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A Appendix

A.1 Proof of Lemma 1

Proof. A satisfied consumer posts a positive review if v + s > ¢; otherwise, the benefit cannot
compensate for the review-posting cost and she does not post.

An unsatisfied consumer posts a negative review only if the review-sharing value, v, is greater
than the value of posting a fake positive review, s — m, and greater than the review-posting cost
¢; that is, v > max{s — m,c}. An unsatisfied consumer posts a fake positive review only if the
benefit of doing so, s — m, is greater than the value of sharing a true opinion, v, and greater than
the review-posting cost ¢; that is, s —m > max{v, c}. In other cases, unsatisfied consumers post no

reviews. O

A.2 Proof of Proposition 1

Proof. First, the consumers in the first period have the same expected product valuation x + y, and
thus p] = = +y. Similarly, p5 = = + 25\y, where ) is a function of s. Second, we notice that the

intermediate-rebate case with ¢ < s < ¢+ m cannot arise in equilibrium. When s € [¢,c + m), by



Equation (3), ng, np, and n, remain the same for any s, and so do consumers’ perceived expected
utilities. Therefore, any s € (¢,c¢ + m) is dominated by s = ¢ to maximize the seller’s profit. We

next consider the low-rebate and high-rebate cases.

Low-Rebate Case (0 < s < ¢). By ng, ny, and n, in Equation (4), we have A= % + 3. By
substituting ng, p}, and p3 into Equation (1), we have the seller’s profit function:
I =(x+y)+z+1+5)y —s-3[1—(c—s). (13)
By the first-order condition (i.e., letting % = 0), we have
s = C'Hé_l and pj, = = + 7(3+C:y)y. (14)

Next, we check the constraints 0 < s < c¢. Under the assumption y < 1, we notice that s; < c,
and s; > 0 requires that ¢ > ¢ = 1 —y. When ¢ < ¢, because of the concavity of II;, the optimal
rebate is 0. The optimal second-period price is p3, = x+y, and the optimal profit is I}, = 2(x +y).
When ¢ > ¢, s7 in Equation (14) is the optimal solution to the constrained optimization problem

for the low-rebate case. By substituting s; into Equation (13), we derive the resulting profit as

I = ($+y>+%:H;+W' (15)

Ss—m

High-Rebate Case (s > ¢+ m). By ng4, np, and n, in Equation (2), we have A= % + %5

By substituting ng, pj, and p3 into Equation (1), we have the seller’s profit function:

I, =(z+y)+[z+(1+s—myl —s- 31+ (s—m)], (16)
By the first-order condition (i.e., letting % = 0), we have
s = 7m+22y_1 and py =z + 7(1_m;2y)y. (17)

Next, we check the constraint s > ¢+ m. Under the assumption y < 1, first, we notice that

sy —m = %}77”71 < 1, so that ng, ny, and n, in Equation (2) are well behaved. Further, s; > c+m



if m <m(c) = 2y—1-2c. Accordingly, when m < m(c), s; in Equation (17) is the optimal solution
to the constrained optimization problem for the high-rebate case. By substituting s; into Equation

(16), we derive the resulting proﬁt as
—1)2— —1)2—
H* 2( y) (m+2y 81) 8my H:L (m+2y ;) 8my7 (18)

When m > m(c), because of the concavity of I, the optimal rebate is ¢+m, leading to the optimal

second-period price p5, . = x + (1 + ¢)y and the optimal profit as follows:
HZC _ 2($ + y) + 20y7(1+2c)(c+m) _ H;: + 2cy7(1+20)(c+m)' (19)

Globally Optimal Price and Rebate Decisions. We next compare the optimal solutions
in the low-rebate and high-rebate cases to derive the globally optimal prices and rebate. Based on
Equations (15), (18), and (19), we can derive that II, > II} if and only if m > my4, II}, > II}  if and

only if m > meg, IIj > II; if and only if m > mg, and 11} > II}  if and only if m > my, where

my = (v2y — 1)

(2y—c—1)c

ma = 1+c

msz =142y —+/(1-¢)2 + 2@ + )y +¢?

c(6y—2)—5c2—(1—y)2
my = (6y )4(C+1)( Y)

Notice that m and m intersect at \/2y—1, which is less than ¢ if and only if y < 3—+/5. Accordingly,
we next distinguish two cases:

(a) Case with y < 3 —/5: When ¢ < /2y — 1 and m > my or when ¢ € [/2y — 1,¢| and
m > mg, s = 0 is optimal. When ¢ > ¢ and m > my, s = s is optimal. In other parameter regions,
if m <m(c), s = s} is optimal by the definition of m(c), and s = s is optimal otherwise.

(b) Case with y > 3 — v/5: When ¢ < ¢ and m > mq, s = 0 is optimal. When ¢ € [¢, ¢ and

m > mg or when ¢ > ¢ and m > my, s = s] is optimal, where

é=3y—5+2\yly+2)+4) (21)



is the intersection of m3 and m. In other parameter regions, if m < m(c), s = s} is optimal by the
definition of m(c), and s = sj . is optimal otherwise.

Altogether, we can define m(c) as follows:

mp ife<\2y—1
wheny§3—\/g, m(c) = mo if\2y—1<ec<é
my ifé<ec
(22)

mi ifCSé

when y >3 — /5, n(c) = ms ifec<e<é

my ifé<ec

where m;, i € {1,2,3,4}, is defined in Equation (20), and ¢ is defined in Equation (21). Noting
whether /2y — 1 < ¢ and whether ¢ > ¢ depend on whether y < 3 — v/5, we can also organize

Equation (22) as Equation (6). O

A.3 Proof of Corollary 1

Proof. (a) By Equations (20) and (22), m(c) weakly decreases in ¢ because d&"cl =0, dg? = (117‘71)2
o dms __ l—c—y ~ dmg __ —1-5¢(2+c)+y(4+y)
I<Ofore>2y—1, T2 = e TR < 0Oforc>¢ and 74 = (et 1) <0

for ¢ > ¢.

(b) By Equations (20) and (22), if y < %, 7(c) < 0 for all ¢ € [0, 1], and thus the seller does not
offer a high rebate. If y > 1, because m(0) > 0 and (1) < 0, fii(c) crosses zero from the positive
to the negative side once over ¢ € (0,1). We distinguish two cases:

(b.1) Case with y < 3—+/5: Notice that ms might cross zero at 2y—1 over its support. Therefore,
if 2y —1 < é=1-y, or, equivalently, if y < %, m(c) intersects zero at 2y — 1, beyond which the
seller does not offer a high rebate. Otherwise, m(c) intersects zero at the point satisfying m4 = 0,
leading to ¢ in the corollary, beyond which the seller does not offer a high rebate.

(b.2) Case with y > 3—+/5: Although ms might cross zero at y, y > ¢ and it is out of its support.

Therefore, m(c) intersects zero at the point satisfying my = 0, leading to ¢ in the corollary, beyond

which the seller does not offer a high rebate. 0



A.4 Proof of Corollary 2

Proof. (a) For ¢ in Proposition 1, we have dd—g =-1<0.

By Equations (20) and (22), m(c) increases in y because 88—7';2 = c%Tcl > 0 and 88—”;4 = 32‘:;}5)9 > 0.

)
In addition, mj increases in y for y > % When y < %, v/2y — 1 < 0 and m; is irrelevant. Further,

we can show mj increases in y because 8;22‘3 > 0 and 88—”;‘/3@:3_\/5 > 0.

(b) Notice that the seller does not offer a rebate when m > 7m(c) and ¢ < é. When y decreases,
m(c) decreases and ¢ increases, and thus the firm is more likely not to offer a rebate, or, equivalently,
less likely to offer a rebate.

(c) As in the proof of Corollary 1, if y < 3, ri(c) < 0 for all ¢ € [0,1], so the seller does not offer

a high rebate. O

A.5 Proof of Proposition 2

Proof. The equilibrium profits are derived in the proof of Proposition 1 as in Equations (15), (18),
and (19). O

A.6 Proof of Proposition 3

Proof. (a) The proof of Proposition 1 guarantees that the equilibrium profit under the conditional-
rebate strategy is higher than that in the benchmark case.

(b) In the benchmark, p}, = p5, = (¢ +y). By Equation (5), p5 > p3, because A > % when
rebates are offered.

In addition, by Equation (5), when m > m(c) and ¢ > ¢,

(05 = 5") = p3, = ~HEL <0,

When m < rii(c) (which is possible only if y > $) and m < m(c),

*

(p5 — 5*) — p, = Ze=tl=mmlity)

< 0.

When m < m(c) and m > m(c), (p5 — s*) —p3, = —m+c(—1+y) <O0. O



A.7 Proof of Proposition 4

Proof. (a) By Equation (5), % =1>0, % =4>0, gfﬂ = 0, and ap? = 0. By Equation (7),
%Ign =0, and aH :#>Obecausec>é:1—y.
. - _ 810 9s* __ 810 _ _Y .
(b) By Equation (5), for m < m(c), %SC 0, 52 =0,%5.,=35>0and 32 = -5 < 0; For

m > m(c), %ic* =1>0, % =1>0, gim =0, and (?ﬁ = 0. By Equation (7), for m < m(c),

oIT* or* _ —1—c

I :O,and%%:%—%<0.]§’orm>m(c),%_ <0, aﬂd%:w<0
because m > m(c) =2y — 1 — 2c. O

A.8 Proof of Proposition 5

Proof. First, in the first period, the seller considers either charging a low price to sell to all consumers
(i.e., the low-price strategy) or charging a high price to sell to those with high digital-attribute value
only (i.e., the high-price strategy). The optimal profit under the low-price strategy is y and under
the high-price strategy is %(23; +y). When x > %, p] = 2x +y. Similarly, in the second period, the
seller chooses between the low-price strategy with an optimal price 25\y and the high-price strategy
with an optimal price 2z + 25\y. Second, as in the baseline model, the intermediate-rebate case with
¢ < s < ¢+ m cannot arise in equilibrium. We next consider the low-rebate and high-rebate cases.

Low-Rebate Case (0 < s < ¢). As in the baseline model, we have \ = 3 4+ 2. Under the

high-price strategy, the seller’s profit function is

T = @29 4 Lop 4 (14 5)y] —s- 31— (c - 9)] (23)

h
By the first-order condition (i.e., letting aalsl =0 ), we have

sf’ = Cﬂé_l and p}zll =2z + W (24)

We now check the constraints 0 < s < ¢. Under the assumption y < 1, we notice that slh < ¢, and
sfl > 0 requires that ¢ > ¢ =1 —y. When ¢ < ¢, because of the concavity of th, the optimal rebate
is 0. The optimal second-period price is p3, = 2 +y, and the optimal profit is I}, = 2z 4+y. When

c > ¢, s{‘ in Equation (24) is the optimal solution to the constrained optimization problem for the



low-rebate high-price case. By substituting s;‘ into Equation (23), we derive the resulting profit as

T = (20 +y) + (=L —qp . (ety 7 (25)

Under the low-price strategy, the seller’s profit function is

2
=G (14 8)y — 3[1— (c— s)] (26)
1
By the first-order condition (i.e., letting % = 0), we have

| _ c+2y—1
2

ol — Btet2yy (27)

and plzl =

1

We now check the constraints 0 < s <ec. Ify > 3,

we notice that s% >0, and 8; < ¢ requires that
c> ¢ =2y—1. When ¢ < ¢, because of the concavity of II;, the optimal rebate is s%c = c. The
optimal second-period price is pélc = (1 + 5)y, and the optimal profit is H%C = % + %. If
Yy < %, we notice that sf < ¢, and sf > 0 requires that ¢ > ¢; = 1 — 2y. When ¢ < ¢}, because of
the concavity of II;, the optimal rebate is 0. In this case, the low-price strategy is dominated by
the high-price strategy. Therefor, the optimal second-period price is p3, = 2z 4y, and the optimal
profit is II}, = 2z 4+ y. When ¢ > ¢ (if y > 3) or when ¢ > ¢} (if y < 3), s} in Equation (27) is
the optimal solution to the constrained optimization problem for the low-rebate low-price case. By
substituting s% into Equation (26), we derive the resulting profit as

_1)2
Hé _ 2:5-531/ + (c—‘r2ly6 1) (28)

We notice that é > ¢ if and only if y < 2, and ¢ > ¢;. Comparing the different cases under low

2 2
rebates, under the assumptions that x > 82”%63” (when y < 2) and > % (when y > 2), we can

summarize the optimal second-period price and rebate as follows:

(2z +y,0) ifec<eé
(p3,8%) = (2x+y+w,#) ife<e<e (29)
(y 4 (F2y—Dy et2y—1, ifc>¢



where ¢ is defined as in the proposition.

High-Rebate Case (s > ¢+ m). As in the baseline model, we have A = 2455 We consider

the cases that the seller optimally chooses a low-price strategy under high rebates. Under a low-price

strategy, the seller’s profit function is

M, = 252 4 (14 s —m)y — s+ 31+ (s = m)], (30)
By the first-order condition (i.e., letting aa% = 0), we have
st = m+éyfl and p} =y + (*m+;1yfl)y_ (31)

We notice that s} > c+m if m < m(c) = 4y — 1 —2c. Accordingly, when m < m(c), s} in Equation
(31) is the optimal solution to the constrained optimization problem for the high-rebate case. By

substituting s; into Equation (30), we derive the resulting profit as

I = 2$;r3y + (m+4y—116)2—16my (32)

When m > m(c), because of the concavity of I, the optimal rebate is ¢+m, leading to the optimal

second-period price p3, . = y + cy and the optimal profit as follows:

I, = 22b8y 4cyf(1+4c)(c+m) (33)

Globally Optimal Price and Rebate Decisions. We next compare the optimal solutions
in the low-rebate and high-rebate cases to derive the globally optimal prices and rebate. Based on
Equations (25), (28), (32), and (33), we can derive II}, > I} if and only if m > my, II! > II} if and

only if m > ms, th > II} , if and only if m > mg, and Hf > II;, if and only if m > my, where

my =1+ 4y — 2\/4x + 2y)

my =1+4y —+/(c+y— 1)+ 16z + 8y

_ c(14y—2)—1-5c¢2—16x+(10—y)y
4(1+c)

c(12y—2)—5c2—(1—2y)?
4(1+c)




—54+2y+4+/1+y+y?

Notice that my4 and m intersect at ¢* = 3 , which is less than ¢ if and only if
8y+13y%+8y4/1 2 . 2 8y+13y%+8y4/1 2
g > W 4g YY" We can verify that 4yJ1“67y < Sty 4‘g YY" Therefore, under the

condition specified in the proposition, when ¢ < ¢ and m > mq, s* = 0; when ¢ < ¢ < ¢ and

* l

= slh; when ¢ > ¢ and m > my, s* = s;. In other parameter regions (i.e., if

m > m(c), s
m < m(c)), if m < m(c), s* = s}, and s* = s;, otherwise. We can then similarly define m(c) as
follows:

1+4y — 2/4x + 2y ife<e

1+4y —/(c+y—12+16x+8y ifé<c<c

c(14y—2)—1-5c2+16z+(10—y)y
4(1+c)

ifc*<e<eé

c(12y—2)—5¢c%—(1—2y)?

050 ife>¢é

A.9 Proof of Proposition 6

Proof. Under a low rebate or no rebate, social welfare is formulated in Equation (9). Under a high
rebate, when consumers with both high and low digital-attribute value purchase the product, social

welfare can be formulated as

12z +y)+(z+y)] +1 fol (v—c)dv+1 sl_m(v —o)dv+ 5 [77"(—c—m)dv (35)
Consumer surplus is computed as social welfare minus the seller’s profit (as in the proof of
Proposition 5). By substituting (p*, s*) from Equation (8) into Equations (9) and (35) and by simple

algebra, we can derive equilibrium social welfare and consumer surplus, (sw*, cs*), as follows.

(2x+y+%,%) if m>1m(c) and c < é
2z +y + (1—40)2 _ (c+g2—1)2’ (1—40)2 _ 3(c+§/2—1)2) if m>m(c)and é<c<é

it m > m(c) and ¢ > ¢

(7(1—0)2+64m+4y(13—c—y) 5(1—6)2+32x+12y(1—y—c))
32 ’ 32

(77160+3m2+2m+64x+8y(772y7m) 54+6m+m?—16c+8(m+3)y+322—48y> )

o , 3 if m < m(c) and m < m(c)

otherwise

(2(1+8x+6y)—c(4+c+2m) 2(14+m+4z)—c(2—c+8y) )
8 ’ 8



Note that the first case is equivalent to the benchmark case. We use subscript b to denote the

results under the benchmark case. The second and third cases are those in which the seller offers a

low rebate in equilibrium, and the fourth and fifth are those in which the seller offers a high rebate.
(a) When m > mi(c) and ¢ < ¢ < ¢, it is easy to see that sw* < swy and cs* < csj.

When m > 1(c) and ¢ > ¢, we have

O(sw*—swf)  1—c—2y O(cs*—csy)  3(—1+4c+2y)
dc =16 < 0 and dc - 16 <0
In addition, (sw* — sw)|c=1 = U1y - 0, and (cs* —csf)|e=1 = 823" - (). Therefor * > swy
; plle=1 = —3 ; ple=1 = 5 . Therefore, sw* > swy,
and cs* > cs;.
N _ 8 * *
(b) When m < m(c) and m < m(c), we have w = —5 <0, and

2
* * _ m?+(8y—2)m—3+8(5—6y)y
(sw* — wa)‘c:ﬁrl(m) = 32

We can verify that (sw* — swy)|c.—m-1(y) increases in m in the high-rebate low-price equilibrium

and is positive at m = 0. Therefore, sw* > swj;. Moreover,

cs* —csy = 35 (=8¢ + m? + m(8y + 6) + 32z — 3(1 — 4y)?)

2 - _ 2
which is positive if and only if ¢ < V/m +m(8y+§i;%32x 3047 Crg-
When m < mi(c) and m > m(c), we have sw* — swj = é (—302 — 2cm + 4y), which is positive

—m-+4/m2+12y
3

if and only if ¢ < . Moreover,

cs* — csp = 3[2(m + 4x) — c(c+ 8y — 2)]

which is positive if and only if ¢ < /2m + 8z + (4y — 1)2 —4dy + 1 =&

We notice that ¢ and & intersect with m at 1+ 12y — 2/8x + 16y(y + 1) — 1. Combining

the conditions in these two cases, we conclude that cs* > csy if and only if ¢ < ¢4, where

/m2+m(8y+6)+322—3(1—4y)2 .
if m<1+12y —2,/8z+ 16y(y+ 1) — 1

Ces =

V2m + 8z + (4y — 1)2 — 4y + 1 otherwise

10



Proof of Proposition 7

Proof. Review-posting behavior of the consumers in the first period remains the same as in the
baseline model. We next consider the review-posting behavior of early arrivals in the second period.
A satisfied early arrival derives value v — 2I<:y(5\ — %) by sharing true opinion with review-posting cost
c. Therefore, satisfied early arrivals with v > ¢+ 2k:y(5\ - %) post positive reviews, and the others
post no reviews. An unsatisfied early arrival derives value v + Qky(j\ — %) by sharing true opinions
with cost c. Therefore, unsatisfied early arrivals with v > ¢ — Qky(j\ — %) post negative reviews, and
the others post no reviews. As a result, the numbers of early arrivals who post positive, negative,
and no reviews are

ny = 0 - (¢ + 2ky(\ — ], ny=801- (¢ — 2ky(\ — 3)), and n, =60 — n), —nj, (37)

The rest of the proof is similar to that of Proposition 1. We next provide a sketch of the
proof, highlighting the differences. The seller’s optimal first-period price remains the same as
p] = = +y. We denote N as late arrivals’ perceived likelihood of being satisfied. In the second-
period, p5 =z + 2\ y, because late arrivals have lower perceived likelihood than early arrivals due
to the negative effect of review manipulation.

Low-Rebate Case (0 < s < c). As in the baseline model, A = 3 + 5. By Equations (4) and

(37), we have

{1 ng+ny+0.5(no+nl,) 1 s(1—kyd) _ 1 s
N =" =5t ame 3t T
where ¢ = 1Ifze. We thus have the seller’s profit function:

I =(x+y)+a+Q+L)yl—s- 31— (c—s) (38)
By the first-order condition, we have

5 = Y and py = @y o+ SHEGO (39)

11



We can similarly derive ¢ = 1 — ¢y which segments the regions with low rebates and no rebates. If
¢ < ¢, the optimal rebate is 0, p3, = v +y, and II}, = 2(x + y). If ¢ > ¢, 5] in Equation (39) is the

optimal rebate, resulting in the optimal profit

I = 2(a +y) + SF17 =y 4 (eteu=L? (40)

High-Rebate Case (s> ¢+ m). As in the baseline model, A =  + 5. By Equations (4)
and (37), we have

oo ttmage) _ (ogiom) _f deon)
We thus have the seller’s profit function
I, = (x+y)+z+y+o(s—my] —s-[1+ (s —m)] (41)
By the first-order condition, we have
sZz%andpzzx—i—y—i-w (42)

We can similarly derive m(c) = 2¢y — 1 — 2¢ which segments the regions with a corner solution and
a interior solution. When m < m(c), s; in Equation (42) is the optimal rebate, resulting in the

optimal profit with the interior solution

I = 2(z +y) + (m+2¢y7§)278m¢y = II* + (m+2¢y7§)278m¢y (43)

When m > m(c), the optimal rebate is ¢ + m, leading to the optimal second-period price p3; . =

T + y + coy and the optimal profit with the corner solution
H;(Lc _ 2(1_ + y) + 2c¢y7(142rc)(c+m) _ H’TL + 2c¢>y7(1;c)(c+m) (44)

Globally Optimal Price and Rebate Decisions. We can derive that 1I5, > II} if and only

if m > mq, II;, > 117 if and only if m > my, II} > II} if and only if m > mg, and II} > II; _ if and

12



only if m > my, where

¢

my = (v2¢y — 1)?

_ (2¢y—c—1)c
ma = 1+c

(45)
mg =1+ 2¢y — /(1 — )2 +2(3 + c)py + $2y>
_ c(6¢y—2)—5c2—(1—¢y)?
my = (6y )4(C+1)( y)
We can then similarly define m(c) as follows:
m1 if ¢ < /20y —1
when y < %, mc) =4my ifV29y—1<c<é
my if ¢ <ec,
(46)
mp ife<é
when y > %7 m(e) = my ifé<c< %(qﬁy —54+2v/oy(oy +2) +4)
my if 3(dy — 5+ 2¢/dy(dy +2) +4) <c.
O

Proof of Proposition 8

Proof. The proof is similar to that of Proposition 7. Note that A in Equation (11) can be simplified

to A = % + 1_70‘ In the low-rebate and high-rebate cases, we have A= % + % and

A= % + M, respectively. Therefore, A in this case differs from X in the proof of Proposition 7

only in the coefficient a. By replacing ¢ in the proof of Proposition 7 with «, we have the equilibrium

13



results. We can similarly define m(c) as follows:

mp if c <+ 2ay—1
when y < 3_(;/5, m(c) =< my if V2ay—1<c<eé
my if ¢ <ec,
(47)
m; ife<é
wheny>%, m(c) = ms ifé<c§%(ay—5+2\/ay(ay+2)+4)
my  if 2(ay —5+2y/ay(ay +2) +4) < c.
O

Proof of Proposition 9

Proof. As in the baseline model, p] = = + 2y and pj = = + 25\y, where A is a function of s. We
next consider the low-rebate and high-rebate cases.
Low-Rebate Case (0 < s < ¢). As in the baseline model, we have A = A(1+ s — As), and the

seller’s profit function is

I = (z +2)\y) + [z + 2A(1 + 5 — As)y] — s A[L — (c — 3)] (48)

By the first-order condition (i.e., letting % = 0), we have

57:%andpgl:x+)\y[1—c)\+c+)\+2(1—)\)2y] (49)

Similar to that in the baseline model, s; < ¢ under the assumption A > %, and s; > 0 requires
that ¢ > ¢ =1-2(1 - \)y. When ¢ < ¢, the optimal rebate is 0, the optimal second-period price
P5, = « + 2y, and the optimal profit is I}, = 2z 4+ 4\y. When ¢ > ¢, s} in Equation (49) is the
optimal solution to the constrained optimization problem for the low-rebate case. By substituting

s into Equation (48), we derive the resulting profit as
I =22 + 4y + 3[c + 2(1 — Ny — 1]2 (50)

14



High-Rebate Case (s> ¢+ m). As in the baseline model, we have A = A + (1 — A)(s — m),

and the seller’s profit function is

I = (x4 2\y) + [z + 20y +2(1 = N (s —m)y] — s - A+ (1 = A)(s — m)] (51)

By the first-order condition (i.e., letting % = 0), we have

s, = " — gty and pf = 2+ y[A + (1 - ) (2y —m))] (52)

Similar to that in the baseline model, s} > ¢+ m if m < m(c) = 2y +1 — 2¢ — 2. When
m < m(c), s in Equation (52) is the optimal solution to the constrained optimization problem for

the high-rebate case. By substituting s} into Equation (51), we derive the resulting profit as

I} = 2z + 2X\y + 325 + (m — 2y)2 — A(m — 2y + 1)?] (53)

When m > m(c), the optimal rebate is ¢ + m, leading to the optimal second-period price p3; . =

x + 2(c+ XA — Ac)y and the optimal profit as follows:
I, =22+ 2 y — A+ (1 = N (c +m — 2y) (54)

Globally Optimal Price and Rebate Decisions. As in the baseline model, based on Equa-
tions (50), (53), and (54), we can derive that I} > II; if and only if m > my, II;, > II7 _ if and only

it m > meo, II] > II} if and only if m > mg, and 1I} > II}  if and only if m > my, where

A—24/2X(1—X
_ 2(1=XNey
my = ~Y _c
ctHA—cA (55)
_ _ _ —1)2
my = 2y + XV ANCy-Dyte- 1748y
_ a=XNy—c]lc(4=3N)+2X(1—(1-X)y)] =
mq = Ic(I=N)+4x
Notice that m; and m intersect at w, which is less than ¢ if and only if y < 2_/\2(1_(;1\)_33)‘))‘
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Therefore, we can define 7(c) as follows:

mp ife<c
2-A—/(4=30)x ) .
whenygw, me) =S my ife; <c<é
my ifé<ec
(56)
myp fe<é¢
2-A—/(A=30)Xx . o
wheny>w, m(c) = mg ifé<e<ey
my ifeg <c

where mj, mo, ms, and my are defined in Equation (55), and

—A/2A(1-N)y
1= T\

= [5-2(1-N)y] (A=A 24/ A(1-N) [1+2y (1-N) (2+2y(1—1)3—3))]
C2 = (V=)

are the intersection between my and mo and the intersection between mg and my, respectively.
When m < 1m(c), the seller offers a high rebate. Altogether, the equilibrium rebate and price

decisions can be summarized as in the proposition. O

Proof of Proposition 10

Proof. As in the baseline model, p] = z +y and p5 = = + 2;\y, where \ is a function of s. For

the high-rebate case, because n, = 0, we have the same results as in the baseline model. We next

consider the low-rebate case (0 < s < ¢). As in the baseline model, we have A= 21__20555, and the

seller’s profit function is

I = (x+y) + [+ 55eEty] = s 311 (c—9) (57)
By the first-order condition (i.e., letting % = 0), we have the optimal rebate to be either 0 or as
si={s€(0,1)[(1—c+2s)(2—2c+s)>—4y(l —c) =0} (58)
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We notice that s; > 0 requires ¢ > ¢ = 1 — ,/y, and we can verify that s; < ¢. When ¢ < ¢,
the optimal rebate is 0, the optimal second-period price is p3, = x + y, and the optimal profit
is IIY = 2(xz +y). When ¢ > ¢, s7 in Equation (58) is the optimal solution to the constrained
optimization problem for the low-rebate case. By substituting s; into Equation (57), we derive the
resulting profit as ITy (s} ).

As in the baseline model, II}; > II; if and only if m > my, and II;, > 1T  if and only if m > mao,
where my and my are defined in Equation (20). Similarly, II} > II7 if and only if m > ms, and
I} > IIj, if and only if m > my, where ms = {m/|lI; =1II;} and m4 = {m|II] =II}_}. Notice that
my and m intersect at —1 4 /2y, which is less than ¢ if and only if y < 12 — 8/2. Therefore, we

can define m(c) as follows:

myp ife<y2y—1
when y < 12 — 8v/2, 1(c) = mo if\2y—1<c<eé
my ife<e
(59)
mp; ife<c

when y > 12 — 8v/2, m(c) = mg ifé<e<ec

my ife<ec

where ¢ = {c € (0,1)|m(c) = m4}. Consequently, the equilibrium rebate and price decisions can be

summarized as in the proposition. O
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