Appendices

A Proof of Lemma 1

In equilibrium, the platform ensures the following constraint holds:

d(LENy = JUN (40)
v c
Suppose that this constraint does not hold, then 1) when d(*=2X) < s®X, the platform can reduce the
cost by decreasing the wage slightly without affecting the revenue, which increases its profit; or 2) when
d(ﬁ_%) > 5=, the platform can increase the revenue by increasing the price slightly without affecting the

cost, which also increases its profit. Therefore, the optimal wage should satisfy

&(v — pn)d

wn(py) = 2~ PN)d 1)
s
Substituting (40) and (41) into (5), the platform’s profit is
T —

my =d—N (pv —wn(pN)) (42)

Maximizing the profit by choosing py, the first-order-condition is
Onn _ d(2dé(v — pn) + sv(v — 2pN)) _0 43)
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and the optimal price p}; is given in (7). Substituting (7) into (41), we obtain the optimal wage w; in (6).

We can check that the second-order derivative is always negative.

Based on the equilibrium outcomes, we can calculate the expected profit as:
1, v
B(ri) = 3 b
s d

2(mé(n — 8)(6 +n) +nv(m — 0)(6 +m))(2mnev + 2 (n — 6)(6 + n) + v2(m — 0)(6 + m))

P (py — wiy))

(¢
4(é(n—0)+o(m—6))(E(0+n)+v(m—0))(c(n—238)+v(0+m))(e(d+n)+9(0+m))

(44
O
B Proof of Lemma 2
In equilibrium, the platform ensures the following constraint holds:
an + (d — an) v —UPC sw—éc (45)

Again, suppose that this constraint (45) does not hold, then following the same argument in the proof of
Lemma 1, the platform can either reduce the wage or increase the price to increase its profit. Therefore, the

optimal wage satisfies
¢(d(v — pc) + anpe)

we(pe) = s (46)
Substituting (45) and (46) into (8), the platform’s profit is
/l] —
7o = an(—we) + (d — an)——(po — we (po)) @7



Maximizing the profit by choosing p¢, the first-order-condition is

Orc  (d—an)(2¢(dv + pc(an — d)) + s0(v — 2pc)) 0 (48)
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and the optimal price pg, is given in (14). We can check that the second-order derivative is always negative.

Substituting (14) into (46), we obtain the optimal wages w¢, in (13).
In equilibrium, the platform charges a membership fee that is just below AU". Calculating AU"(d, s)

for any given d and s by substituting (14) into (11), we have
(d, 3)) _ v (2¢ 4 50)(2¢(1 — 9¢) + 350) 49)
20 8 (e(1 —9¢) + 50)2

Now take expectation of (49) for all possible d and s, we derive the equilibrium membership fee in (12).

AU™(d, s) = pia(d, s)(1 — €

Then the expected profit is given as:

= *

Bre) =33 i[an(—w}}) +(d - om) " PC (5, )] + anR
S d

= L i(ane( ((a+1)n —4)? N ((a+1)n—4)?
32 (1 —a)n—20)+o(m—0)2 " (&(1L—a)n—203)+ (0 +m))?
., (6 + (a + 1)n)? . (0 + (o + 1)n)? ) (50)

€6+ (1—a)n)+v(m—20))2  (e(d+ (1 —a)n)+v(0+m))?
(n—0)((a+1)n —9) N (n—0)((a+ 1)n —90)
cl—an—=0)+ov(m—0) ¢(1—-a)n—239)+00+m)
(6+n)(0+ (a+1)n) (6+n)(0+ (a+1)n)
c0+(1—a)n)+v(m—0) &b+ (1—a)n)+v(0+m)

—2¢(

)+ 4(a + 2)n)

C Analysis for Scenario (C) in Section 4.2

In Section 4.2, we present the analysis for scenario (a) and (b). In this section, we perform the analysis for
scenario (c¢) and show the condition for when it is more profitable for the platform to offer membership to only
regular consumers, compared to providing membership to both regular and occasional consumers. Assume
that in stage 2, v, € [0, 1] fraction of the regular consumers choose to become subscribers, and v, € [0, 1]
fraction of the occasional consumers choose to become members. It is clear that, in the equilibrium, if
(7r,7%) = (1,1), all consumers join the membership; if (7,,7,) = (1,0), only regular consumers join the
membership. We use subscript 7" to denote this case. The platform’s problem in the spot period is

max —wc,r(yran + Y. (d — an))
bc,T,wc,T

v—pcr  Wor
T T — (pam + yo(d — am)) ).

(5D
The first term represents the cost of serving all member consumers, and the second term denotes the

+ (per —wor) - min{((1 = r)an + (1 =) (d — an))

profit from serving non-member consumers in the spot period. We denote the platform’s optimal spot price

and optimal spot wage under the consumer-side membership plan as p*C?T(d, s) and waT(d, s), respectively.



In stage 2, a consumer joins membership if her expected surplus gain from membership is at least as high
as the membership fee, B¢ 7, given the consumer’s belief about the size and composition of consumers who
join the membership. In the equilibrium, this belief should be consistent with the platform’s belief about the
size and composition of consumers who join the membership, which impacts the platform’s decision on the
membership fee. Given (7,,7,), for a regular consumer, the expected purchase-related surplus during the
spot period (excluding membership fee) if she joins the membership plan is

B il
U&,Tzzsjzdji[/o “de) = 3, (52)
and the expected surplus if she does not join the membership plan is

- p*C’T(d7 S, Vry 70)
Ukrlorin) =23 1 i S el

Pc, T (d,8,77,Y0) (53)

v " per(d, 8,70 %)
=5~ Elptr(d, s, %) - (1 - 20 )

Then, a regular consumer’s expected surplus gain from membership is:
pE,T(dv S5 Vrs ’YO)

AU (vr,%) = Uor — Uy 7 (Vs %) = Elpe 7 (d, 8590, %0) - (1 — 5% )] (54)

For an occasional consumer, given (,,",), the expected purchase-related surplus during the spot period

(excluding membership fee) if she joins the membership plan is

—an vy Mo U
UCT—ZZM = [/ Sdl =25, (55)

0
and the expected surplus if she does not Jom the membershlp plan is

d—an v Z_p*CT(d’577T7’70)
U} , ’ d
Rl ) Z Z 42e(1—a)n [/zv*CT(d,s,wr,»yO) v 7

( ) (56)
TLO pZ‘T d757/}/7’7/70
=—(-—E d, (1 —— .
Thus, an occasional consumer’s expected surplus gain from membership is:
ﬁ * p*C”T(d7 87 77”7 70)
AU°(r, %) = Uéip — U r (45 %0) = ;OE[paT(d, 8, %y Yo) + (1 — 7 )]- (57
o
Note that the term % represents an occasional consumer’s probability of needing a service in a

period when the demand potential is d, where d — an is the number of occasional consumers who need
a service in the spot period, and Z—z(l — a)n is the total number of occasional consumers. Recall that

d € {n + d,n — §} with equal probabilities, and an occasional consumer’s expected probability of needing

a service is %go (a)nJ)ra +35 (nlo (T‘)’L)z = ngl(lo‘);)n = ZO’ ZZ € (0,1), as specified in Section 3. It is clear

that AU O(’yr,’yo) < AU" (fyr,fyo) since Z—Z < 1. Therefore, given any (d, s,7,,7,), a regular consumer’s
expected surplus gain from membership is greater than that of an occasional consumer. Given this, the
platform can never induce only the occasional consumers to become members.

Under this belief, in stage 1, the platform would set the membership fee. Assume that the platform set

membership fee Rc 7 (7r,Y0) > AU (7r,70), then both the regular consumers and occasional consumers



would find that the membership fee is more than the expected surplus gain from becoming members.
Therefore, none of the consumers would choose to become members, then in the equilibrium, (v,,v,) =
(0,0). Now assume that the platform set membership fee AU" (V,,7,) > Ror (Vs Yo) > AU°(Vr, Yo)s
a regular consumer joins the membership as her expected surplus gain is not less than the membership
fee.!3> However, an occasional consumer does not join since her expected surplus gain is smaller than the
subscription fee. Thus, in the equilibrium, all the regular consumers choose to become members, but none
of the occasional consumers join, which means (,7,) = (1,0). Then the platform’s optimal choice of
membership fee is Re 7 (v = 1,7 = 0) = AU (v = 1,7, = 0), since any membership fee lower than
that does not increase the number of members, but reduces the membership fee revenue. Finally, assume
that AU°(Vr, %) > R (7, Vo). apparently, a regular consumer is strictly better off to become a member,
and an occasional consumer is not worse off if she becomes a member. Hence, the equilibrium is that all
consumers choose to join the membership, i.e., (7+,7,) = (1, 1), and the platform’s optimal membership
fee is Ror(vr = 1,7, = 1) = AU®(v = 1,7, = 1). It can be shown that AU"(y, = 1,7, = 0) >
AU°(y, = 1,7, = 1) so that when the platform set Rc 7 (7r, Vo) = AU (7 = 1,7, = 0), no occasional

consumer is better off joining the membership.

Lemma 7. When the platform offers the membership plan to both types of consumers, in equilibrium, the

platform sets the membership fee, spot price and spot wage as follows:

. d—an 1 (2d¢+ sv)(3sv — 2dc)
fer = ; zd: Z—Z(l —a)n 3217[ 529 ) (58)
" cs
we r(d, s) = "l (59
* 3 /U
por(d, s) = we r(d, s) + 5 (60)

When the platform does not offer membership or if it offers the membership only to regular consumers,
the platform’s equilibrium decisions are provided in Lemma 1 and 2, respectively. To derive Lemma 7, we

find that the platform ensures the the following condition:

U —por we, T

(’Yran‘i"}’o(d_an))'i_ ((1 —fyr)an—i-(l—’)’o)(d—an)) v = c D)

If this constraint does not hold, then following the same argument in the proof of Lemma 1, the platform can

either reduce the wage or increase the price to increase its profit. Therefore, the optimal wage satisfies

c(dv + o(d —an) —d+ any,

BFor ease of illustration, we assume that a consumer always joins the membership if her expected surplus gain is not less than
the membership fee.



Substituting (61) and (62) into (51), the platform’s profit is

ne,r = —we,r(pe,r)(yran + Yo(d — an))

U —po,r (63)
+ (1 =y)an+ (1 =) (d — an)) —(pc,r — wer(por))-
Maximizing the profit by choosing pc 7, the first-order-condition is
omcr _ (Yo(d — an) — d + any,)(2¢(dv + per(Vo(d — an) — d + anvy,)) + sv(0 — 2pc,T)) —0
8pC,T sU2 ’
(64)
then we can derive
v(2dc + sv) 65)

* J—
Por = 95— 2¢(vo(d — an) — d + anvy,)
Substituting 7, = 1 and v, = 1 in to the expression above, the optimal price p*CyT is given in (60). We can

check that the second-order derivative is always negative. Substituting (60), v, = 1, and , = 1 into (62),
we obtain the optimal wages waT in (59). Substituting (60), v, = 1, and v, = 1 into (57), we obtain the
optimal membership fee RE‘,T in (58). And the platform’s expected profit when it offers the membership

plan to both types of consumers is

E(m¢ ) ZZ —wepd] + (an + 22 - “(1—a)n)R¢ r

o

1 Mo

— A2 (02 2y( (o oy g2 2
= 8o Do(m 0@ 1 m)2( 4ne=(6% +m”)(« (no 1)+ 1)((a—3)0* + (v — 1)n*)
+ 4mep(m® = 0%) (@ — Dn*(a(=2 —1) = 1) = *(a+ a2 — 1))
+ 3(a — 1)no?(m? — 02)2(a(% —1)+1)).
(66)
We now compare E(7¢, ) to E(7¢,) in Equation (50). Subtract E(7¢,) by E(n¢, 1), we have
. 1. v(sv— 2anc)(2d20 +s50(2d +an))  d%
E(nc) — E(rer) Z Z 8(e(d — an) + s0)? + e
(67)

(a(@ — 1)+ 1)(d — an) (4d*¢* — 4dscv — 38262)]

8(av — 1)s%v
rl— _ (= a) (25202 (d?+2adn—4a?n?)+2de3 (d—an)3+sc2v(5d+3an) (d—an)? — 393 (d—4an))
a(d—an)(3sv—2dc) (c(d—an)+sv)2

Denote p

, it is easy to ver-
ify that if Z—Z > pr!, the summand of Equation (67) is negative; if Z—Z < prl, we can verify that the summand
of Equation (67) is positive. We also show that the summand of Equation (67) is decreasing in the ratio Z—Z
for any demand potential d and supply potential s, therefore, the profit difference E(77.) — E(TraT) decreases
in Z—Z Thus, there exists a threshold pr®”, such that if Z—Z > prT, E(rg) — E(n¢ 1) < 0, indicating
that providing membership to only regular consumers is less profitable than providing membership to both

types of consumers; otherwise, if Z—Z < pr¢T, E(n¢,) —E(r¢ ) > 0, providing membership to only regular



consumers is more profitable than providing membership to both types of consumers.

We now compare E(7¢, ) to E(7};) in Equation (44). Subtract E(7,) by E(7f, 1), we have

1 dsv? 2 (e —1) +1)(d — an) (4d?c* — 4dscv — 3s°0?)
E(r%) — E(nt — o A e o
() ~ Elmer) Z zd: ider a0 7 8(a —1)s20
(68)
_ 22207 - 2:207 R
Denote pr? = (1-0)(2d cof(dd—aanrz)t?iljgi(;;gg;l_;)v « San)), we show that if Z—Z > pr?, the summand of

Equation (68) is negative; if Z—Z < pr2, we can verify that the summand of Equation (68) is positive. We
also show that the summand of Equation (68) is decreasing in the ratio Z—Z, therefore, the profit difference
E(my) — E(7¢, 1) decreases in Z—Z Thus, there exists a threshold pr™¥7, such that if Z—Z > prVT E(ny) —
E(waT) < 0, indicating that not providing a membership is less profitable than providing membership to
both types of consumers; otherwise, if Z—Z < prVNT E(m%) — E(7¢, r) > 0, indicating that not providing a
membership is more profitable than providing membership to both types of consumers.

Consequently, if Z—Z < min{pr¢T, prNT}, offering either no-membership plan or a membership plan to
regular consumers only leads to greater profit than a membership plan that targets both types of consumers.
C.1 Proof of Technical Condition in Equation (3)

To ensure that all spot prices are positive and remain under v, and all spot wages are positive and remain
under ¢, we need to add the following two constraints
0 < py(d,s) <v,0 < pe(d,s) <v,0 <per(d,s) <o, (69)
0 <wy(d,s) <¢,0<ws(d,s) <0 <wer(ds) <c, (70)
Substitute wy (d, s), wi(d,s), and waT(d, s) from Equations (6), (13), and (59) into constraint (69),
and substitute py(d, s), p&(d, s), and paT(d, s) from Equations (7), (14), and (60) into constraint (70).
Combining the two constraints and simplifying, making sure that those two constraints are satisfied under

all possible values of d and s, we have Equation (3).



D Proof of Proposition 1
We subtract E(7) in (50) by E(7}) in (44), which yields

E(r) — E(r}) = ani(s

2
B i< (o(m — ) — 2ane)? B (2¢(n — &) + v(m — 0))?
16 2E((1—an—0)+v(m—20))2 (en—235)+v(m—0))(e((1—a)n—23)+v(m—0))
N (o(m — ) — 2ane)? B (2¢(6 +n) + v(m — 0))? an
26+ (1 —a)n)+v(m—20)2  (e¢(d6+n)+v(m—20))(c(d+ (1 —a)n)+v(m—0))
N (9(6 + m) — 2anc)? B (2¢(n — &) + (0 + m))?
2(e((1—a)n=8) +v(6 +m))*>  (e(n—0)+ (6 +m))(e((1 —a)n —6) + (0 +m))
(9(0 +m) — 2anc)? B (2¢(6 +n) +0(0 +m))? )
2(¢(0+ (1 —a)n) +9(0+m))2  (e(6+n)+9(0+m))(c(d+ (1—a)n)+ov(@+m))"

Therefore, E(7f) > E(n}) if and only if the RHS of equation (71) is positive. Remove the coefficient term

anv, the RHS of equation (71) becomes
1 1 ( (o(m — ) — 2ane)? B (2¢(n — &) + v(m — 0))?
2 16 20e((1—a)yn—20)+ov(m—20))2 (én—20)+v(m—20))(c((1—a)n—27)+v(m—0))
2

(v(m — 0) — 2anc)

( (

* 2€(0+ (1 —a)n) +ov(m—0))2  (€(06+n)+v(m—0))(c(0+ (1—a)n)+v(m-—2>0))
N (©(0 +m) — 2ane)? B (2¢(n — ) +0(0 +m))?

2¢((1 —a)n—98)+0(0 +m))?  (¢(n—208)+0(0 +m))(e((1 —a)n—3)+v(0 +m))
N (©(0 +m) — 2ane)? 3 (2¢(6 +n) +0(0 +m))? )

20+ (1 —a)n) +9(0+m))?2  (e(6+n)+9(0+m))(cd+(1—a)n)+ov(@+m))"

(72)

Denote the expression in (72) as A (m, n). We can show that Ar(m, n) > 0 for sure when £ < ‘/q_?’.

We also verify that W > 0 and W < 0. In addition, we can show that Ax(m,n)|,_s < 0,

AT (m, 1) |lm—soso > 0, Am(m, n)|p—s > 0, and Am(m, n)|p—eo < 0. Therefore, when £ > @, there
exists thresholds in terms of m and n such that Aw(m, n) = 0. Define threshold of m given n, m®(n) > 0,
and threshold of n given m, n®(m) > 0, such that when m = m®(n) or n = n®(m), Ar(m®(n)) = 0 or
Arn(n®(m)) = 0 (the RHS of equation (71) equals to 0 as well). Then, for any m > m®(n), An(m) >
An(m®(n)) = 0, or for any n < n®(m), An(n) > Ar(n®(m)) = 0, hence, the RHS of equation (71) is
non-negative, and the platform offers consumer-side-only membership plan; otherwise, for any m < m¢ (n)
or n > n%(m), it must be An(m) < Ar(m®(n)) = 0 or An(n) < An(n®(m)) = 0, respectively, then

the RHS of equation (71) is negative, and the platform does not offer consumer-side-only membership plan.

O]



E Proof of Proposition 2

(1) In the no-membership equilibrium, consumer surplus of regular consumers and occasional consumers are

given as

CSN—ZZ / de] (73)

05%2224[/* (d—an)z_ﬁdez] (74)
s d PN

In the consumer-side-only membership equilibrium, consumer surplus of regular consumers and occasional

consumers are given as

CSE = an(U5 — AU") = Z Z / e dz] (75)
CS%=ZZ4[/ <dfom>2 2 g, (76)
s d PG

It can be shown that C'Sy > CS{ and CS%; > CSg because pi, > pj. Therefore, the total consumer

surplus is lower in the membership equilibrium, compared to that in the no-membership equilibrium.

(ii) The provider surplus in the no-membership equilibrium is

=225 i T (7

The provider surplus in the membership equilibrium 1S

Pse=33 / C s =24 78)

It can be shown that PSy < PS¢ because wc > wy. Therefore, the provider surplus is higher in the

consumer-side-only membership equilibrium, compared to that in no-membership equilibrium.
(ii1) The social welfare is the total valuation of all served consumers minus the total cost of all serving

providers. Under the no-membership equilibrium, the social welfare can be expressed with

1 v w?\/
SWy = ZZ 4[/* d%dz - / s%dz} (79)

Under the consumer-side-only membership equihbrium the social welfare can be expressed with

v ’LUC
SWC_ZZ4/* d—om)vdz—l—/o anidz—/o sidz] (80)
s d Pc
For any d and s, when the technique condition in constraint (3) holds, the summand in (79) is less than the
summand in (80), i.e., fpﬁiv didz— fgw}kv s2dz < f;g(d— an)%dz%—foﬁ anZdz — fgug sZdz, which indicates
SWN < SWM



F Proof of Lemma 3
In the equilibrium, the platform ensures the following constraint holds:
v —pp wp

A("=PE) = Bm = (s = pm) L (81)

Again, suppose that this constraint (81) does not hold, then following the same argument in the proof of

Lemma 1, the platform can either reduce the wage or increase the price to increase its profit. Therefore, the

optimal wage satisfies
c(v(d — pm) — dpp)

= 82
wP(pP) ’l_)(S — Bm) ( )
Substituting (81) and (82) into (16), the platform’s profit is
v —
mp = Bmpp + (pp — wp(pp)) - (A1) = fm) (83)
Maximizing the profit by choosing pp, the first-order-condition is
orp d, 2¢(v(Bm — d) + dpp)
opr (v(v — 2pp) P ) (84)

and the optimal price p} is given in (22). We can check that the second-order derivative is always negative.
Substituting (22) into (82), we obtain the optimal wages w in (21).
In equilibrium, the platform offers a fixed membership wage that is just above — AUP°#"  Calculating

— AyProvider (d, s) for any given d and s by substituting (17) and (18) into (19), we have

. 2 & & & o(d—28m)
_AUprovzder d —F wp ¢ - c. ¢ U(
(ds) =B+ 3 =3+ 5lGe —gm 1 o

Now take expectation of (85) for all possible d and s, we derive the equilibrium fixed membership wage in

(20).

I? (85)

Then the expected profit is given as:

B(rp) = 33 LBmpi + (h — wh) - (A7) — m)] — pmp
s d

_ i(Qﬁ(_élﬁmE(é +pm—n)+v(n—29)((8—1)m—0)
32 é(n—20)+v(0 —Pm+m)

4me(d — pm+n) —o(d +n)((B—1)m — 6) N 4me(d — pm+n) —o(d +n)(0+ (8 —1)m)
c(0+n)+0(0—pm+m) c0+n)—ov0+(B—1)m)

_4pme(d+ Bm —n) +0(n—0)(0 + (8 —1)m) Bmev* (8 + 28m — n)?

on—0)— 56+ (B—1)m) )~ G- o+ B-nmp O
_ Pmen*(0+28m—n)>  Bme*(5—-2Bm+n)*  Bmer*(5 — 26m + n)? )
(e(n—=20)4+v(0—BLm+m))? (¢(6+n)+v(0—Lm+m))2 (¢6+n)—00+(8—1)m))?
(86)
]



G Proof of Proposition 3

We subtract E(7}) in (86) by E(7},) in (44), which yields

1 .Bmé(2de — v(d — 2s))(—2d%E* + dev(3d — 4s) + v2(—2Bdm + 3ds — 2s2))
E(rp) - Z Z 8(dc + sv)(de + o(s — Bm))2
1_ 20(0 + Qﬂm —n)? Bmv?(§ + 28m —n)?
= 2 o s s =) @O —n) 1 o@+ (G LmyE 1™
20(0 — 28m + n)? Bmv? (8 + 28m — n)? Bmv?(§ — 28m + n)?
o0+ (B—1m)—e(@+n) (c(n—"0)+0v(0—pBm+m))? (c(6+n)+0v(0—Bm+m))>
20(0 + 28m — n)? N 20(6 — 28m +n)? B Bmo2(6 — 28m + n)?
co—n)+(B—-1)mv—0v —(€b0+n)+(B—-1)ymv—0v (¢(d+n)—0v(@+(8—1)m))?
20(n — 6)? n 20(n — 6)? 20(8 +n)? 20(0 + n)? )
én—=8)+o(m—0) éen—-26)+v@+m) ed+n)+ov(m—0) &+n)+o0+m)
&7
Remove coefficient term Sm¢ in the summand of (87) and denote the rest of the summand as Ay p(s, d).
We verify Mﬂg’ifg(s’d) < 0 and Mﬁ%’iff(s’d) > 0. Also, we show that Amy p(s,d) < 0 for sure when

=2 __mm_ 9=2 - . 0 c C
% Thus, it is only possible for %ﬂ’;(sd) > 0if £ < § and

e 1 e _ 1
& > 5 orwhen £ < 5 and 8 >

b < W We further show that w > 0 for sure. Thus, there exists a threshold of S,

1 < iand B> BP E(rp) —E(r}y) < 0. If £ < L and 8 < BT,

B¥ > 0, such that when £ > 3 or when

Sl Y]

the platform’s membership strategy depends on n and m. In addition, we show that Amy p(s, d)|m—00 < 0

s(02—ev—2¢2)
202m

and Amy p(s,d)|4—0 < O for sure, and if % < % and 8 < , we show that Amy p(s,d)|s—q > 0
and Ay p(s,d)|q—s > 0. Note that by the technique condition (3), we need s > d.

Therefore, when % < % and 8 < BP , there exists threshold of m given n, m? (n) > 0, and threshold of
n given m, n’(m) > 0, such that when m = m¥ (n) (or n = n?(m)), E(7%) — E(r}) = 0. Then, for any
m < mP(n) (orn > nf(m)), E(r}) —E(7%) > 0, and the platform offers provider-side-only membership
plan; otherwise, for any m > m® (n) (or n < n?(m)), it must be (%) — E(7%) < 0, and the platform

offers no membership plan.

H Proof of Proposition 4

(1) In the no-membership equilibrium, consumer surplus is given as

=225 / g (88)

In the consumer-side-only membership equlhbrlum, consumer surplus of regular consumers and occasional

consumers are given as

=22 / R (89)

10
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It can be shown that C'Sy < CSp because pp < pj;. Therefore, the total consumer surplus is higher in the
provider-side-only membership equilibrium, compared to that in the no-membership equilibrium.

(ii) In the no-membership equilibrium, the provider surplus of regular providers and occasional providers

are
1 wy *
o __ 1 wN o w}k\f —z
PS$ = sz: 4[/0 (s — Bm) = dz] 1)

The provider surplus of regular providers and occasional providers in the provider-side-only membership

equilibrium are
*
wp

—~d2] 92)

c

rovider rovider 1 wp
PSp = (U™ — AU = 3OS 2 [
s d

1 wp *
PSp = Zid: 4[/0 (s = Bm) ~L—d2] (93)

It can be shown that PS};, > PS} and PSS, > PS% because wp < wj,. Therefore, the provider surplus is

lower in the provider-side-only membership equilibrium, compared to that in no-membership equilibrium.
(iii) The social welfare is the total valuation of all served consumers minus the total cost of all serving
providers. Under the no-membership equilibrium, the social welfare is given in (79). Under the provider-
side-only membership equilibrium, the social welfare can be expressed with
1. (Y 2z € z wp z

SWp = g % 4[/1);3 d%dz — /0 Bmgdz — /0 (s — Bm)gdz] (94)
For any d and s, the summand in (79) is less than the summand in (94), i.e., f;& dzdz — fow;‘\’ s2dz <
f;} dzdz — [y Bmzdz — fow;(s — Bm)idz, if s < Bv—29)d Therefore, there exists m?SW (n) > 0, such

2v
that if m < m?”5W (n), SWy < SWp, and if m > m?W (n), SWy > SWp.

O]
I Proof of Lemma 4
In the equilibrium, the platform ensures the following constraint holds:
U—p w
(d—an)(=——2) = (s = fm) =7 — (an — fm). (95)
Following the same argument in the proofs of Lemma 1 and 3. Therefore, the optimal wage satisfies
c(v(d — Bm) + an—d
v(s — Bm)
Substituting (95) and (96) into (24) or (25), the platform’s profit is
1, _ é(v(d — Bm) + pplan — d))?
B = 5—2(1);03(d —an)(v —pB) — (o(d =5 s)— é)ni( ) ) 7)

11



Maximizing the profit by choosing pp, the first-order-condition is

omp B (d — an)(2¢(v(d — Bm) + pp(an — d)) + v(s — Bm)(v — 2pp)) B
opp v2(s — Bm) =0 %)

and the optimal price p7; is given in (29). We can check that the second-order derivative is always negative.

Substituting (29) into (96), we obtain the optimal wages w7; in (28).

In equilibrium, the platform charges a membership fee that is just below AUp and offers a fixed

provider

membership wage that is just above —AUp . For any given d and s, we have

pj‘g)] _ v e v (¢(2fm — 2an) + v(s — ﬁm))m

AU, 5) =Elps(1 = 50)1 = 51 = Sl ca—an) + o6 — 5m)) ©9)
) *2 = = (A —
_AUgromder(d’ S) _ E[wB ] i c _ c I [ U(d 28m + O[TL) ]2 (100)

2¢ 2 2 ‘(e(d—an)+v(s—pm))
Now take expectation of (99) and (100) for all possible d and s, we derive the equilibrium membership fee

and fixed membership wage in (26) and (27), respectively.

J Proof of Proposition 5

When the platform offers both-sides membership plan, the expected profit is given as:
1 1 . é(v(d — pm) + ph(an — d))? . .
Z Z (@i (d — an)(o — pp) — C V4 PBOn = D)y | Ry, — pmB g

s — PBm
(101)
Replace 8 = < into (101), we can rearrange the expected profit as
1 1 202(d — an)(s — an) ~ v%(s — an)?
ESC 4 —
Z Z 4 8 é(d — om) +9(s — an) + ano( (e(d—an) + (s — om))Q) 102

22(d — an)?
(¢(d — an) + (s — an))? +4)
We subtract ESC( %) in (102) by E(7%,) in (44), which yields

e 11 202(d — an)(s — an) and(4 — v%(s — an)
B (mp 22480 —om)—i—v(s—om)+ (4 (¢(d — an) + v(s — an))?

— and(

2

)

v%(d — an)? 2dsv?
— ane 4) —
g an) 7o —on)E Y " dog st
(103)
Denote the summand of the equation (103) as Anwpgy. It can be shown that Awrgy > 0 when % < % nd

Amgy < 0 when £ > % When i < % < %, we show that the A7mpy always decreases in s, indicating

Sl oYl

that it is only optimal to offer membership plans to both sides when the supply potential is small enough.
Also, we show that ATy |s_q < 0 and ATpy|s—oe > 0 for any s and d. Denote a threshold s°C such
SC (n)

that when s = s°¢, Arnpy = 0. Therefore, exists threshold of m given n, m > 0, such that for any

m < m®%(n), ESC(r%) — E(7%) > 0, and the platform offers membership plans to both sides; otherwise,

12



for any m > m®Y(n), we have E°¢ (%) — E(r}) < 0, and the platform offers no-membership plan.

K Proof of Proposition 6

(1) In the no-membership equilibrium, surplus of regular consumers, C'S%;, and surplus of occasional
consumers, CS%;, are given in (73) and (74), respectively. In the both-sides membership equilibrium,

surplus of regular consumers and occasional consumers are given as

CS% =an(Uy — AU") = an(Uy) = Z Z / pB dz] (104)

CSh = 224[/* (d—an)%deZJ (105)
s d Pp

In the no-membership equilibrium, the provider surplus of regular providers and occasional providers are

given in (90) and (91), respectively. The provider surplus of regular providers and occasional providers in

the both-sides membership equilibrium are

rovider rovider 1 Y w
PS, = Bm(UE " — AUF ) = 3 ([
s d

1 wh *
PSY = sz: 4[/0 (s — Bm) wBE ®d2) (107)

Apparently, C'Sy, < CSp5, CS{, < CS%, PSy > PSp, and PSY, > PS% if and only if pp < pyy =

B4z (106)

wp < wj, where wy is given in (6) and w¥; is given in (28).

We show that wj < wy if and only if 5 > % and wy > wjy if and only if 8 <
an(2dc+sv) an(2dc+sv)

T2de—o(d—25))" for any d and s. Also, we show that 0 < < 1 for any d and s. Therefore,

m(2de—o(d—2s))
exists 5P € (0,1) such that when 5 > BBCPS the total consumer (provider) surplus is higher (lower)
in the both-sides membership equilibrium, compared to that in the no-membership equilibrium.

(i1) The social welfare is the total valuation of all served consumers minus the total cost of all serving

providers. Under the no-membership equilibrium, the social welfare is given in (79). Under the both-sides

membership equilibrium, the social welfare can be expressed with

1, [7 z vz ¢z wh z
SWp = [/ (d—an)_dz+/ om_dz—/ Bm_dz—/ (s — pm)—=dz| 108
Let 5BN _ anv(s?v%—4d?¢c?)

— m(cv?(3d2+adn—8ds+4s2)+4de3 (d—an)—4c20(2d(d—s)+ans)+ansv
(79) equals to that in (108). Denote s?V = %\/ —16adny | Gdadne 4 o?n0? 4 166°n22% | 1gg2 _ 8n2pn2 4

c v C v

57> when 5 = BN the summand in

E(O”;;Qd) — 9% 4 d. We find that when g5 < 0, £ < % and s < sPV and the summand in (79) is always

less than the summand in (108). Therefore, there exists a threshold m?5" (n), such that if ¢ < % and

m < mBW(n), SWxy < SWg. When BN > 0, for and d and s, the summand in (79) is less than the

STlfeYl

summand in (108) if and only if 5 < BBN. Therefore, there exists a threshold of 355" > 0, such that if

13



8 < ﬁBSW, SWy < SWg.

L Proof of Proposition 7
(i) When an = Bm, the platform’s expected profit when it offers membership on both sides is given in (102).
Replace 3 = < into (50), we can rearrange the platform’s expected profit when it offers consumer-side-only

membership as

ESC Z Z 1. v(sv — 2anc)(2d20 + sv(2d + om))]' (109)

8(¢(d — an) + sv)?
Replace 8 = T into (86), we can rearrange the platform’s expected profit when it offers provider-side-only

membership as

ESC(x Z Z 1 v(4anc(d — an) +dv(s —an)) lané( 2%(d — 2an)? )

4(de + v(s — an)) 8 (de+ v(s — an))

It can be shown that, for any d and s, the summand of ESC(W}S) in (110) is always smaller than the summand

(110)

of B5Y(7%) in (102). Therefore, E°C (%) > E5C (1%) for sure, it is never optimal for the platform to offer

provider-side-only membership when an = Sm.

. \/ﬁ_ _
Denote a threshold in terms of tNC — (V9d* +dadn+da®n?—d—2an)

, for any d and s, we show that

Sl

1,3) and when £ < V¢, the summand of ESC(TFC«) in equation (109) is greater than the summand

of E(m N) in equation (44). Therefore, there exists a threshold in terms of € = N such that when £ < ¢V¢

STlfsY]

2

the platform’s profit is higher under the consumer-side-only membership plan than the no-membership plan.

< CNC

Thus, when only need to compare consumer-side-only and both-sides membership plans. Subtract

the summand of E¥¢(7%,) from the summand of E°¢(7%) and denote the result as A2%, we can show

that Aﬂg% always decreases in s for any s and d, and Aﬂ'c Bls—a > 0and ATrC B‘ sso0 < 0 when ¢ < ¢NC,

Denote a threshold s¢Z such that when s = 55, AT(C« 5 = 0. Therefore, there exists a threshold of m given

n, m©B(n), such that for any m < m©B(n), E5¢(n%) > E5C(rf), and the platform offers both-sides

CB( )

membership plan; otherwise, when m > m"~~(n), the platform offers consumer-side-only membership

plan.

(ii) Following the Proof of Proposition 5, when £ > %, we only need to compare profits ESC(wE) and

Sillel

E(m%), since E5Y(n%) < E(n%) for sure. Subtract the summand of E(7%) from the summand of

ESC(r%,) and denote the result as A725;, we can show that A72S; always increases in s for any s and d, and

AT sy 2e4 < 0 and Am2S |5 00 > 0 when £ > 1. Denote a threshold s©V such that when s = sV,

Awg?\, = 0. Therefore, there exists a threshold of m given n, m&Y (n), such that for any m < m&N (n),

Esc(ﬂg) < E(7}), and the platform offers no-membership plan; otherwise, when m > m®N (n), the

platform offers consumer-side-only membership plan.
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(iii) When V¢ <
that £5¢(r%) > ESC(r%) and ESC(nf) > E(r}) when m > m®N(n), E(r%) > ESC(n%) and

E(m%) > E99(%) when m3% (n) < m < m©N(n), and B (7%) > B3¢ (%) and B3¢ (1%) > E(n)

SC(H)‘

< 1, we need to compare profits E°C(nf,), ESY(r};), and E(m}). We show

il

whenm < m

M Proof of Proposition 8

The social welfare under no-membership plan, consumer-side-only membership plan, provider-side-only
membership plan, and both-sides membership plan are provided in Equation (79), Equation (80), Equation
(94), and Equation (108), respectively.

In the Proof of Proposition 2 part (iii), we have shown that the social welfare is always lower under the
no-membership plan compared to the consumer-side-only membership plan. When the technique conditions
in constraints (3) and (4) hold, for any d and s, we show that the summand of Equation (108) is greater than
that in Equation (94). Therefore, no-membership plan or provider-side-only membership plan can never lead
to the highest social welfare.

Next, we compare social welfare under consumer-side-only membership plan and both-sides membership
plan. We find that the summand in Equation (108) is greater than the summand in Equation (80) if and

only if £ < 1 and s < d+ (3 — £)(d — an); otherwise, if £ < 1 and s > d+ (3 — £)(d — an), or

v
if £ >

Sl Y]
o= o

, the summand in Equation (108) is smaller than the summand in Equation (80). Also, denote

the difference between the summand in Equation (108) and the summand in Equation (80), i.e., ( f;* (d—
B

an)zdz + [ anzdz — [ Bmidz — Ow‘*g(s — fm)idz) — (fzfé (d—an)idz + [} anZdz — fowé sZdz),
as ASWCB we show that ASWEPB is decreasing in s, and when % < %, we have ASWEB|,_4 > 0 and
ASWEB|, . < 0. Thus, there exists a threshold m“W (n), such that if £ < fandm < mASW (n), the
social welfare is the highest under the both-sides membership plan; otherwise, if % < % and m > mAS W(n)

b

or if % > %, the social welfare is the highest under the consumer-side-only membership plan.

N Proof of Corollary 1

(1) According to Proposition 7(a), it is only possible for the platform to offer membership plans to both
consumers and providers if % < % When % < % and the summand in Equation (102) is greater than the
summand in Equation (109), we show that the summand in Equation (108) is greater than the summand in
Equation (80) if s < d + (3 — £)(d — an), for any d and s; otherwise, if d + (3 — £)(d — an) < s < s9B,

the summand in Equation (108) is smaller than the summand in Equation (80) for any d and s. Therefore,
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when % < % and the platform optimally offers the both-sides membership plan, the social welfare is also the
highest under the both-sides membership plan if m < m45W (n).
(i1)) When % < % and the summand in Equation (102) is smaller than the summand in Equation (109), the
summand in Equation (108) is always smaller than the summand in Equation (80). Thus, when % < % and
the platform optimally offers the consumer-side-only membership plan, the social welfare is also the highest
under the consumer-side-only membership plan.

In addition, according to Proposition 7(b) and (c), when % > %, the platform offers either no-membership

> 1

plan or consumer-side-only membership plan. Also, According to the Proof of Proposition 8, when £ > 3,

ol

the social welfare is maximized under the consumer-side-only membership plan. Therefore, whenever the
platform’s profit is maximized under the consumer-side-only membership plan, the social welfare is also

maximized under the consumer-side-only membership plan.

O Proof of Proposition 9

(i) According to the the Proof of Proposition 7, we have shown that, under the balanced-membership, it is
never optimal for the platform to offer a provider-side-only membership plan. Thus, when a provider-side

membership is mandated, the platform is forced to offer a both-sides membership plan. Consequently, under

< N and m < m9B(n) or (ii)cVY < £ < $ and

il

the conditions of Proposition 7(a) (i.e., either (i)

ol

m < mSC(n)), the platform optimally offers a both-sides membership plan without the mandate, so the
mandate has no effects on the consumer surplus, provider surplus, or social welfare.

(ii) Under the conditions of Proposition 7(b) and (c) (i.e., )< < ¢V andm > m®B(n), or (i)cV® < £ <

il

and m > m>%(n), or (iii)% > %), the platform either offers a no-membership plan or a consumer-side-only
membership plan. Comparing consumer surplus under the consumer-side-only membership plan given in
Equation (75) and (76) to consumer surplus under the both-sides membership plan given in Equation (104)
and (105), we show that consumer surplus is always higher under the both-sides membership plan than
the consumer-side-only membership plan because p;, > pp for sure. Comparing provider surplus under
the consumer-side-only membership plan given in Equation (78) to provider surplus under the both-sides
membership plan given in Equation (106) and (107), we show that provider surplus is always lower under
the both-sides membership plan than the consumer-side-only membership plan because w¢, > w}, for sure.
We further show that the total surplus of consumers and providers is lower under the both-sides membership
plan than the consumer-side-only membership plan. Therefore, when the platform’s optimal strategy is

consumer-side-only membership plan, and is forced to offer a both-sides membership plan instead, the social
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welfare is always reduced.

(iii) When an = m, comparing consumer surplus under the no-membership plan given in Equation (73)
and (74) to consumer surplus under the both-sides membership plan given in Equation (104) and (105) after
plugging in 3 = <, we show that consumer surplus is always higher under the both-sides membership plan
than the no-membership plan because p}; > pj. Comparing provider surplus under the no-membership plan
given in Equation (77) to provider surplus under the both-sides membership plan given in Equation (106)
and (107) after plugging in 3 = 7, we show that provider surplus is always lower under the both-sides
membership plan than the no-membership plan because wy; > wp. We further show that the total surplus
of consumers and providers is higher under the both-sides membership plan than the no-membership plan.
(iv) Now, we compare social welfare under the no-membership plan and the both-sides membership plan
under the balanced-membership. Note that this is different from Proposition 6 in which we compare those

two plans in the general setting. First, we show that when £ > % the summand in Equation (79) is

Sl

greater than the summand in Equation (108) for any d and s, indicating that the social welfare is always

lower under the both-sides membership plan than the no-membership plan. Second, when ¢V¢ < % < %

and m°%(n) < m < m®N(n), the platform offers no-membership plan without the mandate. Denote

sMSW — %(4\/(172_462)(12da}(g;(%@f;za%%%a%%z) + 3“25_‘5”) + 4E(a2_2d) + 6d + an). We show that

for any d and s, the summand in Equation (79) is greater than the summand in Equation (108) if and only

MSW<S<SCN; SC<S<SMSW

if s otherwise, if s , the summand in Equation (79) is smaller than the

MSW

, such that when ¢V¢ < € < % and

summand in Equation (108). Therefore, there exists a threshold m -

mMSW(n) < m < m®N(n), the social welfare is lower under the both-sides membership plan than the
no-membership plan; when ¢V¢ < ¢ < % and m°“(n) < m < mMSW(n), the social welfare is higher

under the both-sides membership plan than the no-membership plan.

O
P Proof of Lemma 5
In the equilibrium, the platform ensures the following constraint holds:
(d—an)ﬁ_ﬁpM :swa _anq_)—(l;u)pM‘ (111)
The reasoning is provided in the proofs of previous Lemmas. Thus, the optimal wage should satisfy:
wys(par) = =P ) (112)
Substituting (111) and (112) into (30), the platform’s profit is
ot = an =LY (4 woan)) + (@ = am) Y (o —wons(par)) (113)

v
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Maximizing the profit by choosing pys, the first-order-condition is

Oy o(d — aun)(2de + sv) — 2par(e(d — aun)? + sv(d + a(p — 2)un))
= — =0 (114)
opm 502

and the optimal price p}, is given in (33). We can check that the second-order derivative is always negative.

Substituting (33) into (112), we obtain the optimal wages w}, in (32).
In equilibrium, the platform charges a membership fee that is just below a regular consumer’s expected

surplus gain AU}, which is

1 v — (1= * (d v —p* (d
AU}Q—Z[/ ol S )1 ’s)dz—/ 2= Pu(ds) ’s)dz]. (115)
7 - as) v Phs(d:s) v

Substituting (33) into (115), then, AU}, (d, s) for any given d and s is given by,

po(d — apn)(2de + sv)(2ue(d — 2an)(d — apn) + sv(d(p + 2) + 3a(p — 2)un))

8(c(d — apn)? + sv(d + a(p — 2)un))?

AUy (d, s) =
(116)

Now take expectation of (116) for all possible d and s, we derive the equilibrium membership fee in (31).

O
Q Proof of Lemma 6
In the equilibrium, the platform ensures the following constraint holds:
U —pB.M wp M v—(—pppm
(d - am)(CEBM) () VBN oy WL PBM (117)
The reasoning is provided in the proofs of previous Lemmas. Thus, the optimal wage should satisfy:
c(v(d— Bm) —d + pon
WA (PBAL) = (v(d—5 )7 PB.M + panpB,) (118)
v(s — fm)
Substituting (117) and (118) into either (34) or (35), the platform’s profit is obtained as
v—(1—pu)p
TB,.M = (an ( @M) 22— Bm)(1 = wps.v — wp i (Pew)) + Bl — p)pe
_ (119)
U — DB,
+(d = an) (——="") (P, — w0 (PBM))
Maximizing the profit by choosing pg s, the first-order-condition is
gy | — eI Ee 0] 4 (5(d — apin) — 2pp (d — a(2 - p)un))
= — =0 (120)
opB,.M 02

and the optimal price p; ), is given in (39). We can check that the second-order derivative is always negative.
Substituting (39) into (118), we obtain the optimal wages w*37 a7 10 (38).

In equilibrium, the platform charges a membership fee that is just below a regular consumer’s expected
surplus gain AU B.M (d, s) and offers a fixed membership wage that is just above a regular provider’s expected

surplus loss —AU govider (d, s). For any given d and s, we have

v z—(1— % d,s v z — p} d,s

AU 1 (d, 5) = 1[/ ( /QPB,M( )dz _/ pr\/[( )
’ - ppy 0 (dos) v p

(2 — p)pp p(d; )

2

dz]
*B,Iw(dvs) v (121)

).

= upp p(d,s)(1 —

]|
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L € w*B,NI(dvs) * d7 _
AU ) = ([ Zas o [ BT
| 2 : i (122)
= 1E(T}Z(dz — 20dm — 2ad(1 — p)un — apn(apn — 26(2 — wm))® 4)
=3 (e(d — aun)? + (s — fm)(d — a(2 — p)un))?

Now take expectation of (121) and (122) for all possible d and s, we derive the equilibrium membership fee

in (36) and (37), respectively.
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