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Appendix A. Optimization Model Formulation and Solution
We present first the general zoning optimization model with deterministic demand d. Specifically, let d ∈ Z𝑀 be

a demand vector for 𝑀 possible demand locations, where 𝑑𝑚 is the order quantity from location 𝑚. The decision

variables are denoted by {𝑅1, . . . , 𝑅𝐾 }, where 𝑅𝑘 represents zone 𝑘 and is a subset of the service region. Furthermore,

let Workspan(d, 𝑝𝑘 , 𝑅𝑘) denote the work span function for station 𝑘 , which depends on the depot location 𝑝𝑘 and zone

𝑅𝑘 . Then Problem 1 can be formulated as

min
𝑅1 ,...,𝑅𝐾

max
1≤𝑘≤𝐾

Workspan(d, 𝑝𝑘 , 𝑅𝑘) (A.1)

𝑠.𝑡.

𝐾⋃
𝑘=1

𝑅𝑘 = service region, (A.2)

𝑅𝑘 ∩ 𝑅𝑘′ = 0, ∀𝑘 ≠ 𝑘 ′ 𝑘, 𝑘 ′ = 1, . . . , 𝐾, (A.3)

where constraint (A.2) ensures the coverage of the service region and constraints (A.3) ensure the zones are non-

overlapping. In practice, the observed order demand varies from day to day, and so does the work span of every station.

Following the sample average approximation (SAA) scheme, we can replace Workspan(d, 𝑝𝑘 , 𝑅𝑘) by the sample

average
∑𝑁
𝑛=1 Workspan(d𝑛, 𝑝𝑘 , 𝑅𝑘)/𝑁 over 𝑁 demand samples {d1, . . . ,d𝑁 }. Accordingly, the sample average work

span will be used for gradient computation in Equation (2). Similarly, we can use the sample worst-case work span in

the case of robust optimization.

We then present more details about the dual problem for finding the optimal AWVD, which is also discussed in

Carlsson et al. (2016). Recall that the dual problem is

min
w

1
𝐾

𝐾∑︁
𝑘=1

𝑤𝑖 +
∬

service region
𝑓 (x) max

𝑘
[−𝑑𝑖𝑠𝑡 (x, 𝑘) −𝑤𝑘] 𝑑x,

and we can verify that a subgradient of the above objective function 𝐺 (𝑤1, . . . , 𝑤𝐾 ) = (𝐺1, . . . , 𝐺𝐾 ) can be computed

by

𝐺𝑘 =
1
𝐾

−
∬
𝑅𝑘 (w)

𝑓 (x)𝑑x, 𝑘 = 1, . . . , 𝐾.

This is because (let 𝐺Δ = (𝐺Δ
1 , . . . , 𝐺

Δ
𝐾
) with 𝐺Δ

𝑘
= −

∬
𝑅𝑘 (w) 𝑓 (x)𝑑x) for any w and w′, the following inequality holds:

∬
service region

𝑓 (x) max
𝑘

[
−𝑑𝑖𝑠𝑡 (x, 𝑘) −𝑤′

𝑘

]
𝑑x ≥

𝐾∑︁
𝑘=1

{∬
𝑅𝑘 (w)

𝑓 (x) (−𝑑𝑖𝑠𝑡 (x, 𝑘) −𝑤𝑘)𝑑x+𝐺Δ
𝑘 (𝑤

′
𝑘 −𝑤𝑘)

}
=

∬
service region

𝑓 (x) max
𝑘

[−𝑑𝑖𝑠𝑡 (x, 𝑘) −𝑤𝑘] 𝑑x+𝐺Δ (w′ −w).

With historical data, we can evaluate
∬
𝑅𝑘 (w) 𝑓 (x)𝑑x as the normalized work span of zone 𝑘 .
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