.e., there is only one solution for this

problem. Similarly, for the portfolio optimization problem (see Figure EC.5b), our TRO model with
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sets (a), (b), and (c) and θ = 0.25, θ = 0.01, and θ = 0.15 yields the smallest out-of-sample costs,

respectively. Note that θmin is the same for all ∆ ∈ [−0.1,0.05] since adding a constant ∆ to each

entry of the mean vector µµµ shifts the entire objective function of this problem by a constant. These

results demonstrate the benefits of adopting solutions on the spectrum of TRO optimal solutions

over the SAA and DRO solutions.

EC.9. Comparison with Wang et al. (2023)

In this appendix, we provide a detailed comparison between our work and that of Wang et al.

(2023).

• The Proposed Model. While our TRO model looks similar to Wang et al. (2023)’s model at the

outset, our work actually generalizes the idea of Wang et al. (2023). Recall our TRO model in

(4), which is equipped with the TRO ambiguity set P ′
N,θ in (5). The TRO ambiguity set (5) is

characterized by two parameters: the shape parameter PN and the size parameter θ. The shape

parameter PN represents distributional ambiguity and could be any (data-driven) ambiguity

set satisfying some mild assumptions mentioned in the paper. The size parameter θ ∈ [0,1]

controls the level of optimism, i.e., it controls the trade-off between solving the problem under

a distributional belief and solving it under ambiguity. By choosing the shape parameter PN as

the distance-based ambiguity set BϵN (P̂N) = {P ∈ P(Ξ) | ∆(P, P̂N) ≤ ϵ} (where P(Ξ) is the

set of probability measures on the support Ξ and ∆ is a statistical distance), our TRO model

reduces to the Bayesian distributionally robust (BDR) optimization model proposed in Wang

et al. (2023) (see equation (11) in Wang et al. 2023), i.e., model (4) reduces to

minimize
xxx∈X

βN max
P∈BϵN

(P̂N )
EP[f(xxx,ξξξ)] + (1− βN)EP̂N

[f(xxx,ξξξ)]. (BDR)

Thus, Wang et al. (2023)’s BDR model is a special case of our TRO model. In particular, we

emphasize that one can construct the TRO ambiguity set P ′
N,θ using any shape parameter PN ,

including general moment- and distance-based ambiguity sets. Hence, our theoretical results

are valid for various types of the shape parameter. In contrast, Wang et al. (2023) analyses are

limited to the case where PN is a distance-based ambiguity set.

• Hierarchical Properties. In Section 2.1, we analyze properties of the TRO ambiguity set P ′
N,θ

defined in (5) and the sequence of TRO ambiguity sets {P ′
N,θ | θ ∈ [0,1]}. These were not ana-

lyzed in Wang et al. (2023). We first formally introduce the notion of hierarchical properties of

the sequence of the TRO ambiguity sets {P ′
N,θ | θ ∈ [0,1]}; see Definition 2. The hierarchical
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properties indicate that the size of the TRO ambiguity set P ′
N,θ increases with θ, i.e., P ′

N,θ con-

tains more distributions with a larger θ. This implies that the TRO model is more conservative

when we pick a larger θ. Then, in Theorem 1, we provide necessary and sufficient conditions

for the sequence of TRO ambiguity sets {P ′
N,θ | θ ∈ [0,1]} to satisfy these properties. Specifi-

cally, Theorem 1 establishes that constructing the TRO ambiguity set P ′
N,θ using a star-shaped

shape parameter PN with a star center P̂N is necessary and sufficient for the sequence of TRO

ambiguity sets {P ′
N,θ | θ ∈ [0,1]} to satisfy the hierarchical property. Part (i) shows that for

a general star-shaped shape parameter PN , the TRO ambiguity set P ′
N,θ is non-decreasing in

θ, i.e., P ′
N,θ1

⊆ P ′
N,θ2

whenever θ1 ≤ θ2, indicating that the objective function of the trade-off

model (4) is non-decreasing in θ. Part (ii) illustrates the relationship between the sets {P̂N},

P ′
N,θ1

, P ′
N,θ2

, and PN with 0< θ1 < θ2 < 1. Specifically, part (ii) shows how the TRO ambiguity

set P ′
N,θ enlarges with θ. This, in turn, implies that the TRO model is more conservative when

we pick a larger θ. These important new results establish the connection between the specific

choice of θ and the conservatism of the TRO model. However, they were not analyzed in Wang

et al. (2023). In addition, in Proposition 2, we derive necessary and sufficient conditions for a

general distance-based ambiguity set, i.e., the one adopted in the BDR model, to be star-shaped

with a star center P̂N . Thus, our results provide necessary and sufficient conditions under which

the sequence of ambiguity sets corresponding to the BDR model satisfies the hierarchical prop-

erty. This was not studied in Wang et al. (2023). Moreover, as mentioned in the first point, our

findings can be applied to TRO models with a general shape parameter. For instance, in Propo-

sition 1, we establish the corresponding conditions for a general moment-based ambiguity set

to be star-shaped, with a star center represented by P̂N , a novel contribution not explored in

previous studies.

• Analysis of the Conservatism. In Section 2.2, we investigate the conservatism and properties of

the optimal value υ̂N(θ) and the set of optimal solutions X̂N(θ) of the TRO model through the

lens of quantitative stability analysis. First, in Theorem 2, we establish mechanisms to quan-

tify the difference in υ̂N(θ) and X̂N(θ) (and hence conservatism) incurred by perturbation in

θ. In particular, it shows that υ̂N(θ) is Lipschitz continuous in θ and X̂N(θ) is Hölder contin-

uous with Hölder exponent 1/2 under distance D. This shows that both the optimal value and

the set of optimal solutions change gradually with θ ∈ [0,1]. Then, in Theorem 3, we show

that naively combining SAA and DRO optimal solutions, e.g., via a convex combination after
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solving each separately, may not yield a feasible solution to the TRO problem (4). This is par-

ticularly true in applications where X is not convex (e.g., problems involving integer variables

such as facility location and scheduling problems). Specifically, part (i) of Theorem 3 estab-

lishes that the optimal value υ̂N(θ) to our TRO model is not less than the convex combination

(1− θ)υ̂N(0) + θυ̂N(1) of the SAA and DRO optimal values. In addition, if P̂N ∈ PN , Theo-

rem 3 implies that υ̂N is non-decreasing in θ as illustrated in Figure 2. Part (ii) of Theorem 3

indicates that the set of optimal solutions X̂N(θ) to our TRO model can be approximated by

XN(θ) := (1− θ)X̂N(0)+ θX̂N(1) only when θ is close to zero or one; however, the difference

could be huge for intermediate values of θ ∈ (0,1). These important investigations and results

are new. In particular, Wang et al. (2023) only suspected that their BDR model is likely to be

less conservative than the DRO model without providing any theoretical analysis. Indeed, we

could apply our results to show that by changing βN in Wang et al. (2023)’s BDR model, one

can obtain a spectrum of optimal solutions, ranging from optimistic to conservative solutions.

• Finite-Sample Properties. As discussed in the first paragraph of Section 3.1, the optimal value

of our TRO model υ̂N(θ) represents an estimator of the true optimal value of the stochastic

optimization problem υ⋆ = infxxx∈X EP⋆

[
f(xxx,ξξξ)

]
. Analyzing the bias of an estimator to the true

optimal value υ⋆ is common in the related literature; see, e.g., Blanchet et al. (2019), Dentcheva

and Lin (2022). Also, it is well known that the SAA estimator υ̂N(0) is a downward biased

estimator of υ⋆; see (16). Thus, we and Wang et al. (2023) analyze the bias of the TRO and

BDR estimators, respectively. Specifically, we and Wang et al. (2023) show that there exists

θu
N ∈ [0,1] in our TRO model and βu

N ∈ [0,1] in the BDR model such that the optimal values of

the TRO model and the BDR model are unbiased estimators of υ⋆. However, in Section 3.1, we

provide a more detailed investigation of the bias of the more general model, the TRO model,

as well as new results. First, in Proposition 3, we derive an upper bound on the bias of the

TRO estimator υ̂N(θ). It suggests that the bias of υ̂N(θ) may not be a downward bias as that

of the SAA estimator. Second, in Corollary 1, we show that for sufficiently small θ, the TRO

estimator υ̂N(θ) has a smaller bias than the SAA estimator, which was not discussed in Wang

et al. (2023). Third, we show that EPN
[υ̂N(θ)] can be decomposed as the sum of three terms:

(a) the expected value of the SAA estimator EPN [υ̂N(0)], (b) the DRO effect θ
{
EPN

[
υ̂N(1)

]
−

EPN

[
υ̂N(0)

]}
, and (c) the concavity effect RN(θ) (see Figure 3). Finally, as pointed out by

Wang et al. (2023), parameter βu
N is typically hard to obtain. Similarly, θu

N is hard to obtain.

However, in Theorems 5 and 6, we analyze the asymptotic behavior of θu
N . In particular, we
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prove the convergence of θu
N as N → ∞ and derive its convergence rate. Wang et al. (2023)

did not conduct such analyses. In Section 3.2, we derive the generalization bound for our TRO

model in Theorem 8 based on that of the SAA and DRO models. In particular, we show that the

probability (18) (i.e., the generalization error) is upper bounded by the sum of the probabilities

αN,1 in (19) from the SAA model and αN,2 in (20) from the DRO model. This indeed corrects

the generalization bound derived in Theorem 3.5 of Wang et al. (2023), where they did not

take the sum of the two probability bounds from the SAA and DRO models; see Appendix C.6

of Wang et al. (2023). In addition, we show that for specific choices of the shape parameter

PN , such as popular distance-based ambiguity sets as the one employed in Wang et al. (2023)’s

BDR model, the generalization error exhibits an exponentially decaying tail. This important and

attractive finite-sample property was not mentioned in Wang et al. (2023).

• Asymptotic Convergence. In Section 4, we show the almost sure convergence of the optimal

value υ̂N(θN) and the set of optimal solutions X̂N(θN) of the TRO model to their true coun-

terparts when N → ∞, and we derive the asymptotic distribution of υ̂N(θN) when N → ∞.

Our asymptotic convergence results hold for TRO models with TRO ambiguity sets constructed

using general shape parameters PN , such as moment- and distance-based ambiguity sets. This

differs from results in the existing literature focusing on a specific ambiguity set, including

Wang et al. (2023). Note that the asymptotic convergence and distribution are two basic asymp-

totic properties that are commonly analyzed in the existing literature for data-driven optimiza-

tion models (Blanchet and Shapiro 2023, Kuhn et al. 2019, Shapiro et al. 2014). Hence, Wang

et al. (2023) analyzed these asymptotic properties of their BDR model. However, the following

are some differences between our analyses and those of Wang et al. (2023).

— First, Wang et al. (2023) assumed the DRO objective supP∈BϵN
(P̂N )E[h(xxx,ξξξ)] is P⋆-bounded

and attainable for xxx ∈X , where we recall that P⋆ is the true distribution; see assumption C1

of Theorem 3.3 in Wang et al. (2023). To justify this assumption, Wang et al. (2023) pro-

vided one example based on the Wasserstein ambiguity set; see Appendix C.2 in Wang et al.

(2023). Our convergence analyses also require the DRO objective to be upper-bounded for

sufficiently large N . However, we adopt a more general set of assumptions under which the

desired boundedness condition holds. Specifically, we impose assumptions on the objective

function or the sequence of the ambiguity sets {PN}N∈N; see Assumption 3. Examples 6–10

provide a wide range of settings under which Assumption 3 holds. These examples include

the case where PN is constructed based on the Wasserstein ambiguity sets, as well as other
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distance-based and moment-based ambiguity sets. In Lemma 1, we formally prove that under

Assumption 3, the DRO objective is asymptotically bounded, which is weaker than assump-

tion C1 adopted by Wang et al. (2023) (which requires the DRO objective to be bounded for

all N ∈N).

— Second, in Theorem 9, we prove the almost-sure convergence of our TRO model. Specifi-

cally, we show that the optimal value υ̂N(θN) and the set of optimal solutions X̂N(θN) of

our TRO model converges almost surely to the true optimal value υ⋆ and the set of optimal

solutions X ⋆ to (1), respectively. In contrast, in Theorem 3.3 of Wang et al. (2023), they only

provided the convergence of the optimal value and the set of optimal solutions of the BDR

model in probability, which is weaker than our almost-sure convergence. We would like to

highlight that the asymptotic convergence holds for TRO models with TRO ambiguity sets

constructed using general shape parameters, such as moment-based ambiguity sets. This dif-

fers from the existing convergence results established for data-driven DRO models, which

mainly employ distance-based ambiguity sets.

— Third, in Theorem 3.3 of Wang et al. (2023), they derived the asymptotic normality of

the optimal value of the BDR model. To show this, they assumed that the optimal solu-

tion x̂xxb,N to the BDR model converges (in probability) to an optimal solution xxx0 to the

stochastic optimization problem under the true distribution P⋆. This assumption is not com-

mon in relevant literature when deriving the asymptotic distribution of the optimal value of

data-driven optimization models (Blanchet and Shapiro 2023, Guigues et al. 2018, Shapiro

et al. 2014). In contrast, in Theorem 10, we derive the asymptotic distribution of υ̂N(θN)

without imposing such an assumption. Specifically, we apply the Delta’s method (see, e.g.,

Cárcamo et al. 2020) to derive the following asymptotic distribution of the optimal value

υ̂N = υ̂N(θN) of the TRO model:
√
N(υ̂N − υ⋆)⇒ infxxx∈X ⋆ G(xxx), where G is a tight Gaus-

sian process indexed by X with mean zero and covariance function Cov(G(xxx1)),G(xxx2)) =

CovP⋆(f(xxx1,ξξξ), f(xxx2,ξξξ)). Thus, our results on the asymptotic distribution of the optimal

value are different from those of Wang et al. (2023).

— Finally, for the special case when the shape parameter is chosen as some popular distance-

based ambiguity set PN,rN = {P ∈ P(Ξ) | d(P, P̂N) ≤ rN} as in Wang et al. (2023)’s BDR

model, we can recover the asymptotics of the optimal value in classical distance-based DRO

models. Specifically, in Theorem 11, we derive the asymptotic distribution of the optimal

value υ̂N(θN) of our TRO model under different convergence rates of the size parameter θN



ec38 e-companion to Tsang and Shehadeh: On the Trade-Off Between Distributional Belief and Ambiguity

and the radius rN in the shape parameter PN,rN . This generalizes the asymptotic convergence

of the optimal solution derived in Theorem 3.3 of Wang et al. (2023). In particular, the

asymptotic distribution results in Theorem 3.3 of Wang et al. (2023) essentially correspond

to the case (i) in Theorem 11 only. Cases (ii) and (iii) in Theorem 11 were not investigated in

Wang et al. (2023). Moreover, we also investigate the connection between the size parameter

θN in our TRO model (with TRO ambiguity set constructed using the shape parameter PN,r)
and the radius rN in classical distance-based DRO models. This was not analyzed in Wang

et al. (2023).
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