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WEB APPENDIX A

Derivation of the Viral Branching Process Variables: M (t), V (t),and N(t)
Web Appendix A derives the expectations of the three stochastic processes M (t), V (t), and

N (t) of the viral branching model. The process denoted by M (t) captures the number of
unopened seeding emails. The process V (t) captures the number of unopened viral emails and it

depends on M (t) and includes immigration that is the number of viral emails may also increase
due to consumers that participate because of other sources q € Q than seeding or viral emails,

such as banners and traditional advertising. Finally, the process N (t) denotes the number of
participants in the viral campaign and depends on both processes M (t) and V (t). Since the

viral branching model, represented by the processes M (t), V (t), and N(t), is a continuous

time Markov process, we can derive the Kolmogorov forward equations. This is done in the first
Section of Web Appendix A. These differential equations represent the probability distributions
that the three stochastic processes should satisfy. Since these differential equations do not have a
closed form solution, we use them in the second section to derive the differential equations of the
probability generating functions. In the final section we use these probability generating

functions to derive closed-form solutions for the first moments of M (t), V(t), and N(t).

1. Derivation of the Kolmogorov Forward Equations

Let P, (t) denote the transition probability of switching from state i = (i, i, ) to

k=(K,.k,.k,) intimet(ie., P, (t)=P(Z(t+s)=k|Z(s)=i), with s> 0 and

m? v Tn

Z(t)={M(t),V(t),N(t)}, (see Ross 1997)), where i =(i,.i,.i,) and k =(k,.k,.k,) are

nonnegative integers counting respectively the number of unopened seeding emails (indicated by
subscript m), unopened viral emails (indicated by subscript v), and number of participants
(indicated by subscript n). The Kolmogorov forward equations are defined as follows (Ross
1997):



9 ()= TR () -y 1) (A1

forall i, j,and k, with j=(j,., J,. jn)'. In (A1), w, indicates the rate at which the process
makes a transition given it is in state k . This transition occurs due to the three types of sources
be {m,v, Q} , 1.e. when 1) a customer opens a seeding email (m), 2) a customer opens a viral

email (v), and 3) a customer participates in the viral campaign by accepting an invitation from

another source g € Q. Because of the assumptions that the time between receiving a seeding or
viral email and participating in the campaign is exponentially distributed with parameters 4. and
A, respectively, a transition from state k due to a seeding email occurs at rate k 4, and a
transition due to a viral email happens at rate k A, (i.e., the number of unopened seeding and

viral emails multiplied by the speed in which seeding and viral emails are opened respectively®).
We model the third possibility, i.e. the process making a transition due to other sources Q given
it is in state Kk, using an immigration process (Harris 1963). This allows consumers to participate
in the viral campaign at a given exponentially distributed rate, without being invited by seeding

or viral emails. Since a customer participates in the viral campaign due to source g € Q at rate

7B, where S is the exponentially distributed rate at which customers are invited by seeding
tool g and 7, is the probability that such a customer subsequently participates in the campaign,

given that it is invited by source g. Hence, given seeding sources Q, transitions from state k due
Q

to these sources occur at rate Z”q B, - Because all rates are independent and exponentially
q=1

distributed, we add these three possibilities of making a transition from state k, to arrive at the

overall rate w, at which the process makes a transition equals from state k:
Q
W, =Ko Ay +K, A, + D 7, . (A2)
g=1

In (A1), h; represents the instantaneous transition rates that equal h, =w;r;, (Ross 1997),

! Note that if Xy, Xy, ., X, are independent exponentially distributed random variables with parameter A , than

the minimum of these random variables, i.e. min { Xir Xgyen Xk} , iIs exponentially distributed with parameter kA .



where 1, denotes the probability that a transition will occur into state k given that the process is
currently in state j. To derive r, , note that transitions may occur due to three types of sources of
invitation b e {m,v,Q} . Therefore, we define pi’fjl to denote the transition probability of process

Ze {m,v, n} , representing respectively the number of unopened seeding emails (m), number of

unopened viral emails (v), and number of participants (n), due to invitation source type

be {m,v, Q} . Using these definitions, the probability that the process switches from state j to

H H H . _ _ zb _,amb vb . nb
state k due to invitation source b equals: r, =r, ;.\ = [T Pix =pj%, Pk Pj - Hence,

ze{m,v,n}
given the three types of seeding sources b e {m,v,Q} , and the fact that h; = w;r; and using

(A2), we get:

N = I Pk, Pl Pik, + JA Pik, Pl Pk, +§ﬂqﬂq Phk, Pik Phk, - (A3)
Note that the process M (t) only decreases when a customer opens a seeding email of the
company, i.e. p;"”g =1 when j, =k, +1, zero otherwise, and does not change due to other
sources b ={v,Q}, i.e. p} =pJ, =1forall geQ when j =k, zero otherwise. On the

other hand, V (t) may change due to all three types of sources b. First, due to opening a seeding

email (m), a customer decides to send one or more viral emails after participating in the viral

campaign due to opening a seeding email. Second, due to opening a viral email (v) a customer
decides to forward viral emails to two or more friends, i.e. V (t) increases, or a customer decides
not to invite any friend and V (t) decreases by one. Third, due to source q<Q, a customer
participates in the campaign and decides to invite one ore more friends by sending a viral email.
When the change is due to company activities, i.e. seeding (m) or other sources qeQ, V (t)

cannot decrease. Hence, given that a consumer participates in the campaign with probability 7

if K, < j,

itk > |, , where ¢, _; indicates the

0
due to opening a seeding email, pY”,‘( = {7[ "
m i

probability that a consumer sends k, — j, Vviral emails to friends that have not been invited or did



if K, < j

0
not participate yet. Similarly pf = {ﬂ p T ." when the change is due to source qeQ
k,— ] v — Jv

with probability 7. However, as described above, when a customer participates with probability

7, after receiving a viral email, V (t) may also decrease which gives the following:
w [ T <, Next, since N (t ts th ber of participants that
o= . ... Next, since counts the number of participants

pJVkV ﬁv¢kv—jv+l if kv 2 IM -1 ( ) P P |

participated in the viral campaign, and at most one participant can start participating in the viral

campaign, p;‘:’kn =1if j, =k, -1, and zero otherwise for all sources b={m,v,Q} .
Using these derivations of the transition probabilities pj?fk’z in combination with (A3), the

Kolmogorov forward equations (Al) of a viral marketing campaign become:
aPik (t) = k +1 [ Z¢k .y . ivain ) (K41 Jy k1) (t)+(1_ﬂ-m)P(im,iv,in)(kmﬂ,kv,kn)(t)\]

Jv=t

Q ky
+Z ”qﬂq Z ¢kv—jv P(im,iv,in)(km,jv,kn 1) (t)
(k /1 +k/-i\/+z7[ﬁj i by +dn ) (K kv,kn)(t)

Equation (A4) consists of four parts (corresponding to the four lines at the right-hand-side of the

k +1
[ St P (t)+<1—m>(kv+1>F:im,iv,in)(km,kv+l,kn)]

(A4)

equation). Recalling that the first part of (A4) denotes:

Customer accepts seeding invitation

Customer rejects seeding invitation

A
(kn +1) 2y | 7, Z¢kv—jvP(im,iv,in)(km+1,jv,kn—1)(t)+(1_”m) I:)(im,i‘,,in)(km+l,kv,kn)(t) (A4.1)

W=

accounts for two situations. In the first situation, the customer opens the seeding invitation and

participates in the campaign with probability 7, and the process V (t) changes from j, to k, if
this customer forwards k, — j, viral emails which happens with probability ¢, ; . Furthermore,
N (t) increases by 1 and hence j, should equal k,_, in order to switch to k. In the second

situation when the customer opens a seeding email but decides not to participate in the viral



campaign, which happens with probability 17, , only the process M (t) changes and

decreases by one, V (t) and N (t) are left unchanged. Similarly, recalling that the second part of

(A4) also denotes two situations:

Customer accepts viral invitation

Customer rejects viral invitation
k,+1

A7 Z Jy '¢kv—1'v+1p(im,ivyin)(km,iv,knfl) (t) + (l_”v)(kv +1) P(im,iv,in)(km,kvﬂ,kn) . (Ad2)

jv=1

In the first situation, the customer opens a viral email and participates the viral campaign with

probability z,. If the process switches from state j to state K, this customer needs to send

k, — J, +1 viral emails which happens with probability 7.4, ; .,, and the arrival rate of such a

+17
customer equals 4, j, . In this situation, N (t) increases by 1 and hence j, should equal k,, in
order to switch to k. In the second situation of (A4.2), the customer decides to reject the viral
invitation and V (t) decreases by 1 (so j, =k, +1), leaving the other two process M (t) and

N (t) unchanged. This situation occurs with probability (1-7,) and at speed 4, j, = 4, (k, +1).
The third part of (A4):

Q k,
z”qﬂq Z ¢l("_j‘/ F)(imvivvin)(km*jvvknfl) (t) ! (A4'3)
g=1 jv=o

- - - - Q - g -
represents participation due to seeding sources g € Q at rate Z B, with probabilities 7. In this
q=1

case M (t) remains the same, N (t) increases by one, hence j, =k, —1. Furthermore, the
process V (t) may increase from state j, to k, if the customer forwards k, — j, viral emails

which occurs with probability ¢, _; . Finally, recalling that part four of (A4):

Q
_(kmﬂm +k, A, + Z 7P, ] Pl ki ko) (), (A4.4)
q=1

incorporates the rate w, at which the process makes a transition (see also A2).

Solving equation (A4) for arbitrary combinations of i, k, and t results in the complete
probability distribution of the viral marketing campaign over time. However, the computations
are highly cumbersome, as there is generally no analytical solution that expresses its probability



distribution, except for very special cases such as the birth and death process (Athreya and Ney
1972). However, it is possible to derive the differential equation of the probability generating
function of the process using equation (A4) (Athreya and Ney 1972; Harris 1963), which we

describe in the following Section.

2. Derivation of the Probability Generating Function

Each probability distribution has a unique probability generating function from which we are

able to derive its moments. Therefore, probability generating functions are popular

representations of distributions especially when analytical representations are unknown. The

probability generating function F, (s,t) of the viral branching process is defined as follows:
F(st)=F, .. (5:5,5,t) z Z z ik ) (t)s, s, s, ", with|s|<1. (A5)

=0k, =0k, =
To derive the conditional moments of the corresponding distribution, we only need to
differentiate to s and evaluate the resulting equation in s =1. For example

E(N(t)|N(t')=in)=%Fi(s=1,t),and E(M(t)|M(t')=im)=%Fi(s=1,t).To obtain the

n m

differential equation that F, (s,t) must satisfy, we multiply (A4) by s, *s,“s,“, and sum the

resulting equation over k., k, and k.. For (A4.1) this leads to:

Z ZZS "S, VS k +1 [ Z pk ~lv | i ) (K Ly ok —1)( )+(1_7z.m)P(im,iv,in)(km+1,kv,kn)(t)j' (A6)

=0k,=0k,=

Letting k,, run from 1 to infinity, and recognizing that P =0 for k, =0, leads to

(i iy i ) (K dy 1Ko =1)

the following result for the first part of (A6):

ky

=~
3
o
Py
<
I
o
=
E1
o
=
o

L (A7.1)

zzzsmkmilsvkvs +lkmj’m”mz pk -y | g ) (K sy kn)(t)

Noting that Zs Z¢k P e ) isVKVE:@stPI ik k) (1) 10 (A7.1), leads to:
=0

k,=0 W= k,=0



z Z z s, “'s st +1km/1mzsz¢$ksvkID(im’iv’in)(km’kwkn) (). (A7.2)
=0

kn=1k,=0k,=
Note that Z KnSn " "= D Ky _4 > s, , and taking into account (A5), this leads to
=1 K =0
the following result for the first part of (A6):
Sis Sy Syt
Snﬂmﬂ'mz% s ) : (A7.3)
ds,
Similarly, by letting k., run from 1 to infinity, the second part of (A6) becomes:
Z Z Z Smkm Svkv Snkn (km +1) ﬂ’m (1_7rm) P(im,iv,in)(karl,kv,kn) (t) =
Kpn=0 k, =0 k,=0 . (A8.1)
Z > Z S 8,8, Ko (1= ) By i) (8
Kpn=1k,=0k,=
Similar to step from (A7.2) to (A7.3), we observe that » ks, " = di n . Combining
k=1 S Kk, =0
this with definition (A5), (A8.1) equals:
dF. .. (S,S,:S,:t
Ao (1-7,) i ) (A8.2)

ds

m

Multiplying (A4.2) by s s “s ", and summing the resulting equation over k_, k, and k.,

leads to:
k,+1
Z:Okz;”zs "Sy VS ﬂ”( VJZ_:lJV'¢kv—iv+lp(im,iv,in)(km,jv,kn1)(t)+(1_”v)(kv +l) F)(im,iv,in)(km,karl,kn)]'(Ag)
Noting that F, ;.\ ;. 4 =0 for k, =0 leads to the following for the first part of (A9):
© o ™ k,+1
kzo;);ésmms e ﬂvﬂvz‘ijv B3R i i) 1) ()=
T o - . (A10.1)
Z Z z Smkm svkv Snknﬂ/qv”vz jv '¢kv—jv+lF)(im,iV,in)(km,jv,kn) (t)
ki =0 k, =0 k, =0 =1
0 k,+1 o
Noting that > s;" Zjv¢k P it = 2 (K +1)s Zqﬁks P i i k) 1N (A10.1),
k=0 j=1 k,=0 =

leads to:



Z ZZS k +1 VS +12V7z z¢k (i +1y »in ) (K, kv+1,kn)(t)' (A102)

=0k,=0k,=
Letting k, run from 1 to infinity and observing that (A10.3) is equal to zero if k, =0, (A10.2)

can be written as:

ZZZS Kok s,7's k“/mZ@s P i (8- (A10.3)

=0k,=0k,=

Note again that > ks, = a4 >"s,% , which leads to the following expression for (A10.3):

k,=0 v k,=0

Z¢k

By letting k, run from 1 to infinity, and observing that the rhs of (A11.1) equals zero if k, =0,

(l iy i (Sm’sv’sn’t)
ds '

v

(A10.4)

the second part of (A9) becomes:

kZ::OkZ:;)kZ:;JSmkm svkvsnknﬂv (l—/[v)(kv +1) ID(im,iv,in)(km,kﬁl,kn) —
ZZZS mSkvlskﬂVl 7[) (i i i) Kok )

=0k,=0k,=

(Al11.1)

Note again that > ks, = a D" s,“, which leads to the following expression for (A11.1):

k, =

dF(I iy )
ﬂ\/(l—ﬂv) m ol oIy

m?!~vi=n?

(Sp:S,:S t)' (A112)

ds

\

The multiplication of (A4.3) by s s s ", and summing the resulting equation over k_, K,

and k_, leads to:

ZZZS S, VskZﬂﬂZ% P it (B (A12)

=0k,=0k,=

o0 o0

Taking into account that ZS Z(/ﬁk Poviito i (0= 208" 2 B8Py ik (t) @S

k,=0 W= k,=0 k=0

noted above, and recognizing that P, =0 for k, =0, (A12) can be written as:

(i iy o1 ) (K Ky 1k 1)



ZZZS s, Vsk”ZﬂﬂZqﬁks ik (1) (A13.1)

=0k,=0k,=

Given the definition in (A5), (A13.1) can be written as:
Q Ee)
Snz;ﬂqﬂq§¢k55 Foon (80:8,,5,,1). (A13.2)
q= =

Finally, the multiplication of (A4.4) by s s “s *, and summing the resulting equation over k_,

k, and k_, leads to:

_Zzzsmkmsvkvsnk [ ﬂ“ +k/1\/+z7l'ﬂj (i by i ) (K kv,kn)(t):

Ky =0k,=0k,=0

m Vv n

(Al4)

( A, +kvﬂv+2ﬂ'ﬂ] i (8008,8,01)

Given these derivations, the differential equation of the probability generating function of the
viral branching model is equal to the sum of equations (A7.3), (A8.2), (A10.4), (A11.2), (A13.2),
and (Al14), which equals:

d dF(im,iv,in)(Sm Sv Sn t)
EF(im,iwi")(sm S, 80t = A, [ )+s,7 Z¢k5 —smj o5,
© dE. . (s_,s,s,t
+2, ((l—ﬂv)+snﬂvz¢ksvk—svj ()(g S t). (A15)
- s,

+qi7fqﬂ[ Z¢k ) —j i (Sne8,501)

Using (A15), we are now able to derive the moments E (M (t)|M (")), E(V (t)|V (t')), and

E(N(t)IN(t"), with 0<t'<t, of the viral marketing processes in the next Section.

3. Derivation of the moments of the Viral Branching Model
Derivation of E(M (t)|M (t")=i,):
: N d . .
Let, M (i,,t)=E(M (t)|M(t') = 'm)zgﬁim,iv,in)(sm =15, =1s, =1t). Differentiating (A15)

m

to s,, leads to the following equation:

10



dFE. . .. (s,s,s,t
i d F(iii)(Sm,Sv,Sn,t) = —ﬂ,m (I”’IV'I”)( m' v’ )
dtds, b is

m

dF, i) (808,8,:t)

m?!*<v!<n’

+A, ( )+s 7fm2¢5v -5 )
‘ ds, ds, . (A16)
i i (Sm’sv’sn’t)
MV( )+s,7z Z¢ksv —sj G, vc;)svdsm
(SmrSy15001)

+Z”qﬁq (SnZ%Svk _1j (ot ) ds
g=1 k=0 m

Setting s, =s, =s, =1 in (A16), and by observing that > g, =1 if s, =1, we get M (i,,t) by
k=0

solving the following differential equation:

%M(im,t)=—im.M(im,t). (A17)

Using the fact that M (i,.t") =i, we get:

M (i, t)=i,e ). (A18)

m
Clearly, as 4, is always positive, M (t) decreases exponentially over time and reaches zero as
time passes by. A marketer, however, may increase M (t) by sending an additional set of
seeding emails to a list of customers, i.e., a marketer controls the value i directly.

Derivation of E(V (t)|V (t')=i,):

Let V (i,,t) =E(V (t)[V(t)=i,) :%F(im,iv,in) (s, =1s, =15, =11). Differentiating (A15) to

v

s, leads to the following equation:

11



d d (lm,|v,|")(sm Sv sn t)
drds P (Sessst) = Asm kas'
dF, o (Sn80800)
/1 1- ST _ (S MEN
+ ( 7, )+ Z¢k v mj dsmdsv
N S,+S,,S t)
i (s S kas o1 3w (o808
ﬁ\/( n V; ¢k Vv j dS | (Alg)
- dF (5,:5,:5,t)
+4,| (1- S L Gy i i) (S 800 Sy
ﬂv(( )+ nﬂquﬁk : j 455,
+Z7Z' ﬂqsnzk¢k v | o S ’Sv’snvt)
F. ... (s,s,s,t
S Pt
o k=0 ds,

Setting s, =s, =s, =1 in (A19), and by observing that > 4, =1, and ) kgs, = u, i.e. the
k=0 k=0

expected number of forwarded viral emails to friends that did not participate or have not been

invited yet. Note that in the paper, x = u*(1-6), where x* denotes the average number of

forwarded viral emails, and & denotes the probability of sending a viral email to a friend that has

already received an invitation or that already participated. Furthermore, note that if s, =1, and ,

dF, .. (s, =1s,=1s =1t)

- =M (i,,t) we get V (i,,t) by solving the following differential
Sm
equation:

d,., . i . 2

EV (i,,t) = Apmope- M (i, t) + 4, (7,10—1)-V (Iv,t)+27zq,6’q,u, (A20)

q=1

Using the fact that V (i,,t") =i,, and M (i,,,t)=i,e """, we get:

V (i, t) =i e LK (e“”""’l)(“') —g () ) +K, (e*v‘”v”*”(““ —1) , (A21)

Q
/1 T | Zﬂqﬂqﬂ

after solving (A20), with K, = nnfn  andK, =1 (A21) consists of three

A (mpu=1)+2, A (m,u-1)

components. The first component, not directly under the marketer’s control, depends on the

12



number of unopened viral emails at t =t', i.e. i,. These customers may invite new customers by
opening their emails and forwarding it to their friends. When 7, 1 <1, this process dies out as
time passes by. The second component depends on the number of unopened seeding emails i at
time t' and the subsequent viral process, and is therefore under marketers control. Because

(e“”””’l)(t’t') —e“"‘(t‘t')) goes to zero when t gets very large, the second component goes to zero

as well. The third component is also under marketers control and depends on seeding activities Q
and the subsequent viral process. Interestingly, this component reaches an equilibrium larger

than zero that equals —K,, which is nonnegative when 7,z —1<0. However, when marketers
quit their seeding activities (i.e. g, =0 forall e Q), K, becomes zero, and the process dies

out.
Derivation of E(N (t)|N(t")=i,):
Let N(i,,t)=E(N(t)|N(t)=i,) :%F(im’iwin)(sm =1s, =15, =1t). Differentiating (A15) to

n

s, leads to the following equation:

(;#%F(im‘u,in)(sm,sv,sn,t) = ﬁm§¢ks\lk (lm,.v,.n)(gzm,s L5t
o ( )+ s, Z¢ks —s de(m;)Sisg: )
”v’%é@sf (imn)(gzm 8,,8,,1) o
ﬂv[ )+ 8.7 Z%S -5 de'm,'vva)s(ngsnSV S, 1)

+Z”qﬁqz¢ksvkl:(im,iv,in SmiSys Sy t)
oL =

Q Fo il (Sm’SV'Sn’t)
+Z”qﬂ( Z¢ks —1] (IR
= ds

n

Setting s, =s, =s, =1 in (A22), and by observing that Zqﬁksvk =1if s, =1,
k=0

13



dF (s,=1s,=1s,=1t) dF, ..y (s,=1s,=1s =1t)

ot ) M (i,t), and =V (it t
o5, (i,.t),an o (i,.t) we ge
N (i,,t) by solving the following differential equation:
Q
%N(in,t)=/1mnm-|\/|(im,t)+mv~v(iv,t)+z7zqﬂq. (A23)
g=1

Using the fact that N (i,t")=i,, and the solutions for M (i,,t) and V (i,,t), we get:

N (iy,t) =, + Ky (0 —1) 1 K, (6700 1)+ K (1), (A24)
>
; _ ”qﬂq
with: K, :L(Kﬁ K,+i,), K, = I (A =) ,and K, =—"=— Equation (A24)
(m,pu—1) A + A, (7, —1) -1

consists of 4 components. Because the cumulative number of participants in the viral campaign is

strictly increasing, the first component represents the number of participants at time t', i.e.
N (t')=i,. The second and third components are a mix of both participants opening seeding and
viral emails, because V (t) depends on M (t). When time passes by, these two components do

not generate additional participants and the total number of participants generated by these two

processes equals K, + K,. As discussed previously, a marketer may directly influence this sum

by sending out additional seeding emails to a list of customers. The fourth component increases

linearly in time with coefficient K, which depends on seeding sources g € Q and the subsequent
viral process. Again, when marketers quit their seeding activities Q, K, gets equal to zero and

N (t) does not increase further.

14



WEB APPENDIX B

Derivation of Confidence Intervals using Second-Order Moments of the Viral Branching
Process Variables

Web Appendix B describes how to obtain confidence intervals as presented in Figure 6 of the
paper. For the derivation of these confidence intervals, we take into account two sources of
stochasticity: 1) stochasticity due to parameter uncertainty, and 2) stochasticity due to
uncertainty of the viral branching process itself. We solve the first source of stochasticity by
simulating repeatedly from the distribution of the estimated parameters, and subsequently

computing the expected number of participants N (t) over time. However, the resulting
distribution of N (t) underestimates the true variation in the process, because N (t) is stochastic
as well. In order to take this stochasticity into account, we derive the second-order moments

M (t)(M (t)-1), V (t)(V (t)-1),and N (t)(N(t)-1) of the viral branching process variables
which we denote respectively by M, (t), V,(t), and N, (t). Using these second order moments,

we are able to derive the variance of the number of participants in the viral campaign which
equals:

var(N (t)) =N, (t)+N(t)-N(t)". (B1)
Because of the large number of participants in viral marketing campaigns, we apply the Central
Limit Theorem, which states that the distribution of the number of participants at time t is

approximately normal with mean N (t) and variance N, (t).

Using the above procedure, we simulate the distribution of N (t) by repeatedly executing the

following steps®:
Step 1) Randomly draw each of the parameters from their estimated distributions.

Step 2) Using the parameter draws from Step 1), compute the expected mean and

variance of the process variable N (t).

Step 3) Draw N(t) from a normal distribution with mean and variance as computed in

Step 2).

2 In the empirical application we used 20,000 draws to simulate the 95 percent prediction intervals in Figure 6.
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Using the draws generated in Step 3, it is straightforward to compute confidence intervals as we

presented in Figure 6 of our paper. However, to execute these three steps repeatedly, we need a

closed-form expression of the second-order moment of N, (t), which we derive next.

Second-order moments
Similar to the first-order moments in Web Appendix A, we derive the second-order moments
using the differential equation of the probability generating function (A15). Using the notation in

Web Appendix A, the second-order moment of the process N (t) can be computed as follows:

N, (i, ) = E(N (t)(N () -1)IN(t') =i, ) = dsdds Foii) (Sn =18, =15, =1t). Using (A15)

and (A22), we get

i iy oin ) (Sm'SV’sn’t)
ds, ds,

_J4
dtds,ds,

. dF
F(im,iv,in)(sm’sv’sn’t) 2/1m7z-m2¢ksvk (
k=0

- dF, . (5,8 8,1)
_}_l 1— +s k_S (i iy ip) \Om 120120
m(( ﬂ-m) nﬂm§¢k v mj dsmdsndsn

F(im,iv,in)(s S5y 1)

ds,ds, . (B1)
< dF, . (s,.8,8.t)

+ 1- +5 sk _g (i i) \Om 9y 1 9p

/l\l(( ﬂv) nﬂvkzz(;¢k v Vj dSvdSndSn

- d
24,7, 8.8,
k=0

F(im,iv,in) (sm’sv’sn’t)

Q © d
+22”qﬁqz¢ksvk d
q=1 k=0 S

n

0 - dF, .. (S,.8,5.t)
n ﬂﬂ Sn ¢ Vk _1) (i iy in) \m? Sy n
qzzlz ‘ “( kzz;‘ ‘ ds, ds,
dF(im,iV,i")(sm’Sv’Sn’t)

, Which equals

Note that (B1) depends, among others, on s d
Sm Sn

E(M (ON()IM(t) =i, N(t)= in) and represents the interaction between process variables
M (t) and N(t). Hence, to derive second-order moment of the process N (t), we also need to
derive the second-order moments of the other processes, M (t) and V (t), and its interactions.

We first derive M, (t) next.
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Derivation of E(M (M (t)-1)IM(t")= im):

Let, M, (i,,t) =E(M (t)(M (t)-1)|M (t') =i, ) = — dds Foii) (50 =1s,=1s, =1t).

Differentiating (A16) to s,, leads to the following equation:

dF. . .. (s ,s,s,t
iLF(i i i)(sm 5,,8,,t) = —24, ()( w85 t)
dtds,ds, """ ds, ds,
dF. . . (s ,s,s,t
+4, ((1 7, +sn7zmz¢ks -5 ] ('”"V"")( nrSrS0t)
ds,ds,ds, (B2)
dFi iy (Sm Sv Sn t)
MV((l ﬂ)+snﬂvz¢ks _Sj (Ziws”ds ds,
1 (i i )(Sm Sys Sy t)
S 1 [ \mVv'n
+qz=;ﬂ-qﬂ( Z¢k j dSmdSm
Setting s, =s, =s, =1 in (B2), and by observing that D_gs, =1 if s, =1, we get M, (i,,t) by
k=0
solving the following differential equation:
%Mz(im’t):_ﬂm'Mz(im’t)' (BB)

Using the fact that M (i, t") =i, so that M, (i,.t") =i, (i, —1) we get:

M, (i t) =i, (i, —1)e 1, (B4)
Derivation of E(V OV (t)-1)Iv(t)= iv):
To derive the second-order moment of V (t) we first need to have an expression for

E(M(t)-V(t)IM(t)=i,.V(t")=i,), as E(V (t)(v (t)—1)|V(t'):iv) depends on this. Let

MV (i,,,i,,t)=E(M (t)-V ()M (t") =i .V (t)=i,)=

Differentiating (A16) to s, , we get:

d
ds,ds,

Fioii (Sn=1s,=Ls,=1t).
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d F(im,iv,in) (Sm’sv’sn’t)

d
_LFU i i)(sm’sv’sn’t) = _ﬂ“m
dtds,ds, ™" ds, ds,

© dF - (S ,S 'S ,t)
+/’i S kS k-1 (i iy iy ) \Om1 9y 190
! nﬂm§¢k ! ds, ds,
. dF, .. (s,.5,.8.1)
+/1 1-— +5 Sk_s (i iy oiy) \Om? Sv? =n
m(( ) "”mg(;(ékv m) ds,ds,ds,

= dF, .. (s,.5,5.1t)
k kfl_l (i iy in ) \Om? Py =n
+ﬂ\/ (Snﬂv§¢k Sv j dS ds (85)

© dF. (S,S,s't)
1- S Sk—S (i iy i) \Om 19y %0
MV(( m,)+ nﬂ'\,§¢k v Vj 45 ds.ds
F(im,iv,in)(sm,SV,Sn,t)

Q 0
k-1
S 3 e sl
q=1 k=0 S

1 I:(im,iv,in) (sm’sv’ sn’t)
ds,ds,

Q o
+> 7B, (snz"qﬁksvk -
g=1 k=0

Setting s, =s, =s, =1 in (B5), and by observing that D" gs, =1,and > kds, =z, we get
k=0 k=0

the following differential equation for MV (i, i,,t):

%MV(im,iv,t):(ﬂw(ﬁvy—l)—ﬁ,m)-MV(im,iv,t)+/1m7zm,uM2(im,t)—i-iﬂqﬁq,uM(im,t). (B6)

Using (A18), (B4) and the fact that MV =i, i,,t") =i, to solve (B6), we get:
Loy A(EA) ) (1) _ -2 (t1) AR gt _ g Am(tt)
MV (i,i,,t) = Ke(e e e )+ K7(e e e ) (7)

i iveﬂv(ﬁvﬂfl)(t*t')e—im(t—t')

Q
i (i zﬁqﬁqﬂim
with K, = oy (I =) yand K, =% — .
ﬂ\/(ﬂvﬂ_l)—i_ﬂm ﬂ\/(”vﬂ_l)

Using (B7), we are able to derive the second-order moment

V, (i, t) = E(V (t)(V () -1) [V (0) =i, )= dsdds Fiii)(Sn =18, =1s, =1t). Differentiating

(A19) to s,, we get the following differential equation:
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d d
dtds,ds,

F(im,iv,in)(sm'sv’sn’t) =

Setting s, =S, =

Zk (k-1)@s,“? = u,, where y, is the second-order moment of forwarded viral emails to
k=0

friends that did not participate or have not been invited yet®, we get V, (iv,t

following differential equation:

s, =1 in (B8), and by observing that Z¢ksvk
k=0

F(Im,lv,ln)( m? v’Sn’t)

4 k(k -1
S Z (k—1)g,s, o
S ,S,S t)
+22 K (nm,wn)( m Sy S
mS ”mz ¢k Y dSmdSV
dF, . (s,.8,.8..t)
/1 S (Im'lvlln) m?Sv?<n
’ ( + ﬁijkv mj ds, ds,ds,
N » S,,S,, 5,
+ﬂvsn7rVZk(k_1)¢kst*2 ,,,,, )( )
k=0 ds,
c dF, . (5,.88,1)
S k Sk—l_l ()] m? Oy on

+ﬂ\/( nﬁvg ¢k v J dsvdsv

< dF, . (5,.88,1)
+ S kS k—l_:L (] m? v on
ﬂv( Y j P

S115,: 5, t)
+ 1- S ('mv'wln)( m n
ﬂv(( ™)+ ﬁz¢kv vj ds,ds,ds,
Q o

+2 75,8, 2 k(K _1)¢kSVk_2F(im,lv o) (Smi Sy, 8,.1)
g=1 k=0

Q o dF, .. (Sy:S,,S,t
+3 7. By5, > Kp s, i (S )
P} v -

+i nqﬂqsniqﬁkksvk'l
Q
DETAES FEEIE

v
AP0 (S0r8:8001)

v

Fiiiy (30:8,:5,:1)
ds,ds,

=1, D Kk¢s, = u, and
k=0

) by solving the

® Similar to the other parameters of the viral branching process, we estimate 4, directly from the individual-level

1 &
data that readily comes available during a viral marketing campaign, i.e. u, = —Z z X, (xcd —1) .

g d=1 c=1
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divz(iv,t) = K,V (i) + A M (i )+ 24 7 MV (i)
(B9)

w2, (x=1)V, (i,0) + D, Bt

Q
with K, = (ﬂvﬂ'wuz +2) ﬁqﬂq,u} . Using (A18), (A21), (B7) and V, (t") =i, (i, —1), we get:

K, (e%(ﬂv#—l)(t—t‘) _ ghlma)t) ) £K,, (ezav(zvﬂ—l)(t—t') _ e—w—t'))

V,(i,.t) =
+K,, (eﬂv(ﬁv#*l)(tft') g (1) ) +K,, (e%(”vﬂfl)(t*t') _ ph(ma )t g~y (1) )’ (B10)
+K13 (ezzv(ﬂvﬂ-l)(t-t') _1) 4 (i _1)e22\,(7r\,,u—1)(t—t')
_ Kg (K, + K, +i,) AT (o — 204K, ) = K K 24, 7 1K,
with K9= y Kpp = , Ky =— m’‘m ’
A, (1) 24, (m,u—1)+ 4, 24, (m,u—1)+24,

Q
zﬂqﬂq:uZ - K2K8

d K="
e B 24, (7,u-1)

K. = 2/1m7rm,u(K6 +K, +imiv)
2 ﬂ'\/(”v/u_l)-i_ﬁ‘m

Derivation of E(N (t)(N(t)-1)IN (t'):in):
To derive the second-order moment of N (t) we need, next to (B4), (B7) and (B10), expressions

for E(M (t)N(t)| M (t")=i,,N(t")=i,),and E(V (t)N(t)|V (t)=i,N(t)=i,),as

E(N ()(N(t)-1)IN (t')=in) depends on it. Let

M ()= E (M (ON (1M (1) =) =)= 0 (52 =1, =1, =

Differentiating (A16) to s, we get:
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dF, . . ,(s,,8S,.S,.t
EL F(I . )(Smlsv'sn’t) — _/1m (Im,lv,l,,)( m? Sy )
dtds,ds, """ ds, ds,

(|m,|v,|n)(sm Sy S t)
ds,ds,

+/’i’mﬂmi¢k v
k=0
iy iy ( v’Sn't)

ds, ds,ds,

+/1( )+s,7 Zqﬁkv—mde

F(im,iv,i") (Sm’sv'sn't)
ds,ds,

Am Y s B(11)

+ﬁ'v( +S V4 Z¢ks —s j (i iy ) (S Sn:t)

ds,ds,ds,
||| (S SV’Sﬂ’t)

+Z7[ﬂz¢k5 ds.

i |)(S S ’Sn’t)

. (.m’.\/’.ﬂ m?=v
+ ﬁﬁ s, ¢svk—1J

Setting s, =s, =S, =1 in (B11), and by observing that Z¢kSVk =1 and Zk¢ksv" = 1, We get
k=0 k=0

MN (im, o ) by solving the following differential equation:

d

SMN (i t) = MV (i i)+ Az M,
s N (i int) = A MV (i . t) + A7, Zﬂﬂ (B10)
—Am - MN (i, n!t)
Using (A18), (B4), (B7) and the fact that MN (i,,i,,t")=i,i,, we get:
MN (im’in’t) = K14 (t —t ')e_im(t_tl) + Kl5 (e_ﬂ“(t_tl) _e_um(t‘t'))
. (B12)

+K16 (eﬂv(”\/:ufl)(tftl)eflm(tit‘) _ efim(titl) ) + imineflm(tit')

Ao (i =1) = A7, K, 7, (Kg + Ky £y
with K14 Z;z'ﬂqlm ﬂ.\/ﬂ'Kles m mm(mi) ﬂ\/v and K16 ﬂ” /gv( luil)mv)_

Let VN (i, i, t)= E(V(t)N(t)|V(t'):iv,N(t'):in):dsvdsn Fiii)(Sn=1s,=Ls, =

Differentiating (A19) to s, , we get:
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4_d
dtds,ds,

dF, ) (8008501

m? <y <n?

ds

F(im,iv,in)(sm Sv sn t)
ds, ds,

(l ,|V‘|n)(sm Sv sn t)
ds,ds,

C df. .. .(s,s,s,t
+/1m((1_7[m)+sn”mz¢ksvk_Smj e (oS0 S0 )

ds, ds, ds,

I:(i,",iv,in) (Sm’sv’sn’t) = ﬂ’m7z-m§k¢ksvk71

N k-1
+ﬂmsnﬂm2k¢ksv

+ A, z¢k s,

(lm,le")(Sm Sv sn t)
ds,

© dF . S ’Sv’sn’t
+4, (snﬂvzk¢ksvk_l —1] ('”"""")( il )
k=0

ds,ds,

ARy i (80:8,8,01)
ds,ds,

+ﬂv( +S ﬂVZ¢K = v]

+Z7rﬁ2k¢kv o (SmsSurSuit)

Fi (S Sv’sn't)
+Zﬂﬁqsn2k¢kv (i ’ds

+A7, Zkvﬁk s,

(B13)

c k
+A,7, D8,
k=0

d F(i,",iv,i") (Sm’sv’ Sn’t)
ds, ds, ds,

o (8008,08,01)
+ ﬂ-ﬂ ¢SK (Im,lv,ln)
; q qé k=v

ds,

Q o d F . S ,S,S ,t
+Z7rqﬂq (snz¢ksvk _1j (.m,.v,.n)( S, S, 1)
q=1 k=0

ds,ds,

Setting s, =s, =s, =1 in (B13), and by observing that > ¢,s,“ =1 and > ks = i, we get
k=0 k=0
VN (i,,i,,t) by solving the following differential equation:
d Q
EVN (i, t) = | Amu+ Y 7By V (i, 1)+ A,z u-M( Zﬂﬂy N (i, t)+
g=1

A MV (i1, 1) + A tMN (i 0, ) + 4,7, -V, ( Zﬂﬂ,u+ (B14)

A (e =1)-UN (i, i, )

Using (A18), (A21), (A24), (B7), (B10), (B12) and the fact that VN (i,,i,,t") =i,i,, we get:

vn1
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VN(i i t) = Kﬂ(t—t-)eﬂv(ﬁvﬂfl)(tft‘)+K18(t_t-)e—amt +K19<eﬂv(”vﬂ*1)(t*t')_e‘ﬁm(t—t'))

v?n?

LK (M) g2t | g (@A ma D) _ At at
N ke -

+K,, (ez%(ﬁv#—l)(t—t') _ ghlmu () ) +K,, (eﬂv(”v#—l)(t—t') _1) +K,, ('[ —t ')
+,i @A)

A7 14K 4
ﬂ\/ (”v:u _1) + ﬂ’m ,

Q Q
with K, =[/L/72'v,u+27z'qﬂq](Kl+ Ky +1,)+ Y 7 By Ky — A Ky, Kig=—
q=1 q=1

Q Q
ﬂ’m”m/u(KlS — Ky +igi, + im)_Lﬂ«/”\/ﬂ‘F Z”qﬁq] K, +Z7Iqﬁq/lK4 — At K7 = A7, Ky — Kig
q=1 q=1

K =
. ﬂv(”v/u_l)_'_im
K —_ i (Ks +/JK15)+2\/7[\/K11 K = Ao (Ke + K, +ig, +/JK16)_2\/7[\/K12
2 A (mu-1)+24, A '
« _ 2,7, (Ko + Ky + Ky + Ky, + K +i, (i, —1))
“ 2 (7, u=1) |
Q Q Q _
zﬂqﬂqﬂ_(ﬂvﬂvﬂ"'zﬂqﬂqj K, +2”qﬂq/”(|x -Ky- K4)_ﬂ’vﬂvK13 - Ky
Ky == = — , and
A (7,1 =1)
Q
2 7o BatKs
Ko =~ = :
ﬂ\/(ﬂ-v:u_l)
. . d
Let N, (i,,t)=E(N(t)(N(t)-1)[N(t")= 'n):m':om,u,in)(sm =1s,=1s, =1t).

Differentiating (A22) to s, we get:
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d (l i ,|)(Sm Sv Sn t
———F o (ssest) = 24,
dtds, ds, ity (eSSt g Z¢* > ds,ds,
2 dF, . . (s,.5,,8,t)
ﬂ, 1- kK (i iy oiy) \Fm? Pyt =n
+ m(( ﬂ-m)+snﬂ-mz¢k v Smj dSmdSndSn
* s ,S,S ,t
+2 p Sk (Im,lv‘ln)( m? v on?
j'\/ v§¢k v dS dSn (816)
dF 5,,S,,t)
+/1V(1 T,)+ S, Z¢ks —svj Ts a5, ds,
dF, ;. (sm,sv,sn,t)
+22ﬂ ﬁ Z¢k \ ( d
Sn
(im,iv,in)(sm’sv’sn’t)
+§”Qﬂq (Snkz_{;¢ksvk _1) dSndSn
Setting s, =s, =s, =1 in (B16), and by observing that Z¢kSVk =1 we get Nz(in,t) by solving
k=0
the following differential equation:
%Nz(in,t)zzmv “UN (i,,i,,t)+ 24,7, - MN (i, i,,t +2Z7zﬂ N (i,,t). (B17)
Using (B12), (B15) and the fact that N, (i,,t")=i, (i, —1), we get:
N, (i) = i (i =2)+ Kyg (1) 0 4 Ko (1=t) e 0 1K, (1@t
R (1 ) Ko (1Pl ) Ky (e Mg ) g , (B18)
Ky (670 1) 4 K, (1) + Koy (1)
with K, = 24,7, Ky L Ky :_Zﬂv”vKls"'Zﬂ“m”mKu’
(Z\/ﬂv:u_l) j’m
- . Q
z%ﬂv(Klg + Ky + Ky =Ky + Ky + Ivln)+ zzﬂqﬁq Ks =Ky
K, =- =
“ /1\/(72'\,/,!—1)
- - Q
2]’mﬂ-m(KlS - K16 +|m|n)+2§ﬂ-qﬁqK4 _ZA”VKlg - K26 ﬂ\/ﬂ' K20 T AirK
Ko = Ky
A A

m
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_ Q
= 2/t ~ 247Ky Ky = Gt » Ky =A4,71,Ky, +Z”qﬁq Ks, and
A (mp=1)-2, mu—1 =

KSO
Q -

Ky =2D 7., (i, — Ky =K, )= 24,7, K.
g=1
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