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Proofs
Proofs of Lemmas 1, 2, and 3

Because r follows the uniform distribution with parameters r and 7, we can replace f(r;+) and

F(ry) with =&~ and ““—= respectively in Equation (12). Hence, we get a closed-form expression

for r;« that we substitute into E[N;|p;] = N (1 — F (r4)). This procedure reveals that when there

NF+\/N(NF2—3(F—§)(cb—g))
3(r—r)

is a partial network, its size is as discussed in part (a) of Lemma 1.
The fact that the HIE provider would not leave any value to the HP that is indifferent between

joining and not joining implies that the optimal price is set such that the following satisfies: p; =

rE[Ny|p;] = Nri« (1 — F (r4+)) . Hence, after substituting r;» and F'(r;+) into this equality, we get

N7243(F—71)(cp—g)+71/N(NF2—3(F—r)(cp— .
P = (F-Dle—9) 9(\77/45 e [C))) as presented in Lemma 2.

Equilibrium values of the HPs and the HIE provider depicted in Lemma 3 are derived by substi-
tuting the solution into the objective functions of the parties presented in Equations (6) and (7).
Next, we would like to discuss parts (b) and (c) of Lemma 1. The derivation of the conditions
presented in these parts of the Lemma is due to three constraints we have in our model. The

first two constraints are related to the bounds on the network size. It is bounded below by 0 (i.e.,
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no HP joins the network), and above by N (i.e., every HP joins the HIE). Hence, we have: 0 <

N;+\/N(NF2—3(?—£)(CI;_9))
3(7—r)

< N. Equation (9) constitutes the basis for the third constraint. It implies
that the HIE provider would not establish the HIE, if its expected value provided in Lemma 3 is
below zero. Hence, consideration of these three constraints simultaneously, results in the conditions

outlined in Lemma 1. Please note that second order conditions confirm our results.

_ Ne-a) (2ry/ N (NP =30 ep-a) +2r* N -3 1) (e 0) )

18(7—1)2 /N (N72-3(r—1)(cp—9))

@*

In addition, note that & . Given that it is a

partial network, part (a) of Lemma 1 states that ¢, < g+ 4(,N_ and r < Z. Hence, 272N — 3(F —

NS

r) (e, —g) > E’N’” > 0. Therefore, 22 i b > 0, or p; increases in 7.

PN (2;\/1\1 NFQ—3(f—z)(cb—g))+2?2N—3(f—z)(Cb—g))

18(7—1)2 /N (N72=3(r—1)(cp—9))

Finally, Cfiﬁ = > 0. To see this, observe that we have

N
4(r—r)

a partial network. Hence, part (a) of Lemma 1 implies that ¢, < g + and r < g Hence,

|4 =2 * . .
272N = 3(F —r) (¢, — g) > 25 > 0. Therefore, dd% >0, or p; increases in r.

Proof of Proposition 1

The presented condition is derived by examining when the partial network size can be made equal

to N. Part (b) of Lemma 1 reveals that it is possible when ¢, < g+ N(3r —7) and <r<

w\%\

9
3N

w3l

or ¢, < g+ N ; and 1 >

FrCa) Hence, when r < I — %, no matter what the values of cost (i.e., ¢;)

3 5N
and reimbursement (i.e., g) parameters are (as long as the government does not cover all the costs,

i.e., g <), network size cannot be equal to N. [

Proof of Proposition 2

N;Jr\/N(NF?f?)(?fz)(Cb*g))

3D strictly decreases in cost parameter

Observe that partial network size N, =

. Hence, if we

¢p. Since this is a partial network, part (a) of Lemma 1 states that ¢, < g+ 4(,7

NF+\/N(NF2—3(?—[)(cb—g))
3(r—r)

substitute ¢, =g+ into , we get N, =

rr)

the smallest possible network size that is % [
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Proof of Proposition 3

Derivative of the equilibrium network size with respect to the lower bound parameter equals to:

d(N) _ N(2?2N—3(F—£)(cb—g)+2f\/N(?QN—S(F—E)(cb—g)))

9 6(7—r)2\/N(T2N=3(7—1)(cp—9))

. We know from Lemma 1 that ¢, < g+ 4(T T)
Hence, 2/ N — 3(F — r)(¢; — g) > 272N > 0, which implies that % > 0. Hence, part (a) of the

proposition.

Derivative of the equilibrium network size with respect to the upper bound param-

N(2r/N(F2N=3(F—r)(c,—g) ) +2FrN—=3(F—1) (cp —9)
eter equals to: d%”) = — ( Al ) ’ > We know from
" 6(7—1)2 /N (F2N=3(7—1)(cy—9) )

Lemma 1 that ¢ < g + 4(?2\; 5 Hence, the derivative is positive if and only if

N <2£\/N (FQN =3 —1)(cp — g)) +2rrN —3(F—r)(cp, — g)) < 0. This condition equals to

2r\/N(=3(F —1)(c, — g) +7N) < 3(F — r)(cy, — g) — 2FrN. Hence, if 3(F —r)(c, — g) — 2FrN > 0,
the condition can be rewritten as 4r>N(=3(F —r)(c, — g) + 7°N) < (3(F —r) (¢, — g) — 2FrN)? that

further reduces to (7 — r)%c,(—3(¢, — g) + 4rN) < 0. In order for this to hold, we need to have

—3(cy —g) +4rN <0 and 3(T —r)(c;, — g) — 2rrN > 0. In addition, we need to have ¢, < g+ ;

rr)

as discussed in Lemma 1. In summary, we need to have the following satisfied in order for the

derivative to be positive.

-3¢, —3g+4rN <0, (24)
3(co —g)(F—1) —2FrN >0, (25)
N
<g4 —m—.
Cb_9+4(?_£) (26)

Conditions (24) and (25) are satisfied at the same time if (7 —4r)(37 —4r) > 0. On the other hand,
conditions (25) and (26) are both satisfied when 37 > 8r. However given 37 > 8r, the condition

(F — 4r)(37 — 4r) > 0 reduces to 7 > 4r. In addition, condition (25) becomes redundant since we

N
4(7‘ T)

b)

have 7 > 4r and ¢, < g+ at the same time. In summary, in order for < to be positive, we
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4
need to have 7> 4r and g+ 28 < ¢, < g + i T) Since ¢, < g+ 4(: is already required for the
establishment of the HIE, we do not present it in part (b) of the proposition. [

Proof of Proposition 4

Derivative of the equilibrium value of HP ¢ with respect to the upper bound parameter is given by:

N(r—21) (20 [N (PN=30-0) (e -)) 422 N-3F-0)(ep=9) ) 387 (20 /N (PN=3-0) (e —9)) +2reN-3(—) (=) )

18(7—1)2 /N (PPN =3(F—1)(cp—9)) 18(7—1)2 /N (2N =3(F—1)(cp—9))

Hence, the derivative is negative if and only if

w=(r—2r) (2f\/N (TN =3 —r)(c, —9)) + 27N = 3(F —1)(c, — g))

+3r; <2f\/N (F°N —=3(F —1)(cy —g)) +27rN —3(F —1)(c, — g)) > 0.
Observe that w strictly decreases in ¢,. Hence, if we evaluate w at the upper bound on ¢, (i.e.,

(a) of Lemma 1) we have:

w>w| 2y = 97N (P +4rr —T(2r — 1y)) .

=z _ N
=9F 4G—r)

Hence, the derivative of the equilibrium value of HP i with respect to 7 is negative if 7 +

4rr; —7(2r —r;) > 0. Since we have a partial network, part (a) of Lemma 1 states that r < Z. So,

T

3

al(?2 +4rr; 77(217”))
dr

observe that =27 — 2r —r; > 0. Hence, 7 + 4rr; — 7(2r — r;) strictly increases in

7. Therefore, 7> + 4rr; — 7(2r —r;) > lim [FQ +drr; —7(2r — rz)] = 2rr; > 0.Hence, part (a) of the
T—T;

proposition.

On the other hand, the derivative of the equilibrium value of HP ¢ with respect to the lower

N(3r;—7) <2?\/N(F2N—3(F—z)(cb—g))+2F2N—3(?—1)(cb_g)>

18(7—1)2 /N (F2N=3(F—r)(cb—9))

bound parameter equals to . Because we have ¢, <

g+ 4(, T) from Lemma 1, the sign of the derivative is positive if and only if 7; > . Hence, part (b)
of the proposition.
Next, we analyze the derivative of the equilibrium value of the HIE provider with respect to the

upper bound parameter. The net value of the HIE provider is given by:

(N2 =6(7—1) (60— 9)+ 7/ NN 3G —1) (e~ 9))) (N7 + VN (N2 =37 —1) (e — 9)) )
27(r—1)° '




Demirezen et al.: Online Supplement to: Sustainability of Healthcare Information Exchanges

The derivative with respect to 7 is positive if and only if the following expres-

sion is positive: VNN =3 —1)(c,—9) B(F—1) (ch —g) +2FN(F —3r))  +
N (2F°N (7 —3r) +9r(7 —1) (¢, — ) -
The derivative of the above expression with respect to ¢, shows that it strictly

increases in ¢,. However, part (a) of Lemma 1 (since we have a partial network) states

that ¢, < g + 2. Hence, /N (2N —3(F —1r)(cs—g)) B(F—1)(c, — g) + 27N (F — 3r)) +

4(r—r)
N (2F2N(7 = 3r) +9r(7 — 1) (¢, — g)) evaluated at ¢, = g + % becomes Z7(T — 2r)N?. Since
part (a) of Lemma 1 also states that r <%, we have 2'7(7 — 2r)N? > 0. Therefore, the derivative

of the equilibrium value of the HIE provider with respect to 7 is always positive. [

Proofs of Lemmas 4 and 5
Let us emphasize some properties of the solution:

(a) There are two possibilities regarding the relationship between N, and N, at the equilibrium.
In particular, we need to have either N, = N, or N, > N,, because in order for an HP to
request the value-added service, it has to be a member of the HIE.

(b) In the solution of the problem, without loss of generality, we order r; such that r; <r;y; as
discussed in the main paper. Note that this order is preserved under linear transformations of
r;. Hence, the same ordering is preserved with respect to the (i) net benefit of the value-added
service (i.e., r;SE[N,|p,]d — p,), (ii) net benefit of the base service (i.e., r;E[Ny|py] — py), and
(iii) total net benefit (i.e., r;E[Ny|ps] — pp + 1:SE[N, |p,]d — py).

Note that for HP i, we can have r,E[Ny|py] — pp < 0 and r,E[Ny|py] — pp + r:SE[N, |py]d — p, >0
at the equilibrium and that implies that this HP requests the value-added service. In this case,
if HP z is one such HP that is indifferent between requesting the value-added service (by joining

the HIE) or not, then we have r,E[N,|py] — py <0 and r,E[Ny|ps] — pp + r.sE[N,|p,]Jd — p, =0 at
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the equilibrium. Observe that HP k, where k < x, would not join the HIE because of the order
preserving property discussed above. In addition, HP [, where [ > x, would join the HIE. Hence,
we have N, = N, in this case (because there will not be any HIE for which r,E[Ny|p,] — p, > 0 and
7. E[Ny|ps] — py + 7:SE[N, [p,]d — p, < 0).

Similarly, observe that if r,sE[N,|p,]d — p, > 0 and r,E[Ny|p,] — py + r£sE[N,|p,)d — p, < 0, then
HP k does not join the HIE at the equilibrium solution. Since r;sE[N,|p,]d — p, and r,E[N,|py] —
py+1:8E[N,|p,]d — p, both increase in r;, there might be some HP z for which r,sE[N,|p,]d—p, >0
and 7,E[Ny|py] — pp + r2SE[Ny|po]d — p, = 0. This implies that for HP z, r,E[Ny|ps] — p» < 0 and
7. E[Ny|ps] — pp + 72 SE[Ny|p,]d — p, = 0. Hence, this case is equivalent to the previous case discussed
above. Therefore, we again have N, = N, at the equilibrium. In other words, if one solves for
Equations (21) and (22) and observes that N, < N,, it means that there would be HPs that join
the HIE in order to benefit from the value-added service and that N, = N, (but the solutions of
Equations (21) and (22) would not hold). Hence, in such a case, we need to solve for Equation (23)
to determine the equilibrium values of N, and N, and we cannot solve for Equations (21) and (22).

On the other hand, if one solves for Equations (21) and (22) and observes that N, > N, at the
equilibrium, we obviously cannot have r,E[N,|p,]| — p, < 0 where HP z is the HP that is indifferent
between joining the HIE or not (based on the total benefit). In fact, all of the HPs that request the
value-added service already find the base service valuable because of the ordering property and the
fact that N, > N,. Hence, the solution of Equations (21) and (22) and the following arguments help
us determine the equilibrium values of IV, and NNV,. Note that the HIE provider does not consider the
decisions of each of the HPs separately. However, it considers the total number of HPs interested

in the base HIE service, and the total number of HPs interested in the value-added services.
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Let us recall here the objective functions of the HIE provider and the HPs:

max; p, p, PoB[Ny]+pE[Ny] + gE[N,] — ¢, E[N,] — ¢, E[N,]s?

maxqbi,qvi Abi (riE[Nb] - pb) + Gui (TZSE[NU]d - p'u) VZ

After substituting the values of py, p,, E[N;], and E[N,] discussed in the main paper into the
objective functions of the parties, we can solve the game among the parties by utilizing Equa-
tions (21) and (22). Rather than the payment terms p, and p,, we can consider 7, and r, as decision
variables because of the one-to-one correspondences between these variables and the payment terms
as discussed in the main paper. In addition, the HIE provider needs to also decide the level of
value-added service level s. Hence, first order conditions with respect to s, r,, and r, reveal the
equilibrium values of the variables below. Hence, Lemma 4.

Nr* (F—r*)d
L Nn-r)

2¢,(F—1)
2rN — \/N (T°N + 3¢y (r —7))
"= 3N ’
27Nd—/Nd (PNd +3c,5(r — 7))
e 3Nd '

After solving the above equations simultaneously, second order conditions imply that the follow-
ing service level is optimal and the equilibrium number of HPs in the HIE, and those who request

value-added services are:

. 3 Nd
§f=—
25¢,(F—1)’

N7+ /N (N2 —3(r—1)(c; — 9))

N, = Min ?fiNjN .
5 —r)
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As discussed earlier, this solution is valid only if the number of HPs in the network is more than

Nf_t,_\/N(NFQ—B(?—K)(Cb_g)) > _3FN

5D 2 5—p)- 1t 18

the number of HPs that request value-added services, i.e., if

easy to show that this condition is true if and only if ¢, < g+ 2??; ivz 5 Hence, if ¢, > g+ %, there
are HPs interested in value-added services but do not find base HIE services beneficial. In such a
case, some HPs (or all of them) decide to join the HIE. Getting a closed-form expression of the
resultant network size is not possible due to the complexity of the equations in the solution. We
do not provide these equations for brevity and clarity. However, we provide the conditions when

value-added services increase the network size in parts (a) and (b) of Lemma 5, together with the

bounds on the network size and the number of HPs that request value-added services. [

Proof of Lemma 6
Optimal fees are derived by substituting the solution discussed in the proofs of Lemmas 4, and
5 into equations p; = r;E[N,|p;], and p: = r*s*E[N,|p]d. Optimal level of value-added services is
derived in the proofs of Lemmas 4, and 5.

ds* __ 3F(F—2r)dN

Now let us analyze the sensitivity of these terms with respect to 7 and r. First, <7 = T(—r)Zes

0. Since 7 — 2r > 0, given that r < 27 (due to part (d) of Lemma 5), we conclude that s* increases

e * -2 . .
with 7. Similarly, 4~ = 274N _ ~ (. Hence, s* increases with r.
? dr 25(F—r)2%cy ?
dph _ 3673d*N2(F—2r) q _— : 25
Moreover, Tt = =o=—5==. Since 7 — 2r > 0, given that r < 7 (due to part (d) of Lemma 5),
3673 d2 N2 (7— dpy _  367%d? N2

2) > (). Therefore, p; increases with 7. Furthermore,

we conclude that 635(r—1)3cy

dr — 625(F—r)3cy

0. Hence, p; increases with r.

i No=20 (20 [N (N3G (e -a)) +2r N-3(r-1) (er-9) )

Py —
a 18(7—)2 /N (P2 N=3(r—r)(cp—9) )

In addition, note that . Note that given
r< %F, we have 7 —2r > 0. In addition, observe that 272N — 3(7 —r) (¢, — g) strictly decreases in ¢.

Given the upper bound of ¢, (in part (d) of Lemma 5), we have 272N —3(7 —r) (¢, — g) > 57N > 0.
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7N (2?\/N(F2N73(f7£)(cb —g))+2F2 N—3(7—1) (cbfg)>

18(7—1)2/N (2N =3(r—1)(cp—9))

Hence, 2t > (. Finally, de b =

s
) dr P >0, so that p; increases

with r. [ |

Proof of Proposition 5

Derivative of the equilibrium network size with respect to the lower bound parameter equals to:

dNy) _ N <2?2N73(77£)(Cb79)+2F\/N(?2N73(F7£)(cbfg)))

o 6(7—r)2\/N (72N —8(7—1)(cy—9))

. Note that part (d) of Lemma 5 states that ¢, <

g+ 2??;2) Hence, 27°N — 3(F —r)(¢, — g) > 5:7°N > 0, which implies that 'Kd—? > 0. Hence, part

(a) of the proposition.

N (360 (er—)-27eN 20y [N (N -3(—D) (=)

The derivative of N, with respect to 7 is given by: PESREN 7 s oy
T—r reN=o5(r=r)(cp—9

Hence, this derivative is positive if and only if

w=3(F 1) (¢, — g) = 2/ N —2r+/N (2N = 3(F —1) (¢, — g)) > 0.

Note that w strictly increases in ¢,. By solving w = 0 for ¢, in the above equation, we get

372N
25(r—r) "

4N " Furthermore, note that part (d) of Lemma 5 states that ¢, < g +

w>0iff ¢, > g+ 3

A4r N 72
IV <~ 3r N

. This condition can be rewritten as
3 25(7—r)

Therefore, these two conditions satisfy only if

{r <P || #>10r}. Since part (d) of Lemma 5 also implies that r < 27, we can have w > 0 only if

4r N

7> 10r, whereas the sufficient condition is ¢, > g+ =

. Hence, part (b) of the proposition.

Our extensive numerical experiments reveal that the HIE settings outlined in parts (a) and
(b) of Lemma 5 depict the same behavior discussed in part (a) of Proposition 5. On the other
hand, in these settings, we observe that if 7 increases, a fewer number of HPs would join the HIE
and fewer number of HPs would request the value-added service. For each setting, we provide a
set of parameter values below. A small increase in 7 reveals that N, and N, decrease (in each
corresponding setting) in 7. On the other hand, a small increase in r results in an increase in both
N, and N,,.

e For part (a)(1): {N =100, 7=7, r

0, d=1.1, ¢, =180, ¢, =99, g=0}
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e For part (b)(1): {N =100, #=10, r=0, d=0.3, ¢, =180, ¢, =200, g =0}

e For part (b)(2): {N =100, 7=10, r=4.5, d=0.3, ¢, =400, ¢, =200, g=0} [ |

Proof of Lemma 7
Equilibrium values of the parties are derived by substituting the solution discussed in the proofs

of Lemmas 4, and 5 into the objective functions of the parties. [

Proof of Proposition 6

At the equilibrium, derivative of the value of HP ¢ with respect to 7 equals to:

16272 N2 42 \/N(FQN—S(?—K)(cb—g))(4?(?—2@—5(?—3[)7’1-)
11250(F—1)3 \/N(?QN—?,(?—g)(cb—g))cv
625(T—r)Ncy (73(F7£)(cb79)(F72£+37‘i)+2 (FN+\/N(?2N73(77£)(cbfg))) (FQ*ZFIJFSEW))

11250(7—r)3 \/N (?2 N=3(7—r)(cp —g))0u

This value is positive if and only if v that is defined below is positive:

Y =—1627 N\ /N (PN = 3(7 —r) (¢, — 9)) (47(7 — 2r) = 5(F — 3r)r) -

625¢,(T—1r ( <\/N (7F*N —=3(F —r)(c g))—i—?N) (7 = 2rr +3rr;) — 3(c, — 9) (T — 1) (7—2£+3Ti))-

If r; < =7, v is always negative. This is because in order to have a partial network where some
but not all HPs request value-added services, we need to also have ¢, < g + 22(7?21\; 5 Hence, part

al) of the proposition.
prop
In order to prove part (a2) of the proposition, let us give an example when the value of HP i

increases with 7. First set »r =0 in order to have high heterogeneity, and rewrite v as:

72 (—162?Nd2 VPN (PN = 3(c, — g)) (47 — 5r)

~625¢, (27 (/PN 7N = 3(c, — 9)) + 7N ) = 3(c, — g) (7 +37,) ).
25\/CU (3(cb7g)(?+3ri)72F< ?N(FN73(cbfg))+?N))
9\/5\/?N, /TN (TN —3(cp—g))(5r; —4F)

increases with 7. Hence, part (a2) of the proposition. The proof for part (b) is trivial, hence omitted.

Observe that, if r; > 37 and if d > , value of HP i

Our extensive numerical experiments reveal that the HIE settings outlined in parts (a) and (b)

of Lemma 5 depict the same behavior discussed in part (b) of Proposition 6. On the other hand,
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in these settings, we observe that if 7 increases, the values of all HPs decrease regardless of the
values of r; and d. For parts (a) and (b) of Lemma 5 , we provide a set of parameter values below.
A small increase in 7 reveals that values of each HP decrease (in each corresponding setting) in 7.
On the other hand, a small increase in r results in an increase in the values of all HPs.

e For part (a)(1): {N =100, r=7, r=0, d=1.1, ¢,=180, ¢, =99, g=0, r;, =6}

e For part (b)(1): {N =100, 7=10, r=0, d=0.3, ¢, =180, ¢,=200, g=0, r, =7}

e For part (b)(2): {N =100, =10, r=4.5, d=0.3, ¢, =400, ¢, =200, g=0, r, =7} [



