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Appendix

Solving the Bertrand price equilibrium for a triopoly

In this appendix, we derive the Bertrand equilibrium prices, conditional on advertising.
Recall that prices do not impact the future profits of firms and, hence, we solve for the static
period-profit-maximizing prices. Substituting the equilibrium price expressions back into the
profit function allows us to re-parameterize the problem in terms of advertising. Recall that

the firms pricing problem is based on maximizing the profit function gross of advertising costs:

it = (pjt —meje) Qje,j=1,---,3 (1)
where demand has the form:
J J
Qjt = aj+ Y Bupre + ¢ Fje + > 551Gt + 791 (2)
k=1 k=1

In the empirical application there are three firms, J = 3. The optimal price satisfies the following
system of first-order conditions:
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To simplify the analysis, let Aj; = ¢; Fj + Zg:1 kGt +7;yt- Substituting (2), we derive the

Djt :ijt+ th7j = 17”'7']' (3)

reduced-form to the system (3):

Bpl = (4833822~ B23B32) A1+(81383212833812) Ao+ (2813822 +812823) As

(4)

+(4833811822— Ba3B11832)me; +(2833812820+ 822813 832) My +(2B33813820+B33812823)mcy

Bp; = (283,833+B23831) A1 +(4833811—B31813) Aa+(2811 823+ 821813) A3

+(2851 833811+ B23B31811)mey +(4833811 822~ B22831 813)mey+(2B33611 823821 833813)mes

Bpy = (2831892+891832) A1 +(2811 B30+ B12831) Ag+(4811 82— B12821) Az

+(2811 831822+ 811891 832)me; +(2811 Bs2B92+ 812831 B22)mey+(4511 B33 822~ B12821 B33)mes

where B = (—2011832823 — 2812821833 — B12831823 + 8811833822 — 2813831822 — B13821832)-

For simplicity, we re-write the system (4) as:

J J
Py =p;+ > OuGr +OF + > Agmejp,j=1,..., (5)
k=1 k=1

to focus on the relationship between optimal prices and the state variables, where ©, ®, A, and

p are just functions of the model parameters. Note that while the prices obtained in equilibrium

are the outcome of a static decision, they still exhibit dynamic properties due to advertising.



In particular, if firm k’s current advertising adjustment is Aady:, then firm j’s current prices
will differ from those of the previous period by pj: — pj—1) = OjsAGy, ceteribus paribus and
setting all other goodwill levels to zero.

Substituting the optimal prices and demand back into the per-period profit function we, we

can now re-parameterize the profit function in terms of advertising adjustments:

J J
(PﬁL Z O Gt Z (Ajk_l)mckt> (6)

k=1 k=1
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J P adj 59 (Aad;)
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J J J
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k=1
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—ptGRPADjt—Eg (Aadjt)Q. (7)

Note the above expression consists of terms that are invariant to the policy or the state, along
with terms that are linear and quadratic in the state and policy variables respectively. Ignoring
the terms that are invariant to the state and the policy variables, we can re-write the profit

equation in matrix notation:
1
Tt = SéQjSt — XjSt_§g (Aadjt)2 (8)

where (2; and x; are functions of model parameters and are not time-dependent.



