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Appendix A

Proof of Lemma 1

First, consider the decision of leaders. In order to make their purchase decisions, the leaders
must form expectations about the second-period demand. If all the followers are expected

to buy, namely y¢ = 3, then the number of leaders who will buy the product is given by:

(Y =B) =1~ (p1 +9(3)) (A1)

We know that such an expectation will be correct only if h(z1(y¢ = ()) > ¢ so that it is
profitable for the firm to sell to the followers in the second period. In other words, we need

21(y® = B) > h7(c). Then from (A1) we have:

1= (p1+9(8)) = h™'(c) (A2)

which reduces to the condition:

pr<(1—h7'(e) —g(B) =i (A3)

Thus p; forms the lower bound for the price that the firm might charge the leaders.
In the other polar case where none of the followers are expected to buy the product, we have

y® = 0. In this case, the first-period demand will be (compare with equation Al):
z1(y°=0)=1-p (A4)

This implies that:

p>(1=h7'(c) =h (AD)
Hence it is rational for leaders to expect none of the followers to buy the product, only if
the price is above p;. Further it follows from (A3) that p; > p.
In order to complete the proof we now need to consider the case when p; € (py,p1). When
p1 € (p1,P1), only some of the followers purchase the product. This can only happen when
the followers are indifferent between buying and not buying. Furthermore, p, = ¢. To see
this, consider the case where ps > ¢ then the firm can strictly increase its profits by charging
po — € and selling to all the followers. Let z(p;) followers buy the product. In a rational

expectations equilibrium, we must have:

vy =1—(p1+9(2)) (AG)
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where:
h(l—=p1—g(2)—c=0 (AT)

z2p1) =g (1 —p1 —h7'(c)) (A8)

Note that z(p;) is continuous and is decreasing in p; since g(-) is (weakly) increasing in its

argument. Thus, the second period demand function is:

3 if pr <p1
y(p1) = z(p1) if p1 € (P1,P1) (A9)
0 otherwise.

Since z(p1) = 1 and z(p1) = 0, y(p1) is continuous. The demand in the first period is given

by:
1L —pi—g(B) if p1 <pr
zi(p) =9 1—p1—9g(z(p)) ifp1 € (B, 1) (A10)
1—p otherwise.

O

Proof of Proposition 1la

We establish the proposition via a series of claims.

Claim 1 Ify =0 then:

[ 1=h"He), ifh(5E) >c
b= { e otherwise. (AL1)
Also:
M, = ! [1—11*1 —¢|, ifn(se) >
m(y:o):{ e ) (©=cf, Fh(F)ze (A12)
II,; = % otherwise.
Proof: In this case, the firm solves the following optimization problem:
maxIl(y =0) = (1-p)(p—c) (A13)
s.t.
P1 =P (A14)
If the constraint does not bind, then the first order conditions imply that:
1+c
P = (A15)
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However, this is only valid as long as p; > p;, which implies that:

1
‘2““’ >1—hY(e) (A16)
In other words:
]_ _
o) = — < (A17)

Thus, the unconstrained solution is valid only if A(15¢) < c¢. If the constraint binds, then

p1 =p1 =1 —h7!(c). The profit function follows immediately by substitution. O

Claim 2 In any optimal solution py & [p1,p1). Furthermore, if y = 3 then firm’s optimal
profits are given by:

maxIl(y = 3) = Iz = H;?X(l —p1—9(8))(p1 —¢) + B[h(1 —p1 — g(B)) — ] (A1B)

p1
Proof If p; € [p1, p1) then the firm sells to some followers. However, ps = ¢. Thus, the firm’s
second period profits are zero and the first period price is p; € [p1,p1). Consider a deviation
by the firm to a price p;. In this case, the firm sells to only the leaders and since p; > py,
the profits are strictly greater.
If y = 3 then the firm’s problem is to choose p; such that:

maxIl(y=3) = Iz =(1-p1—9g(B8))(p1—c)+ B[l —p1—g(B)) —c (Al9)

p1
s.t.

P <p (A20)

Since in any optimal solution, the constraint does not bind as established earlier, we only

need to examine the unconstrained case. O

Claim 3 If c is small, then there exists a A\] such thaty = (3 for \; < A\] andy = 0 otherwise.

Proof: First, note that for small ¢, at A\; = 0, y = [ is clearly optimal. Also, note that II;

and Il;5 are independent of );. Also, note that the Envelope theorem implies:

Ol
o\

= —3(B)(pr — ¢) = BH'G(B) = —=3(B) [pr — ¢ + BI] (A21)

The first order conditions imply that:

Olly5
Ip

=1-p1—g(B) —pr+c—Bh(1—p—g(B) =0 (A22)
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The second order condition is:
-2+ 81" <0 (A23)

Note that since Sh” < 1, the second order condition for maximization is satisfied.

Using the first order condition we have:

1—p1—g(B) =p1—c+pl (A24)
Substituting in (A21) we have:
ol
A~ g(9) (11— () < 0 (A2
l

where the last inequality follows since (1 —p; — g(8)) = 21 > 0.
Thus, if ¢ is small, as \; increases, firm finds it less profitable to serve the followers and
if )\; is sufficiently high it does not sell to the followers. The result then follows from the

intermediate value theorem. O

Claim 4 If y = 3 then p} and p5 are decreasing in N

Proof:
Using the implicit function theorem and the concavity of the profit function, it follows that:
Ip o 01143
sgn (a—)\l> = sgn (3)\13]?1) (A26)
= —g(B) + Br"§(B) = (BA" —1)§(B) <0 (A27)
Also, the second period price is given by:
p2=h(z1) =h(l—p1—g(p)) (A28)
Thus:
8p2 o /8p1 /~
1 [~ apl
= —h — A30
(3 + 52 (A%0)
(- (Bh" —1)g(8)
B - Z_ﬁhll_'_ﬁh//_l
= 1
= —hg(ﬁ) (—2 — ﬁh”) <0 (A33)

where the last inequality follows since Sh” < 1.
O
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Claim 5 If y =0 then pj and p} are independent of \;.

Proof: Immediate by inspection. O
Proposition 1a then follows from Claim 3, Claim 4 and Claim 5. O
Proof of Proposition 1b

We again prove this proposition via a series of claims.
Claim 6 h™'(-) is decreasing in ;.
Proof: Note that for any constant y:
W (h(y) =y (A34)

Thus:

—1 —1
dy _Ohlon  ont (A35)

o\, Oh ox, O

We know that h~'(-) is increasing in its arguments since h(-) is increasing. Also, h(-) is

increasing in \;. Therefore, we must have Oh™/0\; < 0. O
Claim 7 There exists a N} such that y =0 for Ay <X} and y = § otherwise.

Proof: If A\ = 0 then it clearly follows that the firm will prefer to sell to only the leaders
since the followers have no value for the product. For large enough A; the firm will find it
profitable to sell it to the followers. Also using Envelope Theorem

Ol

= Bh' >0 A36
= > (436)
Also, note that II;; is independent of ;. Using the Envelope theorem, it follows that:
Ol oh~! 1 1 oh~!
= 1—h — h — A37
By o, o)+ By (A37)
oh~!
= l—c—2n"" A
Ty (1-c ) <0 (A38)

where the inequality follows since 9h™'/0A; < 0 by Claim 6 and for II;2 to apply we must

h(lgc) > ¢ (A39)

which implies that 1 — ¢ > 2h~!. Thus, as A increases it becomes more attractive for the

have:

firm to sell to the followers. The result then follows from the intermediate value theorem. O
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Claim 8 Ify = 0 then p; weakly increases in Ay.

Proof: When the constraint does not bind it follows by inspection of (A11). To see this in
the case when the constraint binds, note that by previous claim h~'(-) is decreasing in \;.

Thus, p; = 1 — h™!(c) is increasing. O
Claim 9 If y = (3 then py is decreasing in Ay and py is increasing in .

Proof: Using the implicit function theorem and the concavity of the profit function, it
follows that:
Also,

op N 91143
sgn (8_)\f) = sgn (3)\f3p1 (A40)
= B <0 (A41)

The second period price is given by:

p2 = h(z1) =h(1—p1—g(0)) (A42)
Similarly,
apQ 7 /apl
s R it S A4
s h h&)\f>0 (A43)
O

Proposition 1b then follows using Claims 7, 8 and 9. O

Proof of Proposition 2

We will prove the proposition via a series of claims.

Claim 10 Define ¢y such that:

CQZ{C:h(1;C>—c:0} (A44)

Then co exists and is unique. Furthermore, if 3 a ¢, such that h (1_%) — ¢ < 0 then

h(55¢) —c < 0Ve> ¢ Similarly, if 3 a ¢, such that h (:5%) — ¢, > 0 then h (5¢) — ¢ >

0Ve < ¢,. Thus, h(l’;?) —c>0ifce(0,c).

Proof: Note that h (%) — ¢ is positive for ¢ = 0 and negative for ¢ = 1, thus establishing
existence. Also note that h (%) — ¢ is monotonically decreasing in ¢, which establishes

uniqueness of ¢y and the last part of the claim. O



Claim 11 1 —2h"' — ¢ > 0Vc € [0, ).

Proof: Note that by definition:

Using (10) it follows that:

1—
h( 20>—C>OVCE[O,02)

which implies that:
1—-c

2

> h7(c) Ve € [0, ¢a)
Thus:

1-2ht—c>0Vee|0,c)
Claim 12 TI}; = (1 — ¢)?/4 is decreasing in c.
Proof: Immediately follows by differentiation. O
Claim 13 II;3 is decreasing in c.

Proof: Differentiating we have:

Olly5
Oc

Note that p; < p; implies that p; + g(8) < 1 — h™*(c). This implies that:

Oll;3
dc

=—1—-04+p+9(0)

<—-1-B+1-h'e)=-B—-h"'(c)<0
O
Claim 14 IIy; — I3 s increasing in c.

Proof: Differentiating, we have:

KT _(1;(3)-<—1—5+pl+g<m>
> - (15) - o)
_ _(1;C>+ﬁ+h1(c)
_ <25‘21)+C+h1(c)>o

where the first inequality follows using (A50) and 5> 1/2. O

A7

(A45)

(A46)

(A47)

(A48)

(A49)

(A50)

(A51)
(A52)
(A53)

(A54)
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Claim 15 IIj, — I3 is increasing in ¢ for ¢ € [0, cz).

Proof: Differentiating, we have:

D1 = [(7) (—2h7 =)= h ] 1= B o) (A5
= 1+ g [ -2t —h T =g —g(8)]  (A56)
= L[ (12T =) —h T — g —g(9)]  (A5T)
= (W) 120" =] =k (14 8= p1 - 9(8)) (A58)
= (W) [t—=2nt—¢ —h'—(=1=B+pi+9(B)  (A59)
> (WY [1—2n =] —h = (=B —hY (A60)
= () [t—2n""~¢c] +8>0 (AGL)

where the first inequality follows using (A50). The second inequality follows using Claim 11.
O

Claim 16 If Tl3 intersects with M5 at ¢* in [0,co) then the intersection is unique. Fur-
thermore, in this case 1113 does not intersect with 1ly1. Also, y = (8 for ¢ < ¢* and y = 0

otherwise.

Proof: The uniqueness of intersection follows because, as proved earlier Il;5 — I3 is in-
creasing in c¢. The second part follows since I1y; > II;5Ve. Thus, if 3 a ¢ such that 1115 < Il
then this implies that II;3 < IIy;. The last part follows from uniqueness and by noting that

ITy3 must intersect 1115 from above since 11y, — Il;3 is increasing in ¢. O
Claim 17 If 1113 and Il;y intersect at ¢* then ¢* is decreasing in \; and increasing in \;.

Proof: We have:

dc* Ol Ollyg
_ N AG2
on, ot ( V)Y ) (A62)
Note that II;3 is increasing in Ay from (A36). Also:
Oll4 oh~! ~1 ot
= 1—h™" —¢| — h A
Y Y | d By (A83)
oh~1
= [1—2n""—¢] <0 (A64)

where the inequality follows since 9h~!/0A; < 0 and (1 -2kt —¢) > 0 for ¢ € [0, c2). Using
(A62) it follows that ¢* is increasing in Af. Also, note that:

80* 81112 81113 aII13
)\l = —sgn( )\l — )\l ) = sgn( )\l ) <0 (A65)
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where the last inequality follows from (A25). O

Claim 18 [If Ily3 intersects with 11y at ¢* then the intersection is unique and y = 0 for

c>c* and y = [ otherwise.

Proof: The uniqueness of intersection follows because, as proved earlier II;; — I3 is in-
creasing in ¢. The second part follows from uniqueness and the fact that II;3 must intersect

with Il;; from above. O
Claim 19 If IIi3 and Il intersect at ¢* then c* is decreasing in \; and increasing in \y.

Proof: Since II;; is independent of A\; and Ay, the result follows from (A25) and (A36). O
The proposition then follows from Claims 16-19. O

Proof of Proposition 3
We will prove the proposition via a series of claims.
Claim 20 Iy, is increasing in ¢ at ¢ = 0 and decreasing at ¢ = cs.

Proof: First note that &’ > 0 implies that (h=")" > 0. We have:

Ol
Oc

h 1)’[1—h Y ()[— (h—l)’—1] (AG6)
A ) —n (b)) —e(h™) —nt (b)) —n! (A67)
hl)’1—c —2n (R = h? (A68)
B (1 —2h7t =) = b (A69)

A68

(
(
(
( A69

At ¢ = 0 note that h71(0) = 0. Therefore, Oll15/0c = 1 > 0 at ¢ = 0. At ¢ > oo,
(1 —2h~' —¢) < 0. Thus, 01l;5/dc < 0 for ¢ > ¢y. O

Claim 21 I, = h!(c)[1 — 7' (c) — ] is concave in ¢ for ¢ € [0,cy). Therefore ¢; < ¢y

exists and is unique.

Proof: First note that ” > 0 implies that (h~!)" = —1/h” < 0. We have:

82H12
oc?

(A" (1—2n =)+ (7)) (=27 —1) - (r7Y) (A70)
= (W) (1-2n" =) -2 [(hl)’}2 —2 (Y (AT1)
= (h)Y'1-2nt =) -2 1+ () <0 (AT2)
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where the inequality follows since (h=")" > 0, (h™")" < 0 and (1 — 2h~' — ¢) > 0 since
¢ € [0,¢2). The existence of ¢; follows from the previous claim and the intermediate value

theorem. Uniqueness follows from concavity and the inequality ¢; < ¢y follows since ¢; €

0,¢0). O

We have therefore established that if y = 0 then the profit function is increasing in ¢ € (0, ¢1).
To complete the proof, we only need establish that ¢* < ¢;. Note that if g(3) is sufficiently
large then p; < 0. Since by assumption p; > 0, this implies that y = 0. This completes the
proof. O

Proof of Lemma 2

The relevant rational expectations equation is:
Qz1) =21 — (1 —p1 — 9(Q — 1)) (A73)
We have: ©(0) < 0 and ©(1) > 0. Thus, there exists a x € (0, 1) such that Q(x) = 0. Also:
V(z)=1-¢ >0 (A74)
which establishes uniqueness. O

Proof of Proposition 4

If 3> g~!(1) then the firm does not sell to the followers when there is only one product.
Furthermore, the condition h (%) > ¢ implies that the firm’s first period price is 1 —h~1(c)
and the profits with a single product are given by:

(1) =h )1 -hc)—c) < (1 ; C) (A75)

Now consider the situation where the firm introduces k variants such that :

h(lz_kc) <c (AT6)

Since h(0) = 0, clearly this holds for large enough k. Now consider the firm’s problem of

setting prices under the assumption that no follower’s buy

TI(k) = max k (1%“(1{:)) (p1(K) — ¢) — ko (AT7)
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subject to the condition that no follower finds it optimal to buy i.e.,

h (%M) <c (AT8)

The solution for the unconstrained problem is:

_1+c

pi(k) 5 (A79)
If the constraint does not bind, the first period demand for any variant is:
1—pi(k 1—
N LR e (As0)

k 2k

But by the assumption,

1-c
h A81
( ok ) <c (A81)
it follows that the constraint does not bind and the firm’s profits are:

1—-c¢

(k) > (T) — k¢ >TI(1) = h ' (e)(1 — h(c) — ¢) (A82)

where the inequality holds for small ¢. O.
We will first establish Proposition 6 and then prove Proposition 5.

Proof of Proposition 6

We first establish the result for the case of increasing costs. If ¢ € (¢*, ¢2) then y = 0 and the
relevant profit function is Il;5. By Claim 21, we know that ¢; < ¢o. Also, the firm prefers to
increase its cost when ¢ € (¢*, ¢1). Therefore, in this situation the relevant profit function is
I1y5.

We note however that IT;5 < (1 — ¢)?/4 since (1 — ¢)?/4 is the solution to the unconstrained
solution. If ¢ € (¢*, ¢3) then we know that the constraint binds and p; = py and 2] = 1—p; =
h='(c). Consider the case when the firm announces a Q = (1 —¢)/2 and p; = (1 + ¢)/2.

Note that:
1—c

2
where the last inequality follows since h (%) —c¢ > 0if ¢ < ¢y. Under the proposed limited

1 =h"(c) < =Q (A83)

edition scenario, first period’s demand is given by the solution of the rational expectations

Q(ml):xl—(1—1;C>—g<1gc—x1>:0 (A84)

equation which is:
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xl_(l;c)_g(l;c_xl): (AS5)

The unique rational expectations equilibrium is z; = (1 — ¢)/2. Thus, the firm’s profits

In other words:

under the limited edition strategy is at least (1 —¢)?/4 > I1;5. This establishes the first part
of the proposition.
Now, we consider the alternative of establishing multiple product variants. We will establish

this part of the proposition using a series of claims:
Claim 22 Ify; = 0Vt for the variant case then using a limited edition is more profitable.

Proof: First consider the case when the firm does not sell to the followers under the multiple

variant case. In this situation, the firm sells a total unit which is given by:
Xi(k) =1 =pi(k) (A86)

The firm can at least make the same profits with limited edition by setting the price as p; (k)
and limiting sales to X;(k). For ¢ > 0, the limited edition would be strictly more profitable.
O

Claim 23 If the firm introduces k variants and finds it profitable to do so, then the first
period sales of each product must be the same. Furthermore, if the second period sales are

positive then it equals (/k.

Proof: Suppose not and 3 an ¢ # j such that x; > x; then the utility for product i is given
by:

Up=v—pi—gy:) > Uj =v—p; — 9(y;) (A8T)
but this implies that x; = 0. But then the firm can do better by dropping j and saving ¢.
So this cannot be an equilibrium and therefore z; = x; Vi, j. It follows that the firm will

charge the same price for all products in the second period and the demand will be 3/k. O

Claim 24 If y(k) > 0 under the k variant case, then the firm can do better by using a

limited edition strategy.

Proof: From the previous claim, it follows that the second period sales is §/k. The firms’

problem is therefore:

(k) — a2 _ (8
H(k)zmaxk:(l pl(k?k) g(£)>(p1(k)—c)+ﬁ(h<1 g(ki; pl(k:)>_c>_k¢ (A88)

p1(k)



A13

Consider an alternate in which firm offers only a single product, charges a price pj(k) and

limits the total quantity to:

0, (1_9(52_%%)) +§ (As9)

The profits under this limited-edition strategy is given by:

fi=h (1 —rith) _g(%)) -+ () |p(1-9(7) i) =] o

Therefore:
— (B —
I —II* (k) = (g) {h (1 —g (g) —p’{(k:)) — } - (h <1 g('fzg pl(k)) — c> + k¢
(A91)
Note that for a weakly convex function:
1 k—1 1
h(3) <3 k() + k() = £ h(2) (A92)
Using (A92) in (A91) it follows that:
-1 (k) > 0 (A93)

which completes the proof. O
Thus, using Claims 22 and 24 the result follows. O

Proof of Proposition 5

As shown earlier if g(3) is large enough, without limited edition y = 0. As shown in the
proof of the proposition 6, limited edition can achieve a profit of at least (1 — ¢)?/4. In this
case, the firm only sells to the leaders at a price (1 + ¢)/2 and sets Q = (1 — ¢)/2. Consider
a different strategy in which the firm sets Qo = (1 —c¢)/2+ ¢, where € > 0 and charges a first
period price p = (1 + ¢)/2 — g(€). The first period demand is then given by the solution of:

xl—(1_6—9(6))—9(1;C+e—x1):0 (A94)

2
The unique equilibrium is 21 = (1 — ¢)/2. In this alternate strategy the firm sells the same
units as before although at a lower price and sells € units to the followers. The change in

profits from this alternate strategy is:

AH:—g(e)(lgc)—i—e{h(l;C)—c] (A95)
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where the first term is the change in first period profits and the second term represents the

14c

change in second period profits. Since by assumption h (1%‘3) > 3¢, we have:

A (155 e gl = (15 ) et = (o) > 0 (A96)

Thus, the firm can strictly benefit by deviating and selling y € (0, ). Note also that for
small €, Qy > h!(c) since by assumption h (%) > % Thus, )y is more than what
the firm would have sold absent a limited-edition strategy. Furthermore, p; = h(%) and
Py > 1%: > ps. Finally note that since € < 3 and some followers buy, it follows that there is

a “buying frenzy”. O



B1

Appendix B

In this appendix, we consider the case when Ay and )\; are correlated. In particular, we

consider the case when Ay = A\; = A. We have the following result:

Proposition B1 The first period price weakly decreases as the reference group effects become
stronger i.e., A increases. If \ is sufficiently high then the firm charges a first period price
which is below c. Furthermore, if g(x) = Ax and h(y) = Ay then the second period price

increases as the reference group effect increases.

Proof: The result closely parallels the proof for Proposition 1. First, consider the case when
y = 0. In this case, the first period price is independent of A. If y =  then the sign of the
firm’s first period price is given by:

" 92113
% __ Op10A (Bl)

—g(l . ﬂh”) . ﬁil/

R <0 (B2)

where the inequality follows since Sh” < 1. The second part of the proposition follows
immediately from this.

Now consider p5. For the linear case, we can solve for prices explicitly. The first period
pricing problem is:

max(1 —p; — AB)(p1 — ¢) + BA(L —p1 — AB) —¢) (B3)

p1

The first order condition is:

—2p1+c+1-2\3=0 (B4)
which implies that:
R (85)
Substituting, we have:
py= 20 (B)

which is clearly increasing in A. O
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Proposition B2 Assume, g(y) = \y and h(z) = Az then for ¢ < ¢*(\) a “class-to-mass”
strateqy is optimal where c* is weakly increasing in X. In other words, as the reference group

effects become stronger the firm is less likely to sell to followers.

Proof: The proof closely parallels the proof in Appendix A for Proposition 2. Note that

Claims 10-16 are still valid. First consider:

Iz = (1 —p] = AB)(p1 —¢) + B(p; —¢) (B7)

Using the derivations for the linear case in the previous proposition and substituting, we get:

—2c+ 1+ —40c
I3 = 1

(B8)

which implies that II;3 is independent of . Also, we have:

Therefore:

+= (B10)

which becomes:

- (B11)

which is negative for:

c>—— =0 (B12)

where ¢; is defined in Appendix A as:

h(1—c2>_02:0 (B13)

which reduces to that in (B12). Then using the arguments in Claims 17 it follows that if

c* is the result of intersection of II;3 and Ilj5 then ¢* must be decreasing in \. If ¢* is the
result of intersection of IIy; and Il;3 then they are both independent of A and therefore ¢* is

invariant to A. Thus, in general c¢* is weakly increasing in reference group effects i.e., A\ O



