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Abstract

We study the welfare implications of competing middlemen in a two-sided market, where
goods are intermediated between providers and purchasers. In our model, each intermediary sets
the quantities it intermediates, and the prices are a consequence of a Cournot competition. Our
analysis shows that, unlike traditional markets, increasing competition is not always beneficial
for market efficiency and that mergers can have an ambiguous effect on efficiency. We also
analyze how the underlying network influences social welfare. We define parameter wg as the
intermediary capacity of the network G and show that the price of anarchy is at least 1 — 27UG¥+1
These results suggest an intuitive and simple measure for the level of competitiveness in a
networked market involving intermediaries.

A Proof of Theorem /4.1

Figure 1: Hlustrating example for equilibrium

Proof. We first illustrate the main idea of the proof with an example of the network in Figure[ll The
example will also subsequently be used to demonstrate some seemingly counterintuitive results when
we later study the sensitivity of the results. As for the example, assume a networked structured as
in Figure |1} with two intermediaries (#1 and #2), two purchasers (a and b), and a provider (s).

Readers not interested in the characterization of the proof may skip to the end of the section.
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We will use the optimality conditions of individual players’ payoffs to characterize the equilib-

rium. We already know that, at equilibrium, the inventory constraints imply :1:#1 = ysa + y#l

and ac = yﬁf. Further, Intermediary #2 connects seller s and purchaser a and so x#2 = yﬁ?.

Therefore, we can write the payoff of Intermediary #2 as functions of y:

H2(y) = (,usa /Bsa sa)ysa (6 +045Xs)=75#2
= (,Usa_ﬂsaifsa)ysa (9 + as X )yﬁf

= (,Usa - 95)11?22 - 5sa}/;ayi2 - OésXsyj:zz-

Notice that Yy, = ysa + yf;l and X, = fo + x = yﬁf + yf&al + yﬁl, which are functions of yﬁz.

Thus, the derivative of II3(y) according to yﬁf is

= (tsa —0s) = BsaYsa — B y# — o X, — asy?
ay‘ﬁ? sa S sa+ sa sa y;ﬁ2 S S SJdsa ays#s?

= (Nsa - 05) - BsaY;a - Bsayj; — s X5 — Oésyﬁf

Because IIs(y) is concave, we obtain the following necessary condition for ITs(y) to be optimal:

Ollz(y) M (y)
#2 2 — #2 _
if y77= > 0 then 2 =0 and if o < 0, then y7° = 0. (1)

Similarly, for intermediary #1, with 27 = ysa + ysb , his payoff is:

IT, (y) = (,usa - Bsa}/sa)yj;l + (/st - 5sb1/'sb)yﬁ1 - (‘95 + OKSXS)ZU;#I

1 1
= (IU’S(I - es)yﬁzl + (Usb - )ysb — BsaY- saysa 5sb1/:9byjz - asXs(ysa + y# )



Taking derivative of II; according to y ! and y we have

Ol (y) Y. 0X
8yj21 = (Msa - 03) — BsaYsa — Bsayil ayggi s Xg — (ysa + ysb )8 #81
= (tsa — 0s) = BsaYsa — 63&1/?2 —asXs — o (nyl + yﬁl)
= (/'Lsa - 05) - Bsa}/sa - ﬁsay?jzl - asXs Qs #1‘
oIl Y. 0X,
1;21/) (:usb - 08) - /BSb}/;b 5sby#1 ;bl asXs - (yjle + y#l) #1
aysb 8ysb aySb
= (Nsb - 05) — BspYsp — 6sbyjz1 —as X — as (ysa + y#l)
= (:U’sb - 95) - ﬁsb}/sb - ﬂsbyﬁl — s X5 — Oésl'fl-
The first order conditions for IT; (y) to be optimal are
11 oIl
if y71 > 0 then 0 1#(51/) =0 and if ;1) <0, then y#1 =0 (2)
8ysa aysa
oIl o1l
if yﬁl > 0 then 17&/) =0 and if 5 #(511/) < 0, then ysb = 0. (3)
aysb Ysb

Let O = %((XSV + @12+ (xflﬁ) + %((Y )2+ (y2)2 + (yih)? ) + %((Ysb)2 - (yﬁ1)2)-

Next, consider the optimal solution of the following quadratic program:

min : Q (4)
st Xy + szl + BeaYea + Bsalia = tsa — Os. (5)
s X + 052 + BeaYea + Bsale' > fisa — . (6)

asXs + agz?! + B Yy + By > pap — 0s. (7)

Let szf,zﬁl, Sb be the dual variables of the constraints (@ and (| . respectively. The



Lagrangian relaxation of this convex program is

Q- Zf2(OéSX + asT + ﬁsaY:sa + ﬁsayga (ﬂsa - 93))_
(aSX + Qs + 6sa sa + 5saysa (IU'S(l - 95))_ (8)

sb (asX + asx + BsbYsp + Bsbysb (Nsb - 05))

The first order conditions of the Lagrangian relaxation according to X give X, = szf + z#l + 27 sb ;
according to 27?2 give 272 = szf; according to 271 give g = 4 zfgl; according to Y, give

Yo = Zsa + zsa ; according to Yy, give Yy = zﬁl; and according to yfﬁ? give yf? = zﬁ?, yf;l gives

yﬁl = zﬁll, and y b give yﬁl = zfgl.

Replacing z with y, we obtain a set of conditions that are exactly the equations of the game
captured in Figure[I] We need to show that the first order conditions of the payoff for intermediaries,
, , and are also satisfied. Consider the first constraint . Notice that the KKT conditions
of the optimal solution of the convex program @ imply that if the dual variable zsa > 0, then
the constraint binds, that is as X+« sx?fQ—i—ﬁsaY'SQ%— Bsayf(? = lisq—0s. Furthermore, if the constraint
does not bind, i.e, s Xs + a5zl + BsaYea + Bsayli’ > tisa — 05, then 2252 = 0. Notice that because
zf? = yﬁf, this condition is exactly the first order condition of for the payoff of intermediary #1 in
. Similarly, we can also have the equivalence between the equilibrium condition of intermediary
#2, and , and the constraints @ and . The example above illustrates the equivalence
between the equilibrium condition and the optimality of the quadratic program to @ The

same idea can be generalized to more general networks. In what follows, we provide the formal

proof.



The payoff for intermediary i is

Wi(y) = > (e — 0y — > BinYirin — > i Xy
Jk j

imjvk ],k?
= > (k= 0y — D BinYietin — > 0 X5 >yl
ik I j K

The derivative of II;(y) with respect to y;k is

oIl (y ' '
0 Zz'( ) (i = 07) = BiaYine — Birfin — X — a5 > iy
y]k leK

= (ujr — 05) — BiYie — By, — ;X — o’

The above equation holds because 1:; =D ek y;l Hence, the first order condition for y to be a

Nash equilibrium is the following;:
(e — 05) — (BirYie + ;X5 + ajal + Bixyly) < 0; and equality occurs if y5;, > 0. 9)

We will show that @ has a special property that allows us to characterize its unique solution
by a quadratic convex program. First, consider the unique solution of . By the complementarity
slackness condition, x,y, X,Y is the solution if for every ¢, j, k such that ij and ik are connected in

G, there exists a dual variable z]i.k satisfying

F2X; =3, Oéjzj'k (10)
T2k =30, a2ty (11)
%kQij =2 Binj, (12)
52yt = (Bir) (13)



Furthermore,

if OéjX]‘ + Oéjflfé + ,BJkY;k + ﬁjky;-k > Wik — 0]‘, then Z;’k = 0. (14)

Observe that implies that zgk = y;'-k. Therefore, from ) , and

Xj =2 vy = 3 v and Vi =Dy
ik k i

Given this, (14) is equivalent to the first order condition in @
To see the reverse, given a Z satisfying @D, we introduce z;.k = y;k, Xi = > z;k,x; =
>k zék and Yj, =), z;k It is straightforward to see that z,z,y, X,Y satisfy 1 . Therefore,

z,x,y,X,Y are actually the unique solution of the program . ]

B Proof of Corollary and Numerical examples
B.1 Proof of Corollary
#2

First, if pp > 244, then according to the equilibrium characterization, yi;” = 0 and intermediary
1 will be the only active players. Thus the welfare of the system is independent of the number of
intermediaries I + 1.

It remains to consider the case g, < pp < 2u4. According to the equilibrium characterization,

the amount of goods delivered to a and b are

I (2pta — pv)
Yo = yl'+ Iyl = m@ua — ) =1- 2#
(L + Dy —Ipa 20 —
Yo = = — R
The total number of goods delivered is
Tpa +pe — 2pa —

Xs:}/:sa+Y;b: T+2 = Ha T+2



. 2Ha—pp ;
Denote t := =57, the welfare is

1 1
11aYsa + 1 Ysp — §(Xs)2 = pa(1=20) + (s — pa + 1) = 5 (0 = t)?

1 1
= Hat Mb(ﬂb - Na) - 5”2 + (:ub - ,Ua)t - §t2 = f(t)

When I increases from 1 to oo, t = 2“1"% decreases from t¢; := 2“‘%“" to t := 0.

Notice that f(¢) is a quadratic function and f'(up — pq) = 0. Thus, if t1 < pp — g, then f(¢)
decreases if I increases; if t1 > up — g, then as I increases f(t) will first increase, then decrease.
Now, t1 = pp — g implies pp = 5/4p4, which implies our result. O

We consider two numerical examples where both «a, 8 are positive.

Example 1: a=1; 8 =15 ug = 3;up = 9 See Figure

Without intermediaries #2, 3, ..., I+ 1, intermediary #1 will sell exclusively to purchaser b. yﬁl =

0; yil = 2.25 and the welfare is 15.1875. With intermediary #2, the equilibrium is yﬁf =0.2; yﬁl =

0; y:’zl = 2.2 and the welfare is 15.08. As I increases, the social welfare decreases.
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Figure 2: Welfare decreases



Example 2: p, =3;u, =4;0=1;8=0.1 See Figure

Here, as I increases, the welfare initially increases then decreases below the monopolistic scenario.
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Figure 3: welfare increases then decreases

B.2 Proof of Corollary

Proof. According to the equilibrium computation @ and , as [ increases, the total amount of
goods s provides and the amount of goods a receives both increase. This shows that s and b’s payoff
increases. The amount of goods delivered to b, on the other hand decreases. As argued above, this
is a natural consequence of increasing competition for trade between s and a.

The formula for the payoff of intermediary 1 is uayﬁl —I—,ubyzjz1 - (yfle +yff,1) (Ysq+Ysp)- Replacing
the solution of @, we obtain that the payoff of intermediary 1 is

2/1’(1 — ,U,b)Q.

(:ub_;u'a"‘ T+2

Thus, the payoff of intermediary 1 decreases as I increases. The payoff of each intermediary

2,3,.,I+1is uayfc? — yﬁf (Yoo +Ya) = (2“1‘3:2“’7)27 which also decreases as I increases. O



C Proof of Theorem

Proof. Let yék be the Nash equilibrium. The social welfare with y; ;. as the decision is

SWNash Z :U’jkzy]k; 5]k Z 9 X + a]X )
J

Replacing X; = sz y;k and Yj, =), yjk, we have

SWash = Y (i — 05) 20 — Z B]kY - %ng- (15)

1,5,k Jk J

Let cék be the solution generating the optimal welfare, A; = sz c§k, ik = D c],C and

cé- =>4 Czk The optimal social welfare is

SWop =3 (11 — 0 Z gy A (16)
J

Z‘?j?k

Comparing SWigsn, and SWo,:, we observe that because of @[}, we have
Sk (g — 07) — (X + g + B Yn + Biyn)) < 0.

Summing over all i, j, k we have

> (g =0 Z%AX Zaj Zﬁka]kYEk > Byl <0 (17)

1,5,k 1,5,k

We use the following inequalitieﬂ

3 3
AX < A2+ X2and

1 2

-3

!These inequalities come from the fact that (yz — 5= ) > 0 implies 2y < v22? + =



. ) o 1 . 3 .
(03‘)2 + *(513;‘)2; CirYin < g(c}k)2 + 5(3/%)2

to apply to to obtain the following inequality:

Zi,j k(M — Qj)c;k - Zj %Ajz - Zij %J(C;)Q - ij %B?k - Zz]k %(c;k)Q

< %(Z] %X; + Zij aj($§)2 + ij BékYQ + Z” kﬁjk(y]k) ) (18)

To prove the theorem, we will show that the Left hand side of is at least SWo,: and the

Right hand side of is 25 Wiash- Focusing on the Left hand side of (18)), first observe that

LN < E TN =3 G4, and

Thus,

the left hand side of > Z(,ujk — Hj)cé'k — Z %A? _ Z /Bjk ]k = SWopt. (19)
from bk J Jk

Next, we will show that the right hand side of is equal to SWiash. To see this, observe

that from the Nash equilibrium condition @, we have

D i (e — 0)) = (0 X + s + BinYie + Bjwyip)) = 0.
1,5,k

This is equivalent to

D ik =09y = Do X7+ i@+ BV + Y Bin(yi)? (20)

.5,k J ij gk i,5,k

10



Replacing Zz‘,j,k(:u‘jk — Gj)yj.k as in to the formulation of the social welfare at Nash ,

SWiash = Zj %Xf + Zij O‘j(x;‘)z + ij ﬂJTkYgzk + Zi,j,k Bjk(y;'k)2- [
D Proof of Theorem (6.4

Let Y;Z be the amount of goods k shown on provider j that gives the optimal social welfare O PT(E,,)

of the w-subnetwork. That is Y* maximizes

> (wjn = 0)Yie = %Yfk = %(Z Yii)?,
ik

Jk J k

where Y are non-negative and Y}, = 0 if j and k are connected by fewer than w intermediaries.
Denote X7 = Yk Y/, We introduce the following notations. Let wj; be the number of inter-
mediaries that connects j and k. For any pair j, k that are connected by at least w intermediaries,

*

Y; .
let cjp, 1= ﬁ? and let c}k := ¢j, if 7 is connected to both j and k; and 0 otherwise. We also denote
J

cé- =g cék,

To compare SWiy,sn, and OPT(E,,), we observe that because of @D, we have
S (e — 07) — (X + gz + BiYin + Biryn)) < 0.

Summing over all ¢, j, k we have

D (pik = 05)ch = > 0 XiX; =Y aichal =Y BuYiYik — Y Biechyiy <0 (21)
J ij ik

1;7j7k i7j7k

We use the following inequalities

w %2 2w+ 1 2 « %2 2w—|— ]. 2
YiRYin S oy Yak t gy Yk XA S g KT X and
w w iv2  2wH1 9 i i w i 2wt
b < .
ij] = 2(2w+ 1) (cg) + 20 (yj) ) C]k;y]k = 2(2OJ—|— 1)( ]k) + v ( jk)



to apply to and obtain the following inequality.

i W *2 w i2 W %2
D ik = 09) = > 5o mrg i XS = ) s myeaes — 2 gy Yk

i,5,k J 5] Jk

, 2 1
—Zﬁﬁjk@kﬁﬁ wQ:: (Z%X2+ZO‘J +Z/Bjk k+zﬁﬂk’ i) ) (22)

1,5,k J 1,5,k

Similar to the proof of Theorem the right hand side of is %SWNQSM In order to

bound the left hand side of (22), we show the following.

DICIED DTk @)

J

wZJk_Z;W- (24)

1,9,k Jk

Assuming that and are true then the right hand side of is at least

i w %2 1 %2 *2
D (= 05)ci = 3 506X - Z maﬂxj P 1’87’“

i.j.k J ik
1 x 2 1 *2
- Z mﬁjkyjk = Z(Mﬂk Z ﬁgk - Z §anj = OPT(E,). (25)
jk 5,k J

Hence, we conclude that OPT(E,,) < 2“”‘15’ Wash, which is what we need to prove.
Thus, it remains to show that and are true. To see , observe that j, k are connected

. . .. - Y
by wji > w intermediaries, and by definition c}k = ﬁi Thus,

) . .
= Wik - Z(Cé'k)z 2w Z(C;'k)2'

To see , observe that

(Xj )2 = (Z }/]k)Q — (Z wjkﬁﬁ = (Z ijcjk ngkcgk + QZw]kwlejkCﬂ. (26)

k k ¢ k k<l

12



On the other hand,

D=0’ (27)
k

i i
Notice that cé.k = ¢j, if @ is connected to both j and k and 0 otherwise. Thus, to bound Zi(cé-)z,
we can bound the number of terms c?k and cjic; that appear in . There are wj, intermediaries
that connect to both j and k, thus cjzk appears exactly wj in . For k < [; the number of terms
cjkcj; that appear in is twice the number of intermediaries who is connected to all three nodes

J, k and [. Hence the number of terms cjic;; appearing in is at most 2min{w;,w; }. So,

P =0 ) <D wireh +2 Y minfwjk, wiibejrci:
k k

% % k<l

Comparing this and , we have

which implies . With this we finish the proof. O

E Proof of

Consider the convex program

minz Oéj(Xj)2 + Z Oéj(flfé)2 + Zﬂk(Yk)z + Z Br(YE)? (28)
j Jyi k i,k

sjtc o X+ ajxj» + BiYe + BuYy >y — 6; — cjr Vj,k,i where i connects j and k. (29)

Let X , Y be its unique optimal solution. Let z;-k be the dual variables and set y;k = ZJ;“. We will

show that i/ together with X and Y satisfies the equilibrium condition. First, observe that the first

13



order condition of the convex program implies that

¢ . i ,
Xj:%:?:;y;k; Ykzz:%:Zy}k;
1, 1, 2,7

,J

i o i |
X=Y 5 =Y W= g =Y
k k J J

These equations capture exactly the relationship between the quantities of amount of goods traded.

Second, the complementarity condition for an optimal solution of the convex program implies

z

that if holds with strict inequality, then =% = y}k = 0. This condition is exactly the equilibrium

condition to guarantee each intermediary maximizes his own payoff.

To see the reverse direction, let X , ?, and ¥ be the quantities traded at equilibrium. Define
z;-k = Qy;k We need to show that X ,37 is the optimal solution of the convex program and
7 is the dual. First, the relationships among X,Y, and i implies the exactly the first order
condition of the convex program among X , }7, and 2z’ . Second, the following equilibrium condition
o X + aja:;» + BpYy + ﬂkka > pg — 05 — cjy if strict inequality holds then y;k, = 0 implies the

complementarity and slackness condition between the primal X , Y and the dual Z. This shows that

X , Y is the unique optimal solution for the convex program 1 .

14
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