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A Fuzzy Segmentation Results for Extended Parameter Space

In the main text, we focus on the most relevant (v, w) parameter space, where consumer valuation
exceeds a threshold (v > 3) and at least 10% of consumers choose to preserve privacy (w > 0.1)
(recall from Section . We now extend our analysis to the full parameter space, considering all
possible values of w € (0,1) and any v > 2, a standard assumption ensuring that a monopoly firm
has the incentive to serve the entire market (e.g., Chen and Iyer||2002; Moorthy and Tehrani|[2023).
As we demonstrate below, our main insights remain largely consistent.

Below, we first summarize the fuzzy-segmentation equilibrium results for the extended parame-
ter space in Proposition and then discuss their implications for our main findings. The complete

derivation steps are provided in Online Appendix

Proposition A1l Fuzzy-Segment Equilibrium for the Extended Parameter Space. The
sellers’ equilibrium strategies depend on the parameter space (v, w), which is partitioned into three
regions: Region 0 where 0 < w < W', Region 1 where W' < w < w, and Region 2 where w <

roer 50—16v o _ 35—14v++/1960%—2600+625 . PPN -
w < 1, with W' = max{ 30v_25,0} and W = S(18v—15) . This partition is illustrated in

Figure [A1l. Each region corresponds to a set of equilibrium segmentation and pricing strategies,

(2F5* pI"9*), as summarized in Table .

Table A1l: Full Equilibrium Under Fuzzy Segmentation, when v > 2, 0 < w < 1

. FS,* F'S,* F'S,* S« S«
Region Range z DA Pir DPag Por
o/ (40v—75)w 4, 21-w _*x 2 21—w x 3 % 5 _ 3%
@ 0<w<w 3250w V=3 2 1 gut gt 5 1~ 3%
! v, w
@ w <w<w 7+ ? 4w % _ 2 3 _ 5 _ 3 x
2= 1 z 5— % 71— 5%
Q) w<w<1 g C "
> 14+ 18w
o1 _ 50—16v o _ 35—14v+/19602—260v1625
Notes. w' = max{Svags,O}a w = 2(18v—15) )

Equilibrium Market Outcome Discussion. Note from the above that, in extending the parameter

space, we introduce a new region (Region 0). Regions 1 and 2 remain unchanged from Proposition
2; therefore, we focus only on equilibrium market outcomes in Region 0. In Region 0, Third-party
in Segment 1 serves not only customers from 1 — 2FS* to 1, but also some privacy-preserving
customers from & to 1 —255* where &1 = 1— %v—k %1*71”2 Segment 2 is unaffected, with Platform

serving customers in [0, 2 — $279*] and Third-party [3 — 221"5% 1 — 219+,



The sellers’ equilibrium profits in Region 0 are 71'51‘5’* =w(l—27) [%v — 21w FSx _ 1] + }1(1 —
w)(% —2"9%)2 and 71'55’* = (w(l — 29 g+ zFS’*) . [%v — gl_—wzFS*] + %(1 —w)(% — %ZFS’*)2

for Platform and Third-party, respectively.

0 0.25 0.5 0.75
w

Figure Al: Partition of the Full Parameter Space.
Note: The two solid curves represent w’ and 0, respectively, as defined in Proposition The Ry area represents
Region 0, R; area Region 1 and Ry area Region 2.

Main Insights Discussion. Below, we show that our main insights largely consistent in the

expanded parameter space.

1. Platform’s Profit Increase (Theorem 1). Consistent with Theorem 1, when any posi-
tive fraction of consumers remain privacy-preserving, adopting a fuzzy-segmentation strategy

strictly increases Platform’s total proﬁtEl

!This can be reasoned as follows. When Platform solves its optimal segmentation problem, trivial segmentation
rules such as z = 0 or z = 1 are always in the strategy space. The fact that they are not among optimal solutions
shows that the profit associated with the optimal segmentation rule dominates these trivial segmentation rules.
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Figure A2: Partition of the parameter space where Third-party profit decreases (left) and social
welfare or consumer surplus increases (right), under optimal fuzzy segmentation.

Note: In these figures, we illustrate that in a narrow range of very low consumer valuation (when 2 < v < 3), it is
possible that Third-party experience a decrease in profit (Area A), consumer surplus increases (Area B + C), or social
welfare increases (Area B), when Platform adopts the optimal fuzzy segmentation rule when w share of customers
choose to preserve privacy, comparing to the full-data scenario. As illustrated, except the narrow areas where both
w and v are small, our results in Theorems continue to hold.

2. Third-Party Profit Effects (Theorem . In most parameter settings, Third-party also
benefits from the softened competition under fuzzy segmentation—consistent with Theorem I}
However, in a narrow range of very low consumer valuation, Third-party’s gains in Segment 1
(where competition is softened) do not fully offset its losses in Segment 2 (where competition
is intensified), resulting in a small decrease in its total profit, as illustrated in Figure

This exception disappears once consumer valuation surpasses a moderate threshold.

3. Consumer Surplus Implications (Theorem . In most parameter settings, the presence
of privacy-preserving consumers reduces the total consumer surplus compared to the full-data
scenario, because of the elevated prices in Segment 1—consistent with Theorem[2] However, in
a narrow range of very low consumer valuation, the consumer participation constraint limits
how much Segment-1 prices could be raised, leading to less decrease in consumer surplus.
Since consumers in Segment 2 always enjoy a higher surplus, the total consumer surplus
may increase, as illustrated in Area B+C in Figure [A2b] Notice that in Area C, despite
a decreased social welfare compared to the full-data scenario, consumer surplus increases,

because Third-party’s profit decreases.



4. Social Welfare Implications (Theorem . In most parameter settings, social welfare
decreases due to higher average transportation cost under fuzzy segmentation—consistent with
Theorem (3| However, in a narrow range of very low consumer valuation, the price limitation
in Segment 1 leads to a more balanced split of privacy-preserving customers between the two
sellers, decreasing the transportation cost. Such decrease among privacy-preserving customers
outweighs the increase in the transportation cost among data sharing customers, resulting
in a small decrease in the total transportation cost. The relevant parameter space is Area
B in Figure This exception disappears once consumer valuation surpasses a moderate

threshold.

In summary, our study’s key insights from Theorems 1-3 regarding how privacy-preserving
consumers impact equilibrium market outcomes remain largely consistent in the extended parameter

space.

B Model Extensions

B.1 Alternative Timing — When Third-party Serves as Stackelberg Leader

When Third-party serves as the price leader (sometimes denoted with the superscript “TL” to

distinguish from the baseline analysis), the sequence of the game is modified as follows.
e Stage 1: When applicable, Platform will choose the segmentation rule zy or z.

e Stage 2: Platform and Third-party involves in a duopoly competition with segment-based

differential pricing, where Third-party acts as a Stackelberg price leader.

To analyze the equilibrium outcomes, we employ the Subgame Perfect Nash equilibrium concept

and use backward induction as our solution method.

B.1.1 Benchmarks

Because of the symmetry of the Hotelling model, there are no qualitative changes to the analysis of

the no-segment and hard-segment benchmarks, except that all outcome variables (price, demand,



and profit) are flipped between two sellers. We summarize the results below and defer more detailed

discussions to Online Appendices [C.2.1] and [C.2.2]

Lemma B1 Third-party as the Stackelberg leader. With complete consumer data access,

o Under uniform pricing, Third-party sets the price at %, sells to customers located at [%, 1] and
realizes a profit of 1%. Platform sets the price at %, sells to customers located at [0, g] and

realizes a profit of g—‘;’

e Any non-trivial hard segmentation rule intensifies the price competition. Hence, Platform

strictly prefers the uniform pricing scheme to setting hard segments for differential pricing.

B.1.2 Fuzzy segmentation results

When analyzing the fuzzy segmentation model, a major modification concerns the response of the
follower in the Stage-2 pricing game. Because the “L-shaped” fuzzy segmentation results in larger
demand closer to the price leader (Third-party), the price follower (Platform) is more likely to
lower its price to capture the additional demand to the right of 1 — 2, provided that this demand
is sufficiently large. Anticipating this response, the price leader’s ability to sustain a high price
is limited. Nevertheless, there still exists optimal segmentation rules under which higher-than-
uniform-pricing-benchmark equilibrium prices can be sustained in Segment-1, thereby resulting in
increased total profit for Platform.

We state the full equilibrium when Third-party is the price leader in Proposition and defer
the full analysis to Online Appendix

Proposition B2 Third-party as the Stackelberg leader. With a proportion w of privacy-

FSTL pFSTLY

preserving customers, the full equilibrium is characterized by (z P as summarized in

Table [A2.

Table A2: Equilibrium Under Fuzzy Segmentation, Third-party as Price Leader

. FSTLx , FSTLx FSTL,x S TLyx S TL*
Region  Range z Dia P17 Daa Por
1 w < W’ Ca 5 1—w % 3 1—w _x 5 * 3 *
2 P <w G P a2 f-o -2
. oo 2(16V13459)  24/880v1343173. » _ 542413 4wl tw—w(wtd) Vo
Notes. The value of " is VG0l asvisiiol (o= =5 1% and (. = =)



The corresponding equilibrium customer decisions are:

11—w ZFS,TL,*
w

e In Segment 1, Platform serves customers from 0 to %—1—5 , all of which are privacy-

preserving customers. Third-party serves customers from % + %kTwzFS’TL’* to 1, which con-

sists of both are privacy-preserving customers and data-sharing customers.

o In Segment 2, Platform serves consumers from 0 to % — %ZFS’TL*, all of which are data-

sharing customers. Third-party serves customers from % - %ZFS’TL’* to 1 —2FSTLx who are

also all data-sharing consumers.
The corresponding equilibrium profits are T4 = +w (é + 1_7“J,z)2 + 11 —w) (§ — 2)2 and T =
14 g €q p A—=3 1 w 5 1 T =

%w (% + 21_7“’2)2 + i(l —w) (% — 22)2 for Platform and Third-party, respectively.

Figures and illustrate the optimal segmentation rule zF5TL* and the corresponding
equilibrium Segment-1 prices with respect to w. Comparing to the equilibrium Segment-1 prices
when Platform is the price leader (see those depict in Figure , the equilibrium Segment-1 prices
when Third-party is the price leader is systematically lower across different values of w. This reflects
an attenuation of the competition softening effect when the extra demand in the fuzzy segment is

closer to the price leader.
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FSTLx when Third-party serves as the price

Figure A3: Equilibrium fuzzy segmentation rule, z
leader; v > 3
Note: The black solid line represents the optimal fuzzy-segmentation rule when the consumer valuation is at least 3.

The vertical dotted line represents ', separating Region 1 and Region 2 as specified in Table
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(a) Platform Price (b) Third-party Price
Figure A4: Segment-1 price for Platform and Third-party at fuzzy-segmentation equilibrium, when
Third-party serves as the price leader; v > 3
Note: In this figure, we plot the equilibrium Segment-1 prices for Platform and Third-party, respectively, when
Third-party serves as the price leader. The black curve represents each seller’s Segment-1 price at fuzzy-segment
equilibrium. The horizontal red line represents each seller’s no-segment benchmark Segment-1 price. Observe that

each seller’s Segment-1 price is higher under fuzzy-segment than under no-segment. The vertical dotted line represents
w"”, separating Region 1 and Region 2 as specified in Table

B.1.3 Discussion on surplus and welfare

Implications for each seller’s profit. It is straightforward to show that the equilibrium profit
of each seller, as specified in Proposition is strictly greater than their no-segment benchmark
when w € (0,1). Therefore, both seller’s profit strictly increases when a portion w of consumers
choose not to share data, even when Third-party serves as the price leader.

Each seller’s profit under fuzzy segmentation comparing to the no-segment benchmark is illus-

trated in Figures and

Implications to consumer surplus. As illustrated in Proposition the indifferent cus-

Ll—w FSTL,x

3w in Segment 1, moving towards the right from the no-segment

tomer lies at % +
benchmark, so the average traveling cost increases among privacy-preserving customers. Since
privacy-preserving customers on average also pay higher prices, the total consumer surplus among
privacy-preserving customers always decreases.

For data-sharing customers who prefer Third-party’s product, after the adoption of fuzzy seg-
mentation, they still purchase from Third-party, so the traveling cost does not change. However,
they face higher prices as a result of the fuzzy segmentation. Therefore, the total consumer surplus

among data-sharing Third-party preferring customers also decreases.

For data-sharing customers who prefer Platform’s product, their average traveling cost de-



creases, as the indifferent customer lies at % — %zF S, TLyx

, moving toward the center from the
no-segment benchmark. Furthermore, they on average face lower prices. Consequently, the total
consumer surplus of data-sharing Platform-preferring customers always increases.

The total consumer surplus is illustrated in Figure We observe from the figure that when
w € (0,1) (i.e., a non-zero fraction of customers are privacy-preserving)

Implications to social welfare. Combining the consumer surplus and the firm profit, we

are able to compute the social welfare under any portion of privacy-preserving customers. We

illustrated it in Figure
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Figure A5: Producer surplus (top two panels), consumer surplus (bottom left panel) and social
welfare (bottom right panel), under optimal fuzzy segmentation, when Third-party serves as the
price leader; v > 3

Note: In each sub-figure, the black curve represents the corresponding variable at fuzzy-segment equilibrium. The
horizontal red line represents the no-segment benchmark of the same variable. Observe that each seller’s profit is
higher under fuzzy-segment than under no-segment across different size of w and both consumer surplus and social
welfare decreases across different size of w. The vertical dotted line represents w”, separating Region 1 and Region
2 as specified in Table



B.2 Alternative Timing — When Both Sellers Move Simultaneously

Instead of a Stackelberg pricing sequence, another commonly used modeling setup in the price
competition literature is that both sellers set prices simultaneously. We consider this alternative
timing structure in the pricing stage (sometimes denoted with the superscript “S” to distinguish

from the baseline analysis). The sequence of the game is modified as follows.
e Stage 1: When applicable, Platform will choose the segmentation rule zy or z.

e Stage 2: Platform and Third-party decide their respective price in each segment (when ap-

plicable) at the same time.

We adopt backward induction as our solution method. We first solve the pricing game under a
given segmentation rule (when applicable), and then search for the optimal segmentation rule on
behalf of Platform. When solving for the pricing game, we adopt the solution concept of the Nash

equilibrium (NE).

B.2.1 Benchmarks

Solving the simultaneous pricing game in the Hotelling line framework is straightforward for the

uniform-pricing and hard-segmentation benchmarks. We defer the technical details to Online Ap-

pendices |C.3.1] and [C.3.2] In short, the alternative timing structure does not alter the insight that

hard-segmentation under full consumer data access intensify competition. We summarize these

results in Lemma [B2l

Lemma B2 Simultaneous pricing. With complete consumer data access,

o Under uniform pricing, both Platform and Third-party set the price at 1, serve half of the

market (with demand equal to %), and obtain a profit of %

e Any non-trivial hard segmentation rule intensifies the price competition. Hence, Platform

strictly prefers the uniform pricing scheme to setting hard segments for differential pricing.

10



B.2.2 Fuzzy segmentation results

We summarize the full equilibrium when both sellers move simultaneously in the pricing game
in Proposition Figures and illustrate the optimal segmentation rule zf5* and the
corresponding equilibrium Segment-1 prices with respect to w. The mechanism that the equilibrium
price in Segment 1 is higher than the uniform-pricing equilibrium price because of the asymmetric
demand continues to hold. There always exists a fuzzy segmentation rule z under which the overall

profit for Platform is enhanced beyond the uniform-pricing benchmark.

Proposition B3 Simultaneous pricing. With a proportion w of privacy-preserving customers,

the pure-strategy Nash equilibrium is characterized by (ZF 85 pt'ss ) as summarized in Table .

Table A3: Equilibrium Under Fuzzy Segmentation, Simultaneous Pricing

. FS.S FS,S,* FS,S,* FS,5,x £'5,5,%
Region Range ZEr pl bir Dog Por
1 w < w"” - -
R S s s S

Notes. The value of @ is 10 — 4v/6; ¢y = 9P Bw(w2)vw (o= 363 w_

Jw3 —w2 —4w—4 10 1-w

The corresponding equilibrium customer decisions are:

e In Segment 1, Platform serves customers from 0 to %—i— %PT“’ZFS’S’*

, all of which are privacy-
preserving customers. Third-party serves customers from %%—%I_TwzFS’S’* to 1, which consists

of both privacy-preserving customers and data-sharing customers.

_ 1 _FS,Sx
32

o In Segment 2, Platform serves consumers from 0 to % , all of which are data-sharing

1

customers. Third-party serves customers from 5 — %ZFS’S’* to 1 — ZI"5:59x

, who are also all

data-sharing consumers.

2

The corresponding equilibrium profits are mgy = %w (1 + %1—71%)2 + %(1 —w) (1 — %z) and

T = %w (1 + %1_7“’2)2 + %(1 —w) (1 — %z)2 for Platform and Third-party, respectively.

B.2.3 Discussion on surplus and welfare

Implications to each seller’s profit. It is straightforward to show that the equilibrium profit

of each seller, as specified in Proposition is strictly greater than their no-segment benchmark

11
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Figure A6: Equilibrium fuzzy segmentation rule, z , when both sellers act simultaneously;

v >3
Note: The black solid line represents the optimal fuzzy-segmentation rule when consumer valuation is at least 3. The
vertical dotted line represents w"’, separating Region 1 and Region 2 as specified in Table

when w € (0,1). Therefore, both seller’s profit strictly increases when a portion w of consumers
choose not to share data, even when both sellers act simultaneously in the pricing subgame.
Each seller’s profit under fuzzy segmentation comparing to the no-segment benchmark is illus-

trated in Figures and

Implications to consumer surplus. As illustrated in Proposition B3] the indifferent cus-

. 1, 11—w _FS,S«
tomer lies at s T30 %

in Segment 1, indicating that the average traveling cost increases for
both Segment-1 customers and Segment-2 customers. Since privacy-preserving customers also pay
higher prices, the total consumer surplus among privacy-preserving customers always decreases.

For data-sharing customers who prefer Third-party’s product, after the adoption of fuzzy seg-
mentation, they still purchase from Third-party, so the traveling cost does not change. However,
they face higher prices as a result of the fuzzy segmentation. Therefore, the total consumer surplus
among data-sharing Third-party preferring customers also decreases.

For data-sharing customers who prefer Platform, their average traveling cost increases, as the

indifferent customer lies at % — %ZF 5,5

in Segment 2, deviating from % However, they face lower
prices. In sum, their average consumer surplus increases.
The total consumer surplus is illustrated in Figure

Implications to social welfare. Combining the consumer surplus and the firm profit, we are

able to compute the social welfare under any portion of privacy-preserving customers. We illustrate

it in Figure

12
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(a) Platform Price (b) Third-party Price
Figure A7: Segment-1 price for Platform and Third-party at fuzzy-segmentation equilibrium, when
both sellers act simultaneously; v > 3
Note: In this figure, we plot the equilibrium Segment-1 prices for Platform and Third-party, respectively, when
both sellers act simultaneously in the pricing game. The black curve represents each seller’s Segment-1 price at
fuzzy-segment equilibrium. The horizontal red line represents each seller’s no-segment benchmark Segment-1 price.

Observe that each seller’s Segment-1 price is higher under fuzzy-segment than under no-segment. The vertical dotted
line represents w'”’, separating Region 1 and Region 2 as specified in Table

B.3 Platform Receives Revenue-sharing from Third-party

We consider a model extension by incorporating a percentage-based revenue-sharing scheme, where
the third-party seller pays a fraction s of its revenue to the platform. Its analysis closely parallels the
derivations in our main model, with one important difference: the platform can now earn revenue
even when it does not directly sell a product. This introduces an additional consideration: whether
the platform chooses to enter the market as a direct seller or instead exits and earns revenue purely
through commissions.

Specifically, when the revenue-sharing rate is sufficiently high (s > s, where 5 depends on the
consumer valuation, v), the platform’s incentives change qualitatively: it may optimally exit direct
selling to consumers. Because our primary interest lies in platform—third-party competition, we
therefore restrict attention to parameter regions and segmentation rules under which both sellers
remain active in both segments.

While this restriction is conceptually intuitive, explicitly accounting for the platform’s potential

exit adds substantial analytical complexity. We tackle this challenge in a two-step routine:

e In the no-segment benchmark case, we solve the platform’s entry decision analytically—

characterizing the parameter space in which Platform will choose to enter.

13



0.8

0.7

% 0.6

0.5

0.4
0

v-1.25

Consumer surplus
5
N
[,

v-1.75
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when both sellers act simultaneously; v > 3

Note: In each sub-figure, the black curve represents the corresponding variable at fuzzy-segment equilibrium. The
horizontal red line represents the no-segment benchmark of the same variable. Observe that each seller’s profit is
higher under fuzzy-segment than under no-segment across different size of w and both consumer surplus and social
welfare decreases across different size of w. The vertical dotted line represents ', separating Region 1 and Region
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e In the hard-segment (HS) and fuzzy-segment (FS) cases, because multiple model primitives
are involved—(v, s, zg) in the HS case and (v, s, w, z) in the F'S case—although the equilibrium
is theoretically well defined, deriving a complete analytical characterization is very involved
and adds limited additional insights. Therefore, we provide the analytical expression of Third-
party’s best response price conditional on the model primitives and Platform’s segmentation
and pricing decisions, and use a numerical routine to solve for Platform’s optimal price under
any segmentation rule and, ultimately, its optimal segmentation decision. In this numerical
analysis, the platform’s entry decision is evaluated explicitly to ensure that we focus on the

strategy space in which the platform remains an active seller.

In what follows, we present the key analytical results, the pseudo code for the numerical routine
and discuss the robustness of our main results under this model extension.

Firstly, we provide the analytical results for the uniform-pricing equilibrium when Third-party
pays a share s of its total revenue as a commission to Platform in Lemma We defer the proof of
this lemma to Online Appendix This equilibrium serves as the benchmark against which we
later compare hard segmentation and fuzzy segmentation under revenue sharing. Two observations
are worth noting. When s < 5, both sellers’ equilibrium prices are higher than the no-revenue-
sharing counterparts, % and %, respectively, and both are increasing in s. Furthermore, when s > 5,

Platform has a financial incentive to stay out of the market—not the focus of this study.

Lemma B3 No-Segment / Uniform-Pricing Equilibrium with Revenue-Sharing. The
equilibrium under uniform pricing when Third-party pays a share s of its total revenue as a com-
mission to Platform is characterized by (pa,pr) as summarized in Table . The equilibrium profits

are summarized in Table [4A5.

Table A4: Full Equilibrium Under Uniform Pricing (When Third-Party Pays a Commission)

Segment Platform Price Third-Party Price Range of v Range of s
o 3 ° 5 -

n.a. Py =5 Pr = 13 v >3 0<s<35
P py =v—1 v>3 5<s<l

=v
z_ 1 (4v—6 _ 8v2 —33v+27
where 5 = 3 ( P ﬂ\/ o1 )
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Table A5: Equilibrium Profits Under Uniform Pricing (When Third-Party Pays a Commission)

Segment Platform Profit Third-Party Profit Range of v Range of s
— 18 ) 25(1— 5

n.a. Wﬁx = T6-ss T = m( D) v=3 9 <s<3s
7TA =(v—1)s :(vf (1—2s) v>3 s<s<1

where 5 = 1 ( o=t f\/sva(usiv)§27).

Next, we examine whether hard segmentation continues to intensify competition relative to
uniform pricing under this model extension with revenue sharing. As discussed earlier, the analytical
characterization of hard segmentation is very involved; accordingly, we proceed as follows. First,
we analytically derive the third-party seller’s best-response pricing for any given hard-segmentation

rule zg and Platform prices p;4 and present the results in Lemma Next, we use Algorithm [I]

HS,o rs HS e

to (i) numerically solve for the platform’s optimal segment-specific prices p|’% and p
conditional on a hard-segmentation rule zg, and (ii) compare the corresponding market outcomes

across zg to numerically determine the optimal segmentation strategy.

Lemma B4 Hard-Segmentation Third-party Best- Response Prices with Revenue-Sharing.
Third-party’s best response price, conditional on Platform’s price and a hard-segmentation rule,

when it pays a share s of its total revenue as a commission to Platform and the consumer valuation

H H . . .
i So,p;? S’O) as summarized in Equations and .

is at least 3, is characterized by (py7

0 if 0<pia<1-22
rs,HS,o _ 1 . B1
D17 (plA) = i(plA + 229 — 1) if 1—220<p1a<2z+1 ( )
p1a—1 if 220+1<pia<v
4
3(p2a+1) if  0<p2a<3-—4z
rs,HS,o .
Dot (p2a) = poa+2z0—1 if 3—4z<poa<v—2z- (B2)
v+2z9—1 if v—20<poa<w

With the analytical results in Lemma we proceed to a numerical evaluation of the full
equilibrium and the resulting market outcomes. Our numerical analysis is conducted over a sys-

tematic grid of parameter values, with the model primitives s € {0.05,0.1,0.15,0.2,0.25} and

16



v € {3,4,5,6,7,8}. Across all parameter configurations examined, we find that any non-trivial
hard segmentation intensifies price competition in both segments. Consequently, hard segmenta-
tion is strictly dominated by uniform pricing under the revenue-sharing scheme, consistent with

our main findings in the baseline model. The numerical results are illustrated in Figure [A9]

v=3 v=4 v=5

07- 07~ 07-

06~ 06~ 06~

0.00 025 050 075 1.00 0.00 025 050 075 1.00 0.00 025 050 075 1.00
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Figure A9: Platform’s profit under different hard segmentation rule, s = 0.1.

Note: In each subplot, the black solid line represents Platform’s total profit under each hard segmentation rule zg
under the corresponding customer valuation v; the red solid line represents Platform’s no-segment benchmark profit.
When v = 7, the black solid line is disconnected, because certain hard segmentation rules resulting in Platform existing
in both at least one of the segment and are hence excluded from the discussion. When v = 8, 5 = 0.091 < 0.1, so
Platform will exist the market even in the no-segment scenario. In all non-trivial cases, Platform’s total profit under
hard segmentation is lower than that under uniform pricing.

Lastly, we perform a similar two-step numerical procedure to characterize the market outcome
with the presence of privacy-preserving customers, with an option for Platform to form a fuzzy seg-
mentation. Across the same set of model primitives considered in the hard-segmentation analysis,
across different fractions of privacy-preserving customers w € {0.05} U {0.1,0.2,...,0.9} U {0.95},
our numerical results show that there always exists a fuzzy segmentation that strictly increases
the platform’s profit relative to uniform pricing under the revenue-sharing scheme, consistent with
our main findings in the baseline model. Third-party also benefits from fuzzy segmentation for
the majority of the parameter space. We illustrate the changes in each seller’s profit from their

respective no-segment benchmark profit in Figure [A 10}

2As discussed in Online Appendix [A] Third-party’s profit might slightly fall below its no-segment benchmark as
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v=3,s=0.1 v=5,8=0.1 v=3,s=0.25

(a) v=3,s=0.1 (b) v=5,s=0.1 (¢)v=3,5s=0.25

Figure A10: Platform’s (top row) and Third-party’s (bottom row) profits under different model
primitives.
Note: In each subplot, the black dots represent the total profit of the corresponding seller under different size of
privacy-preserving customers with optimal fuzzy segmentation, under the corresponding customer valuation v and
revenue-sharing share s; the red solid line represents each seller’s no-segment benchmark profit. While Platform’s
total profit always increases from its no-segment benchmark profit, we note that Third-party may experience a minor
drop in total profit as illustrated in Online Appendix [A] Specifically, when v = 3 and s = 0.25, for a small share of
privacy-preserving customers (w = 0.05), Third-party’s total profit slightly decreases from its no-segment benchmark
profit.

Across all parameter configurations examined, total consumer surplus decreases under fuzzy
segmentation in all but one casd’, and economic social welfare decreases in all but three cased?]
All exceptional cases corresponds to w > 0.9, in which the competition-softening effect of the
fuzzy segmentation is limited, while the product matching efficiency increases in the fuzzy segment
(Segment 1). We illustrate the changes in each seller’s profit from their respective no-segment
benchmark profit in Figure

Last but not least, consistent with our main insights, the decline in consumer surplus is unevenly
distributed across consumers: (1) the privacy-preserving customers incur a lower consumer surplus,

(2) the data-sharing Third-party-preferring customers suffer from a negative spillover effect and

Platform chooses its optimal fuzzy segmentation rule under a more constrained setting. Specifically, in the revenue
sharing model extension, these exceptions occur when s = 0.25,v = 3, w = 0.05 and when s = 0.25,v = 4, w = 0.95.
We note that when the revenue-sharing rate s is high and consumers’ willingness to pay is low, there is a larger
set of segmentation rules that would lead Platform to exit the market in at least one of the segments. Due to our
restrictions to segmentation rules under which Platform would stay in the market, the strategy space is limited and
Third-party’s profit could be compromised.

*When s = 0.25,v = 4,w = 0.95.

“When s = 0.25,v = 4,w =0.95; s =0.1,v = 7,w = 0.90; s = 0.1,v = 7,w = 0.95.

18



incur a lower consumer surplus, and (3) the data-sharing Platform-preferring customers enjoy a

higher consumer surplus.
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Figure A1l: Consumer surplus (top row) and social welfare (bottom row) under different model
primitives.

Note: In each subplot, the black dots represent the consumer surplus (social welfare) under different size of privacy-
preserving customers with optimal fuzzy segmentation, under the corresponding customer valuation v and revenue-
sharing share s; the red solid line represents the corresponding no-segment benchmark consumer surplus (social
welfare). Both consumer surplus and social welfare decrease for majority of the parameter space.
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Algorithm 1: Grid Search for Optimal ("5H5* prsHS*) Given (s,v).

Input : Model primitives (s, v); grid step sizes for z and p4.
Construct grids Z C [0, 1] and P4 C [0, ]

Output: Set of (27*H*, {p:jHS*}), withi=1,2 and j = A, T.

Construct grids:

Choose grids Z C [0,1] and P4 C [0,v]

for z € Z do

// Initialize a grid over potential segmentation rules

foreach i € {1,2} do

// Initialize a grid over potential Platform prices in Segment §
foreach p;4 € P4 do

Compute Third-party’s best response price, p;r, according to Lemma
Compute the location of the indifferent customers, Z;, T; 4, T;1

Compute the demand for each seller, ¢; 4 and g;r

Compute the profit for each seller, m;4 < Dia - Gia + S PiT - GiT,

mir < (1 —8) - pir - qir

end

// Check constraint p;4 < v
Define feasible price grid:

Pia — {pls € Pa:pia < v}

// Determine the optimal segment-specific Platform price, p;a

HS
o *(2) argmaz,  cpfeas miA(pialz)
H H
Ty (2) = mai 0 (2))2)
end
end

2% argmaa:zWIZFS”(z) + WQZ’HS"(z)

return (z"5H5*, {p:;HS*}), withi=1,2 and j = A, T
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B.4 Platform as a Pure Marketplace

When the platform does not sell its own product but functions purely as an intermediary, it hosts
competing sellers A and T, and receives a commission rate k& on each seller’s revenue. The plat-
form’s profit is therefore 719 (2) = k - [x3(? + 77], with seg € {NS, HS, FS}. We continue to
analyze the market outcome under full consumer information (i.e., uniform pricing and hard seg-
mentation), and when some consumer choose to preserve privacy (i.e., creating the possibility for
fuzzy segmentation).

Under no-segment benchmark case, the platform’s profit is %k. Because any non-trivial hard-
segmentation rule strictly reduces each seller’s profit, it also lowers the platform’s commission
revenue. Consequently, even when acting purely as a marketplace intermediary, the platform has
no incentive to impose hard segmentation under full consumer information.

When there exist privacy-preserving consumers not sharing data, we next examine whether the
platform has the incentive to adopt a fuzzy segmentation as illustrated in Figure In this mar-
ketplace setting, the two sellers are symmetric third-party sellers, so there is no natural Stackelberg
ordering. We therefore consider all three possible pricing timing structures: (i) Seller A as price
leaderﬂ (ii) Seller T as price leaderﬁ and (iii) simultaneous pricingﬂ Across all timing structures

and all parameter configurations examinedﬂ our analysis yields the following robust findings:

5When Seller A is the price leader, we adopt the analytical solution of Seller T’s best response in Lemma
and use a grid search similar to Algorithm [2| to first find p!5"*(2) and p%$*(2), and then find the optimal fuzzy
segmentation rule z that maximizes the platform’s profit wplit( ). This yields the optimal fuzzy segmentation rule
z in Figure The resulting optimal z is higher than the one when the platform also competes in selling the
product as Seller A.

SWhen Seller T is the price leader, we adopt the analytical solutions of the pricing game in Tables and
and use a grid search to find the optimal fuzzy segmentation rule z that maximizes the platform’s profit. This yields
the optimal fuzzy segmentation rule z in Figure The resulting optimal z is identical to the one when the
platform also competes in selling the product as Seller A.

"When both sellers act simultaneously in the pricing game, we adopt the analytical solutions of the pricing game
in Eq. and Eq. , and the corresponding profits in each segment in Eq. and Eq. to solve the
profit maximizing problem analytically. The optimization problem is

1 21-—w \? 1 41—w \* 1 2 \? 1 4 \?
= w142 ~ L (1— 1- 2 ~ L (1— 1— =
ey ( 3w >+2 w(+3 w Z) +a w)( 32) +a w)( 32)’

0<

s.t. z2<z

where Z = max{(y, Cg}ﬁ The F.O.C. of the objective function is equals to 2 3 . 1*Twz and is always positive when
0 < w < 1. Therefore, the optimal solution is still the largest z in the feasible region. This yields the optimal fuzzy
segmentation rule z in Figure The resulting optimal z is identical to the one when the platform also competes
in selling the product as Seller A.

9We consider the fraction of privacy-preserving customers w € {0.05,0.1,0.2,...,0.9,0.95}. Furthermore, when
Seller A acts as a price leader, consumer valuation actively impacts the equilibrium outcome; hence we consider

consumer valuation v € {3,4,5,6,7,8}.
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Figure A12: Illustration of Optimal Segmentation Rule Under Three Timing Structures (Square
representing the setup where the platform competes with the third-party seller; triangle representing

the setup where the platform serves only as a marketplace. )

Note: w represents the fraction of privacy-preserving customers. z denotes the optimal size of data-sharing customer
the platform chooses to mix with privacy-preserving customers. The black mark represents the main case, when the
platform also acts as Seller A and competes with the third-party seller (Seller T); the blue mark represents the case

when the platform serves only as a marketplace.

e It continues to hold that there always exits a fuzzy segmentation rule that strictly increases

the platform’s total profit compared to uniform pricing. The optimal segmentation rules

when the platform serves only as a marketplace under each timing structure are illustrated

in Figure

e The total consumer surplus decreases. The total social welfare decreases.

e The decreases in consumer welfare is not evenly borne by all customers. Regardless of the

timing structure, the data-sharing customers who prefer Seller T faces a negative spillover

effect as they incur the same transportation cost and a higher priceE

19The consumer surplus change among privacy-preserving customers and data-sharing customers who prefer Seller

A depends on the tradeoff between the change in the transportation cost and the change in the prices.
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C Mathematical Appendix (Proofs of All Results)

C.1 Proofs of Results in the Main Text

C.1.1 Proof of Lemma

We solve the game by backward induction with Platform as a price leader. For a given Platform
price p4, Third-party chooses its price pr to maximize its profit, 7T:,]Y 5 = Dé,v S pp. We use the
location of the indifferent customer, & = %(pT —pa) + %, to help illustrate the demand, where &

solves v — pg —x = v — pp — (1 — x). Third-party’s demand function is as follows.

;

1 if pr<pa-—-1
DNS — = _ 1,1 :
T l-Z=5+5pa—pr) if pa—1<pr<pa+l
0 if  pr>pa+1 (trivially dominated)

Note that Third-party’s profit function is continuous and piecewise concave function. We first obtain
the optimal prices within each of the following two intervals E1 = (0,pa—1] and E3 = [pa—1,pa+1];
among the two, the price that yields the highest profit is Third-party’s optimal price. Let p?i denote

Third-party’s optimal price within the interval E;.
e Suppose that pr € F1. The demand is constant, so the optimal price is p?l =psq — 1.

e Suppose that pr € Fo. If py < 3, one can show that the optimal price is pgg = %pA + %; if

pa > 3, one can show that the optimal price is p% =pa— 1.

Comparing the profits corresponding to prices p:‘}h and p:‘}JZ, one can show that Third-party’s optimal

price is as follows.

NS,o
pr (pa) =

Using p¥ S’O, we then solve for Platform’s optimal price to maximize profit, i.e., 771137 5 = DfX S pa.

Platform’s demand function is as follows.
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—pa+3 if pa<3

DS

0 if pa>3

The case where p4 > 3 is trivially dominated, as it results in zero profit. Hence, we focus on the

case where p4 < 3. One can show that the optimal price is p]XS’* = % The corresponding pZZY S — %
The indifferent customer lies at % and the equilibrium profit for Platform and Third-party is 1%
and g—g, respectively. [J

C.1.2 Proof of Lemma

We solve the pricing subgames by backward induction. For a given segmentation rule zg, both
sellers engage in a sequential pricing game in each segment, with Platform as a price leader. Since
the pricing subgame in each section is independent from each other, we solve the subgames in
Segment 1 and Segment 2 separately.

Segment 1. For a given hard segmentation rule zg and Platform price p14, Third-party chooses
its price p1r to maximize its profit in Segment 1, 717 = D17 p1p. Third-party’s demand function

in Segment 1 is as follows.

20 if 0<pir<pia—1
Dip = —1_1 — if —-1< < 229 — 1
20— 5 —gPir —p1a) i pra—1<pir <pia+22
0 if  pra+2z0—1<pp < v (trivially dominated)

Note that Third-party’s profit function is continuous and piecewise concave on each interval.
We first obtain the optimal prices within each of the following three intervals I1 = (0, p14 — 1], and
Iy = [p1a — 1,p14 + 220]; between the two, the price that yields the highest profit is Third-party’s

optimal price. Let p{ZT denote Third-party’s optimal price within the interval I;.

e Suppose that p17 € I;. One can show that the optimal price is p{lT =pia — L.

e Suppose that pi7 € Is. If p14 < 1— 229, the optimal price is p{QT =0 (since p1a+22—1<0
and the price cannot be negative); if 1 — 229 < p1a4 < 2zp + 1, the optimal price is p{% =

%plA + 20 — %; if p14 > 229 + 1, the optimal price is p{QT =p1a— 1.
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Comparing the profits corresponding to prices p{lT and p{QT, one can show that Third-party’s

optimal Segment-1 price is as follows.

0 if 0<pia<1-—2z
HS,o 1 1 .
Pir =\ sgpiatz—5 if 1-2z<pia<2z+1
pia—1 it p1a>22+1

Using pﬂs’o, we can derive Platform’s profit-maximizing price in the Segment-1 subgame, where
w14 = D14 p1a. To find the optimal p14, we first find the locally optimal p;4 within each of the
intervals K1 = (0,1 — 22¢], K2 = [1 — 229, 1 + 22|, and K3 = [1 + 220, 00]. Then, comparing the
profits under each local optimum, we can find the globally optimal price, p1 4.

Observe that when p14 € Ki, Third-party’s best response price reaches the zero-lower-bound,
meaning that Platform can capture the entire demand in Segment 1 by charging pia = 1 — 22,
coinciding with the left boundary of K5. Furthermore, when p;4 € K3, Third-party can capture
the entire demand in Segment 1 by charging plquS,o = p14 — 1, so this case is trivial and weakly
dominated by the right boundary of K5 for Platform. As a result, the locally optimal p;4 in Ko
is the global optimal. Platform’s profit function when p14 in Ko is m4 = (%plA + 20 — %) - P1A-
Solving for this optimal p;4 in Ky requires a straightforward constrained optimization analysis.
One can show that

: 1
Hee 1—2z if 0<z <3

PiaT =
Zo-f—%:%—(l—ZO) if %SZogl

Plugging p{{f” into the expression for p{{TS’O, we find that

: 1
HSe 0 if 0<z<g

i =

=2-3(1-2) if $<xn<1

=
[N

3
240 —

Segment 2. Similarly, for a given segmentation rule zy and Platform price ps4, Third-party

chooses its price por to maximize its profit in Segment 2, o = Dop popr. Third-party’s demand
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function in Segment 2 is as follows.

1—2 if 0<por <poa+2z—1
Dor =9 1+ 1(poa—por) if poa+2z0—1<por <paa+1

0 if  por > poa + 1 (trivially dominated)

Third-party’s profit function is continuous and piecewise concave on each interval. To find the
optimal por, we first find the locally optimal por within each of the intervals M; = (0, paa + 220 — 1]
and Ms = [paa + 220 — 1, p24 + 1]. Then, comparing the profits under each local optimum, we can

find the globally optimal price, pop.

e Suppose that por € M7. One can show that the optimal price is pglf =pos + 220 — 1.

e Suppose that por € Ms. If po4 < 3—42¢, the optimal price is pg"T = %pz;ﬁL%; if poa > 3—4z,

the optimal price is péQT =poa + 220 — L.

Comparing the profits corresponding to prices png and péQT, one can show that Third-party’s

optimal Segment-2 price is as follows.

Hso Ip2A+ 3 if poa <3 -4z
Doy =
poa+2z9—1 if pog >3 — 4z

Using pg{[s’o, we can derive Platform’s profit-maximizing price in the Segment-2 subgame, where
moa = Doy poa. Observe that when pog > 3 — 4z, Third-party’s best response results in Zo = 2
(recall that . = %(p,T —p.a) + 3), yielding zero demand for Platform. Therefore, Platform has no

incentive to choose p24 above 3 — 4zp. Specifically,

e When 2y < % < 3 —4z9 > 0, Platform will choose paa € [0,3 — 42¢], with prS’O = %PQA + %
Platform’s profit maximization problem is maxp, , (—ipzA‘F % —20)p24. Solving the first-order
HSo 5

condition, we get p, ;" = % — 220. The corresponding prS” =7 — %0-

e When 2y > % < 3 — 4z < 0, Platform cannot achieve any positive demand in this segment,

even though it lowers its price to 0. As a result, pé{f "* = 0. The corresponding prS” = 2z9—1.

This finishes the proof of Lemma 2| [
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C.1.3 Proof of Proposition

Table |[A6| summarizes each seller’s segment-level (Segments 1 and 2) and total profits in the hard-
segment pricing equilibrium, under any given segmentation rule zy. The results follow directly from

the equilibrium prices and the corresponding demands as specified in Lemma

Table A6: Sellers’ Profits in Hard-Segment Pricing Equilibrium Under z

Segment 1 Profits Segment 2 Profits Total Profits
0< <1 7T1,4=<1—220)Z0 ﬂ2A=i(220—3)2 TA=T14 + T2A
=5 mr =0 Tor = 5(220 — 5)? T = T + Tor
1 3 | ma=3(z0+3)? Toa = (220 — 5)* A = TA + Top
5§20 <73 T = 1320 — 1)2 _12 _5)2 —
17 = 5(320 — 3) mor = (220 — 5) Tr =TT + ToT
3<<1 ma = 1(z0 + 3)? A =0 TA = TA+ 24
1=90=7 = 132 — 1)2 — (22— 1)(1 — =
1 = 5320 — 5)° | mar = (220 )1 = z0) | 77 = miT + Tor

To analyze how zg affects each seller’s total profit and find the optimal zy that maximizes Platform’s

total profit, we consider the following three cases.

e When 0 < zp < %, ’ngA = —% — 229 < 0 and % =29 — % < 0. Therefore, in this region, the

total profit of each sellers decreases in zj.

1 3 dma _ 5, _ 5 drp _ 13, _ 13 ; ; ;
e When g < 2 < 3, o = 2720 — ] and e = 140 — F- Therefore, in this region, the total

profit of each seller decreases in zy when zg < % and increases in zg when zg > %

e When % <z <1, CgLOA = %20 + % > 0 and % = —%ZO + % > 0. Therefore, in this region,

the total profit of each seller increases in zj.

Since each seller’s profit function is continuous, we conclude that each seller’s profit is maximized
at zg = 0 or zg = 1, corresponding to the no-segment case. This suggests that Platform does not

have incentive to impose a hard segmentation. [

C.1.4 Proof of Lemma

Similar to the Proof of Lemma [2] we solve the pricing subgames for fuzzy segmentation under
a given segmentation rule z by backward induction. Lemma 3 focuses on the case without the
consumer participation (CP) constraint. Furthermore, we solve the subgames in Segment 1 and

Segment 2 separately.
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Segment 1. For a given fuzzy segmentation rule z and Platform price py 4, Third-party chooses
its price p17 to maximizes its profit in Segment 1, 717 = Dyp p1r. Third-party’s demand function

in Segment 1 (without CP constraint) is as follows.

;

w—wz+ 2z if pir <pa—1
(%4—%_@11;—1—2 if pla—1<pir<pia+1-2z
pazpr 4 1 if piat+1-22<pir<pia+1

0 if pir > pia+ 1 (trivially dominated)

Note that Third-party’s profit function is continuous and piecewise concave on each interval.
We first obtain the optimal prices within each of the following three intervals G; = (0,p14 — 1],
G2 = [p1a—1,p1a+1—2z], and G5 = [p1a+1—22,p14 + 1]; among the three, the price that yields
the highest profit is Third-party’s optimal Segment-1 price. Let plei denote Third-party’s optimal

price within the interval G;.
e Suppose p17 € G1. One can show that the optimal price is p% =pia — L.

e Suppose pi7 € Go. If p1a < QHT“JZ— 1, the optimal price is pr? =pia+1—2z;if QHTwz—l <
p1A < 3+21*T“’z7 the optimal price is plG:ﬁ = %pm—k%—k 1*7“’2; if p1a > 3+21*T“’z, the optimal
price is p?rf« =pia— L

e Suppose pi7 € Gs. If p14 < 4z — 1, the optimal price is plGj? = %pm + %; if pya >4z —1, the

optimal price is pf:ﬁ =pia+1-—2z

Comparing the profits corresponding to prices p%, p?:ﬁ,and p?fl, one can show that Third-

party’s optimal Segment-1 price is as follows.

pia+ i if 0<pa<dz—-1

pria+1-—22 if 4z —1<pa<2iw, 1
/\FS7O_ w (C3)

Ipia+d+w f oltw, 1<y, <3q2lw,

pra—1 if pa>3+22,
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Using f)lT’ we can obtain the location of the indifferent customer & = M +1 5- Depending

on the location of Z and the fuzzy segmentation rule 1 — z, Platform’s demand in Segment 1 is

—Ipat+3—(1-w)(l—2) if 0<pa<4z-—1
. 1—z if 4e—1<pa<2it8z-1
Dia =
w(—1pia+3 + 11wy if 2Mtw, 1 <p, <342lw,
0 if pa 23—1—21_7“’2' (trivially dominated)

Platform maximizes its profit, 714 = Dia p1a. Note that Platform’s profit function is also con-
tinuous and piecewise concave on each interval. Therefore, to find the optimal p; 4, we first find
the locally optimal p;4 within each of the intervals Fy = (0,4z — 1], F» = [4z — 1, QHT“’Z — 1], and
F; = [QH_TU)Z - 1,3+ 21_7“’2] Then, comparing the profits under each local optimum, we can find

the globally optimal price p5®

1+4w
4+4w?

e Suppose p1a € Fi,wehave 1 —2 <2 <1. If0 <2< one can show that the optimal

price is pf}‘ = max{0,4z — 1}; if Hiw < z < 1, the optimal price is pﬁ = % —2(1—w)(1-=2).

e Suppose p1a € Fy, we have T = 1 — z. The objective function increases in pj 4, so the optimal

price is plA = 21+w _1.
e Supposepig € F3, wehave 0 <2 <1—2. If0< 2 < 2+6 , the optimal price is plA = %+Tw23
if 2_?%’ < z <1, the optimal price is plA = 21+w —1.

Comparing the profits corresponding to prices pﬁl, pfjl, and pf %, one can show that Platform’s

optimal Segment-1 price is as follows.

3 1—w :
3t if 0<2<z,

~FSe X
Pia = QHTwz—l if zg<z<z>

S_2(1-w)(l—2) if zm<z<1

2wl Lw+3+/—2w2— 7w/2+11/
2w2+6

where z, = and 7z, =

Sw
246w
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We summarize Segment 1’s optimal seller prices and the corresponding market outcomes under

any given fuzzy-segmentation rule z, in Table [A7]

Table A7: Summary of Equilibrium Prices and Profits in Segment 1
(Under Fuzzy Segmentation with Segmentation Rule z, without CP Constraint)

Region z Range z1 Location Price Profit
~e __ 3 T—w ~eo __ 1 3 I—w _\2
@ 2 < zg 0<2;<1-2 39.1"‘__5 +§Ez jr.lA__fw(; +§1T—7wz) 2
Pip =315 % T = qw(i + 5572
@ 20 <2<z f1=1—2 ﬁIAA: QHTwlz_l ﬁIA:wAQHTle_%)(l_z)
- 3plT =237 - . ;TlT =27 ,
@ 2 < 2 1—2<7; <1 pAlA:%_Q(l_w)(l_Z) T1A211[§5_2(1_w)(1_2)2
Pir=3-(0-w)(l-2) | Ap=35F-01-w)(l-2)]
where z, = % and z, = sz+%w+%;w2;§wz_%w+%.

Segment 2. The Segment-2 equilibrium outcome in the fuzzy segmentation case can be ob-
tained through simple modifications from the Segment-1 equilibrium in hard segmentation case.
We need to plug in zg = 1 — 2z and rescale the total profit by 1 — w. The equilibrium outcome is

summarized in Table [AS]

Table A8: Summary of Equilibrium Prices and Profits in Segment 2
(Under Fuzzy Segmentation with Segmentation Rule z)

Region | =z range Price Profit
~o 3 ~e 1 3)2
Pos =5 —2 Tos=7(1—w)(z—35
@ 0<z< % P24~ 2, oA " 14(1 - )(3 _2@) ,
Por = 4 o 7o = g1 —w)(3z — 3
5o, p%AA:Zz—l ﬂgA:(l—Aw)(Zz—l)(l—z)
6 B Por =0 Top =0

This finishes the proof of Lemma |3| [J

C.1.5 Proof of Lemma

To determine Platform’s optimal fuzzy segmentation rule, we solve for z that maximizes Platform’s
total profit, i.e., z := argmax, 7% = 7}, + 73,. Building on the results in Tables and we
partition the potential range of z into four intervals: Hy = [0, z4], Ha = [24, 28], H3 = [2b, %], and

H, = [%, 1]. For an overview, we establish the following.

1. Any z € H3UH, yields a subgame equilibrium strictly dominated by the no-segment (uniform-

pricing) benchmark and therefore cannot be optimal; see Lemma
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2. There exists a z € H; U Hy that yields a subgame equilibrium exceeding the no-segment

benchmark in terms of Platform profit; see Remark 2.
As a result, it suffices to focus on candidates of z in intervals H;y or Ho.

Case 1: z € H3 U Hy. As shown in Table [A7] if z > 2, 21 > 1 — 2. We refer to such subgame
equilibrium as a “right subgame”, as the indifferent customer lies to the right of the segmentation
threshold. We later demonstrate that Platform never has an incentive to choose z in a way that
would result in a right subgame (summarized in Lemma, thereby proving that any z € H3UHy

is dominated.

Lemma C5 Platform does not have the incentive to choose a strategy, defined by (z,pa), with

which it will sell to some of the data-sharing customers in Segment 1, i.e., T1 > 1 — z. Such
strateqy is always dominated by the no-segment equilibrium, where z = 0 and pf Ag = pgs’*.

Proof. See Online Appendix

Case 2: z € H; U Hy. Now we turn our attention to segmentation rules where z in H; or Ho.

e Suppose z € Hy. The total profit of Platform is %w (% + I_Twz)2 + i(l —w) (z — %)2 Since
the first-order condition is positive when z > 0, the optimal segmentation rule is the largest

z in the range, i.e., 21 = z,, coinciding with the left boundary of Hy.

) _ 2
e Suppose z € Hy. The total profit of Platform is w (4z — 1 + 217wz) (1—2)—1—%(1—10) (z — %) .

Ho _ 5415w
= 14118w"

One can show that the optimal segmentation rule is z

Comparing the the profits corresponding to segmentation rules zf1 and 22, one can show that

Platform’s optimal fuzzy segmentation rule is 2/'5* = 15411158%.

*

~FSe ~FSe .FSe

Plugging 27"5* into the expression for P14 > Pip s Doy > and ;557‘?", we find that

AT =2heate

P =28 o
Pay” =3 -2

P =i




FSx FS,*)

Plugging (27~*,p into the expression for each seller’s total profit, we solve each seller’s

total profit under the fuzzy segmentation equilibrium as follows.

\ 1 ) 1 . 3\°
B = <2+ LpFSx _ 1) (1— 25 ¢ 11 —w) (zFS’* — 2)

w
1+w 5+ 15w 54 15w 1 5415w 3\2
—w|(2 1) (11— )+-(1-w) ([ —— -2
w 14 + 18w 14 + 18w 4 14 + 18w 2
Tw+ 11
18w+ 14 (C5)
2
CFSx ol rsa2 L JFSx O
T :25(7; )+8(1—w)<3z —2>
_2 (541wt 1 (g 5klew  5Y
w \ 14+ 18w 8 14+ 18w 2
50(8w? + 7 1
_ (8w* + Tw + 1) (C6)

w(18w + 14)?

This finishes the proof of Lemma |4} [

C.1.6 Proof of Lemma

Below, we prove that Platform never has an incentive to choose strategies in a way that would result
in a right subgame. Recall from Online Appendix the right subgame equilibrium 71 > 1 — z

occurs only when p14 € Fj. Specifically, if 0 < z < iii;", plA = max{0,4z — 1} and 7y = 0; if

iifw" <z<1, plA =3-2(1-w)(1-2)and #f} =1 [3 — 2(1 —w)(1 — 2)]. Taking into account

the subgame equilibrium prices in Segment 2 (as shown in Table , the total profit of Platform

can be analyzed across three cases.

e Suppose 0 < z < ij We have #4% = 1(1 — w)(z — 2)2, which is obviously less than the

no-segment equilibrium profit of Platform, 7'('2[5’* = 1%.

e Suppose }Jﬁ <z<3 3. We have #4% = 2 [2 —2(1 —w)(1 - 2)] + 1(1 — w)(z — £)?. When

1+4w 5 8w—>5 w+5 8w—>5 w+5
Z € {4+4w’6} <2(4w 5) ~ \/ Guw—5)2’ 2(dw=5) T \/ (4w—5)2) and w € (0,1), one can show

that 7%55 < E always holds.

e Suppose 2 <z < 1. We have #5° =1 [2 —2(1 —w)(1 - 2)] + (1 —w)(22 — 1)(1 — z). When
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w € (0,1), one can show that #4% < 2 always holds.

In sum, when w € (0,1) and z € [0, 1], it is always true that when p14 € Fi (& 21 > 1 — 2),

fris < 772]5’*. Therefore, Platform does not have an incentive to choose a strategy, defined by

(z,pA), that will induce a right subgame (i.e., Z1 > 1 — z). O

C.1.7 Proof of Remark

The proof of these observations follows directly from the results in Table [Ij and Table (3} [

C.1.8 Proof of Remark [2[ and Remark

The proof of Remark [2| and Remark [3] follows directly from comparing sellers’ equilibrium profits

under fuzzy segment without consumer participation constraint in Lemma [4] and their benchmark

Twtll 9 d 50(8w3+Tw+1)

18w+14 16

16 > 25 for all

w(18w+14)2 32

profits under no segment in Lemma Specifically,
we (0,1). O

C.1.9 Proof of Proposition [2| and Proposition

Since Proposition[2] can be viewed as a special case of Proposition we prove both by focusing on
the more general result in Proposition The proof is relatively extensive, as it involves a broader
parameter space and more complex demand functions. To maintain coherence in the presentation
of the main proofs, we defer this proof to Online Appendix while Online Appendix [C] contains

the proofs of all other results.

C.1.10 Proof of Theorem

In this appendix, we prove Theorem 1 that both Platform and Third-party enjoy higher total profits
in equilibrium under fuzzy segmentation compared to their uniform-pricing benchmark.

In the case where w > 0, recall from Proposition 2 that, the CP constraint is not binding in
the equilibrium, resulting in the same equilibrium described in Lemma 3 under no CP constraint.
Remark 2| and Remark [3| have stated that both sellers enjoy higher total profits at equilibrium.

Therefore, we focus on discussing the case where 0.1 < w < w. In this case, each seller’s total
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profit is as follows.

2

FSx w 1+w w 1 3 w

* = 1— 2 1= °o_ v
A w< 2+wv>[ w 2+wv }+4( w)<2 2—|—wv

2 2

FS« 2 w 1 5 3 w

- 717 - _
T w<2+wv> 3 w)(4 22+ w"

First, we show that both Wis’* and 7T7}j

Sy always increases in v when v > 3 and 0.1 < w < w.

87T,IZS’* w (—3w?(6v — 5) — Tw(2v — 5) + 10)

o 4(w + 2)?
x —3w?(6v — 5) — Tw(2v — 5) + 10 (C7)
omp™  w(3w?(6v — 5) — 3w(6v + 5) — 32 + 30)
v 8(w + 2)2
x — (3w?(6v — 5) — 3w(6v + 5) — 32v + 30) (C8)

35— 14v—+/19602— 2600+ 625 y o _ 35—14v4v/1960% 26001625 q:
Eq. 1) > 0 when 5180 15) < w < W, where w = S(i8oT5) . Since

—14v— /19602 —26001695 . . o
35—1dv 2(%353215)260”*'625 < 0 when v > 3, for the entire region where v > 3 and 0.1 < w < w, we

FS, %

Oy
have 45— = 0.

Additionally, we can show that Eq. (C8) > 0 when v > 1 and 0 < w < 1. To see this, notice

that 3w?(6v — 5) — 3w(6v +5) < 3w?(6v +5) — 3w(6v +5) < 3(w? —w)(6v +5) and —32v + 30 < 0.
F S, x
Therefore, we have 87r§ >0 when v > 3 and 0.1 < w < .

v jil

Next, we show that Wis’*(v,w) > ﬁis’*(v,w)]v:g, > 2 and W?S’*(U,w) > W?S’*(’U,’w)h}:g > 2. To

see that, we have

wf%umuszwﬁ— %’)@1+w—0+1u—m<§—3w)2 ()

2+w 2+w

. 2w 1 5 3 w \?
TS 0 wllma = oy 9+ 50 (5 - 2o (€10)

Since Eq. 1| > 1% when w < 0.5 and w < 0.5V v > 3, we can conclude that ﬂis’*(v,w) >
% Vv >3 and 0.1 <w < . One can also show that Eq. (C10) > % Vw € (0,1). Hence, both

sellers enjoy profits higher than their uniform-pricing benchmarks. [J
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C.1.11 Proof of Theorem

The total transportation cost under the no-segment (uniform-pricing) benchmark equals to é—z.

Under fuzzy segmentation with segmentation rule z, the transportation cost equals to

TCHS =TChS, +TChLY

anon. anon.

1 2+1
Loyt
2) "1
1 15\, (1 17 17 15
==+ =L L 11
<16+16w>z+<16 16w>z+64+64w (C11)

Below, we show that the equilibrium transportation cost is higher under fuzzy segmentation

=w

compared to the uniform-pricing benchmark. Mathematically:

17 1 15 1 17 15

We demonstrate that this inequality always holds in our context by separately analyzing the fol-

lowing two cases.

Case 1: w € [0.1, 49+17 55145]_ In this case, inequality (C12)) holds for any z € (0,1). Consequently,

FS)x

it must also hold for the equilibrium segmentation z as specified in Proposition

) 4941/2145 . . . 17w—1—/64w?—49w+ 1
Case 2: w € (®355,1). In this case, inequality (C12)) holds for z < S(1+15w) or
17w—14/64w?—49w 1 35—14v+1/19602—260v1625 _ 494+1/2145 11
z > S1+150) . < o8 when v > we have

2(18v—15)
SFSx _ 5415w

Since w =

= (as shown in Proposition . It is straightforward to verify that zf5* = 21w

14+18w 14+18w
1 V6aw?— 20w - . . . . .
17w 142'(1%1;1) 49wtl i this case. And as such, the inequality (C12) is satisfied.
O

o prove this, first see that the value of W decreases in v. Next, one can show that that w(v)|,=3 < 49+17 5;145.
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C.1.12 Proof of Table@

2
Transportation cost. For privacy-preserving customers, T'Canon. = (i‘fs* — %) + %, where

~F . . .. . .
z; S* =1 — 2FS* and 2F'S* are as specified in Proposition |2, As reasoned in Section

,

decreased if

TCanon. unchanged if FS* € {% %} (013)

. . ~F'S
increased  if ;7" €[0,2) U (2,1]

~F'S *

Since 7 =15

could fall in each of the three regions, the direction of change in T'C;,on.
is indefinite.

For data-sharing customers who prefer Third-party (those who fall in Segment 1), they still buy

from Third-party, so the transportation cost for them is unchanged.

For data-sharing customers who prefer Platform (those who fall in Segment 2), the indifferent

customer T S = % — %ZF S%so more customers will buy from a farther seller (switching from

Platform to Third-party despite being located closer to Platform). Therefore, the average trans-

portation cost for them increases. [

Price Paid. For privacy-preserving customers,

S, x FS,x

e When w > w, pF 21+wv—1>2whenv>3andp —22_%}1)—122when1)23.
Since p A Sx = 3 and pNS* = g, privacy-preserving customers always face a higher price no

matter who they are buying from.

NS,*

S, % _ 21+w 5+15w 1> P

w  14418w

and pFS>k = 254w pNS*. Therefore,

F
e When w < w, Pia w 14+18w

privacy-preserving customers who stay with the same seller after the adoption of fuzzy seg-

~ F'S* FSx __

mentation by Platform always pay higher prices. Furthermore, notice that z; 7" = 1-2 =

943w 3 _ NS *
14+18w = 8 —

, it is always the case that some customers who used to buy from Third-
party will switch to Platform under fuzzy segmentation. Since pNS > p¥ S , these customers

face a higher price as well.

In sum, all privacy-preserving customers will face higher prices and the average price paid by

privacy-preserving customers increases.
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For data-sharing customers who prefer Third-party (those who fall in Segment 1), they still buy

from Third-party, but now faces a higher price after the adoption of fuzzy segmentation.

For data-sharing customers who prefer Platform (those who fall in Segment 2), the equilibrium

price under fuzzy segmentation by each seller is lower than the no-segment counterpart, i.e. pgf’* =
3 52 < 3 and pbS* = 5 _ 3, < 5 Therefore, those who stay with the same seller after the
2 > 3 Por = 43— 37> - ) Y

adoption of fuzzy segmentation by Platform always pay lower prices. Furthermore, notice that

jFS,* 3

FSx 3 _ ANSx*
2 T 38 z <§g=7

, it is always the case that some customers who used to buy

PN

from Platform will switch to Third-party under fuzzy segmentation. Since pgs’* > p¥ S’*, these
customers also face a lower price. In sum, all data-sharing customers who prefer Platform will face

lower prices and the average price paid by privacy-preserving customers decreases. []

Total Cost (TC + PC). For privacy-preserving customers, the total cost under uniform-pricing

(before the adoption of fuzzy segmentation) is

17 9 25
S S
Tcglon. + Pcé\rflon. =w (64 + E + 32>
103
=— C14
The total cost after the adoption of fuzzy segmentation is calculated as follows.
1\ 1
TCfon. = w (Il - 2) + 1
i 1\2 1
— 1— FSx  + =
w < Z 2) + 1
[ FSu2  _FSe | L
=w [(z777)F = 2"+ 5
PCES = wli1 pia+ (1 —31)pir]
I 1 2
= w (1 _ ZFS’*) . (2 +1UZFS,* - 1) + (ZFS’*) . <ZFS,*>:|
i w w
1
—wl2 +TUZFS,>(< o 2(ZFS’*)2 — 1+ ZFS,*:|
L w
[ 1 1
TOLS, + POL, = [P el ] o1
w

Below, we show that Eq. (C15)) > Eq. (C14]) is always true in the relevant parameter space and
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under the optimal choice of the fuzzy segmentation rule z/"5*. First we solve for which region of z

FSx

does the inequality hold, and next we show that the choice of z always fall in this region.

First, we have

1+w 135
2
—2 2+ 2 <0
z wz+64
14w \/(1+w)2 135 14w \/(1+w)2 135

- - - C16
w w2 64<Z< + w2 64 (C16)

Next, we want to show 2% falls in the inequality in Eq. (C16)) for all @ and v in the parameter

space. Notice that

W §f JWog < Dtlba
ZFS’* _ 24w 2+w 14+18a . (017)
5415
1irisa O-W-
2
e Suppose zI"9* = 154‘:1158‘;, it always satisfies Eq. (C16|) as (H'T“’ — 154111%0) < (1?2“ ) _ 1(%45
always hold when w < 1.
e Support IS = Tl > Qi—ww (and v < 154111550 ), it always satisfies Eq. l) as
2 2
(e — 2m)” < 5 - 135 always holds when 1k (102 — 14v/73) < w < 15(102+14/73),

including 0 < w < 1.

In sum, we always have z"5* satisfies Eq. (C16)) for 0.1 < w < 1 and v > 3. Therefore, the total cost
for privacy-preserving customers always increases after Platform adopts the optimal segmentation
rule.

For data-sharing customer who prefer Third-party (those who fall in Segment 1), since the

transportation cost does not change and the price paid always increases, the total cost for them
always increases after Platform adopts the optimal segmentation rule.

For data-sharing customer who prefer Platform (those who fall in Segment 2), the total cost

before the adoption of fuzzy segmentation is

1 9 25 5
TC(ﬁfa-share,L + PC(ﬁ?a-share,L = (1 - w) 674 - 522 + TG + 372 - Zz) (018)

38



The total cost after the adoption of fuzzy segmentation is

1+12+1 1, 1(3 2+1 5 3\
1°78) Ta et Ty\em7) TalyT 9"
1 17 1, 9 3 1, 25 15 9,

1
=(1— 2, = Lz
( w)[162+162+64 2" T 17T TR RIS

FS FS —
TCdata—share,L + PCdata—share,L - (1 - U})

Taking the difference of Eq. l) and Eq. 1' we have Fq. (C19) — Eq. (C18) %22 — %22
and the different is negative when 0 < z < % Since z"%* as shown in Eq. 1) is always less

than g, it always falls in this range. Therefore, the total cost of data-sharing customers in Segment

2 always decreases after the adoption of fuzzy segmentation. [J

C.1.13 Proof of Theorem

With the results from Table [6] we can infer the direction of the change in consumer surplus, which
is the opposite of the change in total cost.

The total consumer surplus is lower because the total TC increases (as shown in Theorem
and the total PC increases (as shown in Theorem (I} which states that both sellers enjoy higher

total profits). O

C.2 Model Extension (1)—When Third-party Serves as Stackelberg Leader

C.2.1 No-segment benchmark

As done in the analysis for the baseline no-segment scenario, if Third-party is the price leader, it

NSTL

should capture % of the total demand at a price of %, resulting in a profit of 7, %. Platform,

as the follower, captures % of the total demand at a price of %, resulting in a profit of ﬂgS’TL = g—g
Notice that these results are consistent with the fact that the Hotelling model is symmetric when
there is no segmentation imposed. These equilibrium outcomes mirror those of the baseline no-

segmentation case with the platform as the price leader, reflecting the inherent symmetry of the

Hotelling model with no segmentation.
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C.2.2 Hard-segment benchmark

The derivation of the hard segmentation case when the third party acts as the price leader closely
resembles that of the baseline hard-segmentation scenario. For brievity, we present the equilibrium

prices and profits, under any given segmentation rule zp, in Tables[A9 and without going into
the detailed derivations[™

Table A9: Sellers’ Optimal Prices Under Hard Segment zy (Third-party as Price Leader)

Segment Platform Price Third-Party Price Range of zg
Segment 1 pig =122 pipr =0 0<2< i
pIA:%_(l_ZO) pIT:%_2(1_ZO) %Szoil
Segment 2 p%A:%—%ZO pgT:%—zo 0<zo<%
P34 =0 Pyr =220 — 1 2<z<1

Table A10: Sellers’ Profits in Hard-Segment Pricing Equilibrium Under zy (Third-party as Price
Leader)

Segment 1 Profits Segment 2 Profits Total Profits
0< 20 <1 ma = (1 —220)20 Toa = £(320 — 5)* TA = T1A + T24
4 mir =0 mor = 1(20 — 5)? T = T + Tor
1o, &5 FlA:%(ZOJF%)Q WzA:%(?’Zo—%)Q TA = T1A + T24
1=%>% — (20 — 12 — 1(y — 3)2 _
mr = (20 — ) mor = 7(20 — 5) Tp = TiT + Tor
5o, <1 T4 = 5(20 + 3)* oA =0 TA = T1A + T2A
6 =20 > _ 1\2 _ 1 _
mr = (20— 5)° | mor = (220 — 1)(1 — 20) | mp = miT + Mor

It is straightforward to show that the non-trivial hard segmentation still results in lower equi-

librium prices and profits. Therefore, Proposition [I| continues to hold when the third-party is the

price leader.

C.2.3 Fuzzy-segment analysis

The pricing game. Segment 1. For a given fuzzy segmentation rule- z and Third-party price p1,
Platform chooses its price p14 to maximize its profit in Segment 1, m14 = D14 - p1a. Platform’s

demand function in Segment 1 is as follows.

12As a consistency check, note that this scenario can be viewed as reversing the axis labels of the Hoteling line:
Third-party locates at 0, Platform locates at 1, and the segmentation rule applies at 1 — zp. To maintain clarity, all
the results are still presented using the original axis setup shown in Figure
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;

1-(1-w)(l-2z) if pia<pir—1

. prepa 4l (1—w)(l—2) if pir—1<pa<pir+2z-1
14 =

w (Brs2a 4 1) i pir+22—-1<pia<pr+1

0 if p1a > pir + 1 (trivially dominated)

\

Note that Platform’s profit function is continuous and piecewise concave on each interval. We
first obtain the optimal prices within each of the following three intervals G; = (0, pi1p — 1], G2 =
[p1ir — L,pir + 22 — 1], and G3 = [p1a + 22 — 1,p14 + 1]; among the three, the price that yields
the highest profit is Platform’s optimal Segment-1 price. Let plalg denote Platform’s optimal price

within the interval G;.
e Suppose p14 € G1. One can show that the optimal price is p?j =pir — 1.

e Suppose pia € Go. If p17 < 2w — 2z — 2wz + 1, the optimal price is pfj =pir +2z—1; if
2w—2z—2wz+1 < p1p < 2w+2z—2wz+1, the optimal price is plGj = %PlT-f-%—(l—w)(l—z)

(the interior solution); if p1p > 2w + 2z — 2wz + 1, the optimal price is plGj =pir — L.

e Suppose p14 € Gs. If pir < 3—4z, the optimal price is p?T = %p1T+% (the interior solution);

if p17 > 3 — 4z, the optimal price is pfj =pir+2z—1.

Comparing the profits corresponding to prices p%, pfj,and p?j, one can show that Platform’s

optimal Segment-1 price is as follows.

o If (<2<, Wherer:M

(1—w)(4—w)
o+ % it piren
FSTLo .
Dia = %prf + % —(1-w)(l=2) if pipreTy - (C20)
pir— 1 it pirels

where Ty = [0,1—2z4+2vVw — 2wz + wz?], To = [1-224+2vVw — 2wz + w22, 2w+2z— 2wz +1],

and T35 = [2w + 2z — 2wz + 1, 00).

3 This region is equivalent to the region where 1 — 2z + 2v/w — 2wz + w22 < 2w + 2z — 2wz + 1.
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e If0<z< [

1 L s T
FSTLo 5piT+5 U piT € 14
plA’ = 5 (021)

pir—1 if pir €15

where Ty = [0, p] and T5 = [pp,, 0), with py, = %—%\/ﬂﬂz? — w2z — 2wz? + wz + 22

Observe that Platform’s best response price function is a piecewise correspondence and increases

in py7 on each interval, but it is not continuous. The discontinuity occurs at pir = 1 — 2z +

2vVw — 2wz + wz? when ¢, < z < 1 and at p17 = p, when 0 < z < (. The underlying mechanism is
as follows: As Third-party’s price rises, Platform initially follows by increasing its own price. In this
range, the indifferent customer lies to the left of 1 — z (i.e., Platform only sells to privacy-preserving
customers). However, once Third-party’s price reaches a threshold, Platform finds it more profitable
to substantially lower its price and capture the additional demand to the right of 1 — z (i.e., selling
to both privacy-preserving and data-sharing customers). Notice that such discontinuity does not
exist in Third-party’s best response function when Platform is a price leader, because Third-party
will face a smaller marginal demand as it lowers the price (i.e., trying to compete for the privacy-
preserving customers to the right of 1 — z).

To resolve the indifference at the discontinuity, we adopt the tie-breaking convention that Plat-
form selects the higher-price best response. This rule pins down a unique equilibrium at a knife-edge
parameter value. This can also be interpreted as the outcome of an arbitrarily small cost pertur-
bation that makes the higher-price choice weakly preferred when profits are otherwise equal.
FS,TL,o

. FS,TL . . .. - -
Using plf’ °_ we can obtain the location of the indifferent customer = M + %

Depending on the location of  and the fuzzy segmentation rule 1 — z, Third-party’s demand in

Segment 1 is

This region is equivalent to the region where p, < 2w + 2z — 2wz + 1.
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e When (, <2<1,

w3 —z—1ipir)+2 if pireth

Dir=q3_lpp—l1—w)(1—-2) if pireTy\min(Th) :

0 if pip € T (trivially dominated)

e When 0 < z < ¢,

w(% —Z— iplT) +z if pirely
Dy =

)

0 if pir € T5 \ min(75) (trivially dominated)

Third-party maximizes its profit, 77 = D17 - p17. Note that Third-party’s profit function is
piecewise concave on each interval, but not continuous. Therefore, to find the optimal pi7, we first
find the locally optimal p;7 within the closure of each interval. Then, comparing the profits under

each local optimum, we can find the globally optimal price pff,q 0

o If (;, < z <1, we need to compare the locally optimal p;7 within each of the intervals, T;.

— Suppose pir € T1. If z € Z1, the optimal price is plT =35 —{—21_7“’2 (the interior solution).

If z € Zs, the optimal price is plT1 =1-22+2Vw — 2wz + wz2. We denote Z; = {z]% +

21wy <1224 2vVw — 2wz + w2?, W<z<l 0<2<1} =42 <2< (.}

andZQ_{z|3—|—2 z>1—22+2\/w—2wz+wz2Mgzgl,()gzg

(1—w)(4—w)
3w
1} = {z|max{{, (.} < z < 1}, where (, = W and (. = 4w +1Z(wu31(_wln)t4)\/ﬁ.
— Suppose pi1 € Ty. If z € Z3, the optimal price is p1 — (1 —w)(1 — 2) (the interior

solution). If z € Z4, the optimal price is pl% =1—-2z+ 2\/w — 2wz + wz2. We denote

Zgz{z%—(l—w)(l—z)>1—22+2\/w—2wz—|—w22 %<z<l 0<2<

1} = {2|¢ <z <1} and Zy = {2]3 — (1-w)(1-2) < 2(1+w)(1—-2)—1, % <

2<1,0<2<1} ={2]¢ < 2 < (4}, where (4 = 21“2(*“{5”1*(30?8)“5.

Comparing the profits corresponding to prices plTr} and plT%, one can show that Third-party’s
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optimal Segment-1 price when (, < z <1 is as follows.

3 yolow, if G <z<(
FSe
P =N 1—2242Vw — 2wz + w22 if max{¢,(} <2< (o
S_(1-w)(l-2) if (¢<z<1
3 _ _
where ¢, = J{Ew®ou) ¢ = MUY and ¢ = 2T uERI

o If 0 < z < (p, we need to find the optimal p;7 within Ty = [0, pp].

— Suppose p17 € Ty. If 0 < z < (,, the optimal price is plT = 2 + 21_7“’2 (the interior
solution). If {, < z < (p, the optimal price is ple‘,, = pp. We denote (, = %%%‘/ﬁﬁ

Therefore, Third-party’s optimal Segment-1 price when 0 < z < (; is as follows.

FSe s+2%z if 0<z<min{(, G}
Pip = )

Ph if CaSZSCb

In sum, Third-party’s optimal Segment-1 price is

% + 21_7,2 if 0<z<min{(,, ¢} or<z<C(
e ]P0 if <2<
bir = s
1—2242vVw — 2wz +w2? if max{G,(} <2<
—(1-w)(1-2=2) if (4<z<1
54213 _ w(3—w) 4wl +w—w(w+4)/w 2w2—15w+3+10y/w
where ¢, = =315, G = 1 w)(4 ww y o= Z(wlgﬂ) ;and (g = w2(w2w10w+9)

We summarize Segment 1’s optimal seller prices and the corresponding market outcomes un-

der any given fuzzy-segmentation rule z, in Table The partition of the parameter space is

illustrated in Figure
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Figure A13: Tllustration of the Parameter Space Partition, When Third-Party is Price Leader

Table A11: Summary of Equilibrium Prices and Profits in Segment 1
(Under Fuzzy Segmentation with Segmentation Rule z, When Third-Party is Price Leader)

Region z Range Price Profit 1 Location
{ JE——
@ G<z<@ p]Tl Ph 1
Pia = 3Pn+ 3
o simplify the notation
) To simplify the notation,
@ 0 <z < min{Ca, G} Py = 53 +olw, we keep pl, and p}, in the expression for profit:
w ~
e _ 5 1-w 0<z;<1—2
b <2< G Pla=1+"7% ==
@ | as-sc - ria= kol + 1 = duly?
@ C<z2<(y Py =1—2z+2vVw — 2wz + wz? = [w(3 — 2z — 1p}p) + 2Pty
== Py =1-z+Vw— 2wz +wz?
o 3 . 1 3 o
@ Ci<z pir=35—(1—w)(l-2) iy =z —1(1—w)(1—2) =g +w(l—2)p}, losei <1
d e =531 —w)(l- [l —w)(1— 31 1=
Pla=1—3(1-w)(1-2) mip = [7(1—w)(1 = 2) + 5lpir
5 : w—w(3—w w?+w—w(w w w? —15w w —dwz43wtdz
where ¢, = %Zz‘/ﬁ = G = ZECIL.)(ELU)), C.=1 +/1<w3(71-;-4)f7 and ¢g = 2 2<Jz,ﬂﬂﬂg>‘ﬁ; pp = =hwsblwtlz 4250 2 — w22 + wz + 22

Segment 2. The Segment-2 equilibrium outcome in the fuzzy segmentation case can be obtained
through simple modifications from the Segment-1 equilibrium in hard segmentation case. We plug

in zg = 1 — z and rescale the total profit by 1 — w. The equilibrium outcome is summarized in

Table [AT2
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Table A12: Summary of Equilibrium Prices and Profits in Segment 2
(Under Fuzzy Segmentation with Segmentation Rule z, When Third-Party is Price Leader)

Region | =z range Price Profit

_5 _ 1 5

(A) |o<z<3 Poa=g—% | mu=a(l—w)(y -
=4 pt =32z | w8 =1 3

DPor = 3 2T — 4 2

3oL < pSa=2z—1 ﬂgA:(()l—w)(Zz—l)(l—z)

psp =0 Tor =

The segmentation stage. In the segmentation game, we need to combine Platform’s profit
from Segment 1 and Segment 2 and solve for the segmentation rule z that yield the highest Platform
revenue. Specifically, deriving from Table (Segment 1) and Table (Segment 2), We need
to discuss five different regions: R1, {R2 and R3}, R4, R5 while z < 3, and R5 while % <z< IE
For each region, we specify Platform’s total profit and determine the optimal z within that region.
If there are multiple regions correspond to the same w value, we compare the profits associated

with the optimal z in each region and select the one that yields the highest profit. The discussion

is as follows.

1. When (, <2< and 0 < 2z < %, Platform’s total profit is

2
ma(2) = gultr + 17+ 51 -w) (] - 2)

where p, = pp, = w - %\/w2z2 —w?z — 2wz? + wz + 22

The F.O.C. is always negative when z € (0, 3] and w € (0,1), so the optimal z in this range

takes the smallest z in the feasible region. Therefore, z'* = (.

2. When 0 < z < min{(,, (3} or ¢ < z < (., Platform’s total profit is

2
7a(2) = Swlply + D2+ 51— w) (5 - )

where p}, = % + ZHT“’Z.

5 Observe from Figure , none of R1, R2, R3, and R4 interacts with [%, 1].
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The F.O.C. equals to 177“’ > 0 when w € (0,1), so the optimal z in this range takes the

largest z in the feasible region. Therefore,

Ca if we{w[G(w) < G(w)}

23

Cc o.w.

3. When (. < z < (4 or (, < z < (., Platform’s total profit is

2
ma(2) = gutr + 17+ 51w (- 2)

where ply =1 — 22 + 2Vw — 2wz + w22

The F.O.C. is always negative when w € (0,1) and z € (0, 2], so the optimal z in this range
takes the smallest z in the feasible region. Therefore,
e G 1w e {wl(w) < G(w)}

(. o.w.

4. When z4 < z < 1, Platform’s total profit is

) (z—%(1—10)(1—z)—%+w(1—z))pIA+%(1—w)(g—z)z if 0<z<3
ma(z) =
(z—ifl-w)(l-2)—2+wl—2))plu+(1-w)(2z—-1)(1—-2) if 3<z<1

where p}, = 2 — 2(1 — w)(1 — 2). The profit is always less than the no-segment banchmark

NS TL A
Ty STL = g—g Therefore, we eliminate them.

Comparing all the cases above, we derive the optimal fuzzy segmentation rule z"7L* under a
given w is
G if O<w< 2(16V13+59)  21/880V/13+3173
SFSTLx _ a = 28y/13+101 28v/13+101
- b
(e O.wW.
_ —542vV13 w _dwttw—w(wt+4)v/w
where Ca = 12 T—w and Cc = 4(w3-1) .
it : L FSTLx 5 | 1—w FSTLx ,FSTLx _ 3 1l—w FSTLyx ,FSTLx _
The equilibrium prices are: p 4 =3+ % , Dip =5+2= "2 s Poa =
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, and pQFf’TL’* % _ 9, FSTLx

% _ L FSTLx

C.3 Model Extension (2)—When Both Sellers Move Simultaneously

When sellers set price simultaneously in the pricing stage (sometimes denoted with the superscript

“S” to distinguish from the baseline analysis), the sequence of the game is modified as follows.
e Stage 1: When applicable, Platform will choose the segmentation rule zy or z.

e Stage 2: Platform and Third-party decide their respective price in each segment (when ap-

plicable) at the same time.

We adopt backward induction as our solution method. We first solve the pricing game under a
given segmentation rule (when applicable), and then search for the optimal segmentation rule on
behalf of Platform. When solving for the pricing game, we adopt the solution concept of the Nash
equilibrium (NE).

C.3.1 No-segment benchmark

When there is no segmentation, both sellers can only set a uniform price for the entire customer
base. We denote them as p4 and pr. The indifferent customer locates at 22524 + 1. Platform’s

and Third-party’s demands are specified as follows.

0 it pa>pr+1 1 it pr<pa-1
Dy = prepa Lo pp—1<pa<pr+1 Dr = PAZPE 41 if pa—1<ppr<pa+1
1 if pa<pr—1 0 if pr=>pa+l

The profit functions for Platform and Third-party are m4 = D4 -pa and wp = Dy - pp, respectively.
Solving each seller’s profit maximization game separately, we have the best response function

for each seller as follows.

pa+ % if pa<3
ba = y Pr =
pr—1 if pr>3 pa—1 if pa>3
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Substituting Third-party’s best response into Platform’s best response, we solve for the equi-
librium prices: p% = 1 and p} = 1. The constraints are satisfied. Therefore, we conclude that
p]XS’S’* =1and p]TV 9% — lisa pair of pure-strategy Nash equilibrium (PSNE). We use S in the su-

perscript to denote that this is an equilibrium under simultaneous pricing game. The corresponding

profits for both sellers are Wi}js’s’* = 0.5 and W]TVS’S’* =0.5.

C.3.2 Hard-segment benchmark

The derivation in the hard-segmentation case (when segmentation rule is specified by zg as illus-
trated in Figure closely resembles the one in the no-segment case, except that demand functions
need to be modified. Since the prices in Segment 1 and Segment 2 are independent, we solve them
separately.

Segment 1. Platform’s and Third-party’s demands are specified as follows.

0 if pa>pir+1 1 it pir <pra-—1
Dia=9q wmropa o boif pip—2n+1<pua<pir+1 - Dir=9 z-22a L1 if py—1<pip <pra+2z—1
20 if pra<pir—2z+1 0 if pir>pia+2z-—1

The profit functions for Platform and Third-party are mia = Dia - p1a and mpr = Dir - pi7,
respectively.
Solving each seller’s profit maximization game separately, we have the best response function

for each seller as follows.

. soir+ 4 if pir <4z -1 pia+zo— 5 if pa<2z+1

P1a = » Pir =
pir — 220+ 1 if pip >4z —1 pia+2z0—1 if p1a>2z+1

The feasible region depends on zj.

e When zy > %, we have an interior PSNE — pj, = %zo + % and pjp = 420 — L. The

corresponding indifferent customer lies at 2] = %20 + %.

e When zp < %, Third-party’s price reaches the zero lower bound. Therefore, pj, = 1 — 229

and pj; = 0 is a boundary PSNE.
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With slight algebra rearrangement, the equilibrium prices in Segment 1 are shown below.

2 o1 4 e 1
HS.Sx 1—2(1—2) if <2<1 HS.Sx I1—3(1—2) if 7<2<1
Pia = o Pir =
1— 2z if 0<z <3 0 if 0<z<q
Segment 2. Platform’s and Third-party’s demands are specified as follows.
0 if poa >por —220+1 1 -z if par <pea+220—1
Daa=9q B2ropea bz if por—1<poa<par—2z+1 » Dir=q AL _ L §f poy4220— 1< por < poa+1
1—2 if paa <por—1 0 if por > poa+1

The profit functions for Platform and Third-party are moa = Doga - poa and mop = Doy - por,
respectively.
Solving each seller’s profit maximization game separately, we have the best response function

for each seller as follows.

b spor + 3 — 20 if par <3 — 2% Ipoa+3 if pia<3-—4z

Poa = y Do =
por — 1 if por >3 —22 pea—1 if pia >3-4z

The feasible region depends on zj.

e When zy < %, we have an interior PSNE — p5, = 1 — %zo and p5p = 1 — %zo. The

corresponding indifferent customer lies at z5 = %zo + %

e When zy > %, Platform’s price research the zero lower bound. Therefore, p5, = 0 and

DPyp = 220 — 1 is a boundary PSNE.

The equilibrium prices in Segment 2 are shown below.

_— 1—32 if 0<z<3 1—-2z if 0<z<3
Poa™ " = » Por T =

0 if < 2z

[
IA
—_
[\
N
o
|
—_
—
—
N[y
IA
N
o
IA
[y

We summarize the equilibrium prices and profits, under any given segmentation rule zg, in

Tables and It is straightforward to show that the non-trivial hard segmentation still
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results in lower equilibrium prices and profits. Therefore, Proposition [1| is valid despite the sellers

engaging in simultaneous pricing.

Table A13: Sellers’ Optimal Prices Under Hard Segment zy (Under Simultaneous Pricing)

Segment Platform Price Third-Party Price Range of zg
Segment 1 Py =1—3(1—2) Pl =1—3(1—2) 0<2<7
pia=1-2z% pir =0 i<z<1
Segment 2 DP5A :1—§20 ST zl—gzo g<20<%
P34 =0 Py =220 — 1 3<z<1

Table A14: Sellers’ Profits in Hard-Segment Pricing Equilibrium Under zp (Under Simultaneous
Pricing)

Segment 1 Profits Segment 2 Profits Total Profits
0< o<l | Ma= (1 —220)z0 ToA = %(1 - %ZO)Q TA = T1A + oA
— 4 mir =0 Tor = 5(1 — £2)? T = TiT + T2T
Lo, <3| ma= %(%Zo + %)2 moa = 5(1 — %Zo)2 A = TA+ oA
4 4 7T1T=%(520—§)2 7T2T=%(1—§Zo)2 T = TT + Tor
B<z<l WIA_%(%ZO"F%)z moa =0 TA = T1A + oA
771T:§(§ZO_§) WQT:(QZQ—l)(l—Zo) 7TT:7T1T+7T2T

C.3.3 Fuzzy-segment Analysis

As done in the main analysis, we separately discuss the pricing game in Segment 1 and Segment
2. Furthermore, as shown in the main analysis, the analysis in Segment 1 is more involved, and is
hence our focus below.

The pricing game Segment 1. We start by presenting each seller’s best response function
under a fuzzy segmentation rule z. Each of them have been derived in the two sequential pricing

case, so we directly use the results. Third-party’s best response function is:

%pm + % if pia€iy
pia+1—2z it piacA
br
plT - 9
%PlA + % + I’Twz if pia€As
p1a—1 if pia€ Ay

where Ay = [0,4z — 1], Ay = [42z — 1,212 — 1], A3

214wy — 1,3 4 21222], and Ay =
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3421222, 00).

Platform’s best response function is:

oIbegzgl,whereQ,:%,

sPIT + 5 if pirety
b )
pia = spir—(L—w)(l—2)+1 if pirelr
| 1T~ 1 it pirel;

where T1 = [0,1-2242vVw — 2wz + w22], Tp = [1-22+2Vw — 2wz + w22, 2w+2z—2wz+1],

and T3 = 2w + 2z — 2wz + 1, 00).

o If0 < 2 < (,

. tmr+3 if piredy
bia = )
pir—1 if pir€T5

where Ty = [0, pp,] and T5 = [pp, o0), with pp = w - %\/uﬂzz —w?z — 2wz? +wz + 22

First, we note that the pricing subgame does not always have a pure-strategy Nash equilibrium
for every pair (z,w). This arises because Platform’s best response function is always discontinuous
as discussed in Section[C.2.3] For the purpose of this study, we focus on discussing the pure-strategy
Nash equilibrium (PSNE).

Next, to solve for PNSE, we obtain the intersection of the two best-response schedules. We
evaluate all possible combination of regions (A, 7;) and retain those solutions that satisfy their
respective boundaries. We summarize each combination in Table and illustrate the partition

of the parameter space in Figure
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Figure A14: Partition of the Parameter Space

Table A15: Summary of PSNE under Simultaneous Pricing Subgame

ey s ey s . Conditions Needed
Equilibrium Type | Range Equilibrium Price to Sustain the Equilibrium
7
pa=1-3(1-w)(1-2)
PSNE-2 A NT <z<1
1 2 pszl_g(l_w)(l_Z> Ce_ >~
AsNTy p1a= 2(1 B Z) N.A.
pir =3 — 4z
No PSNE pia =2w(l — z)
A2NT pir=142w—2(w+1)z NA.
pia=1+ zﬂz
AsNT; 1% <z<
3Ny pip =14 110w G <z<(f
_ _ 21T—w
PSNE-1 AsNTy P1a = 1+21w 0<z<(Gand0<2z<(,
pir =1+3

Note: ¢, = 2Yw—w—w) " _ “’2*14w+4+9f7 (= 9wg*3W(u’+2)f Cg = 3\f 3 _w

T (l—w)(d—w) w2 —17w+16 w3 —w2—4w—4 1—w*

Lastly, we discuss which equilibrium is of interest. Similar to Lemma [C5] Platform never has an
incentive to induce an equilibrium where the pricing equilibrium falls in range A1 NT5 (i.e. choosing
€ [¢e, 1]), as the total profit is always less than the no-segment benchmark priceH Therefore, we

focus on the subgame price equilibrium where

F'S,S,* 2 14w
DiA =1435"=2
F'S,S, +u
P71 "= 1+ %ITZ

When z € [(., 1], Platform’s Segment-1 profit is 71 = %[1 — %(1 —w)(1 — 2)]?. Platform’s Segment-2 profit
1l-w)1—22?% if 0<z<3
0 if 2<2<1

moa < % for any z € [Ce, 1], with the equality only achieved at the trivial segmentation case when z = 1.

is oA = . With some mathematical simplification, one can show that 7 +
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The range of z where this equilibrium can be sustained is 0 < z < z, where Z = max{(y, Cg}m The

equilibrium Segment-1 profit for each seller when 0 < z < Z is

(C23)

Segment 2. For the pricing game in Segment 2, we substitute zg = 1 — z into the Segment-1

equilibrium in the hard-segment case. We focus on 0 < z < z, where z % The equilibrium prices
are
F'S,S,* 2
o (2)=1-132
’ (C24)
FS,S,
ot (2) =132
The equilibrium Segment-2 profit for each seller when 0 < z < Z is
P55 1 2,\2
Toa(2) = 5(1 —w) (1= 32)
? ° (C25)

The segmentation stage In the first-stage segmentation decision, we subsequently show that
for any given w there exists a non-trivial segmentation rule z € [0, z] such that the platform’s profit
is strictly higher than the one under uniform pricing (the no-segmentation benchmark). To do so,
Platform solves a profit-maximization problem where the total profit equals to the sum of Segment-
1 and Segment-2 profits. Our analysis continues to focus on z € [0, z], where, as established above,

the pricing subgame has a pure-strategy Nash equilibrium.

R )

st. 0<2<z2

The F.O.C. of the objective function equals to 2 5~ % and is always positive when 0 < w < 1.
Therefore, the optimal solution is attained at the largest z in the feasible region. This implies that

the platform’s profit is strictly increasing in z over the interval 0 < z < z. Furthermore, when

/1

Y"When 0 < w < w0, ¢y < ¢ and ¢; < (g, 50 Z = (g. When 0"’ <w < 1, { < ¢ and ¢, <y, so Z = (;. When
w=1w", ¢ = s = (g. The value of W is 10 — 4+/6.
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z = 0, the outcome converges to the no-segmentation, yielding w4 = 0.5. Hence, there exists a

segmentation rule z that improves the platform’s profit beyond the uniform-pricing benchmark.

C.4 Model Extension (3)—Revenue Sharing

C.4.1 No-segment benchmark (Proof of Lemma )

We solve the game by backward induction with Platform as a price leader. For a given Platform
price pa, Third-party chooses its price pr to maximize its profit, F;S’NS = D7 - pp. Similarly to the
proof of the main model, we use 7 = %(pT —pa) + % to help illustrate the demand, where Z solves
v—pa—x = v—ppr—(1—x). Furthermore, since revenue-sharing softens the price competition (will be
elaborated in the following), we need to actively consider consumer participation constraints in the
analysis. Therefore, we also use Z7 to help illustrate the demand, where Zp represents the customer

who is indifferent between Third-party and the outside option. We use rs in the superscript to

denote the “revenue-sharing” scenario. Third-party’s demand function is as follows.

1 if max{z,Ti17} <0< pr € Ey
prsNS 1-F=3+1pa—pr) if max{@17,0}<2<1<=prek
T g
l—Zr=v—pr if max{i’lT,O}SfT§1<:>pT€E2
0 if 1< min{Z,Zr} <= pr € E3

The feasible regions for each condition are Ey = {pp|pr < min{ps — 1l,v—1}}; By = {prlpa—1<
pr < min{20 — pa — 1,pa + 1}}; Er = {pr|min{2v —pa — 1,0 — 1} < pr < v}; E3 = {prlpr >
{pa + 1,v}}. One can show that the case where max{Z,Zr} < 0 is dominated by the case where
max{Z, Tr} = 0 and the case where 1 < min{Z, T} is dominated by the case where min{z, zp} = 1.
Therefore, we only discuss the remaining two regions (i.e., F1 and Eb).

Third-party’s demand function is continuous and piecewise-linear on each interval, and its profit
function, W;s’NS =(1-s)- D;s’NS - pr, is continuous and piecewise concave. We first obtain the
optimal prices within each of the following two intervals £ and Es; among the two, the price that

yields the highest profit is Third-party’s best response price. Let p%’ denote Third-party’s optimal

price within the interval FE;.
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e Suppose that pr € E;. The interior solution is %(pA +1). When v > 3, one can show that if
pa < 3, the optimal price is p? = %(pA +1); if p4 > 3, one can show that the optimal price

ispf1 =pa— L.

e Suppose that pr € Es. The interior solution is %v. It is always true that v — 1 < 2v —pyg — 1
when p4 < v. Furthermore, it is always true that %v < v —1 when v > 2. Therefore, the left

boundary is always attained and p?z =2v—ps — L.

Comparing the profits corresponding to prices p?l and pgg, one can show that Third-party’s

best response function is as follows.

Tpa+1) if pa<3

rs,NS,o o
pr 7 (pa) =
pa—1 if 3<pa<vw
Using pTTS’NS’O, we then solve for Platform’s optimal price to maximize its profit, i.e., W;S’NS =
DZS’NSpA + 5 R3.(pa), where R5.(pa) = DZF’NS -pTTS’NS’O(pA). Platform’s demand function is as
follows.
s NS —ipa+3 if pa<3
DA —

0 if 3<pa<vw

The corresponding Third-party’s demand function is:

1 1
NS _ pa+z if pa<3
reNE

1 if 3<pa<vw
Notice that due to revenue sharing, even when Platform has zero demand, its profit is non-
negative. Therefore, we cannot eliminate the range where 3 < p4 < wv. In fact, p4 = v could be a
dominating strategy under certain parameter space.
Platform’s demand function is continuous and piecewise linear; its profit function is continuous
and piecewise concave (including the revenue sharing portion from Third-party). We first obtain
the optimal price within each of the following three intervals F; = (0, 3], and F; = [3, v]; among the

two, the price that yields the higher profit is Platform’s optimal price. Let pii denote Platform’s
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optimal price within the interval F;.

e Suppose that py € F}, Platform’s profit is WZS’NS’Fl = (—2pa+3)pat+s(3pa+ 1) 3(patl).
One can show that the optimal price is pil = g—f‘; when s < % and pil = 3 when s > %.
e Suppose that ps € F5, Platform’s profit is WZS’NS’& = s(pa — 1), increasing in p4. Therefore,

the optimal price is piz = .
Comparing the profits corresponding to prices pil and pf, one can show that Platform’s optimal
price when v > 3 is,
rs,NS,e _ 2—s

4;’:16 -2 W) The corresponding Third-party’s price is

where 5 = % (

5 . _
gevse _ J o 1 0ssss

i =
v—1 if s<s<1

Both sellers’ profit at equilibrium follows directly from the equilibrium prices and the corre-

sponding demand functions, as specified in this proof. [J

C.4.2 Hard-segment benchmark (Proof of Lemma )

Similar to the discussion on the no-segment case with revenue-sharing, we analyze the hard-segment
pricing subgame with the consideration of the consumer value v. We solve the pricing subgames by
backward induction. For a given segmentation rule zg, both sellers engage in a sequential pricing
game in each segment, with Platform as price leader. Since the pricing subgame in each section is
independent from each other, we solve the subgames in Segment 1 and Segment 2 separately.
Segment 1. For a given hard segmentation rule zg and Platform price p14, Third-party
chooses its price p1r to maximize its profit, WI?HS = D17 - p17. Similarly to the proof of the main
model, we use & = %(plT —p1a) + % to help illustrate the demand, where 71 solves v —p14 — x =
v—p17—(1—2z). Furthermore, since revenue-sharing softens the price competition (will be elaborated

in the following), we need to actively consider consumer participation constraints in the analysis.
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Therefore, we also use 17 to help illustrate the demand, where Z17 represents the customer who
is indifferent between Third-party and the outside option. We use rs in the superscript to denote

the “revenue-sharing” scenario. Third-party’s demand function is as follows.

20 if  max{Z1, 717} <0< pir € Gy

praHs 20— %1 =20— 5+ 3(p1a—pir) if  max{Zip,0} < F < 2 < pir € Gy
20 —Tir =20 —piT +v—1 if  max{Zi7,0} <Zi17 < 29 <= pir € G2
0 if 2o <min{Z;, 17} < pir € G3

\

The feasible regions for each condition are Go = {p17|p17 < min{p14 —1,v—1}}; G1 = {p17|p14 —
I <pir <min{2v—p1a—1,p1a+220—1}}; G2 = {pir| min{2v —p1a—1,v -1} < pir <v+20—1};
Gs = {pir|pir = {p1a+220—1,v+ 29— 1}}. One can show that the case where max{z,z17} < 0is
dominated by the case where max{Z1, 17} = 0 and the case where 1 < min{Z1, Z17} is dominated

by the case where min{Z;,z17} = 1. Therefore, we only discuss the remaining two regions (i.e., G

and Ga).
Third-party’s demand function is continuous and piecewise-linear on each interval, and its profit
function, ﬂ;?HS =(1-s)- D;;’HS - p1T, is continuous and piecewise concave. We first obtain the

optimal prices within each of the following two intervals G; and Go; among the two, the price that
yields the highest profit is Third-party’s best response price. Let pgi denote Third-party’s optimal

price within the interval G;.

e Suppose that pi € G1. The interior solution is %(pm +2z9 — 1).

— When v > 2z + 1, one can show that if p14 < 229 + 1, the optimal price is pgl =
%(pA +2z9 —1); if pg > 229 + 1, one can show that the optimal price is p?l =pa— 1.

— When 2 < v < 2z9 + 1, one can show that if p14 < %v — % — %zo, the optimal price is
p?Q = %(PA + 229 —1); if pg > %v — % — %zo, one can show that the optimal price is

Pyt =2v—pia— L

e Suppose that pir € G3. The interior solution is %(v + 20 — 1). It is always true that
v—1<2v—p4—1 when p14 < v. Furthermore, it is always true that %(v +20—1)<v-1

when v > 2 > 25+ 1. Therefore, the left boundary is always attained and plcfw =2v—pia— 1L
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Comparing the profits corresponding to prices p% and pfﬁ, one can show that Third-party’s

Segment-1 best response function is as follows.

e When v > 225 + 1,

0 if 0§p1A§1—220
rs,HS,o o 1 .
Dt (P1a) = 5(P1a+220—1) if 1-22 <pa<2z+1
p1a —1 if 220+1<pia<vw
e When v <225+ 1,
0 if 0<pa<1-2z
JHS, 0 .
Pt C(P1a) = § L(pia+220—1) i 12z <pia < dv—1- 2z
20— pia— 1 if v—%f-2x<pa<v

Focusing on the results when v > 229+ 1 (due to our focus on v > 3), we have proven Eq. (B1))
in Lemma B4l O

In what follows, we illustrate the attempt to solve the pricing game analytically and demonstrate
the challenge of doing so for completeness. Readers can skip this part and refer to the numerical

routine as outlined in Algorithm [I] for numerical results.

rs,HS,o

Using p;7 , we then solve for Platform’s optimal price to maximize its profit, i.e., W;ZHS =
DIZ’HSplA +5s-Ryp(p1a), where RYp(p1a) = DI}}’HS ~p§57’,HS’°(p1A). Platform’s demand function is
as follows.

1 1 1 .
preds _ ) TaPat ety il 0<pas 2o+l
1A -

0 if 2204+ 1<pa<w

The corresponding Third-party’s demand function is:

1 1 1 .
Drs,HS_ ZplA‘i‘iZ()—Z if nglA <2z +1
1T -

20 if 220+1<pia<vw
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Notice that due to revenue sharing, even when Platform has zero demand, its profit is non-
negative. Therefore, we cannot eliminate the range where 229 + 1 < p14 < wv. In fact, py = v could
be a dominating strategy under certain parameter space.

Platform’s demand function is continuous and piecewise linear; its profit function is continuous
and piecewise concave (including the revenue sharing portion from Third-party). We first obtain
the optimal price within each of the following three intervals Hy = (0,229 + 1] and Hy = [229+ 1, v];
between the two, the price that yields the highest profit is Platform’s optimal price. Let pﬁi denote

Platform’s Segment-1 optimal price within the interval H;.

e Suppose that p14 € Hy, Platform’s Segment-1 profit is W;ZHS’HI = (—%pm + %Zo + %) D1A +

s (3p1a+ 320 — 1) 3(p1a+220—1). The interior solution is 3£ — 225(1 — »4). One can show

that when % < 29 < Zp, the interior solution can be attained and pﬂ = % - g—f‘;(l — 20);

when zg > Zp, pﬁ{ = 229 + 1; when 2y < %, Third-party’s price reaches the zero-lower

bound, so Platform has an incentive to charge py, = 1 — 2z rather than the interior solution.

Specifically,
1— 2z if 2 < g 0 if 20 <¢
P = 8 ks e gy ip Legczy o PN =0 56 (1-x) if L<zp<zm - (C26)
142z if 20 > 20 229 if 20 > 20
1 if 0<s<3
where Zy =
1 e 3
—2+4s if $1<s<1
e Suppose that p14 € Hj, Platform’s profit is WIZ’HS’HQ = s(p1a — 1)20, increasing in pi4.
Therefore, the optimal price is pfj’ = v. Specifically,
rs,HS,Hy rs,HS,Hy __
P14 =Y Pir =v—1 (C27)
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Platform’s optimal Segment-1 price is defined as follows:

rs,HS,Ho

rs,HS,Hy if Wrs,HS,Hl ‘ Hem. > T o
rs,HS,e 14 1A pra=p ;= "1A pra=py 2
P = 14 14 : (C28)
p;‘ZHS’HQ otherwise

Notice that while Eq. is well defined given any realization of the model primitives (v, s),
solving the explicitly expression conditional of (v,s) is very involved and does not add much to
our main discussion. Therefore, we employ the numerical routine as outlined in Algorithm [I] to
characterize the equilibrium.

Both sellers” Segment-1 profit at equilibrium follows directly from the equilibrium prices and
the corresponding demand functions, as specified in this proof.

Segment 2. Similar to the analysis for Segment 1, we solve the pricing equilibrium in segment
2 using backward induction. Conditional on the segmentation rule zy and Platform price pi4,

Third-party’s demand function is as follows.

1— 2 if  max{Ze,Tor} < 20 < par € My
DS _ 1— =5+ %(poa —por) if max{Zor, 20} < Ty <1<4= por € My
. 1 —Zar =v —por if  max{Zaor, 20} < Tor <1 <= par € Mo
0 if 1< min{Ze,Tor} <= por € M3

\

The feasible regions for each condition are My = {por|por < min{psa + 220 — 1,v + 29 — 1} };
My = {parlpea + 220 — 1 < por < min{2v — paa — 1,poa + 1}}; My = {por/max{2v — 1 —
P24,V + 20 — 1} < por < v}; M3 = {prlpr > max{psa + 1,v}}. One can show that the case
where max{Za, Tor} < 2 is dominated by the case where max{Z2,Zar} = 20 and the case where
1 < min{Z9, Zor} is dominated by the case where min{Zs, Zor} = 1. Therefore, we only discuss
the remaining two regions (i.e., M; and Ma).

Third-party’s demand function is continuous and piecewise-linear on each interval, and its profit
function, W;%HS =(1-3s)- D;;’NS - pr, is continuous and piecewise concave. We first obtain the

optimal prices within each of the following two intervals M; and M2; among the two, the price

that yields the highest profit is Third-party’s Segment-2 best response price. Let p%" denote Third-

61



party’s optimal Segment-2 price within the interval M;.
e Suppose that pp € M.

— When pog < v — 29, My # 0, the interior solution is %(p% +1).

* When v > 3(1 — zp), one can show that if poy < 3 — 42y, the optimal price is
p%l = %(pzA + 1); if paa > 3 — 4z, the optimal price is p%l =poa+ 220 — L.

x When v < 3(1 — zp), one can show that if pyq < %v — 1, the optimal price is
pé‘?ﬁ = %(PQA +1); if poa > %U — 1, the optimal price is p%l =2v—poa — L.

— When pog > v — 29, My = 0.

e Suppose that por € My. The interior solution is %v. It is always true that %v < v, so we

focus on discussing the left boundary.

— When poy < v — 29, the left boundary takes 2v — pog — 1. It is always true that
Poa <v—2zp < %v — 1, since v > 2. Therefore, the optimal price takes the left boundary:
péVITQ =2v—pog — L.

— When v — 29 < pag, the left boundary takes v + 29 — 1. The left boundary is always

violated when v > 2, so the optimal price still takes the left boundary: p%? =v+2zy—1.

My

Comparing the profits corresponding to prices p,, and pé‘/[TQ, one can show that Third-party’s

Segment-2 best response function is as follows.

e When v > 3(1 — zp),

4
paa+1)  if 0<poa<3-—4z

rs,HS,o .
Por (p2a) = poa+220—1 if 3 —4zg<pog<v—2zy-

v+2z9—1 if v—29<poyg <w
\
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e When v < 3(1 — zp),

Tpoa+1) if 0<pua<iv-—1
rs,HS,o o . 4
Por (p24) = 20 —poa —1 if s0—1<pea<v—2z-
v+2z9—1 if v—290<poa<w
\

Focusing on the results when v > 3(1—zp) (due to our focus on v > 3), we have proven Eq. (B2)

in Lemma [B4] OJ

Similar to the discussion for Segment 1, in what follows, we illustrate the attempt to solve the
pricing game analytically and demonstrate the challenge of doing so for completeness. Readers can

skip this part and refer to the numerical routine as outlined in Algorithm [I] for numerical results.

Using pg?HS’O, we then solve for Platform’s optimal price to maximizes its profit, i.e., W;ZHS =

Drs,HS

HS rsHS,
b4 P2A+ s RSp(paa), where RS (p2a) = Dy i

“ Dor (p24). Platform’s demand function is

as follows.

—Ippa+3 -z if 0<paa<3—4x
JHS i
Dy =140 if 3—4zpg<poa<wv—2zy-

0 if v—20<pa<vw

The corresponding Third-party’s demand function is:

ipoa+ 1 if 0<par <3-—4z

Drs,HS_ .
2T - 1—2’0 if 3—4Z0§p2A§U—ZQ'

1—2p if v—20<poa<w

Again, due to revenue sharing, Platform could obtain a positive profit even when its demand is
0, so we cannot eliminate the range where 3 — 425 < poa < v.

Platform’s demand function is continuous and piecewise linear; its profit function is continuous
and piecewise concave (including the revenue sharing portion from Third-party). We first obtain

the optimal price within each of the following two intervals N1 = (0,3 — 4z9] and Ny = [3 — 42, v];
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among the two, the price that yields the highest profit is Platform’s optimal price. Let pévj‘ denote

Platform’s optimal price within the interval IV;.

e Suppose that poy € Ni, Platform’s profit is W;ZHS’NI = (—%pzA + % — Z()) D2A + S(ipm +
i)%(pzA + 1). The interior solution is g%z — %Zo. When zy < z9 < %, where zg =
3—4s . 3
if 0<s<>
14 =9 =7 . . .
* , the optimal solution is attained at p;iiHS’Nl = % — ﬁzo. When
0 if 3<s<1
20 < 29 < 3, p;‘ZHS’Nl reaches the right boundary, so pngS’Nl = 3 —4zp. When 2y > 3,
pg‘;;HS’Nl reaches the zero-lower bound, so pg“ZHS’Nl = 0. Specifically,
%—%ZO if 29 <z ﬁ—ﬁzg if 29 <z
pgiiHS’Nl = 3—4z if 29<2z < % ) pg;lHS’Nl = 2—22 it 29<z < % ) (029)
0 if 2 >3 229 — 1 if 2 >3
Eo osas]
where zop =
0 if 3<s<1
e Suppose that po4 € No, Platform’s profit is WQZHS’NQ = S-I)g;ﬂ’HS’O(pzA)‘(l—zo), relying only on
Third-party’s profit sharing, with Third-party’s demand is fixed. Observe that pg?HS’O(pg A)
increases in pog up to v 4+ zg — 1. Therefore, Platform is indifferent in choosing pQZHS’NZ €
[ — 20,v]. Without loss of generality, we take pngS’NZ = v — 29 and the corresponding
pgziHS’o = v+ 29 — 1. Specifically,
HS,N: HS,N.
Py SN2 — o — 2, fs SN2 — oy pz—1 . (C30)
Platform’s optimal Segment-2 price is defined as follows:
prs,HS,Ng if 7_[_rs,HS,Nl He N > Wrs,HS,Ng HSN
2A 24 _ rsHS,Ny = Tig 4 _ rs,HS,Ng
pgiiHS,- _ DP2A=Py 4 DP2A=Pg 4 ) (031)
ngHS’HQ otherwise

Similar to the analysis in Segment 1, while Eq. (C31]) is well defined given any realization of the

model primitives (v, s), solving the explicitly expression conditional of (v, s) is very involved and
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does not add much to our main discussion. Therefore, we employ the numerical routine as outlined
in Algorithm [I] to characterize the equilibrium.

Both sellers’ profit at equilibrium follows directly from the equilibrium prices and the corre-
sponding demand functions, as specified in this proof. We denote them by ﬁzjfg’HS" for i =1,2 and
j=AT.

Optimal Segmentation Rule Under Hard Segmentation. Platform chooses the optimal
hard segmentation rule zy that maximizes its total profit from both segments, including both its

revenue and the revenue-sharing from Third-party. Specifically, zSS’HS’* = argmax, FZS’HS’.(Z()).

The hard-segment equilibrium under revenue sharing is characterized by (zgs’HS’*, p(zgs’HS’*)>. As
discussed in the derivation of the second-stage pricing equilibrium, we use a numerical routine to
determine the equilibrium price by comparing two equilibrium candidates. Furthermore, we use a
grid search of zy to illustrate the optimal hard-segmentation rule, since our goal is to determine

whether there exists a non-trivial hard-segmentation rule zg to strictly improve the platform’s profit

from the no-segment benchmark profit under each pair of model primitives, (v, s).

C.4.3 Fuzzy Segmentation Results

The analysis for the fuzzy segmentation case follows the hard segmentation analysis closely, except
that one more model primitive needs to be considered—w, the portion of customers choosing to be
privacy-preserving. Nevertheless, the Third-party’s best response function has already been derived

in the proof of Propositions [2| and 19}

In Lemma [C6] we provide Third-party’s best response prices analytically, and in Algorithm

FSe rs,F'S e

we provide the numerical routine to find (1) Platform’s optimal prices pﬁ’ and py 4 condi-
tional on a fuzzy-segmentation rule z, and compare the corresponding market outcomes across z

to determine the optimal segmentation strategy.

Lemma C6 Fuzzy-Segmentation Third-party Best-Response Prices with Revenue-Sharing.
Third-party’s best response price, conditional on Platform’s price and a fuzzy-segmentation rule,

when it pays a share s of its total revenue as a commission to Platform and the consumer valuation

is at least 3, is characterized by (pﬁlFS’o, pg%FS’O) as summarized in Equations |C3,dv |C33L (md|05’4|.

18 Adding the revenue sharing scheme only rescale Third-party’s profit by (1 —s). It does not impact Third-party’s
best response price conditional on Platform price and segmentation rule in either segment.
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o When 2_%}1) <1,

3P4+ 3 if 0<pia <pa and 0<z<1
pia—2z+1 if pa < pra < min{py, p.} and 0<2<1
spA+ 5+ %2 if (pp < pra < min{pa, pe} and 0<2<1)
rs,FSo or (pe < pra < pa and 0<z<z)
Dir =
or  (pe < pia < pe and 2z, < z < min{zg,1})
20— pra—1 if  max{pc,pe} < p1a < min{py,v} and z. <z < min{zg, 1}
pra—1 if (pa <pia <pe and 0<z<1)
or (max{pc,pd} < pia <w and 0<2z2< zc)
(C32)

wherepa:42—1,pb:21+7wz—1,pc:v+z—1,pd:3+2177wz,pezgv—%—z—l,

pr=do- 3 La= 40 - 3) s = e
o Whenl < 2%{}1},
pia+ if 0<pia<ps and 0<z<1
pia—2z+1 if pa<pra<p, and 0<z<1
p'rl‘%FS,O _ . (033)

mats+%z if pp<pia<ps and 0<z<1

p1a—1 if pa<pia<v and 0<z<1
4
0 if 0<pia<2z-1
rs,F'So 1 . C34
Por 7 = 5(pia+220—1) if 2z2-1<pa<3-22 (C34)
pia—1 if 3—22<pia<vw

The pseudocode for the numerical routine is described in Algorithm
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Algorithm 2: Grid Search for Optimal (z"5¥%* prsF5*) Given (s,v,w).

Input : Model primitives (s,v,w); grid step sizes for z and p4.
Construct grids Z C [0, 1] and P4 C [0, ]

Output: Set of (2759 {p:;FS*}), with i = 1,2 and j = A, T.

Construct grids:

Choose grids Z C [0,1] and P4 C [0,v]

for z € Z do

// Initialize a grid over potential segmentation rules

foreach i € {1,2} do

// Initialize a grid over potential Platform prices in Segment §
foreach p;4 € P4 do

Compute Third-party’s best response price, p;r, according to Lemma
Compute the location of the indifferent customer, Z;, T4, TiT

Compute the demand for each seller, ¢; 4 and g;r

Compute the profit for each seller, m;4 < Dia - Gia + S PiT - GiT,

i < (1 —8) - pir - @it
end
// Check constraint p;4 < v

Define feasible price grid:

feas

PZ‘A<—{piA EPA:pz‘A<U}

// Determine the optimal segment-specific Platform price, p;a

,FS,
PSR () argmaz,  cpfeas miA(pialz)

a0 ) e ma (03750 ()12

end

2* argmaxzﬂ';i’Fs"(z) + W;sA’FS’.(z)

return (2775 {pi*"5*Y) with i =1,2 and j = A, T
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D Additional Technical Analysis

D.1 Proof of Proposition 2 and Proposition |A1

In this appendix, we provide the proof of Proposition [2] in Section and Proposition in
Appendix [A] Since Proposition [2] can be viewed as a special case of Proposition we prove both
by focusing on the more general result in Proposition

To analyze the fuzzy-segmentation equilibrium, we apply backward induction. First, we derive
the second-stage subgame equilibrium in the sellers’ pricing games for Segments 1 and 2. Next,
we solve for Platform’s first-stage optimal segmentation strategy as well as the corresponding full

equilibrium for all players.

Second-Stage Pricing Equilibrium in Segment 1. Third-party chooses pi7 to maximize its

Segment-1 profit, m7 = Dy pir, where D7 is as follows:

(1-2)w+ =z if max{Z,Ti17} <0< pire

l—z—Tw+z if max{Z17,0} <% <1—z<=pipr €y
1—2—Tialw+2 if max{#,0} <Tip <1—z2<=pir € Qs

DlT = )
1—21 if max{l—z,a_clT} < <l<=prey
1—211 if max{l—z,il} <Zir L1 <= pi7 € Q5
0 if 1< min{@l, -flT} <~ pi7 € Qg
where 77 = w + % represents the customer that is indifferent between Platform and Third-

party, and 17 = 1 — v + py7 represents the customer that is indifferent between Third-party and
the outside optionm Furthermore, the feasible regions for each condition are 21 = {pir|pir <
min{p14—1,v—=1}}; Qs = {p17|p1a—1 < prr < min{2v—1—p1 4, p1a—22+1}}; Q3 = {p1p| max{2v—
pia—Lv—1} <pir <v—2z} QU = {pi7lpra — 22+ 1 < pir <min{p1a + 1,20 — p1a — 1}}; Q5 =
{p1r|max{2v —p1a — L,v — 2z} < p1r < v}; Qs = {p1r|pir > min{p14 + 1,v}}.

One can show that the case where max{z1, Z17} < 0is dominated by the case where max{Zy, Z17} =

19Similarly, we can define T14 = v — p1a as the customer that is indifferent between Platform and the outside
option. Since this is not used in Third-party’s best response price derivation, we do not state it in the main text.
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0 and the case where 1 < min{Z;, Z17} is dominated by the case where min{Z;,z17} = 1. Therefore,
we only discuss the remaining four regions (i.e., ;, where i = 2,3,4,5).

Third-party’s demand function is continuous and piecewise-linear on each interval and its profit
function is continuous and piecewise-concave on each interval. To find its optimal price, we first
obtain the optimal prices within each of the four intervals, (o, Q3,€2y, and 25; among the four,
the price that yields the highest profit is Third-party’s optimal price in Segment 1. To streamline
our analysis, we focus only on analyzing Third-party’s best response to on-equilibrium Platform
strategies—namely, the subset of (p14,z) that could arise in the final equilibrium. Specifically, this
leads to the omitting of Platform’s strategy where p14 < p, when solving for Third-party’s best
response (as it would lead to “right equilibrium”, where the indifferent customers lies to the right of
1— 2z, which is proved to be dominated by the no-segment equilibrium. See Lemma[CH|in the Online
Appendix . We summarize these on-equilibrium Third-party’s best responses in Lemma

and provide the formal proof in Online Appendix [D.2]

Lemma D7 On-Equilibrium Third-party’s Best Response. Third-party’s optimal price in

response to Platform’s on-equilibrium strategy is as follows.

w
o When 4wV <1,

pra—2z+1 if pa < pra <min{py,pc} and 0 < z < min{iv, 1}
oA+ i+ %2 if py < pia <min{p,pg} and 0 < z < min{iv, 1}
pe < pra < min{pg, pe} and 0 < z < z
Pir = Pe < p1a < min{pg, pe} and z. < z < min{zy, %v, 1} )
20 —p1a—1 if  max{pc,pe} < p1a < min{ps, v} and z. < z < min{zg, %v, 1}

p1a = pe and zg < z < min{3v,1};

Pe < P1A < Dy (md%vgzgzd

where pg, = 4z — 1, pb:21+7wz—1, Pe =0+ 2z —1, pd:3+2177wz,pe:%v—%177wz—1,

_ 3 1l1—w . _ 1 w _ w
Pf=30 =55 7= 1 ze = g1 (v = 3), 20 = v
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o When 2_%}1) > 1,

. pa—2z+1 if Pa < pra < pp
bt = . (D36)

ma+s+ =22 if py < pra < pa

Notice that when 2+va > 1, Third-party’s best response function is identical to the one without
the CP constraint in Section 3.1, indicating that the CP constraint is not binding in this region.
We do not repeat the proof for the analysis without the CP constraint and refer readers to Online
Appendix for it. When 5% v < 1, consumer valuation constraint could be active; therefore
Third-party’s best response function is more complex, incorporating consumer valuation v when

pip = 2v —p1a — 1. This region is our main focus when solving for Platform’s optimal pricing rule.

We then solve for Platform’s optimal price under a given fuzzy-segment rule z when 57 v < 1.
Recall from Lemma[CHin the Online Appendix[C.1.9|that Platform never has an incentive to adopt
strategies leading to a right subgame equilibrium. Accordingly, we need only analyze Platform
strategies that would result in the potential “left subgame” equilibrium, where the indifferent
customer lies at or to the left of the threshold 1 — z. Hence, we do not need to consider Platform’s
pricing strategy where p14 < p, in the pricing game.

Platform anticipates Third-party’s best response p$, to p14 (as stated in Eq. (D35))) and chooses

its optimal left subgame price to maximize its profit m; 4 = D14 p14, where D14 is as follows:

)
(1-2)w if pra€eh

Dia={ (hpat i+ 455 w i e D3
(v—p1a) w it pia€As

where A1 = {p1a|pjr = p1a — 22 + 1}, Ao = {p1alpir = 3p1a + 5 + 22}, and Az = {p1alpjy =
2v—py14—1}.Notice that A; are, in fact, functions of z, but we omit this in the notice for conciseness.
We will first find Platform’s optimal price pfjl within each of the sets A;. The price corresponding
to the highest profit will be Platform’s left-subgame equilibrium price in Segment 1. We use a
triangle superscript to denote the optimal solution to the profit maximization problem in the left

subgame.
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e Suppose the p1a € Aj. Platform’s profit increases in p1 4, so the optimal choice of p; 4 should
be the largest one in the feasible region. Since it coincides with the left boundary of As, this

scenario is weakly dominated and can be eliminated.

e Suppose the p14 € As. The optimal solution is always the left boundary solution, as the
interior solution § < v+4+2z—1 = p. < max{pe, pe} for all z when v > 2. Therefore, the optimal
solution coincides with the right boundary of As, so this scenario is weakly dominated and
can be eliminated.

Consequently, we focus on discussing the interval As. The objective function is concave and

the interior solution is pmt Az

= % + 177"“”2. The boundary solutions for this interval depends on the
values of model primitives (v,w) as well as the segmentation rule z. We discuss them separately

below.

1. When 5750 > 1 and 0 < z < 1, the constraint is py < p1a < pg. Therefore, the optimal

solution is

int,Aa 3 1—

A plA2_§+TZ lf 0<Z<2+6

Pia= (D38)
pp =212z — 1 if - <z<1

2. When #fu <1land 0 < z < z., the constraint is also pp < p1a < pg. Furthermore, when

8+4w 2+w
v < T30 < , we have z < z. < 2+6 . Therefore,

(a) when v < ?igw < 2t% the optimal solution is

JAN

w

(b) when % <v< 2;‘;1”, the optimal solution is

int,Aa 3 1—

A A I if 0<z<2Jr6

Pra= (D40)
pp =212z — 1 if 2% <2<z

3. When —U <land z. < z < mln{zd, 30, 1}, the constraint is p, < p1a < pe, which is
nonempty when z < ﬁv The left constraint holds when z < 5% +6 and the right constraint

holds when z < 2 (30 — 3).
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1045 4, 3
(a) When 2 <o < 5250, we have 125 (50 — 5) < 550 < 2+6w Therefore,

int,A 3 1— . 4 3
A Pian =gt gt if 2 <z<55(Gv-3)
Pia = (D41)
pe=3v—31582—1  if H(Gv—3) <z <P
1045 2+ 5 4
(b) When 720 <o < =%, we have 575 < 570 < 125 (5v — 3). Therefore
int,A _ 3 + 1—w if < <
A Pia =31t % 2>z 2+6a
Pia= (D42)
1 .
pb:2%z—1 if 2+6a<z<—v

Combining Equations (D38)—(D42), we have the full solution for Platform’s optimal pricing in

the left subgame.

1. When 2 < ¢ < 105w

2+6w
A pﬁtm:%—i—lTwz if 0<2<z
p1a(2) = (D43)
_ 4 21-w
pe—g’l)—giwz—l if Ze§2<2+w

1045w 2+w
2. When row <V <

int,Ao 3 1— Sw
2 — o W, if 0<z2< 2%
A 1A 2 w — 7 = 246w
plA(Z) = (D44)
T
3. When v > 2+Tw
int, Ao 3 1—w :
DA =gty 2 if 0<Z§26
AN w +
Pia= (D45)
pp=24%z—1 if Y- <z<1

Plugging plAA into the corresponding expression for Third-party’s best response price in Segment

1, we derive the on-equilibrium pricing equilibrium for both sellers in Segment 1, as shown in

Table [A

Second-Stage Pricing Equilibrium in Segment 2. Since the competition is intensified in
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Table A16: Sellers’” Optimal Prices Under Fuzzy Segment z, When v Is General

Segment Case Platform Price Third-Party Price Range of z Range of v
1 p1A=§+1;U—“’Z Dip = %+%1Tz 0<z<z
:gv—lglw“’z—l :§U+3%17wz Ze <2< 2y 2<v<n
2 Pia :EJ w ? Dir :Zl+§ w ? 0<2z<z
Segment 1 =20y —1 =22z 2q <2 < 2y v1 < v < U
3 1= 5, 31—
3 | pia =5+ 502 Pir =3+ 575 7 0<z<z v > vy
=2ltw, 1 =21z Z2a <251
Segment 2 na. | pS, =3—=z Py =2—32 0<z<?
° (] 5 v Z 2
pig =22—-1 popr =0 6§Z§1
Notes:
__5 _ 4 3 1045 _ 2+
L. Za = 2+7é)w’ Ze = liuw(gv - 5)’ Zf = 2+wv U1 = 2+6u7j) and U2 = 'ww'

2. The triangle superscript in Segment 1 indicate that the optimal prices are for left subgame only.

Segment 2, the CP constraint is not binding and, hence, does not effectively impact the pricing
equilibrium, as long as v > 2. Therefore, the pricing equilibrium in Segment 2 is identical to those
in Section 4.2l The results are summarized in Table [A16]

The corresponding seller profit in each segment is summarized in Table

Table A17: Sellers” Optimal Profits Under Fuzzy Segment z, When v Is General

Segment Case Platform Profit Third-Party Profit Range of z Range of v
1 ma =A1 mr = B 0<2z< 2z
= A = By 2ze L2 < 2y 2<v<nm
2 7T1A—A1 ’/TlT:Bl 0<2z< 2z,
Segment 1 = Aj = Bj3 2 Sz < 2y v < v < vy
3 ’/TlA—Al 7‘_1T:Bl 0<2z< 2z, V>
= A3 = Bg Za S z S 1 2
Segment 2 n.a ms4 = Ch mop = Dq 0<z< g
. 5 v Z 2
WQAZCQ 7T2T:D2 ggzgl
Notes:
! za= —2i'é’w, Ze= T2 (3v—32), zp = Tl 2= min{3v,1}; v; = 120j651;” and vy = 22,

2 The triangle superscript in Segment 1 indicate that the optimal profits are for left subgame only.
R _ 2 Q1 2
A= (34 15, By = Ju (5 + 31520)°

w
Pazw(fo- Sl (5 - ) B = b
-1

514.3: (1 Z) 21+w ) Bg—2w
6C) = i( w)(% —2)%, Dy ( w) %Z)Q
7022(1 w(22—1( ) 9 = =0.

First-Stage Optimal Segmentation Rule and Full Equilibrium. We consider the three

10—2v 10—2v

ranges of model primitives: (1) 2 < v < vy (or 0 < w < H=%), (2) v1 < v < vy (or % <

w < %), and (3) v < vy (or =% < w < 1), respectively. In each range, Platform finds the

optimal segmentation rule z/"S* that maximizes its total profit in two segments, i.e., zf'5* =
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argmax, mj 4 PS4 772 A’ where 7r S is defined in Table Since Platform’s objective function is a
continuous piecewise function (but not necessarily concave), we first find the optimal segmentation
rule z within each interval and then find the segmentation rule that yields the highest profit among
the candidates. Specifically, these intervals are:

When 2 < v < vlﬂ define: Sy := (0, z¢] and Sy := [z, 2¢].

When vy < v < vp Y define: Ty := (0, zq], Tp := [20, min{ zy, 3}, Ts:= [2, 2] N [, 1].

When v > vy, define: Wy := (0, z4), Wa := [2q, 2], W3 :=[2, 1].

Let 2% denote Platform’s optimal segmentation rule within the interval I j, where I € {S,T, W}

and j € {1,2,3}.

First, observe that some intervals can be omitted from formal analysis. Specifically, when z € 5]

and2§v<v1,z€T1andv1Svgvg,orzerandv>v2,p1AA— —I-—z plT—4+§—z

w

PS4 = %—z, and pS; = 5 22 The total profit of Platform is w ( + —z)2+ Z(l—w) (z — %)2

Since the first-order condition is positive when z > 0, the optimal segmentation rule is the largest
z in each range, coinciding with the left boundary of the next range in each scenario. Therefore,
we omit these intervals when solving for optimal segmentation.

Next, we analyze the remaining z-intervals under each of the three parameter ranges (defined

by v or, equivalently, w) separately.

. 102
Range 1: When 2 < v < vy (or w < 5=2).

e Consider z € S5. Recall from Table that the equilibrium prices are plAA = %v — % lw, 1,

plT Sv—i- g 1wwz PS4 = § z, and pS, = g — %z. The feasible region is %(%v — %) <z<
745 V- Platform’s profit function is w(év 2wy 1) (22— Lto+1)+ 5 (1—w)(3—2)% When
w < 25, the objective function is concave. Specifically, when w < ggv lgg, 252 = %;

S2 = W 4 When w =

50—16v 16
when <w < o

T 55 the objective function is strictly

z 257

increasing in z as the first order condition is positive. Therefore, 252 = 3 +wv When w > %g,

the objective function is convex. The optimal segmentation rule is 252 = .

2+'w

**When 2 < v < v (or w < '), it follows that zp < 2.
2INote that z, < % always holds.
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In sum, the optimal segmentation rule in this parameter range is

(40v=75)w —16v
S w0, i 0<w< max{ 2 30095+ 0}

z = (D46)

w ; 50—16v 10 2v
Pail if max{g5 55,0} <w < H%

) 10—2v 2
Range 2: When v; <v < (or 4% <w < ).

e Suppose z € Th. Recall from Table that the equilibrium prices are plAA = ZHT“’z -1,

plAT = 2%2, PS4 = % —z, and pSp = % 22 The feasible region is

2+6 < z < min{zy, 2}.

Platform’s profit function is w(24%z — 1)(1 — z) + 3(1 — w)(3 — 2)% The interior solution

5415w 5415w v o _ 35—14v++/19602—2600+625 -
I8 T1r1e - When 50 < ZE28 (or w < b, where @ = S(180-15) ), the optimal

Ty __
2+

T> 5+18w

SHLISW (o1 qp < 1b), the optimal solution is 272 = Tir 18-

14+18w

solution is z wv when mv >

e Suppose T3 # () and 2z € T3. Recall from Table that the equilibrium prices are plAA =

IN
—_

2”7“’,2 -1, plAT = 2%2, P54 = 2z — 1, and py, = 0. The feasible region is % <z

Platform’s profit function is w(23E%2 — 1)(1 — 2) + (1 — w)(2z — 1)(1 — z). The optimal

T3 __

solution is z*3 = %.

Comparing Platform’s profit under 2’2 and 273, the optimal segmentation rule in this parameter

range is
e 10— 211 v
v if <w<w
2+w 6v—5 — —
25 = (D47)
5+15w ir v 2
Tfisw I @ <w< g2

Range 3: When v > vy (or % < w < 1). The analysis is identical to those in Section |C.1.5 ex-

cept that we did not explicitly consider the right subgame in Table Therefore,

5+ 15w 2

FS * .

* = f < 1 D4
14 + 18w ' v—l_w< (D48)
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Combining these results for the three ranges of v, we have

W-Blwif 0 < w <

FSx _ e y
2 = Prntl if W <a<w- (D49)

15411158% if w<w<1

— v — 2_
50—16v 0} and 1 = 35—14v4+v196v 2601)—4—625_

o/ .
where @' = max{577=3¢, 2(18v—15)

Substituting in the equilibrium prices in Table we derive the full equilibrium (z*, p*) in
Proposition [AT] in Appendix [A]

When we consider only the region where v > 3 and w > 0.1, we no longer have the range where
0 < w < W' and we are only left with the second and third case of Equation . This leads us

to the results of Proposition [2 O

D.2 Proof of Lemma |D7

We start with Third-party’s demand function in Eq. (D34}, which is stated again below.

[l—Z—.fl]'LU-i-Z if maX{flT,0}§f1§1—2<:>plT€Q2
[1—z—T1alw+2z if max{Z,0} <Zir <1l—z<=pir €3

Dy = , (D50)
1—x if max{l—z,ilT} <1 <l<<=prefy
1—2i7 if max{l—z,fnl} <Zir <1< pir € Q5

where #; = HIZPA 4 % represents the customer that is indifferent between Platform and Third-
party and Zi7 = 1 — v 4+ p1r represents the customer that is indifferent between Third-party and
the outside option. Furthermore, the feasible regions for each condition are Q3 = {p17|p1a — 1 <
pir < min{2v — 1 — p1a,p1a — 22 + 1}}; Q3 = {p1r|max{2v — p1a4 — L,v — 1} < p1pr < v — z};
Qi = {pirlpra—22+1 < pir <min{pra+1,2v—p1a—1}}; Q5 = {prr| max{20 —p1a — 1,0 -2} <

pir < v}
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Third-party’s profit function is

mir(pir|p1a, z;w,v) = Dir(pir) - pir-

The profit function is continuous and piecewise concave in each of the four intervals. In addition,
each interval is closed and convex. Therefore, there exists an optimal price for each interval. Among
the four optimal price candidates, the one that generates the highest profit is the overall best
response price. Since the intervals are compact and the profit function is concave in each interval,
the optimal solution of each subproblem is either the interior solution (by solving the first order
condition) or one of the boundary solutions. In the following paragraphs, we first solve the four
individual constrained optimization problems and then compare the four candidates to choose the
one that generates the highest profit.

To simplify the later discussion, we state a few notations up front. They are as follows.

opa:42—1,pb:21+7“’z—1,pc:v+z—1,pd:3+2177wz,pe:% %1 z—1, and

w
pr =
1 w w (4 3 w
° 2, = §—l_w(v —3), zqg = 1+wv Ze = —l_w(gv —3), and 2y = TV

First, we solve Third-party’s profit maximization problem on each interval.

Suppose p17 € 1g, the interior solution to Third-party’s profit maximization problem is pQ”m =

27 lbd

p1 A + + —z the left boundary solution is p;7" = p14 — 1 and the right boundary solution

candidates are pQQ’de Loy — P14 — 1 and pQQ’rbd 2= = p14 — 2z + 1, depending on which value
is smaller. Specifically, when p;4 < pe, p?j%’rbd 2 < p%%”"bd_l, so the feasible region is simplified to

p?,}’lbd <pir < pQ2’de 2. When P1a = Pe, the inequality flips, so the feasible region is simplified
to pQ2’lbd < pir pQ2’rbd ! Third-party’s best response price in this interval is
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p%%’rbd_z if 0<pia <min{py,p.} and 0<z<1
Qo int . .

P if pp <pia <min{pg,p.} and 0<z<1

p?%lbd if ps <pia <pc and 0<z2<1
- — — (split at pc) — — and —— — ——

Q b
i = . : (D51)

p?ﬂz“’mt if pe < p1a <pg and 0<z<z

P?%’mt if pe <p1a <pe and 2.<z<1
Qg,lbd .

Pir if max{pc,pa} <pra<v and 0<z <z

P?Q%’deil if max{pc,pe} <pia<v and 2z, <z<1

\

Notice that pg < pe when z < z. and pg > p. when z > z..

Suppose p17 € (13, the interior solution to Third-party’s profit maximization problem is p?%mt =
%U + %I_Twz Since v — 1 < 2v — p14 — 1 always hold when p14 < v, the left boundary solution is

p?;’lbd = 2v — p14 — 1 and the right boundary solution is p?:}i’rbd = v — z. The feasible region is

simplified to p%‘?lbd <pir < p?j?’rbd. Notice that when p1a < pe, p%i’rbd < p%?’lbd, and the feasible

region is empty. Third-party’s best response price in this interval is

NA if pra<pe and 0<2<1
Pl i pe<pia<v  and 0<z< {2(v—2)
Q3, .
PETS B pe<pa<p md Zp-<e<y o (D5

pi™ i pp<pia<v and % (v-2)<z<z

Q3,rbd if

Pir Pe<pia<v and z3<z<l1
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when ;v <1, so that 2 (v —2) < 2z¢ <1;or

. NA  if pra<pe and 0<z2<1
P’ = : (D53)
pslz:%lbd if po<pa<v and 0<2<1
when -0 > 1, so that 1 <z < (v —2).
Qq,int

Suppose p17 € {1y, the interior solution to Third-party’s profit maximization problem is p;"" =

Sasint p14 + 1 always hold, we only consider the remaining right boundary.

4,rbd

%plA + % Since p;r

The left boundary solution is p14’lbd = p1a — 2z + 1 and the right boundary solution is p;

2v — p1a — 1. Notice that when pia > pe, p?%’rbd < p?{:’lbd, and the feasible region is empty.

Third-party’s best response price in this interval is

p%,mt if 0<pia < min{p,, %v —1} and 0<2<1
Qulbd - .
Qi Py if po < pra <pe and 0<z2< mm{%v, 1}
Pir = , (D54)
it 30— 1<pia<p, and min{iv,1} <z <1
NA if p.<pia and 0<2<1
Da if 0 < z < min{3v,1}
where min{p,, v — 1} = .
4 o]
sv—1 if min{gv,1} <2<1
Suppose p17 € 25, the interior solution to Third-party’s profit maximization problem is pQ5’mt =
%v. The left boundary solution candidates are p?}’lbd L=y — P14 — 1 and st’lbd 2oy z,

depending on which one is greater, and the right boundary solution is pQ"”de = v. Notice that

Qs,lbd—2

Q5,rbd
K >
1T

{25 int is always violated. Therefore, the optimal

ijr:,mt < pe always hold, but pj,
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solution is always the left boundary solution (when the feasible region is non-empty). Third-party’s

best response price in this interval is

NA if 0<pja<v—1 and 0<z<1

s, o

pl;*: P??’lbdl if v—=1<pa<p. and 0<2<1 . (D55)
pre i pe<pra<wv and 0<z<1

Next, we compare the optimal solutions from the four intervals and determine which one gen-

erates the highest profit for Third-party. This comparison depends on the relative values of z., zq,

zf, and 1, which depend on the parameter space. When l%vv < 1, one can show that z. < z45 < 1;
when 2%})1} <1< 1+va’ one can show that z. < zy <1 < zg; when 1 < %va, one can show

that 1 < zy < 2.. We approach this comparison by first combining p%‘:’* and p?;’*, then adding

p?:ﬁ* into comparison, and lastly adding p?%* into comparison. We use the property of concave
functions and the fact that the four intervals are connected. As an intermediary step, we state the

optimal solution from 3 U Q4 U Q5 as follows.
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e When 1+va <1

Q3UQUQs %

Pir

e When HLwU >1

Q3UQqUQ5,%

1T

Oy, int
b

Q4,lbd
Pir

Oy int
Pir

Qy4,rbd
P17

Q3,lbd
Dir

Q3,1bd
P17

Qs int
Pir

Qs,rbd
byt

Qy,int
Dt

Qu4,lbd
Pir

Qy,int
Dyt

Qq,rbd
Pir

Q3,1bd
P17

if 0<pia<pq
if po <pra <pc
if 0<pa<gv—1
if fv—1<pia<pe
— — (split at p.) — —
if pe<pia<vw
if p.<pia <py
if pr<pa<o

if Pe < p1a <

if 0<pia<pq
if pa <p1a <pe
if 0<pia<gu—1
if 30—1<pia<p,
— — (split at p.) — —

if Pe <p1a<w

and

and

and

and

and

and

and

and

and

and

and

and

and

and

and

0 < z < min{3v,1}

0 < z < min{3v,1}

%nggl
%nggl
_____ (D56)
022 2(v-2)
(v =2) <z < 2
e —2) <z <z
zg<z<1
0 < z < min{3v,1}
0 < z < min{}v,1}
%nggl
(D57)
%nggl
0<2<1

Lastly, we compared the optimal solution in 5 (Eq. [D51]) and Q3 U Q4 U Q5 (Eq. or [D57)).

3 w
We discuss the three ranges 577 v

respectively.

< Wy <]

— 14w ' 24w

81

Wy <1<

£y, and 1 < 770 <

Wy
14w 24w — 14w ™



e When %vag Lv<1@

I+w ™ —
p%‘{’mt if 0<pia<pa and 0 <z < min{}v,1}
p%’md_z if po <pra <min{py,p.} and 0<z< min{%v, 1}
p%%’mt if pp <pra <min{pg,p.} and 0<2z< min{%v, 1}
prz™ i pg < pra < pe and 0 <z <min{iv,1}
p%ﬁ’mt if 0<pia< %U -1 and %v <z<1
Qurbd .
prr” if Fv—1<pia<pe and tv<z<1
- == — — (split at p.) — — and —————
F'S,o i .
Pir’ = p?%’mt if pe <pira <pa4 and 0<z <z
Qo,lbd :
Pt if max{pe,pa} <pia<v and 0<z <z
Qo int :
pp" if pe<pia<pe and 2, <z < % (v—2)
Qo rbd—1 . w
2% if max{pc,pe} <pia<v and z < z< (v—2)
?%’i”t if pe < pra <pe and 1%-(v—2)<z<zg
Qorbd—1 ¢ < < d v 2 <z <
pi7 if max{pe,pe} <pia<pr and E-(v—-2)<z<zy
%’f’mt if pr<pia<w and 2-(v—2)<z< 2z
p?:/%mbd if pe<pia<vw and z3<z<1
*In this range of model primitives, z. < % (v —2) < zq < 1, when w € [0,1] and v > 2.
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oWhenQ_%UvglgLv

F'So

24w

1+w

e When 1 < ;%0 < Lvﬂ

FS,o

Pir =

P i 0<pra<pa and
Qo,rbd—2 . :
P if pe <pra <min{py,p.} and
pip™™ it py <pra < min{pg,pc} and
Qa,lbd .
Pip if pg <pia <pc and
Oy ,int : 4
P if 0<pia<iv-—1 and
p?{:’rbd if 2v—1<pa<pe and
S — — (split at p.) — — and
Qo int :
plT if Dec S P1A S DPd and
Qa,lbd .
Py if  max{pc,pa} <pra<v and
Qo int :
plT if De S P1A g De and
p%%’rbd_l if max{pc,pe} <pia <v and
1+w
P i 0 < pia < pa
Qo,rbd—2 . :
P if po < pra < min{pp, pe}
Qo ,int : 3
1T if py <pra < min{pg,pc}
Qy,lbd .
it if pa <pia <pe
- = — — (split at p.) — —
Qi .
pi™ it pe <pra < pa
Qa,lbd .
Pi7 if max{pc,pi} <pia<v

0 < z < min{3v,1}

and

and

and

and

and

and

and

*3In this range of model primitives, z. <1 < zg < 7% (v —2), when w € [0,1] and v > 2.
2In this range of model primitives, 1 < %_va < zg <1and 2. <1, when w € [0,1] and v > 2. Furthermore, we

w 1
always have 1 < ral < 35U
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According to Lemma Lemma [D9], and Lemma [DI0} as stated and proved in Online Ap-
pendix we can eliminate certain strategies for large values of p14. Furthermore, according to
Lemma, as stated and proved in Online Appendix we can eliminate the strategy where

p1a < min{pg, %v — 1}. In sum, we get Third-party’s best response as follows.

e When %va <1

pia—2z+1 if pg < pra <min{py,p.} and 0 < z < min{%v, 1}
%pm + % + 1777“”2 if pp <pra < min{p.,ps} and 0 < z < min{%v, 1}
Pe < pra < min{pg,pe} and 0 < 2 < 2,
Pir = Pe < p1a < min{pg, pe} and z. < z < min{zy, %U, 1} )
2v—pia—1 if  max{pec,pe} < pra < min{ps,v} and z, < z < min{zy, %v, 1}

P1aA = pe and zg < z < min{%v, 1}

pe <pra <pgand v <z < z4

wherepa:4z—1,pb:2H7wz—1,pczv+z—1,pd:3+21_7wz,pe:%U—%—z—l,

3 11—w . 1 w . w
pr=5v—5-"22—1; zc = ;7% (v —3), Zd = TogV-

e When %va > 1

pia—2z+1 if pa <pra <o
bir .
A+ 3+ 522 if py <pra <pa

This concludes the proof of Lemma [D7} O

D.3 Additional Lemmas and Proofs

Lemma D8 Platform does not have the incentive to charge a price that p1a > py, where py =

%v —-1- %I_Twz In other words, the strategy that p1a > py is dominated by p1a = py.
1

Proof: When z. < z < 1, Third-party’s best response to p14 > py is 5(v + 177“)/2) and the

corresponding relative locations for indifferent customers are that 14 < 1 < Z1p < 1 — z.
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Therefore, Platform’s demand in Segment 1 is determined by Z; 4. Platform’s profit in Segment 1
is w(v — p1a)p1a. The F.O.C. is proportional to v — 2p14, which is negative since p1a > pr > pe
and v > 2. With the F.O.C non-positive, the objective function (weakly) decreases in pj4. As a
result, the choice of p14 = py (weakly) dominates other choices of p14 that is greater than py.
When 0 < z < 2., Third-party’s best response to p14 > py is either p14 — 1 or %(v + I_Twz) If
its best response is %(v + 1_7“’2), our argument in the previous bullet point is still applicable. If its
best response is p14 — 1, the indifferent customer z; lies at 0. Platform’s profit is 0. This is clearly
dominated by other cases where Platform could earn a positive profit in Segment 1 and therefore
dominated. In sum, Platform does not have the incentive to choose a price strictly greater than ps

as well. (J

Lemma D9 Platform does not have the incentive to choose a strategy where p. < p1a < v and
za < z <1, where po =v+ 2z —1 and zq = 1{;v. In this range of z, the strategy that p. < p1a <wv

1s dominated by p1a = p.. U

Proof: In this range of z, Third-party’s best response to p1a > p. is v — z. The corresponding
relative locations for indifferent customers are that 14 < Z; < Z17 < 1 — z. Therefore, Platform’s
demand in Segment 1 is determined by Z; 4. Platform’s profit in Segment 1 is w(v — p14)p1a. The
F.O0.C. is v — 2p14, which is non-positive since p;4 > p. and v > 2. With the F.O.C non-positive,
the objective function (weakly) decreases in pj4. As a result, the choice of p14 = p. (weakly)

dominates other choices of p14 > p.. O

Lemma D10 Platform does not have the incentive to choose a strategy where pg < p1a < p. and
0<z< min{%v, 1}, or where max{p.,pa} < p1a < min{ps,v} and0 < z < z., where p. = v+2z—1,
11—w

pa=3+222z pr=3v— 112 — 1 and 2z, = 7% (v — 3).

Proof: In this range of z and py4, Third-party’s best response to pi4 is p1a — 1. As shown in the
proof to the corresponding indifferent customer Z; lies at 0 and Platform’s profit in Segment
1 is 0. This is clearly dominated by other cases where Platform could earn a positive profit in

Segment 1 and therefore dominated. [J

Lemma D11 Platform does not have the incentive to choose a strategy, defined by (z,pa), with

which it will sell to some of the data-sharing customers in Segment 1, i.e., T1 > 1 — z.
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Proof: When p;4 < min{4z—1, %v—l}, Third-party’s best response function is %pm—k%. Platform’s
optimal price in Segment 1 is min{max{0, 3 —2(1—w)(1—z)}}. As shown in the proof of Lemma
we always have friS’R < 2 =75 vw e (0,1) and z € [0,1]. Therefore, WZS’R < ﬁiS’R < VS,
where the first inequality follows from the fact that py4 is more restricted in this case, because of
the consumer participation constraint.

When %v —1<pia<p.and %v < z <1, where p. = v + z — 1, Third-party’s best response is
20—1—p1a. T1 = T14 = T17 = v—p1a > 1 — 2. In this case, Platform’s profit function in Segment

1is ﬂfAS’R = [v—p1a—(1—w)(1—2)]-p1a, concave and maximized when p;4 = v —3(1—w)(1—2z).

However, notice that v — (1 —w)(1 — z) < 3v — 1 always holds, since —5(1 —w)(1—z2) < v —1
when v > 2. Therefore, the optimal solution in this interval is p14 = %v — 1, coinciding with the
previous interval, and this interval is dominated.

In sum, we have shown that Platform still does not have the incentive to choose a strategy,

defined by (z,pa), with which a right subgame is entailed. O]
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