Web Appendix

The Sense and Non-sense of Holdout Sample Validation in the Presence of Endogeneity

In part A of this Web Appendix we present a sample of papers that use holdout sample
validation in the presence of endogeneity. In parts B-F of this Web Appendix we derive the
results discussed in sections 2 and 3 of the main document. Parts G and H provide the results of
two simulation studies that consider a situation with limited dependent variables and a situation

with response heterogeneity.



A. Extended literature review

Table A.A1: Sample of studies that use holdout sample validation and endogeneity correction jointly

Authors

Endogeneity
issue

Relevant Text Extracted from Article

Ailawadi et al. (2005)

Price
Deal

“We compare the predictive ability of our model to two benchmarks.” (p.18) “A reaction-function-based model that
assumes competitors and the retailer will continue to react to each other’s decisions the same way they have in the
past, even in the wake of a major policy shift, has some predictive ability but is clearly dominated by our model.
Also, a dynamic model that does not consider retailer response performs quite poorly.” (p. 22)

Andrews and Currim
(2009)

Price

“For both product categories studied, the model specified with random coefficient distributions for covariates and
random effect distributions for common demand shocks, estimated using an instrumental variables approach to
control for endogeneity, produced superior fit and predictive accuracy. In particular, the fully specified model
dominated all finite mixture and random coefficients benchmark models, including those without common demand
shocks and/or corrections for endogeneity.” (p. 204)

Bass et al. (2007)

Price

“The evidence clearly supports the predictive performance of our proposed model.”
Model 1 Full model; Model 2 No advertising interactions; Model 3 Aggregate GRPs; Model 4 Square root GRP
Model 5 Linear GRP (p. 187)

Besanko et al. (1998)

Price

“This mixed performance of the proposed model in predicting brand shares is not entirely unexpected, since the
model simultaneously predicts prices as well, while the benchmark model (SUR estimator) takes prices as
exogenously given. In addition, other studies have found that simultaneous equations models in which parameter
estimates have been obtained with OLS often predict just as well as when parameters are estimated through more
sophisticated methods, even though the OLS estimates are biased (Kennedy 1992).” (p. 1542)

Briesch et al. (2008)

Zero Brand
Sales

“We showed that both model forms perform better than the MNL model. In general, the selection model (M1) is
preferable on two counts. First, this model form provided the best in-sample and out-of-sample fits and hit rates.”
(p. 631)

Chan et al. (2007)

Location
Price

“We also estimate a benchmark model (called BENCH) that restricts potential gasoline demand to be equal to the
local population (e.g., Seim 2006). To understand how well we are able to predict observed gasoline station
locations using our chosen set of six demographic variables, we compare the predictive ability of PROPOS with that
of BENCH. The QMSE based on PROPOS is 7210, and that based on BENCH is 15,199, thus indicating more than
50% predictive gains from using demographic variables to predict local potential gasoline demand, as in our
proposed location model.” (p. 630)

Chintagunta (2001)

Price

“We also carried out a predictive validation exercise on four holdout weeks for the logit and probit outside good
models. [...] The mean absolute percentage error from the logit model is 27% and that for the probit model is 23%.”
(p. 454)

Chintagunta and Dubé
(2005)

Price

“As a benchmark, we use the results from the model that uses the individual household data and the MLE method.
This is the random coefficients choice model but without the unobserved attribute. The benchmark model yielded an
MAPD measure of .51; for the proposed model the value was .33. Thus, the proposed model outperforms the
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benchmark model on the forecasting criterion.” (p. 374)

Danabher et al. (2008) Advertising “We compare several models, ranging from a benchmark model with fixed own- and cross-brand advertising
elasticities to models that accommodate various forms of competitive interference. [...] Table 2 provides the MSE
and MAD values for the benchmark model and the two models that incorporate competitive clutter, as given in
Equations 7 and 8. It shows that the exponential and logistic models perform the best for both the calibration and
validation data and for all categories.” (p. 218)

Dong et al. (2009) Detailing “We also compared the two approaches using the holdout sample test. Specifically, we compute the likelihood value
for the final quarter at each draw in the MCMC process for both approaches (Bodapati 2008). We then compute the
posterior mean of the log-likelihood across all the simulation draws—this is -6184 for the approach that ignores
strategic firm behavior and -5707 for the proposed approach. These results suggest that the proposed approach
captures the data-generating process much better.” (p. 219)

Dreze et al. (2004) Price “To test for possible over-fitting of the model, we ran an out-of-sample validation” [...] “For instance, the MSE for

Promotion the expenditure model was 0.32 in-sample and 0.36 out-of-sample.” (p. 82)

Fischer and Albers Lagged Sales “We compare the performance of the proposed brand level model with that of the traditional category sales model.”

(2010) (p. 114) “The proposed brand-level model better predicts category sales changes in both the estimation and the
holdout sample.” (p. 116)

Kumar et al. (2009) Distribution “We also used the new data to validate our model, and a MAPE is calculated for each model.” (p. 653)

Kumar et al. (2008) Time-varying “The Appendix provides the in-sample fit capability and the predictive capability of the proposed joint model of

missing category choice and purchase timing along with other benchmark models. The in-sample fit (Table A1) and
variables predictive accuracy (Table A2) results provide support for the full model specification outlined in Equation 5.” (p.
60)
Leenheer et al. (2007) | Loyalty “Overall, we find that the model with endogeneity correction predicts the changes in share-of-wallet due to
Program membership changes considerably better than the naive benchmark model that does not accommodate endogeneity.”
Membership (p- 42)

Li et al. (2009)

Auction entry

“In addition, the proposed model performs better than the two benchmark models on all other dimensions for both
the estimation sample and the holdout sample, which indicates the importance of recognizing latent bidder
competition with endogenous entry and bidder preference heterogeneity.” (p. 86)

Manchanda et al. Detailing “In this section, we compare the conditional NBD hierarchical model with the full hierarchical model in both time-
(2004) series and cross-sectional validation experiments. Both the time-series and the cross-sectional validation exercises
provide evidence that our full modeling approach improves prediction.” (p. 475)

Narayanan et al. (2004) | Price; “Second, we also compared predictions for a holdout sample with the sets of instruments. The overall results are
Detailing; DTC | consistent;” (p. 96)

Neslin (1990) Coupon “The model was compared to a naive model that simply regressed market share versus the trend and brand dummy
Redemption variables. [...] Table 6 shows that, on average, the techniques have equal forecasting ability.” (p. 139)

Richards (2007) Price “Finally, we calculate Theil’s U over the final twenty weeks of data in order to evaluate the ability of the model to
Share of forecast accurately over a validation data set, both for the individual equations and the model as a whole. As the

Products on
Sales

results in Table 3 show, the U statistic for the share equation suggests a high degree of predictive accuracy while the
measures for the margin and proportion of sale products are slightly higher.” (p. 79)
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Song and Chintagunta | Price “Importantly, we also account for potential correlation between the prices and the error term in the log-log model by

(2006) instrumenting for prices.” (p. 1605) “Hence, it appears that on all criteria considered, the proposed model predicts
better than the log-log model.” (p. 1607)

Van Dijk et al. (2004) | Shelf Space “SPATIAL-CHAR [is] the proposed model that corrects for endogeneity with a spatial structure based on similarities
between store profiles.” (p. 262) “We note that for each of the brands, the SPATIAL-CHAR model outperforms OLS
in predictive validity.” (p. 275)

Van Nierop et al. Facings “We compare our model against a per-item regression and achieve better results for all diagnostics, in particular out

(2008)

of sample.” (p. 1077)

Venkatesan and Kumar

Antecendents of

“The RAE is given by the ratio of the model MAD to the MAD based on the moving average measure. Based on the

(2004) Purchase RAE measure, the generalized gamma model with time-varying covariates (Model 3) has an RAE of .51, compared
Frequency and | with that of a naive moving average technique.” (p. 123)
Contribution
Margin
Venkatesan et al. Antecedents of | “The RAE measures indicate that all the models (the base, the proposed, and the benchmark models) provide better
(2007) Purchase predictive accuracy than simple heuristics (given that the RAEs are less than 1), in addition to providing a
Quantity framework for linking customer behavior to marketing actions.” (p. 588)
Zhu et al. (2009) Market “For the holdout sample, the overall hit rate was 67%, which is reasonable given that our predicted market structure
Structure is based on identities of firms and not just the total number.” (p. 463)




B. Asymptotic Mean Squared Prediction Errors for OLS versus IV using X only

The ordinary least squares (OLS) estimator for  in model (1) in the main document

based on the first N; observations is given by
Bors = (X1X1) 71 X1Y; = B+ (X1X1) " X1y (BI)

Under the assumption that the regressors and errors are independent, such that
E(e11X,) = 0, the OLS estimator s is unbiased and consistent for S (e.g., Greene 2003,
Chapter 5). When the regressors are endogenous (E (€;|X;) # 0), the instrumental variables (IV)
approach may be used to obtain a consistent estimator for . Let Z; be the N xL matrix
containing the IVs, where L > K for identification. The IV estimator for £ is given by (e.g.,
Greene 2003, Chapter 5):

B = (XiP2,X1) ' XiPLYs = B+ (XiP, X)) XiPyey, (B2)
where P, = Z1(Z1Z,)~"Z;. Under the usual assumption that the instruments are valid (e.g.,
Davidson and MacKinnon 1993), it can be shown that ﬁ,v is a consistent estimator for 3.

Using the OLS fitted model from equation (1) in the main document and the holdout
predictors X5, the predicted values are obtained as Y, Ls2 = X3 BoLs- The holdout prediction errors
are given by

oLsz = Y2 — ?OLS,Z =XoB + € — X2 — X, (X1 X)) ' X1€; (B3)
=€ — Xo,(X1X1) ' X{ey,
and the sum of the squared errors is
€oLs28o1s2 = €262 — €,X,(X1X1) T X1 €1 — €1 X1 (X1X1) T Xz€, (B4)

+ 61X (X1X1) 7' X3 X, (X1 X)) 7 X1 €.



We now investigate the large sample properties of the sum of the squared errors in (B4),
which may be seen as the “asymptotic” mean-squared prediction error, A.MSE¢ s for short, for
which we let both the estimation and holdout samples grow, ie.,!

A.MSEqs = plim éy52€01s,2 / N2 (BS)
= oZ - z:ap,zplim(X{X1/1\/1)_121/;6,1 - Zelp,lplim(X1X1/N1)_1Z1pe,2
+ Zey, 1 plim (X1 X1 /Np) " plim (X5 X, /No)plim (X1 X, /N;) ™ Zye 1.

It follows from Khintchine’s theorem (e.g., Greene 1993, p. 365) with E(X/¢;) =
E(W/€;) = Iy, that plim X'e/N = Z. To simplify (B5), we assume for the moment that the
sample is split randomly into an estimation and holdout sample and hence 2.1 = Zey 2 = Zeys 2
and that the regressors X; and X, have the same moments, so that
plim(X;X,/N;) = plim(X;X,/N,) = Qxx. Now (B5) simplifies to

AMSEqs = 02 = ZeyQxxZye- (B6)

Hence, the asymptotic mean squared prediction error for OLS is smaller than the variance
of the errors, o2, because ey Q;}Zwe is nonnegative.

When instead of the OLS fitted model, the IV fitted model is used to predict the

dependent variable in the holdout sample, ?}V,z = X, [y, the prediction errors are given by
A 4 1 -1y
b =YYy, =X+ €, — Xof — Xz(X1P21X1) X1P7, €4 (B7)

! -1y,
= € _XZ(X1PZ1X1) X1Pz, €1,

and the squared prediction errors are

' We assume that the regressors X have finite moments. The result in (B5) follows from Slutsky’s theorems (e.g.,
Ferguson 1996).

2 We will relax the assumption Zep1 = Zey,2 below, which may be the case when the estimation and holdout
samples are not split randomly.
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NG N I I ’ -1 1 ’ ’ -1 ’
€rv2€v,2 = €262 — €2X2(X1P21X1) X1Pz. €1 — €1P21X1(X1P21X1) X6, (B8)
I I -1, 1 -1,
+€1P;, X1 (X1P2 X,) X3X,(X1Pz,Xy) X{Py €.

Asymptotically, the mean squared prediction errors are equal to’
AMSEy = plim éj, €y, / N, (B9)
= 02 - Zeyplim(X{P; X, /Nl)_lplim (X;Z,/N,) plim (Z;Z,/N,)~*0
— 0'plim (Z;Z; /Ny)~*plim (Z; X, /NDUm(X; Pz, X1 /N;) ™ Zye
+ 0'plim (Z;Z,/N;) " *plim(...)plim (Z;Z,/N;)"*0
= a2,
where plim Z;€; /N; = 0 because the instruments are exogenous (we suppressed the product
matrices in the before-last term for notational simplicity). Thus, IV obtains an asymptotic MSE
of g2.
Now consider different extents of endogeneity in the estimation and holdout samples, i.e.,
Loy # Ley,2- If the regressors X; and X, have the same moments, so that
plim(X;X;/N;) = plim(X;X,/N,) = Qxx, (B9) remains the same, and (B5) simplifies to:
AMSEgis = 02 — ey 2QxxZper — Zep1QxxZypez T Zep1QxxZpe - (B10)
Similar expressions to (B6) and (B9) may be obtained for in-sample predictions using Y,

and X;. Consequently, standard model selection criteria based on fit measures, such as the Rz,

tend to favor the OLS model over the IV model (e.g., Verbeek 2008, p. 150).

? We assume that the usual (asymptotic) conditions for IV estimation are satisfied (e.g., Davidson and MacKinnon
1993), i.e., that the instruments have finite moments and have some correlation with X in the limit. Also, we assume
that the instruments are exogenous.
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C. Using X to predict in a holdout sample
We now analyze the fitted model that uses the predicted values for X to predict Y in the
holdout sample.
An equivalent representation of the structural form of the IV model in (1) and (2) in the
main document is
Y=0ZDB+u (C1)
X=7ZI'+Y

where the variance of the joint errors u; = Y;f + €; and Y; is given by

=g 2] =[5 Al=[s ) .

(C1) may be used to analyze the fitted model that uses the predicted values for X to
forecast Y in the holdout sample, i.e.,

Ywz. = X2Bw, (C3)
where X, = Z, T |y. Using properties of the reduced form model in (C1), it follows that the
asymptotic prediction errors converge to wq4 in (C2), i.e.,

AMSEy g = 02 + B2y + 2B + B'Z0 B (C4H
Whether or not the reduced form fitted model has lower mean-squared holdout prediction
errors than the IV fitted model, depends on the term d = ' Xy + X o8 + B’ Z gy B. As
d=p"Sype+ZeyB + B ZyyB = B (2Zye + Zyyh) (CS)
it follows that d = 0 for f = 00r 25 e + Sy =0 & f = =25 3 5y, so that

AMSEy s = AMSE}y. Since (C5) is a second-degree polynomial with a nonnegative coefficient



for the square term of §, AMSEy ¢ < AMSEyy, forf € [-22 17,},, 2 e 0], and AMSEy, ¢z >
AMSEyy for f & [-2 2 3y = ye, 0]
Hence, the IV fitted model ¥}y 2= X, By may or may not give mean-squared errors that

are lower than the mean-squared errors of the IV fitted model ?IV,Z =X, ,BA’IV, depending on the

specific values of the regression coefficients § and the elements in X.

D. Asymptotic Mean Squared Prediction Errors for OLS versus IV using both X and Z
This section studies whether holdout sample predictions may be improved by using both
X and Z. We assume that holdout sample values for the instruments Z are available. Without
making distributional assumptions, we can estimate regression model (1) [in the main text]
consistently with IV. In the case of linear models, the IV estimates for 8 are equivalent to the
estimates for § obtained from a control function approach (e.g., Petrin and Train 2010; Verbeek
2008, p. 144). The control function approach proceeds as follows:
(1) Regress X on Z and obtain the fitted residuals P =x—7I;
(2) Regress Y on X and P =x —ZT.
The conditional mean and variance of Y given X and Z using the control function specification® is
EYIX,Z) =X+ (X —-ZD)¢p = XE+(X—ZF)ZJ,%,,Z¢6 (D1)
var(Y|X,Z) = 62 — ¢Sy = 02 — ZeypZypZype. (D2)
The holdout sample predictors (X,, Z,) can now be used to predict ¥; using the fitted conditional

mean:

* The control function approach splits up € in (1) [main text] in a part that is correlated with X and a part that is not
through the linear projection € = W¢ + u, where W correlates with X, e.g., see (2) [main document]. Here ¢ is a
K X 1 vector, u a N X 1 vector with mean 0, and ¥ and u are uncorrelated by construction. It follows that
var(Y|X,Z) = o. From the expressions for 67 = E¢€;€; and Iy, = E(g;¥;) it follows that ¢ = z;,},,zl,,e and
02 = ¢'Eyy¢ + o, with 6f = Euf. Hence, var(Y|X,Z) = 0 = 62 — ¢p'Syy .
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?IV.XZ,Z = Xz:élv + (XZ - szlv)ilzllp,lvilpe,lv’ (D3)
where the subscript ‘XZ’ indicates that Y, is predicted using holdout sample values of both X and
Z. If the calibration and holdout samples are randomly split, then the unexplained variance in the
holdout sample is simply var(Y|X, Z), and the asymptotic mean squared prediction error is

AMSEx; = 02 = ZepZg Zye- (D4)
We now derive the asymptotic mean squared error for an OLS regression of ¥ on X and
Z. Given X and Z, the dependent variable Y has mean (D1) and variance (D2), because an
equivalent representation is an augmented regression model
Y= XB+ X —ZD)ZypIpe + U=X(B +ZpyZpe) + Z(-TTy5Zype) + U = (D5)
=Xp1+ 2B, + U,
where each element of U is independent with mean 0 and variance 62 — za,,zl;,},,zl,,e, and X and
Z are independent of U by construction. Hence, a standard OLS regression of Y on X and Z will
estimate the (unrestricted) regression coefficients § = (£, B3)’. If the instruments Z are valid,
then 8, # 0, unless X is exogenous. However, note that this “augmented” OLS approach does
not correctly estimate the effect of X on Y, because 5; # S, unless X is exogenous. Using the
same reasoning as in deriving (D4), it follows that the “augmented” fitted model
Porsxzz = XaB1 + Zofs (D6)
has the same asymptotic mean squared error in a holdout sample as (D4), i.e.,
AMSEjsxz = AMSEyxz. (D7)
While this result hold without making any distributional assumptions, identical results can be
obtained when the IV model is represented as a limited information simultaneous equation model

with normally distributed error terms (Kleibergen and Zivot, 2003) and estimated with limited-
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information maximum likelihood (LIML), using standard results on multivariate normal
distributions (e.g., Greene 2003).
Comparing A MSEq s, AMSEy, AMSEy 3, AMSEq;sxz, and AMSEy xz
From (B6) we have AMSEy s = 02 — ey Q;}Zwe. Furthermore, from (2) [main text],
XiX; =CZT+Y) ZT+VY,) =T"ZZT +TU'Z}¥Y; + ¥ Z;,T + ¥/ ¥,. (D8)
With the usual assumptions for the instruments (i.e., ' is non-zero, the instruments have finite
moments, and are exogenous),
E(X{X)) = 'E(Z]Z)T + E(¥]¥), (DY)
so that (Khintchine’s theorem)5
Qxx=plim(X'X/N) =T"Qz;T" + Zyy. (D10)
Comparing A.MSEy xz to A.MSEs,
AMSEqs — AMSEyxz = 02 — ZeyQxtZype — (02 — ZeypZypZye) = (D11)
= ZeyZyyZype — Zey QuwZye = Zey(Eg — Qck)Zye.
The matrix I''Q,, [ in (D10) is positive semidefinite® so that’ Qyy > Ly, Which implies
lellp > Qxx. or equivalently, that lellp — Qyxy is positive definite®. Hence’, AMSEq g —
AMSEyxz > 0 for all nonzero Xy, and A.MSEyx; < A.MSEq s (Where equality holds for
Loy =0o0rT = 0). Insum,

AMSEyx; = AMSEqsxz < AMSEqs < AMSEy. (D12)

5 Note that QOxx and Q7 are not the (asymptotic) variance-covariance matrices of X and Z, but the second moments.
These will equal the variance-covariance matrices if the first moments (mean) are zero.

®If A is positive definite, then any matrix of the form B’AB is positive definite if B has full column rank, and
positive semidefinite otherwise (Davidson and MacKinnon 1993, p. 788).

If A is positive definite and B is positive semidefinite, then A+B>A (Greene 2003, p. 49).

¥ Greene (2003, p- 49) and Davidson and MacKinnon (1993, p. 789).

? Apply the definition of positive definite matrices. A nxn matrix A is said to be positive definite if the quadratic
form x’Ax is positive for all nonzero n-vector x, e.g. Davidson and MacKinnon (1993) p. 787.
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Comparing A.MSEy ¢, note that in (C5) the first-order derivative of d with respect to 3 is,

ad (D13)
%" 2%, + 22,5,

which is zero for f = —Z;,}Z,. Substituting this result in (C4) gives AMSE, g = 02 —
2 ZiaZye, so that (D12) becomes AMSEy ¢ = AMSEg sxz = AMSEyxz < AMSEq s <
AMSEy when 8 = —X;.1%,.. Hence, the IV fitted model ¥}y, 22 = X,y may or may

outperform OLS or IV in a holdout sample validation task depending on 8 and Z.

E. Holdout Sample Predictions for Exogenous Regressors
If the endogenous nature in the holdout sample is not preserved, for instance when the

estimation and validation samples are not randomly split, then X, 1 # Z¢y . In the special case
that X; is exogenous, X, = plim X3€,/N, = 0. Although the A.MSEyy in (B9) does not
change, (B6) becomes

AMSEq s = 0% + Zap@Q)?)%lee,b (E1)
and AMSEy < AMSEgs.
F. Pseudo-exogenous regressors for holdout predictions

We show that when data are observed in at least two dimensions and the endogeneity is
concentrated in one dimension, a pseudo-exogenous holdout sample can be constructed to
validate IV and OLS in a holdout sample prediction. Consider a situation where T observations
are available for N subjects in a regression model, i.e.,
Yie = Xitp + Uiz, (F1)

where x;; is 1xK vector of regressors. Suppose that x;; is endogenous but endogeneity is in one

dimension, e.g., u;; = a; + €;; where x;; is correlated with a; but not with €;, for all t". Now,
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Var(u;) = X, with diagonal elements 62 + g2 and off-diagonal elements ¢2. For the total
sample, let u = La + € where L = Iy®uty, and Var(u) = Iy®X = 020, where © = Iy +
(¢2/02)LL, and

Y=Xp+La+e=Xp+u, (F2)
where Y is NTx1, X is NTxK, a is Nx1, and € and u are NTx1 (i.e., the N subjectsi = 1, ..., N
are stacked). Assume that the total sample N, = NT is split up in an estimation and holdout
sample. Let the estimation sample be i = 1, ..., N; and t = 1, ..., T;. Now three holdout samples

may be obtained, as shown in Table A.E1.

Table A.E1
Different forms of holdout samples using multilevel data
Data matrix t=1,...T; t=T,+1,...,T1 +T,
i=1,..,N; Estimation sample (sample size | Holdout sample A (sample size
Ne = N1Ty) Ny = NqiT)
i=N;+1,..,N; + N, | Holdout sample B (sample size | Holdout sample C (sample size
Nyp = N,Ty) Ny = N;T3)

The total sample size is N, = N, + Np, where N, and N, are given in the table. As
before, Y; is an Nox1 vector and Y, is an Ny, X 1 vector containing the dependent variable in the
estimation and holdout samples, respectively, and are obtained by collecting the corresponding
rows from Y (same for X and €).

In (E2), X is endogenous because X correlates with u, and the results discussed in section
2.2 in the main document apply, regardless of whether the holdout sample is of type A, B, or C.
The large sample properties for o5 and Sy hold under fairly general conditions (e.g., Greene
2003, sec. 11.2) even if Var(u) is nondiagonal. For the purpose of this study we need only be

concerned about the point estimates of £ (i.e., whether or not consistency holds) that are used for
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holdout sample predictions. In the following we are not concerned with the efficiency of the
estimates and use 3, to indicate an estimator that is inconsistent (e.g., OLS or GLS), and use
By to indicate an estimator that is consistent (e.g., two- or three-stage least squares, or fixed
effects estimation).

An opportunity to create a pseudo-exogenous holdout sample arises in this case by
exploiting that endogeneity is in dimension i only. Here a transformation that produces
observations in deviations from individual means eliminates the unobserved individual effects
a;. Let Q = Iyy — L(L'L) L' be the NT X NT matrix that produces deviations from individual
means, then

QY = QXB + Qu = QX + Qe (F3)
or
F=XB+e (F4)
(i.e., the it-th row is equal to y;; — ¥; = (x; — X;)B + (€t — €;), where ¥; = 1/T Y+ y;; etc.)
and Var(Qe) = QVar(e)Q = ¢2Q (i.e., the diagonal elements are equal to 62 — 62 /T =
02 (T — 1)/T). The transformed regressors QX are not correlated with the error term Qe.
Predictions may now be made with the fitted model that only uses information in the ‘pseudo-
regressors’ QX:
?IV-pseudo,Z = XZﬁIV' (F5)
and

?OLS-pseudo,Z = XZﬁOLS' (F6)
where X, = QX,. The N, X 1 vector of holdout prediction errors for both IV and OLS are

(where the subscript 'M" indicates either IV or OLS)
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éM-pseudo,Z = YZ - ?M-pseudo,Z = Xzﬁ + €~2 - XZBM = €~2 + XZ(:B - .BAM)' (F7)

and the sum of the squared prediction errors is

'

€ pt-pscudo 2 M-psendoz = €262 + EX2(B = Bu) + (B — Bu) K22 + (B — Br)' X3X2(B — Bu)-
As the total sample tends to infinity (by growing both the estimation and holdout sample), the
probability limit of X,€&,/N}, is zero because X, is strictly exogenous with respect to €,. Hence,
the 2" and 3" terms in the sum of the squared prediction errors drop in the limit (for the mean).
For IV, we also have that S}y is consistent for 8, hence the last term also converges to zero, but
not for OLS because foy s is inconsistent. Hence,
AMSEy.pseudo = plim éI’V-pseudo,Z éIV-pseudo,z/ Ny (F8)
= plim &&/Ny = (T, = 1)/T, 32,
because E (€2 ,) = E (€2 — €i2- )2 = (T, — 1)/T, 0& where €;5.= 1/T, Y1 €15 (e.g.,
Slutsky’s theorems and Khintchine’s theorem'?, Greene 2003, p. 113 and p. 365). Hence, the
asymptotic mean squared prediction error for IV with pseudo exogenous regressors is generally
smaller than 62, however, the A.MSE may be multiplied by T, /(T, — 1) to obtain ¢2. Similarly,
for OLS
AMSEoLs pseude = plim ééLs-pseudo,zéOLs-pseudo,z/ Ny (F9)
= plim €,&,/N;, + {plim(e;X;/N,)plim(X;X;/N,)~1x

plim(X3X,/Ny, )plim(X1X1/N,) " *plim (X1 €, /N,)}.

19 Khintchine’s theorem is for i.i.d. random variables, which is not the case here because the observations within
subject i are not independent. However, independence holds across the subjects i=1,...,N. Hence, we may view the
set of T observations on the ith subject as a single observation and apply standard convergence arguments by
growing N (e.g., Greene 2003, p. 3606).
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Here plim()? X Z/Nh) is the (asymptotic) variance-covariance matrix of the holdout regressors in
deviations from individual means. This last term in A.MSE; g .40 has no simple expression,
but it is nonnegative (the product of the three (asymptotic) matrices is positive definite since all
are of full rank, e.g., Davidson and MacKinnon 1993, pp. 787-788). We write for notational
simplicity,

8% = plim(e; X, /N,)plim(X; X;/N,) " *plim(X;X,/N,, )plim(X; X,/N,) "‘plim(X;€, /N,) = 0
so that AMSEq; g ceugo = (T2 — 1)/T2 gl + 62.

Hence, AAMSE < A.MSEOLS_pseudO. This result holds for holdout samples A, B, or

IV-pseudo
C, because in each case the transformation Q eliminates the unobserved individual level effects
a; so that the transformed regressors are (pseudo-)exogenous.
G. Models with limited dependent variables
In a simulation study we analyze whether the main insights from our study extent to models with
limited dependent variables. We use the following model to generate the data:
Y =X +e€. (GD)
Xi=Z;+¢;, (G2)
fori = 1, ..., N where the errors (€;, ;) have a joint normal distribution with mean 0 and
variance 1. The covariance between the errors is 0.y, = 0.93 which is equivalent to the high
extent of endogeneity case in the main document. The instrument explains 50% of the variance
in X and we take Z;~N(0,1). The observed choices are related to the latent variable Y;" as
follows: ¥; = 1if ¥;" > 0, and ¥; = 0 otherwise. We set the total sample size to N=2000 (N =
N; + N, = 1000 + 1000) and generate 100 data sets. In each of the 100 datasets we estimate a
standard probit model that treats X as exogenous by estimating (G1) only, and an IV-probit
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model that considers both (G1) and (G2) jointly. We assess the predictive performance by
computing the mean squared difference between the observed choices Y; and the predicted choice
probability p{Y; = 1} from the fitted models. The results are summarized in Table A.G1 (for an
endogenous holdout sample) and Table A.G2 (for an exogenous holdout sample).

The results in Table A.G1 indicate that the main conclusions obtained in this study—that
holdout sample validation does not uniquely identify the correct estimated relationship between
X and Y when X is endogenous—also holds in case of limited dependent variables. Furthermore,
when the holdout sample regressors are exogenous, the fitted IV probit model does produce the
lowest holdout sample forecast errors (Table A.G2),

Table A.G1

Mean squared holdout prediction errors for probit and probit-1V for an endogenous
holdout sample.

Information set Probit Probit-IV
Holdout regressors only (X) .09 A1
Holdout regressors (X) and .04 .04
instruments (Z)

Table A.G2
Mean squared holdout prediction errors for probit and probit-1V for an exogenous holdout
sample.
Information set Probit Probit-1V
Holdout regressors only (X) 18 17
Holdout regressors (X) and 23 23
instruments (Z)

H. Heterogeneous regression coefficients
We investigate by means of a small simulation study whether the presence of heterogeneous
regression coefficients affect the conclusions in section 2.2 of the main document. The following

model was used to generate the data:
17



Yie = Boi + BriXie + €1 (H1)

Xit = Yoi T V1iXie + Pir (H2)
fori=1,..,Nandt =1,..,T.Here (Bo;, B1:)'~Nz(1p, ), oi, ¥1:1)' ~N2 (1, @), and
(€it,¥it)~N, (0, X). We use Bayesian estimation to obtain individual-level estimates for the
heterogeneous regression effects (e.g., Allenby and Rossi, 1999). We adapted the fitted models
in (4) and (5) from the main document and (D3) and (D6) for this heterogeneous case and we
used the posterior means of the f3;’s to generate the holdout predictions. Here, the holdout sample
contains new observations in dimension t. If a separate regression model for the heterogeneous
regression effects is specified, where the regression effects are explained by another set of
(subject-level) regressors (e.g. Rossi et al. 2005, p. 132), then holdout sample predictions may be
obtained in the dimension i as well. For simplicity, we did not consider that case here.

We specify conjugate, non-informative, priors for the means (ug and u, ) and variances

/ _ 1 o
(Qg, Oy, and X). The true parameter values are pg = u, = (0,1)", Qp = Q, = [0 0.5], and

105 0.33

X = 033 0.5

]. Weset N =T = 100, and generated 100 datasets in total. For each dataset,

the Hierarchical Bayes (HB) model estimates (H1), and the Hierarchical Bayes Instrumental
Variables (HB-IV) model estimates both (H1) and (H2) jointly.

The results (averaged across the 100 datasets) are given in Table A.H1 (for an
endogenous holdout sample) and Table A.H2 (for an exogenous holdout sample). It follows that
the main conclusions of this study are not affected by the presence of heterogeneity in the
regression coefficients. That is, for an endogenous holdout sample, the non-corrected model
predicts better than the endogeneity-corrected model (unless both use Z, in which case the

predictions are the same).
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Furthermore, when the holdout sample regressors are exogenous, the approach that
corrects for endogeneity and heterogeneity and only uses X to predict gives the lowest mean-
squared prediction error in the holdout sample.

Table A.H1

Mean squared holdout prediction errors for HB and HB-IV in case of heterogeneous
responses for an endogenous holdout sample.

Information set HB HB-IV
Holdout regressors only (X) 0.42 0.51
Holdout regressors (X) and 0.29 0.29
instruments (Z)

Table A.H2
Mean squared holdout prediction errors for HB and HB-IV in case of heterogeneous
responses for an exogenous holdout sample.

Information set HB HB-IV
Holdout regressors only (X) 0.60 0.51
Holdout regressors (X) and 0.72 0.72
instruments (Z)
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