Complementarity and Substitution Analysis

This document reviews the Claims and Propositions in the paper “Spiffed-Up Channels: The Role of Spiffs
in Hierarchical Selling Organizations,” adding complementarity and substitution interactions in the sales effort
necessary to induce high sales in both products, and identifying the impact of these effects.

Technically, we accomodate complementarity (substitution) trough the assumption that the occurence of
high sales in one product implies a decrease (increase) in the selling effort the salesperson needs to exert to
get high sales in another product. A simple modification in the additiveness of the salesperson disutility for
effort (cost of effort) function is sufficient to accomodate both complementarity and substitution:!
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fori=1,2,
where 0 € [—1,1] is the interaction parameter.

When 6 < 0 products exhibit substitution effects; when 8 = 0 there is no interaction; and when 6 > 0
products exhibit complementarity effects.

Due to the discrete nature of the models, solutions when 6 is small (which we call substitution or weak
complementarity) are different from those when 6 is big (which we call strong complementarity).

For the cases in which the rep firm can set individualized commission rates for each product, the range of 6

corresponding to substitution or weak complementarity is defined as © = {6’ 16 e {71 , 1— ﬁ—%] }, while the
A '
1] } For the cases

2
~ %,
in which the rep firm can only set a single commission rate for both products, the range of 6 corresponding
to substitution or weak complementarity is defined as © = {9 10 e [—1 , 1— @} }, while the range of 6

range of @ corresponding to strong complementarity is defined as © = 360 : 6 € {1

Ay
corresponding to strong complementarity is defined as © = {0 RS [ — 2—? , 1} }

The meaning of these intervals is related to the rep firm’s assessment of the cost of implementing high
selling effort for both products. When complementarity is strong (6 € ©), the savings due to complementarity
when selling effort is high on both products (equal to fc) can make the lower selling-effort productivity task
appear to be more rewarding than the higer selling-effort productivity task if all complementarity savings
are applied towards the former task. As we will see below, this simple phenomenon implies different optimal
commission and spiffing behaviors by the manufacturer and the rep firm according to whether # € © or 0 € ©.
Furthermore, these optimal behaviors themselves differ with differences in industry structure and ability to
set individualized commission rates by products.

Below we proceed with our detailed analysis of complementarity and substitution interactions.? The main
conclusion is that substitution or weak complementarity does not change the qualitative results regarding
spiffs. Strong complementarity, however, can change the qualitative results regarding spiffs, but only in case
2.a.

I Notice that it is unecessary to have two interaction parameters: one for the demand and other for the cost of effort, because
one of these parameters could be normalized and colapsed into the other (either colapsed in the demand function or in the cost
function).

2Thruought this document we consider that g2 is not much greater than qi. If g2 >> ¢1, some of the results regarding the
manufacturer commissions y; and y2 could be flipped. Nevertheless, results regarding the use of spiffs would not change.
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Interactions and the unrestricted monopoly case

Both complementarity and substitution do not change the qualitative results presented in the main body
of our paper. The resulting effect of complementarity (substitution) is simply a reduction (increase) in the
commissions that have to be paid by the manufacturer to the salesperson.

Claim 1 restated for complementarity and substitution interactions is as follows.

Claim 1C For the case of joint profit maximization and substitution or weak complementarity, the

mazimum outcome possible for the channel members is:

m_ max TO'2 82 1-46 202
T syst :(Q1+A1+QQ+A2)—<A2+(A3>—(2—9)c—m.
1 2

2
For the case of joint profit mazimization and strong complementarity, the mazximum outcome possible

for the channel members is:

m_ mazx 7"0’2 (2—0)2 C2
Tt =@ +A1+@+02) - — | S5 | —2—0)c—m.
yst 1 1 2 2 A%—FA%

2
Proof. To obtain the maximum outcome the channel system can get, we consider that the manufacturer
and the rep firm vertically integrate and denote these two agents simply as the “firm.” Assuming that the firm
wants to implement high selling effort for both products, it needs to offer the right contract to the salesperson

so that she would prefer to exert high effort on both products. In this case, the firm’s problem is:

(Poys ™) - aeiX S (1 =bi — z) Xile) — A s.t.
spC: Y2 {(bi +2) Xiled] = 228 (bi + 20)2 = C [ei]] +A>m
SIC: ee argmaxY2 [(bi +2) Xiled) = ™2 (b + )% — C [ei]} +A.
e;e{L,H}

Because the terms b; and z; always appear together, spiffs are clearly unnecessary when the firm contracts
directly with the sales force; hence, we set z = {0,0}.

The salesperson has four effort options: exerting low selling effort for both products (LL), exerting high
selling effort only for the first product (HL), exerting high selling effort only for the second product (LH), or
exerting high effort for both products (HH). Her utility for each of this options is respectively:

(UFL): (o) (a1) = "5 (01)” + (b2) (g2) — "5 (b2) + A

(Usip): () (a1 + A1) = "5 (01) + (b2) (@2) = "5 (b2)* —c + 4

(UZm): (o) (@) = "5 (1) + (b2) (g2 + Do) = 75 (b2)* —c + A

(Um): (1) (a0 + A1) = 75 (01)> + (02) (g2 + A2) = 75 (b2)* = (2~ ) e+ A

The salesperson’s optimal effort choice is driven by the firm’s choice of commissions b. Since effort generates

b
b

disutility for the salesperson, the firm induces high effort in both tasks (H H) by solving the problem:

(P ) - adnax, (L=b0) (qu+ A1) + (1= b2) (g2 + A2) - 4
st. (SPCrm): Uy >m
(SLCymry) : Uy >Usy
(SLCyuntL) : UI?{H > UFSIL .
(SGCrprL) : Ugg > UL
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Because the cost of high effort on just one product is ¢, while the cost of high effort on both products is
(2 — 0) ¢, the effective incremental cost of high effort on the second product is only (1—6)c, not c. Clearly, then,
the solution depends on the magnitude of 8. Figure 1C below represents the role of the incentive constraints
for this problem for both substitution and weak complementarity (panel i) and strong complementarity (panel
ii). In the figure, point a represents the optimal solution if only SGC is considered (Uj,; = Uy, ;) point
represents a candidate solution in which the interaction effect is allocated to the least productive task (both
Ugy = U?;, and Ug; = Ugy; holds;) point + represents a candidate solution in which the interaction effect
is allocated to the most productive task (both U, = Uz, and Ug g = Uy holds.)

(i) Substitution or Weak Complementarity (ii) Strong Complementarity
b1 b1
A A
1 1

Solution is point B Solution is point o

L egend:

dotted horizontal line: U, = UY, (SL.Crun holds with equality)
dotted vertical line: U, = U5, (S.Cpun holds with equality)
solid diagonal line: U3y, = UP.  (SGChpy holds with equality)

Figure 1C: Sales Force Commission with Complementarity and Substitution

with Complementarity and Substitution

Substitution or Weak Complementarity. For 6 € O, it is necessary to provide enough compensation
to the most productive task to assure its implementation, and allocate the extra costs (in case of substitution)
or savings (in case of weak complementarity) to the least productive task. Therefore, at the optimal solution,
the SGC' is binding and one of the SLC' constraints is binding. In this particular case in which Ay > Ay,

SLCyprp is slack, and thus the solution to the above problem is:

m_max c (1 - 0) c
b, = ~
syst {A17 AZ } )

m_max c (1-0)c ro? [ (1-6)*¢2
Asyst = m+(2-0)c— <A1> (g1 + A1) — (A2) (q2+A2)+7 <A%+A§ .
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Strong Complementarity. For § € O, the complementarity effect is strong, and the more “relaxed”
solution, the one that only binds on SGC' automatically satisfies both SLCs (loosely speaking, this solution

allocates some of the complementarity savings to each task.) Thus, the solution to the above problem is:

p-mar (2 - 6) cAq (2 — 9) cAo
syst - A%—i—A% ’ A%—FA% ’

2 _ 202
ares = mre-0e- (CE2G0) wra - (St @+ (M)

A2+ A3 2 | AT+ A2

Plugging the above solutions into the manufacturer’s profit function (adapted from (2) and (3)), we obtain

the channel’s optimal profits for both cases (§ € © and § € ©). m

Interactions and the baseline unrestricted monopoly model (Case 1.a.)

Both complementarity and substitution do not change the manufacturer’s spiffing strategy: spiffs are not
profit-enhancing and are not used in equilibrium. The resulting effect of complementarity (substitution) is
simply a reduction (increase) in the commissions that have to be paid by the manufacturer to the rep firm
and by the rep firm to the salesperson. Evidently this increases (decreases) the resulting total profits in the
channel.

Proposition 1 restated for complementarity and substitution interactions is as follows.

Proposition 1C For the case of joint manufacturer profit maximization, when contracts can accommodate
compensation rates for every individual product both at the manufacturer and at the rep firm level, spiffs do
not change the outcome for any player, and hence there is no need for spiffs.

For the case of substitution or weak complementarity, the optimal rep firm contract to its sales force

entails:
m_ free Cc m_ free (1 - 9) C
b - frd _— b - = —
1 Al ) 2 AQ 9
1-0)c ro2 (2 (1—0)°¢3
Am-Jree — 20— [ = A—(i A — ==+ — .
m + ( )c <A1>(CI1+ 1) ( Ay (g2 + Az2) + 5 Af+ A2
The optimal manufacturer contract to the rep firm and sales force entails:
-2 ro?
m_ free c (CTT + A%) m_ free (1-0)c {(1 —0) e+ A%}
A a1 |
Z;n7 free _ Z;ni free —0.
Manufacturer profits in equilibrium are:
m free c (c% + A%) (1-6)c [(1 —0) c% + A%}
Tof =|l-—————— | (a+A)+ |1- (g2 + Ao).

A A3
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Rep firm profits in equilibrium are:

(1—9)c{(1_9)c%+Ag
N

ro? [ (1-6)°c
—7 (A%“FA% —(2—9)c—m.

For the case of strong complementarity, the optimal rep firm contract to its sales force entails:

m_ free ¢ (C% + A%)
TR~ Y (1 +Ar) +

(g2 + A2)

ymodree  _ (2=0)cA1 ym_pree _ (2= 0)cAy
! A2+ A3 72 A?+ A%
2—10)chA (2 —0)cAs ro? [(2—6)* 2
Am_ free  _ 9 _ — (7 Ag) — [ 2212 A ]
N & A o LA N e

The optimal manufacturer contract to the rep firm and sales force entails:

c*ro? [(1 —0)> A2 — (3 —20) A%} (1-0)c [(1 —0) c% + A%}

m_ free _ ¢ m_ free _
1 A, 9AAZ (A2 + A2) » Y A3 ’
Zvl”n_ free _ Z;n_ free —0.

Manufacturer profits in equilibrium are:

o e . *ro? [(1 —0)2 A2 — (3-20) Ag}
7TM7 = 1 — K — D) ) D) (ql + Al)
1 20045 (AT + A7)

(1=0)c|(1-0)eg + 23]
Al

+|1- (g2 + As).

Rep firm profits in equilibrium are:

o e . *ro? [(1 —0)2 A2 — (3 - 20) Ag}
. _

R B E a 2A1A3 (AT + A3) (g1 + A1)+

ro? (2 —6)% 2

(1—9)c[(1—9)c§+A§
A3

(g2 + Az)

Proof. The manufacturer’s goal is to implement high selling effort for both products. Here its problem is
the same as in (P™-/7°¢). The only difference is that now C'[e1] + C [e2] accommodates the interaction effect.
We solve using backwards induction.

The salesperson has four effort options: exerting low selling effort for both products (LL), exerting high
selling effort only for the first product (HL), exerting high selling effort only for the second product (LH), or
exerting high effort for both products (HH). Her utility for each of this options is respectively:

UF): b+ 20) (@) = 5 (b + 21)% + (ba + 22) (g2) — "5 (b + 22) + A
( ) (b1+Z1)(Q1+A1)—%(b1+21)2+(b2+22) (QZ)—%(bQ‘FZz)Q—C—FA
(UZn): (b1 +21) (q1) — %(bl +21)% 4 (b2 + 22) (g2 + Do) — %(52 +2)*—c+ A
(Uin): (b1 +21) (@1 + A1) — %(51 4+ 21)% + (ba + 22) (g2 + Do) — %(bz +2)2—(2-0)c+A
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The salesperson’s optimal effort choice is driven by the rep firm’s choice of the commissions b and the
manufacturer choice of spiffs incentives z. If the rep firm wants to implement low effort for both products

(LL), then the SICLy constraint is slack and the rep firm’s problem is:

(PEL;ZE“) t maxXaerp,en; (Y1 —b1)gr + (Y2 —b2)g2 — A
st. (SPCprp): U‘LS’L >m .

The solution to this problem is simply to give minimal commission to the salesperson and a salary that is

just high enough to guarantee her minimum utility:
sz = {7217 *22}3 A*LL =m. (10)

If the rep firm wants to implement high effort in only one of the tasks (i.e., (HL) or (LH)), then the rep

firm faces a standard principal-agent problem:

(P}tcnjﬁee) . maxacrb ek (Y1 —01) (@1 + A1) + (g2 —b2)g2 — A
st. (SPCyr): Ug, >m
(SICyL) Ug,>Us, '
(Pén:Lf;Iee) t maxaerpbe; (Y1 — b1)@ + (Y2 — b2) (@2 + A2) — A
st. (SPCry): UEH >m
(SICLu) : Uln 2 UL

)

The solutions to the above problems are respectively:

N c N c ro? [ ¢ \?
by, = {Al_zla_z2}v AHL_m+C_(A1> (Q1+A1)+2(A1) )
. c . c ro? [ e \2
bLH = _21,5_22 5 ALH:m+C_ KQ (Q2+A2)+7 KQ .

Lastly, if the rep firm wants to implement high effort in both tasks (HH), then the rep firm will face the

problem:
(Prifis?) s maxacwpes, (1 = br) (a1 + A1) + (g2 — b) (@2 + Do) — A

st. (SPCgm): Uy >m
(SLCuuLH) : Upin > ULy
(SLCupmmHL) : Uy 2UsL
(SGCHHLL) : Ui 2 Uy,

Because the cost of high effort on just one product is ¢, while the cost of high effort on both products is
(2 — 0) ¢, the solution depends on the magnitude of . The role of the incentive constraints in this problem is
similar to the representation in Figure 1C above.

Substitution or Weak Complementarity. For 6 € O, it is necessary to provide enough compensation
to the high selling-effort productivity task to assure its implementation, and allocate the extra costs (in
case of substitution) or savings (in case of weak complementarity) to the low selling-effort productivity task.
Therefore, at the optimal solution, the SGC' is binding and one of the SLC constraints is binding. In this
particular case in which A; > Ay, SGCygry is slack, and thus, assuming that spiffs will not change the
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order of productivity of selling tasks (which will be further confirmed to be true), the solution to the above

problem is:
. c 1-0)c
HH = {Al—z1,( Az) —Z2}7 (20)
. B c (1-0)c ro? (2 (1-0)°¢?
HH = m+(2_9)‘3_<A1>(Q1+A1)—< A, >(q2+A2)+2<A%+A§ .

Strong Complementarity. For § € ©, the complementarity effect is strong, and the more “relaxed”
solution, the one that only binds on SGC' automatically satisfies both SLCs (loosely speaking, this solution

allocates some of the complementarity savings to each task.) Thus, the solution to the above problem is:

_f@2=0cA  (2-0)chy
T U AT+Az v TaATyaz 7

(2 — 0) Ay (2 —0) cAy ro? [(2—0) 2
Az = 2 — — | VY= A — | V= A — | V==

HH (3C)

Now we are ready to analyze the manufacturer’s problem. If the manufacturer wants to implement high
effort in both tasks (HH), it has to make sure the rep firm receives enough incentives so that the rep firm
will, in turn, provide the incentives for the salesperson to work hard on both tasks.

By plugging the results from expressions (1C) to (3C) into the rep firm’s profit function (adapted from

2)), we obtain the rep firm’s profits for each of the possible outcomes:

(

(mr_LL): (Y1 +21) (1) + (Y2 + 22) (q2) —m

(rr_mp): (14 21) (@1 4 A1) + (Y2 + 22) (q2) —m — ¢ — "2
(

3

o) () (@) + () (@4 Ag) —m—e— 5 ()
(Y1 +21) (@1 + A1) + (y2 + 22) (g2 + A2) —m — 2—9)C—§ %*’%) if 0O

_9)2¢2 . —
(111+21)(Q1+A1)+(y2+z2)(Q2+A2)—m—(2—9)0—% %) if #€0
Hence, if the manufacturer wants to implement high selling effort on both products (H H) , the manufacturer

will face the problem:

(Pﬂjff,ff) ¢ maxy ger, (1 —y1 —21) (@1 + A1) + (1 —y2 — 22) (g2 + A2)

st. (RPCyp): TR HH >0
(RLCruLH) : TR HH 2> TR _LH
(RLCuuHL) : TR HH > TR HL
(RGCrurL) : TR_HH 2 TR_LL

Because the terms y; and z; always appear together, spiffs are unnecessary; hence, we set zj;; = {0,0}. As
before, the solution depends on the magnitude of 8, but only due to the rep firm’s choice of the salesperson’s
commission b. Figure 2C below represents the role of the incentive constraints for this problem for both
substitution or weak complementarity (panel i) and strong complementarity (panel ii). The solution is never
at an intermediary point along the RGC'. Instead, the solution is at one of the two candidate points. Point «
represents a candidate solution for which both 7r gy = 7r L1, and 7Tr _gg = Tr_gr; point B represents a

candidate solution for which both 7 gg =g rr,and 7gp gy =7r _rLH-
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(i) Substitution or Weak Complementarity (ii) Strong Complementarity

Solution is point o Solution is point

L egend:
dotted horizontal line: 7gpi = 7rH  (RLChnLn holds with equality)

dotted vertical line: TRHH = TRHL (RLCHHHL holds with equality)
solid dlagonal line: TRHH = TRLL (RGCHHLL holds with equallty)

Figure 2C: Rep firm Commission with Complementarity and Substitution

Under substitution or weak complementarity RLC gy g is slack and the solution to this problem is
obtained by solving the RGC and the RLCyypy constraints with equality for y, which yields the solution
depicted as point « in Figure 2C:

weak C(C§ +A?) (1—9)0[(1—9) c§+Ag}
YHH = Y, , 5

Under strong complementarity the solution is the same. However, because the rep firm implements a

different sales force commission b, the actual expressions for y (more specifically for y;) are different:

P P U 0)2A2 — (3-20)A2] (1-0)c [(1 —0)cret + Ag}
YHH = T\ A 201 A2 (A2 + A2) ’ A3

One can verify that these solution satisfy the RPC, unless the minimum utility, m, for the salesperson is
very high. If m was indeed very high, then we would have a corner solution, and we would need to solve the
problem for the RPC. Since we are interested in interior solutions, we will assume that this is not the case
here.

Therefore, the optimal contractual provisions that implement high effort in both tasks are: b™-fre¢ = b%m,
Amifree — A*HH’ ymifree — y;IHv and mefree — Z*HH'
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Finally, plugging this solution into the manufacturer’s profit function (adapted from (3)), and into the rep
firm’s profit function (adapted from (2)), we obtain the manufacturer’s and rep firm’s optimal profits.
For the cases of substitution or weak complementarity, these expressions are, respectively:

@ (1*9)0{(1*9)0%+A5]

m_ free
=1 (1 +A)+ [1- (g2 +Asg),
" A7 iy
2 2
e c(c%+A§) At (1—0)c{(1—0)c%+A§] .
R — A? q1 1 A% q2 2
ro? [ 2 (1- 9)2 2
—— ==+ ——]-(2- —m.
5 <A% + A2 (2—0)c—m
For the case of strong complementarity, these expressions are as follows:
2
woee _ | e ro? [(1—9) A{-(z—ze)Ag} e
Y - A 9ALAZ (A2 1 A2) nr s

(1-0)c|[(1-0)cr5 + A3
Aj

+|1- (QQ+A2)a

Aro? |(1—60)> A2 — (3 — 260) A2
[ }

N A
TR A 9A AL (AT + AZ) (01 + A1) +

ro? [ (2 —0)*c?

(1=0)c|(1-0)eg +a3]
Al

(g2 + Az)

Interactions and the restricted monopoly model (Case 1.b.)

Both substitution and weak complementarity do not change the manufacturer’s spiffing strategy: only
the product with lower selling-effort productivity receives spiffs. The resulting effect of complementarity
(substitution) is simply a reduction (increase) in the commissions that have to be paid by the manufacturer
to the rep firm and by the rep firm to the salesperson. Evidently this increases (decreases) the resulting total
profits in the channel.

Strong complementarity, however, does changes the manufacturer’s spiffing strategy: in this case, spiffs
become unnecessary.

Proposition 2 restated for complementarity and substitution interactions is as follows.

Proposition 2C For the case of joint manufacturer profit mazximization and substitution or weak com-
plementarity, when neither the manufacturer’s nor the rep firm’s contracts can accommodate different com-
pensation rates for every individual product, spiffs are used in equilibrium. Moreover, only the product

with lower selling-effort productivity receives spiffs.
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In this case, the optimal rep firm contract to its sales force entails:

pm_spiff  _
A

2 2
mospiif = —o- (= (= ) I el O
A m-+2c—0 <A1>(Q1+A1) <A2>(Q2+A2)+ 5 Af+ A7 )

The optimal manufacturer contract to the rep firm and sales force entails:

sl c[(l—9)cra2+A1A2+A§] g swiff _ {O (1-0)c c }
A1A; (A + Ay) ’ A Ay

Manufacturer profits in equilibrium are:

(1 + A1 +q+Ar) — <(10)C—C> (g2 + A2).

ﬂ.m,sl)iff: _C[(1—9)0T0'2+A1A2+A%]
M A1As (A1 + Ay)

Rep firm profits in equilibrium are:

c—0 c
(Q1+A1+Q2+A2)+< A, _A1> (g2 + A2)

m_spiff ¢ [(1 —0)cro? + A1As + Ag]
f A1Ag (A + Ay)

ro? [ 2 (1- 9)2 c?
_2<A%+A% —(20—9)—m.

For the case of joint manufacturer profit maximization and strong complementarity, when neither the

manufacturer’s nor the rep firm’s contracts can accommodate different compensation rates for every individual
product, spiffs do not change the outcome for any player, and hence there is no need for spiffs.

In this case the optimal rep firm contract to its sales force entails:

pm— spiff (2 — 0) c
AL+ Ay’
; 2/72-0)c\’
Am_spiff 9 e (£ Ay Ay T (20T
mr@-0e- () @+an- (5 ) @+an+ g (E20

The optimal manufacturer contract to the rep firm and sales force entails:

m_spiff: (279)6 1+ 2 (270)6 m_spiff: 0.0
y TV TNl {0, 0}

Manufacturer profits in equilibrium are:
2 — 2 —
L _Co0e () o0
A1 + AZ (Al + Ag)

Rep firm profits in equilibrium are:

c(2-0) s (2-0)c
N (Hm (A +A2)2>

m_ spiff
T‘-M =

(1 +A1+q+A).

m_spiff
7TR =

ro? ((2—-0)c 2
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Proof. The manufacturer’s goal is to implement high selling effort for both products. Here its problem is
the same as in (Pm— Spiff). The only difference is that now the C'[e1] 4+ C [e2] accommodates the interaction
effects. We solve using backwards induction.

The salesperson’s utilities for the four effort options {(LL),(HL),(LH),(HH)} are respectively:

UF): (+21) (@) =50+ 21)2+ (b4 22) (g2) — " (b+ 20)> + A

(US): (b+20) (@ + A1) =25 (b+2)2 + (b+2) (g2) — 5 (b+22)2 —c+ A

(Ufn): b+ 21) (@) = 25-(b+21)% + (b+22) (g2 + A2) = (b +22)2 —c + A

USn):  (b+z)(@+D1) =25 (b+2)7+(b+2) g2+ A2) — 5 (b+2)°— (2-0)c+A

The salesperson’s optimal effort choice is driven by the rep firm’s choice of the commission b and the
manufacturer choice of spiffs incentives z. If the rep firm wants to implement low effort for both products
(LL), then the SIC constraint is slack and the rep firm’s problem is:

(P;”ji"ff) : maxaerpeB(y —b)qr + (y —b)gz — A
s.t. (SPCLL) : U[S:L >m ,

The solution to this problem is simply to give no commission to the salesperson and a salary that is just high

enough to guarantee the minimum utility for the salesperson:

2

* * ro * *
brr = max{—21,—2}, App=m—(bpy+21)q — (b, +22)q2 + 5 (bLr + 21)2 + (b + 22)2 . (40)

If the rep firm wants to implement high effort in only one of the tasks (i.e., (HL) or (LH)), then the rep

firm faces a standard principal-agent problem:

(P;q:njz?fff) : maxaerpen(y —b) (1 + A1)+ (y —b)gz — A
s.t. (SPCHL) : UEIL >m
(SICyy) : UEL > U‘LS’L

b

(P;I:Lsziff) © maxaerper(y1 —0)q1 + (y2 —0) (g2 + A2) — A
s.t. (SPCLH) : ULSH Z m
(SICLy) : UIS:H > UEL

)

The solutions to the above problems would be respectively:

2
* c * ¢ ¢
L = A—l—zl, AHL:m+C—(AI)((]1+A1+QQ)+T‘0'2 (A1> , (50)
c c c\?
Ty = 5—227 AEH:m—I—C—(AQ) (q1+Q2+A2)+r02 <A2> . (6C)

However, since we only have one control for the commission rate, it is impossible to induce high effort only
on the lower-productivity product.> In our case in which A; > Ay, the rep firm cannot implement (LH),
because the commission b that makes U7, > Uf, automatically makes Ug; > Us;. Hence the rep firm,
by its own means, can only implement (LL), (HL), or (HH). This also means that the highest sales force
commission rate from (5C) and (6C) already implements high effort in both tasks.

In the cases of substitution or weak complementarity, if the manufacturer wants to implement high

effort in both tasks (HH), it has to make sure the rep firm receives enough incentives so that the rep firm

3Unless z is such that the perceived rewards on the products are reversed. Endogenously, this will never be the case.
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will, in turn, provide the incentives for the salesperson to work hard on both tasks, which would entail a rep
firm commission of by gy = max {A% — 21, % — 29

In the case of strong complementarity, incentives that implement one of the tasks automatically provide
enough incentives to implement the other task. Hence, the rep firm can pay a smaller common commission to

. _ (2=0)c—z1A1—2209
the salesperson: by = A A, .

In order to completely understand the equilibrium of this problem, let us investigate the outcome if the
manufacturer cannot use spiffs (z = {0,0}). In this situation, the equilibrium commission for the cases of

substitution or weak complementarity would be:

no c—10 no 1-0)c
=R, HH:m+(2_9)C_<(A2)

) (1 + A1+ g2 + Ag) +10° ((1;29)C>2’ (70)

. (1—-0)c __ c (1—-06)c
since “—x = = Max | a; 0, X, 0p.

And for the case of strong complementarity the commission would be:

no 2-0)c no
HH:ﬁv AHH:m+(2—9)C—(

(2-0)c

M) (@1 + A1+ g2 + Ag) +70” ((2_6)c>2- (8C)

Ar+ As

By plugging the results from expressions (4C) to (8C) into the rep firm’s profit function (adapted from

(2)), we obtain the rep firm’s profits for each of the possible outcomes:
(vr_rs):  (y+2) @)+ (y+22) (@) —m—c =5 (1) — 5 (22)”
2
(Tr_HL): (y+21) (@1 + A1)+ (y+ 22) (q2) —m — ¢ — ro? (A%)

(’R’R LH): “not possible”

- 2
(y+21) (a1 +D0) + (U +20) (@ + B2) —m— 2= 0)c—ro? (U522)" it deo

2

2 _
(y+z)(@+A1)+(y+2z)(@2+22) —m—(2—-0)c—ro? (7&;622) if €O

Therefore, if the manufacturer wants to implement high selling effort on both products (HH) , the manu-

(7TR7HH):

facturer will face the problem:

(P&”_HH) tomaxyger, (1—y—21) (1 + A1)+ (1 —y—22) (g2 +A2) — A

s.t. (RPCHH): WRiHHZO
(RLCHuHL) : TR HH = TR_HL s
(RGCruLL) : TR HH 2 TR_LL

In the cases of substitution or weak complementarity, the rep firm has a natural incentive to imple-
ment only the most productive task, and thus RGC is slack and RLC needs to be enforced. Hence, solving
2
RLC with equality we obtain the solution to this problem as yj = z [(1 —0) +ro? ((I_Ai?c — ff)} .
In the case of strong complementarity, the rep firm has a natural incentive to implement both tasks,
and thus RLC is slack and RGC' is the only binding constraint. Hence, solving RGC' with equality we obtain
no (2—0)c

the solution to this problem as y37y = X7 (1 + 7"02%) .

Therefore, the optimal contractual provisions that implement high effort in both tasks when the manufac-

turer cannot spiff are: b™-"° = bjfy, A™-"° = AYfy, Y- = yiy, and z™-"° = z}7y. One can verify that
these solutions satisfy the RPC, unless the minimum utility, m, for the salesperson is very high. With these

provisions we can compute equilibrium profits for the manufacturer and rep firm.
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For the cases of substitution or weak complementarity, these solutions are, respectively:

m_mno c (1 - 9)2 & &
~ — 1— — |(1— 2= =
L { A [( 6) +ro ( A2 A%)

m_no _ i _ 2 (1 - 9)2 c _ i
TR = A [(1 0) +ro <A§ A?

For the case of strong complementarity, these solutions are, respectively:

o c(26) , 2-6)c
S 1+
T [ A1+A2< TN

}(Q1+A1+Q2+A2),

2
(1 + A1+ g2+ Ay) —r0? ((1;0)0> —(2=0)c—m.
2

(1 + A1+ g+ Ag), (9C)

m ono  c(2—0) , (2—0)c 2((2—9)c>2
et A e A Ay) — 220} —2-0)c—m. (10C
TR A+ A, ( +ro (A1+A2)2 (1 +A1+ g2+ Ag) =710 AT A, ( Ye—m. (10C)

However, the manufacturer does have the possibility of using spiffs (z € R,).
For the cases of substitution or weak complementarity, the manufacturer can provide spiffs to the

least productive product so as to equate the salesperson’s reward for exerting effort in any of the two products.
_spiff _ m_spiff _ (1-0)c ¢

=0, and 2z, =% " a-
Given this, the rep firm cannot implement high selling effort on only one of the tasks, since the commission

This entails 2"

that implements the least productive task also implements the most productive task. Therefore, the rep firm

contract that makes the salesperson prefer to work hard in both tasks now entails:

c c c ro? [ (1-6)*¢?
=—, Agg= 2 — — | = Ay)— [ — A — | = .
b A Ann m+(2-0)c (Al)(CI1+ 1) <A2>(q2+ 2)+ (A%-‘r A2

The manufacturer wants the salesperson to work hard, so it has to set a commission and spiffs structure so
that the rep firm indeed implements this outcome. Now, however, the rep firm cannot make the salesperson
work hard in only one of the tasks, since for any commission b it provides to the salesperson, the combination
of commission and spiff makes each product equally rewarding. Thus, either the salesperson does not work
hard, or she works hard in both tasks.

If the manufacturer wants to implement high selling effort on both products (HH), it will face the modified
problem:

(Pirfn) : maxyaen, (1= 9) (@ + A+ (1 -y~ 5L+ £) (@2 + Do) — A
st. (RPCyp): TR HH >0

(RGCrurL) : TR HH = TR _LL

)

in which only the global constraint RGC' will bind. Solving RGC' with equality, we obtain the commission

rate:

spiff € [(1—0)cro? + AjAy + Aj]
YaH = A1As (A1 + Ay) ’

which is the rate the manufacturer needs to provide the rep firm so that it will be indifferent between the

outcomes of high effort in both tasks or low effort in both tasks.
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Therefore, when spiffs are possible, the rep firm optimal contract to the sales force entails:

pm_spiff  _
AN

; 1-6)c ro2 (2 (1—0)°¢2
Am_spiff 2 e (& A;) — (d-0c PAV R NI G A
m+ ( )¢ (Al (@1 +Ay) A, (g2 + A2) + 7\ A7 + A2
The optimal manufacturer contract to the rep firm and sales force entails:

y'rn7 spiff _

2 2
cl(1=0)cro —|—A1A2+A2]’ vt _ {07 (1-0)c ¢ }
A1Ay (A1 + Ay)

Equilibrium profits for the manufacturer and rep firm are respectively:

m_spiff _ |q ¢ [(1 —0)ero? + MDAy + A%]
T AA; (B + A)

(@1 + A1+ g2+ Ag) — <—1) (g2 + Az),

m_ spiff C[(1—9)0T0'2+A1A2+A%] ((1—9)0 C )
- - A A v=ve ¢ A
TR Ay (A1 + Ay) (g Bt gt Bo) + | 1 A, ) (@t 82)

ro? (2 (1-6)°¢
_2<A%+A§ —(2—0)c—m.

For the case of strong complementarity, the manufacturer does not need to provide spiffs, since the

complementarity effect more than compensates for the productivity difference between the tasks. Hence, there
is no need for spiffs to force the simultaneous implementation of both tasks. Consequently, the salesperson
compensations are the same as those in expressions (8C), and the rep firm compensations are the same as
those in the situation in which spiffs are absent: z™-*P*ff = {0, 0}, and y™-Pi/f = ym_no,

Consequently, the profit expressions for the manufacturer and rep firm are the same as those in expressions
(9C) and (10C) above. ®

Interactions and the unrestricted oligopoly model (Case 2.a.)

In this case, both complementarity and substitution do not change the manufacturers’ spiffing strategies:
spiffs are not profit enhancing and will not be used. However, the interactions do change the manufacturers’
commission strategies. Here, interactions cause an instability in the manufacturers’ commissions, since in the
case of complementarity manufacturers will attempt to appropriate as much of the complementarity savings
as possible, while in the case of substitution manufacturers will try to pass the substitution costs to their
competitors (the other manufacturer). The result is the possibility of multiple equilibria in commission levels
between the manufacturers and the rep firm.

Following the same basic structure in the unconstrained oligopolistic problem (Pof f Tee), we construct the

oligopolistic problem (PO—Spif f ) by restricting the sales force commission to a single rate:
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(Po-sniff):  max  (1-y;—2z) Xl forje {12} .

yj,Zj€R+
RPC: Y7, (y; —b) Xjle;]—A>0

RIC: A,be argmax 2321 (yj —b) Xjle;] — A .
A€R,beB

2 2 2
SPC: i, [(b—I— z5) Xjlej] = 55~ (b+2;)" = C [6j]:| +A>m
SIC: ee€ argmax Z?zl [(b + z;) Xjle;] — % (b+ Zj)Q -C [ej]] + A
€; E{L,H}
Up to the rep firm level, the oligopolistic problem (PofSpif f ) is the same as the monopolistic problem
(Pm—smf f ), and yields the same form of results. At the manufacturers’ level, however, the restrictions on the
rep firm contract cause a strategic interaction that intensifies manufacturer competition.

Proposition 3 restated for complementarity and substitution interactions is as follows.

Proposition 3C For the case of oligopoly competition, when contracts can accommodate compensation rates
for each individual product both at the manufacturer and at the rep firm level, spiffs do not change the outcome
for any player, and hence spiffs are not used in equilibrium. Furthermore, there are multiple equilibria
in commissions between the manufacturers and the rep firm.

For the cases of substitution or weak complementarity the optimal rep firm contract to its sales force

entails:

o_free _ i (1_0)0
b {Al’ AQ )

2 2
o_free _ _ _ i _ (1_9)6 ﬁ i (1_9) C
A mt @0 (5 ) a - (S52) @+ a0+ 5 (5 + ).

The optimal manufacturers’ contracts to the rep firm entail:

(1—9)c[(1—9)c%+Aﬂ c[c§+A§]

i = A 7 =N
L e (1-6)c [(1 —0)er 4+ Ag] A2 [(2 = 0) cro? + A2] + cA? [(1 —0)?cro® + A2
2>~/ = {0, 0}.

Profits for the manufacturers and rep firm are of the form:

o free (1-0)c (1_9)C¢+A? c Cﬁ""A?
Wle = {1()\ [ AT 2 } +(1/\)[2A?}>} (1 + A1),

o_ free (1-0)c (1*9)Cﬁ+A2 cAZ[(2—0 cr¢72+Af +cAf 1-0)%cro?4+A2
7T]\Z2f — |: _ ((1 _ )\) { Ag 2 2] + A 2[( ) 2]A%Ag [( ) 2] (q2 + Ag),
A (1-0)c[(1-0)crg> + A2 cferg® 4 A2
ﬂ_OR,free: ()\ { AT 1] _|_(1_)\) {A‘;’l]) (q1+A1)

(1-0)c (1_9)C£+A2 cAZ[(2—0)cro? 4+ A2 +cA2[(1-0)2cro?+ A2
(0 -y el g estlemoctatlsilucotecteall ) ), 4 g

2 2 _9)2:2
—12 (& + ) 2 -p)c—m.
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For the case of strong complementarity the optimal rep firm contract to its sales force entails:

p"- free (2 — 0) cAq B free (2 — 9) cAq

! AT+ AZ R AL A

2 2
m_free _ B ((2=0)cA ((2=0)cA g (2-0)"¢
The optimal manufacturers’ contracts to the rep firm entail:

(1-6)e¢ [(1 —0)cg + Aﬂ A2 [(3 —20) et + Ag} — A2 [(1 )2’ - Az}

o_free

- = A (- :
h A7 4= A63(AT+ A

ot _ 1-0)c [(1 —0)cr 4 Ag} N )\cAf [(3 —20)crg + Aﬂ N [(1 — )2 gt — A?}
v - A ATA; (AT +A3) ’
z-7rc = {0, 0}.

Profits for the manufacturers and rep firm are of the form:

(1- 9)0[(1 0)crs +A2} CAZ[(?, 20)c M +2 A2[(1 0)%c m A?]

o free _ {1 - (A 7 LN = AJ( AD )] (@1 + A1),
]
(

o free (1-0)c[(1-6)crg> + A2 eA2[(3-20)crg> 4 A2] —cA2[(1-0)2c g2 — A2
=i (- g ead] | el | eadl ])]<q2+A2>,

Tar2 A3 AN (A3+A3)
o free (179)c[(179)ug"’ +A§] cA2 [(3729)c%+a2] —cA? [(1 0)%crg AQ]
TR N <>‘ A +(1-2 A AZ(AZ1AZ) (a1 + A1)
(1=0)c[(1—6)crg> +A2 eA2[(3—20)crg2 +A2] —caZ[(1-0)2crg — A2
- <(1 =) | X d +A 1 QA?A:}(A%-Z)A[%) = (g2 + A2)

ro? 2-0)2¢?
~5 (Siar) —@-0e-m

For both cases, \ € [0,1] determines the manufacturers’ “sharing” of savings (extra costs) due to comple-

mentarity (substitution) between the products.

Proof. In this scenario, both manufacturers want to implement high selling effort for their products.
Hence, each manufacturer needs to offer the right contract and spiffs commission so that its product receives
high effort, considering not only the rep firm’s and the sales force’s optimal behavior, but also the optimal
moves of the other manufacturer.

The optimal strategies for the sales force and for the rep firm are mathematically identical to those in the
proof of Proposition 1C, so they are not repeated here.

Knowing the optimal behavior of the rep firm and its sales force, we analyze the manufacturers’ optimal

decisions. Both manufacturers simultaneously solve the problem:

(P]‘\}—j?{ij) . maij’ZjeR+(1 — Y — Zj) (qj + AJ) for ] € {1, 2}

s.t. (RPCyp): TR e >0
(RLCuurLH) : TR HH = TR LH
(RLCrHHL) : TR HH > TR HL
(RGCuHLL) : TR _HH 2> TR_LL

where the profits for the rep firm come from the proof of Proposition 1C.
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Because the terms y; and z; always appear together, spiffs are unnecessary; hence, we set z = {0,0} . As
before, the solution depends on the magnitude of 6.

For all values of 0 there are multiple candidate solutions to this problem. All of them should satisfy RGC
and will be bounded by the two RLCs. Because both manufacturers will try, uncooperatively, to accrue the
maximum savings from complementarity (or incurr the least extra costs due to substitution), there is no unique
equilibrium. In the previous Figure 2C, the line segment that join points « and [ contains all the possible
equilibria for this problem. Manufacturer 1 will prefer the solution to be as close as possible to point 3, while
Manufacturer 2 would prefer the solution to be as close as possible to point a.

Under substitution and weak complementarity, all solutions are of the form:

(1-0)c-0)eg + 3] clerg + 7]

HEE = A : F (=) ——F—,
. (1-6)c [(1 —0) g + A%} cA3 [(2 = 0) cro® + A?] + cA? {(1 —0)? cro? + A%}
yams = (1=A) A3 +A 2A2A3 .

Under strong complementarity, all solutions are of the form:

(1-6)c [(1 —0) et + A?] cA2 [(3 —20) eI + Ag] A2 [(1 gy Az}
A MM (AT+A)) ’
*strong (1-0)c {(1 —0) C% + A%} cA} [(3 —20) c% + Aﬂ — cA2 {(1 —0)%c m AQ}

= (1-A +A
Ynm? (1=4 A} AN, (AT + A3)

xstrong  __
HH1 A

+(1-=X

For both cases, A € [0, 1] is an exogenous parameter that determines the “sharing” of savings (costs) due to
complementarity (substitution) between the manufacturers. When A is close to zero, Manufacturer 1 accrues
most of the savings (costs). Conversely, when A is close to one, Manufacturer 2 does.

Once again one can verify that these solutions satisfy the RPC, unless the minimum utility, m, for the
salesperson is very high.

The manufacturers’ and the rep firm’s profits for both weak and strong complementarity can be found by
plugging the contractual terms into their respective profit functions.

For the cases of substitution or weak complementarity, profits for the manufacturers and rep firm

are of the form: , ,
1—0)c|(1—0)ctZ=+A2 cletZ=+A2
o free_ |:1_ ()\( ) [( Jerg—+ 1] +(1_)\) [ >+ 1]>:| (q1+A1),

T A3 Az
> (1=0)c|(1-0)c=3 +A2 cA2[(2—0)cro?+A2]+cA2[(1-0)2cro?+A2

})\szwe = {1 - ((1 -A) [ A3 } +A i zl]Angl[ d (g2 +A2),

o_free (1=0)c|(1=0)c™ +A2 ¢ Cﬁ""A?

(1-0)c[(1-0)crg® +A3 A2[(2=0)cro?+A2]+cA2[(1=60)2cro? +A2
+ <(1 —A) { X d il S]Aml[ 2] (g2 + A2)
ro? [ 2 1-6)%c?
*T(E‘F( A% )*(2*9)07771.
For the case of strong complementarity, profits for the manufacturers and rep firm are of the form:

o free (1-0)c[(1-6)crg> +A2 a3 [(3-20)crg2 4 A3] —cA?[(1-6)%crg? — A2
le - {1 - ()\ [ AT : 1] +(1-2) 2[ A1A2] A2+A[2) : 2} (1 + A1),

(
o_free _ {1 B ((1 ) (179)6[(170)0#+A§} +)\CA%[(3*29)CTU +A2 ]( N [(1 6)2crg> Az} ﬂ ot A,

]\42 Ag AQAQ A2 + )
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R =

: (1-0)c[(1-0)crg2 +A2 cAZ[(3-20)crg> 4 AZ] —cA2[(1-0)2crg2 — A2
7T07f7€e ()‘ [ A3 1} +(1=2) 2{ AIAE}(M;A[g) 2] (1 +Ap)

(1-6)c [(1—9)c#+A§] cA2 [(3—29)c#+aﬂ —cA2 [(1—9)%#—5;‘]
+ ((1 *)\) A3 + A A%Ag(A%—&-A%) ((I2 +A2)
ro? 2—0)2c?

Interactions and the restricted oligopoly model (Case 2.b.)

In this case, both complementarity and substitution do not change the qualitative insights regarding
spiffing strategies: only the product with higher selling-effort productivity receives spiffs. The resulting effect
of complementarity (substitution) is simply a reduction (increase) in the compensation terms (commission and
spiffs). Evidently this increases (decreases) the resulting total profits in the channel.

Proposition 4 restated for complementarity and substitution interactions is as follows.

Proposition 4C For the case of oligopoly competition, when each competing manufacturer can offer an in-
dividualized commission rate for its product to the rep firm, but the rep firm is constrained to offer a common
commassion rate on both products to its sales force, spiffs are used in equilibrium. Moreover, only the
product with higher selling-effort productivity receives spiffs.

For the cases of substitution or weak complementarity the optimal rep firm contract to its sales force

entails:
bo_spiff (170)0
Ay
. o_spi 1-46
AP = 4 2c— 0 — i—l—zlfpff (1 +Ar) - ()L (g2 + Ag)
AQ AQ
ro? c—0 o spiff 2 (1—9)262
z (A2+%1 ) Ay

The optimal manufacturers’ contracts to the rep firm and sales force entail:

C{AI [(1—6) Ay + Ag] + (1 — 9)207“02}
A1 [As (A + Ag) — (1 —0) cro?] ’
it C{Ag (A + (1= 0)Ag] + (1 6)? cmml}
A - MDAy Dy (A +Ag) — (1—0)cro?]

yt1>_8piff - 0, yg_sm'ff:

L)

The manufacturers’ profits in equilibrium are:
W?\lepiff _ (1 N Zf_spiff> (‘h + Al)a W?\Z;piff _ (1 . yg_spiff) (QQ +A2) .

Rep firm profits in equilibrium are

2
1 i i ro
WOR—Smff = (@ +A1)Zf_smff+(Q2 +A2)y§_smff_

1-6 o smift\2  (1—0)2c2
’ (( )C+Zl_pff)+( ) ¢

A, A2 ] —(2—-0)c—m.
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For the case of strong complementarity the optimal rep firm contract to its sales force entails:

(2—0)c— 2~ PN
Ar+ Ay ’

2_9 o_spiffA 2_0)c— o_spiffA
m+(2—9)0—<( Jetz 2)((]1+A1)_<( Jema .

A1+A2 A1‘|'A2
2 L 2
ro? ((2—0)c+zfémffA2> +<(2—9)c—zfém”A1>

po_ spif s

Ao_spiff ) (g2 + A2)

2 AL+ Ay A+ Ay

The optimal manufacturers’ contracts to the rep firm and sales force entail:

o_spiff o_spiff (A1+A2)\/[(2*9)07’02]2+(A1+A2)[2A1(2*‘9)07’02+(A1+A2)3]*(A1+A2)3
Y1 =0, 2 = 2ro? A1 A
o spiff (A1+A2)\/[(270)cr02]2+(A1+A2)[2A1(270)cra2+(A1+A2)3]7(A1+A2)37(270)cr02(A1fAz) o spiff
“1 - 2A;Azro? ! =0.
The manufacturers’ profits in equilibrium are:
W?xhspiff = (1 — 2" Spiff) (1 +Aq), W(J)\Zzspiff = (1 — Yy Spiff) (2 + Q).
Rep firm profits in equilibrium are
77(1)2_ spiff  _ (1 +A1)zi’— spiff + (g2 + Ay) y;_sm’ff
. 2 . 2
ro? | (2= 0)c+20-" A, N (2= 0)c— 22" A (2-0)
v —(2—60)c—m.
2 A+ Ay A1+ Aq

Proof. Both manufacturers want to implement high selling effort for their products. The optimal strategies
for the sales force and for the rep firm are mathematically identical to those in the proof of Proposition 2C,
so they are not repeated here.

Knowing the optimal behavior of the rep firm and its sales force, the manufacturers simultaneously solve

the problem:

o_spiff\ .
(P

max,, - er, (1 —y; — 25) (¢; + 4;) for j € {1,2}

st. (RPCyp): Tr mH >0
(RLCruLH) : TR_HH = TR_LH
(RLCuuHL) : TR HH > TR HL
(RGCupuLL) : TR _HH = TR_LL,

where the profits for the rep firm come from the proof of Proposition 2C. The solution to this problem is more
complicated than simply solving for the constraints.

Recall that manufacturer 1 has the product with higher selling-effort productivity. Let us label this
manufacturer m1 and the other manufacturer m2. If manufacturers could not offer spiffs, m1 would be
inclined to adopt a very small commission (y; — 0) yet still could enjoy high effort, since it could free ride on
the rep firm’s rigid compensation contract. In this case m2 would suffer the burden of paying a commission
high enough to support high effort for both m1’s and m2’s products. Therefore, for both the cases of § € © and
6 € ©, m2 has only two options: implementing low effort on both products, or high effort on both products.

Let us investigate the outcome if the manufacturers cannot use spiffs (z = {0,0}).
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In this situation, under substitution or weak complementarity the equilibrium compensation to the
salesperson would be

1-0)c 1-0)c 1-0)¢c\?
Hi = u7 He =m+(2-0)c— <H> (g1 + A1+ g2+ As) +10? <()> 7
Ay ) A,
while under strong complementarity, equilibrium compensation to the salesperson would be:

(2-0)c (2-0)c s (2=0)c 2
Oy = ———— W = 2—0)c— | ———— A A —Q ] .
HH A1—|—A27 HH m+( )C A1+A2 (q1+ 1+¢q2+ 2)—'—710— A1—|—A2
In both cases, by plugging y; = 0, z = {0,0}, and the results from the rep firm’s solutions in the proof of
Proposition 2C (expressions (4C) to (7C)) into the rep firm’s profit function (adapted from (2)), we obtain
the rep firm’s profits for each of the possible outcomes:

(ﬂ'RiLL): (y2) (g2) —m

2
(7TR7HL)5 (y2) (q2) —m — ¢ = ro? (A%)
(ﬂ'R_ LH): “not possible”

2
(2 +22) (a2 + B2) =m— (2= ) e —ro® (U52¢)" if peo
2 —
(y2+22)(q2+A2)fmf(279)07r02(%) if €O

If m2 wants high effort exerted on its product, this automatically implies high effort on product 1 as well;

(Tr_mH):

m2 therefore solves the problem:

(PJ@OLHH) p maxger, (1 —92) (g2 + As)
s.t. (RPCHH) : TR HH >0

(RGCuurL) - TR HH > TR LL

For both weak and strong complementarity, the solution to this problem is simply to solve RGC with

equality for y,. Under substitution or weak complementarity m2’s optimal commission payment to the
no c[(170)20r02+(270)A§}

rep firm is y;fHQ = N . This leads to optimal manufacturer profits, rep firm profits, and
2
total channel profits of:
T = @A
c [(1 —0)’cro?+(2-10) A%}
T = |1- (g2 + A2),
M2 A3
c[(1—9)20r02+(2—9)A§] (1-0)c\>
" = + A —7‘02<) —(2—=60)c—m,
R Ag (q2 2) A2 ( )
o_no 1-— 0 C 2
Msyst  — ((11+A1+QQ+A2)—7"02<( Az) > —(2-0)c—m.

Under strong complementarity, m2’s optimal commission payment to the rep firm is

Yo = (2gf)c (1 + gi:?gj; ) This leads to optimal manufacturer profits, rep firm profits, and total channel
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profits of:

T = @+ A

W‘J)\ZQHO = [1 — 2 ;j) ¢ (1 + ((QA: ?ZS;) (g2 + As),

I (O e L O O R e
7o’ = (@A g+ Ag) —r0? (Mf —(2-60)c—m.

However, since spiffs are indeed possible (z € R ), m2 can try to provide enough spiffs to the salesperson
so that exerting high selling effort on product 2 would become more profitable than exerting high selling effort
on product 1, and thus assume the privileged position of being the free-rider manufacturer. Firm m1 would
consequently react by also offering spiffs.

To find the equilibrium we need to define the indifference point such that m2 does not find it profitable to
engage in this spiffing war. This condition is for m1 to provide enough spiffs such that m2 would be indifferent
between also providing spiffs and not providing any spiffs.

Under substitution or weak complementarity, when m2 does not provide spiffs, the maximum profit

it can earn is obtained by solving the Local Constraint RLC'y gy, with equality for ys, obtaining:

accommodate __ (1 — 0) C2TO-2 + (2 — 9) CA% + 2 (1 _ 9) CTUQAQ - ZlAlA%
Y2 = A% :

Hence, when m2 uses spiffs, its profit as a function of spiffs z; is given by:

(1-0)cPro?+(2—0)cA3+ 2 (1 —0)cro?Ay — 21A1A3
A3

7Tgccomnwdate = 1=

(g2 + D). (11C)

On the other hand, to surpass m1 in productivity of selling effort, m2 has to offer a large enough amount
of spiffs so that: zo > % + bAlA;zA“’. In this case, the rep firm would pay the salesperson a commission of
b= % — 21, which would be enough to provide incentives to implement high selling effort on m1’s product
(since high selling effort on m2’s would occur naturally).

Therefore, the maximum profit outcome m2 could obtain through a “surpassing” strategy occurs when

y2=0and zo =21+ (1 —0)c (é — ﬁ) Its profits are then given by:

1 1
P =11 — 2 — (16 — - — Ag). 12C
Ty [ 21— ( )C<A2 Al)](%-f' 2) (120)

The indifference point occurs when expressions (11C) and (12C) are equated. Since these expressions are
independent of y1, we conclude that it is optimal to set y; = 0 and adjust the expressions only with z;. Solving

ggecommodate — pSUTPASS for 21 we obtain:

c {Ag (A + (1—0) Ag] + (1 — ) cm?A1}
AlAQ [AQ (Al + Ag) — (1 — 0) CT'O'Q]

o _spiffs
Zl_pff:
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By plugging this result into m2’s manufacturer commission y§°c°mmedate e obtain:

c {A1 [(1—0)A; + As] + (1 — ) cm2}
Al [AQ (Al + Ag) — (1 — 9) C’I“O'Q]

- spiffs _

Once again one can verify that this solution satisfies the RPC, unless the minimum utility, m, for the
salesperson is very high. Plugging this solution into the manufacturers’ profit functions (adapted from (?7)),

we obtain the manufacturers’ optimal profits:
WoM,lsmff _ [1 _ Z;)?spiffs (1 + A1), W?\Z;mff _ [1 _ygispiffs:| (g2 + As) .

The rep firm’ equilibrium profits can then be expressed as an implicit function of the optimal manufacturer

(O;j)c +z‘1’spiff>2 + (O;j)‘:)j —2c—m.

Under strong complementarity, when m2 does not provide spiffs, the maximum profit it can earn is

contractual provisions:

2
: 1 1 ro
W(J)ismff = (q1 +Ay) Z?jmff + (g2 + Az) y;’smff -5

obtained by solving the Local Constraint RGCp g, with equality for ys, obtaining:

ygecommodate _ 20z a1l (1) 22Otz
Ay (A1 + Ay)

Hence, when m2 uses spiffs, its profit as a function of spiffs z; is given by:

recommodate _ [1 2= c—uh (1 +mg<2—9>c+mz> (G2t D). (130)

™
2 A2 (Al + Ag)z

On the other hand, to surpass m1 in productivity of selling effort, m2 has to offer a large enough amount

of spiffs so that: z5 > % + bAlA;fQ. In this case, the rep firm would pay the salesperson a commission of

b= (Z’G)ZE_AAI;@AZ, which would be enough to provide incentives to implement high selling effort on m1’s

product (since high selling effort on m2’s would occur naturally).
Therefore, the maximum profit outcome m2 could obtain through a “surpassing” strategy occurs when

yo =0 and 20 = 21 + (2;9)6 (Ai2 — ﬁ) Its profits are then given by:

2—-0)c (1 1
surpass _ [1 6 Ay). 14
5 { 21 ) (Az AI)] (g2 + Az) (14C)
The indifference point occurs when expressions (13C) and (14C) are equated. Since these expressions are

independent of y;, we conclude that it is optimal to set y; = 0 and adjust the expressions only with z;. Solving

ggecommodate — pPUTPASS for 21 we obtain:
o_spiffs (Al+A2)\/[(2—9)67’02]2+(A1+A2)[2A1(2—9)cra2+(A1+A2)3}—(A1+A2)3—(2—0)cra2(Al—AQ)
21~ = 5 .
1 2A1A2TU
By plugging this result into m2’s manufacturer commission ygecommedate e obtain:

" (Al + AQ) \/[(2 — 9) C7"0'2]2 + (Al + AQ) [2A1 (2 — 9) cro? + (Al + A2)3 — (Al + AQ)B
o_spiffs _
& B 27"0‘2A1A2
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Once again one can verify that this solution satisfies the RPC, unless the minimum utility, m, for the
salesperson is very high. Plugging this solution into the manufacturers’ profit functions (adapted from (?7)),

we obtain the manufacturers’ optimal profits:
o = L= @ Ay, wEm T = 1= (4 ).

The rep firm’ equilibrium profits can then be expressed as an implicit function of the optimal manufacturer

contractual provisions:

T T = (@ M) T 4 (g + D)y
. 2 ; 2
e’ [ (@0 et TTANT (@0 TTA, (2—8)o—m
2 A+ Ay A+ Ay .
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