Appendix

A

A.1 Proof of Result 1

The Lagrangian for the problem is as follows.
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where \; is the Lagrangian multiplier associated with the voluntary participation constraint.
When voluntary participation constraint does not bind:

We denote the optimal solution in this case by {w],aj,L7}. In this case, Ay = 0, and the

first-order conditions for a and w, after applying the first-order condition for s, and simplifying,

are :
O @) -1 = 0 (A2)
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(T —w+ f(57) + gla)] + (-1 + /() 5-] = 0, (43)
Note that the non-negativity constraint on L is imposed by L%ﬁl = 0. Therefore, %ﬁL =-1<

0= Lj = 0. {w},a}} are given by the above first-order conditions. Let the highest value of & for
which this result holds be 7*.

When voluntary participation constraint binds:

We denote the optimal solution in this case by {w3,a%,L5}. In this case, Ay > 0, and the
first-order conditions for a and w, after simplification, are: 2[f'(s*)% + ¢'(a)] — 1+ 2 [T}, —w +
F(5%) + g(@)lg'(a) + Ay [t el — 1 88 = 0, and (U5 [T — w + (57) + gla)] +

(%)[71 + f/(S*)%] + ) [Th7w+f(s*%+g(a)]f’(s*) —1 % =0.

The retailer’s first-order condition for s*, after substituting for p*, is [Th—w+f (5*%+g @If"(s") _q —

0. Substituting this in the two equations above, the first-order conditions for a and w are simplified

as follows.



P S + g (@)~ 1+ S T~ w £ + (@l a) = 0, (A1)
A2 0wt 76+ o@] + D1+ 762 = o (A5)

We show that L5 = 0 by contradiction. Suppose L5 > 0. Then, %‘- =1—X =0;and \; = 1.

Substituting Ay = 1 in the first-order condition for w, we get,

()14 £ 5] =0

This suggests w = 0, which results in a negative profit for the firm with positive advertising and

slotting allowance levels. Therefore, L5 = 0.

A.2 Proof of Proposition 1

The Lagrangian, L9 is defined as below.
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where Ao and po are Lagrangian multipliers.

The first-order conditions, after applying the first-order condition for s, and simplifying, are:

82 = () O @) -1

P25, — ot J(s") + 9(a)ld (@) + pa(1 ~ Dug'(@) =0, (A7)
0 (A0 0t £ ()] + (- ) (L )]

~E2[20, — Ty — w+ £(57) + 9(a)] + p2(1 — Dgla) = 0. (A8)

As before, the non-negativity of L implies that L%ﬁLZ =0.
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We first show that if the voluntary participation constraint is not binding in the equilibrium,
then the manufacturer does not offer a slotting allowance in the equilibrium. The proof is by
contradiction. If the voluntary participation constraint is not binding, then As = 0. Suppose
L7* > 0. Then %ﬁL = —1+ puo =0, and puy = 1. Substituting A2 = 0 and uy = 1 in Equation(AS8),
we get Ty, — 17 + (1 —1)g(a) = 0, giving a contradiction. Therefore, ua # 1, and L7* = 0.

{wy*,aj*} are given by substituting \a = 0 in Equations (A7)-(A8). Note that by Kuhn-
Tucker conditions, %’”’L = —14 Ao+ uo < 0. Since both Lagrangian multipliers are non-negative,

0 < s <1 follows.

We now prove the direction of deviations in the separating equilibrium. Here we are considering
those values of parameters for which the voluntary participation constraint is not binding in the
kk

separating equilibrium. With the current level of generality, we cannot establish whether 7** is

higher or lower than 7*. Therefore, we compare {wi*, a;*} with both {wj,a}} and {w;3, a3}.

We know that II;(wi*, af*, LT* = 0) = 0 and IIj(w},a},L7 = 0) > 0. The function
w2l _Th_w+f(28*)+(2l_1)g(a)] —a — L isdecreasing in w and a for any w > w} and any a > a}. Since
L7* = L} = 0, the difference between II;(wi*,a}*, Li* = 0) = 0 and II;(w],a}, L7 = 0) > 0 must

come from changes in w or a. This can happen in one of the three ways: (i) w is increased above wj

h

level, i.e., wi* > wj, (ii) a is increased above the aj level, i.e., a}* > aj or (iii) both w}* > w} and
ai* > aj. Note that if both wi* < w] and a]* < af, then IT;(wi*, a7*, LT* = 0) > I;(w}, af, L} = 0),

and the signaling constraint is not satisfied.

ai* is defined by Equation (A7), which after substituting Aa = 0, can be written as,

O R

aj is defined by,

(D)5 + g/ (@) ~1 =0,

By wusing the implicit function rule on the first-order condition defining s*(-),we get,

s _ £(s")g/(a) ongs /()24 (a) - _—

0 = PP wetrOrgorre 24 0% = ~merrm e eoe: By simple differ
entiation, we get,
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and,
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Of () %] _ (Ta—wtf()+g( ) (20 ()=3L" (21 ()" () 1
T =T PR Tt F O TN TR > 0 when f%(:) < 0.7 Therefore, the
above two equations are not satisfied if wi* > w] and a}* < aj. That is, wi* > wj = a7* > a]. wj

is defined by

wi 0s*

(T~ vt + £(%) + glai)] + (D)1 + F(s7) 5] =0,

wi* is defined by Equation (A8). Substituting A2 = 0 in (A8) and simplifying, we get,

% = [Th —w+ f(s*) + g(a)] + (1 — Mz)(%)[—l " f’(s*)%]
+%Th — %[—w + f(s*) + gla)] + p2(=T1 + 1 — ) g(a) = 0.

By writing 827}, = —82T}, + p2Th,

0% LD,k f(57) 4 (@] + (- i) ()1 () o

|+ p2(Th — T+ 1 —1)g(a) = 0.

By dividing throughout by 1 — g, we get the following equation defining wj*.

G = wi” + 5(67) + 9(a )] + (GO + £ Gl + s (= T+ (1= Dglai)) =

It can be shown that B[f’(g’;)% _ D= wt FO+gON (%" (V=3 24 F/ () () > 0 when () < 0.

[F'O)2H(Th—w+f()+9()) 7 ()3
Therefore, the marginal benefits of increases w is higher in the equation defining wj* than in
the equation defining wj. As a result, the above two equations are not satisfied if a}* > a] and

wi* <wj. That is, a7* > a] = wi* > wi.

We also know that IT;(wi*, a}*, Li* = 0) = 0 and II;(w3, a3, L3 = 0) > 0. Therefore, it must be
true that either wi* > wj or aj* > a3 or both wi* > w3 and ai* > a3. Suppose wi* > wj and

ai* < ab. I (wi*, ai*, L1* = 0) > m and I, (w3, ad, L3 = 0) = z. Since II,(-) is decreasing in w and

1The effects through % are third and higher order effects which are very small. We discuss them here for the
sake of completeness. f"/(-) < 0 is a stronger-than-necessary sufficient condition, what is necessary is that f"/(-) not

be a large positive quantity in the relevant parameter space. Formally, 3[f"(-)]> — '(-)f"(-) > 0.
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increasing in a, wi* > w3 is possible only if a* > a3. Now consider the other possibility: a}* > aj
and wi* < wi. We first consider the case where [ = 1. From Equations (A4) and (A7), a3 is
defined by:

( )] -1+ Aldhg’(a) =0,

TGk

and a}* is defined by:

) o+ @) - 1=0,

Since Midpg’ > 0, L[f'(s*)% + ¢'(a)] — 1 < 0 at {w3,as}. Since a} < af*, ¢'(-) is higher at a}
than at aj*. It can be shown that f'(s )8% is decreasing in a and increasing in w for f”'(-) < 0.
Therefore, under the assumption of a}* > a3 and wi* < w3, ¢'(+) is also higher at {w3,a%} than at
{wi*, a*}. Therefore, if w} > wi*, L[f'(s*)% + ¢'(a)] — 1 is higher at {w3, a3} than at {w}*,a}*

giving a contradiction. Therefore, wi* > w3 and ai* > a3. Now consider [ # 1. Since wj is
unaffected by [ and wi™ is decreases as [ increases, it follows that if w* > w3 is true for [ = 1, it is

also true for any [ < 1.

A.3 Proof of Proposition 2

When the voluntary participation constraint is binding, the manufacturer may or may not offer a

slotting allowance.

Note that if %ﬁz = —1+ A2+ pue is negative, then the optimal slotting allowance is zero; otherwise
it is positive. We start with the case where [ = 1. We simultaneously solve Equations (A7)-(AS8)
for Ao and ps.

@D w6 o)
T Gy 60 + ey @) (49)
(224 209 (0) + wf ()5 + 2 g ()
b2 = ot s le) el ) T @) (A10)
/ Os* /
y = _1+/\2+M2:(Th—ﬂ)(_2+wf(3)aa+(w+2dh) g'(a)) (A11)

dn(—2 + 2dig'(a) + wf'(s*) Gy + G g’ (@)



From Equation(A7),

(1 1m) (5 @) ~1 = —hdig/() <0

Therefore,

*

(Wf() —twg(a) -2 <0

This implies that the numerator in (A9) is negative. Since Ay > 0, the denominator of (A9) should
be negative. Ruling out negative demand dj,, we conclude that (—2 + 2d;¢(a) + wf'(s*) (% +
% g'(a))) < 0. This shows that the denominator of y = —1 4+ Ay + g is negative. Therefore, y is
negative when its numerator is positive. Since T}, — 1; > 0, the numerator of y is positive when
(—2+wf'(s ) +(w+2dp)g' (a)) > 0. We have already shown that [—2+(wf’(s)%+wg’(a))] < 0.
Therefore, (—2 + wf'(s*) % + (w+2dy)g'(a)) can be positive when ¢(+) is sufficiently high. When
(=24 wf'(s*) 95 + (w+ 2dp)g'(a)) > 0, y = —1 + Ay + po < 0 and the optimal slotting allowance
is zero. When the optimal slotting allowance is positive, —1 4+ Ag + o = 0, and (—2+wf’ (5*)% +

(w+ 2dp)g'(a)) = 0.

We now show that the range of parameters for which the slotting allowance is positive is smaller
when [ < 1. The proof is by contradiction. Suppose that the range of parameters for which the
slotting allowance is positive is the same or larger with [ < 1. Now consider the value of g’(a) for
which the slotting allowance is a small positive value €. Let the equilibrium solution be {w, @, f}
Now consider a deviation such that L = I — ¢ and @ = @ + Aa such that g@l —1D[g(@ + Aa) —
g(@)] — Aa = —e. At this deviation, the signaling constraint remains unchanged but the high-
demand manufacturer’s profit is changed by the amount —e + g[g(ﬁ + Aa) — g(@)] — Aa > 0,

contradicting the assumed equilibrium.

Separating Equilibrium Without Slotting Allowance

Let the solution in this case be {w3*, a3*, L3*}, where L3* = 0. We first compare the current

solution with {wj3, a3, L3}.

I (ws*, as*, L3*) = 0 < IIj(w3, a3, L3). Since L3 = L5 = 0, the difference in II;(w3*, a3*, L3*)
and IT; (w3, a3, L%) can come only from w and a. The function II;(-) is decreasing in w for w > w3 and
in a for a > a3. Therefore, it follows that either w3* > w3 or a3* > a3, or w3* > w; and a3* > aj.
That is, the high-demand manufacturer either increases wholesale price alone or advertising alone

or increases both wholesale price and advertising beyond their symmetric information levels.
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Suppose ay* > ab. Since II.(w3*, a3* L") = m = I, (w3, a3, L3), a¥* > ab is possible only if

* > wj. Similarly, w3* > w3 is possible only if a3* > a3. Therefore, w3* > w3 and a3* > a3.

We cannot rule out the possibility that 7** < 7*. Therefore, we now compare {w3*, a3*} and

{wi,ai}.

From the first-order conditions defining {wi*,a}*} and {wj, a}} we can conclude that these

solutions do not change with & so long as = < 7* and the other parameter values do not change.

I, (w3* ,a2 * L5) = xm > o*. Consider a case where all other parameters are the same and
m =71 <, so that the solution is (wi*,a}*, L7*). Since the maximum value of I, (w}*, aj*, LT*)

is 7+,

H (w2 7a2 7L )>H (wl 7a1 7L**) (A12)
Also,
I (w3*, a3", L3") = I (wi™, a1*, LT"). (A13)

Now, if ws* > wi*, then Equation(A12) is satisfied only if a3* > af*. If wi* < wj*, then
Equation(A13) is satisfied only if a5* > aj*. Therefore, a5* > aj*. We have already established
that ai* > a7 when m = &r. Therefore,as* > a}. (Recall that the solution {wi}*, aj*, Li*} does not

change for any 7 < 7**.)

Since I, (w3*, a3, L3*) = m < II,.(w}, a, L}), a3* > a} implies w3* > wj.

Separating Equilibrium With Slotting Allowance

Let the solution in this case be {w3*, a3*, L1*}. We first compare this solution with {w3,a3, L3}.

Note that {w3, a3, L5} is the solution to a maximization problem that has a constraint less
than the maximization problem solved by {w3*,a%*, L1*}. In particular, II;j(w3, a3, L) > 0 =
II; (w3*, a3, L§*). Therefore, w3* < w} is possible if and only if the high-type manufacturer is hurt

less than the low-type manufacturer by a decrease in wholesale price. However,

o, _w, ,, L 0s*
1+f(s)aw

ow _5(

) + dp,
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and

o1l os*
! 1”f1+f@%;)+m.

8w:5(

Since dp, —d; = Ty, — 11+ (1 —1)g(-) > 0, the high-type manufacturer gains more (or is hurt less)
by an increase in wholesale price. Therefore, w3* £ w3. Similarly w3* = w3 can be ruled out, and

'UJ3 > 'UJ2.

Substituting A; from Equation (A5) into Equation(A4), the first-order condition for a3 is sim-
plified as:

24w f/(s*)as

o (@) + wf (s7) 59 (@) = 0. (Al4)

The first-order condition for a3*, after substituting Ay = 1 — o is simplified as:

0s* 210
—24wf'(s* (@) + wg'(a) + ———(1 - w 0. A15
(") G + 20 (0) w9/ (0) + 2 (1= g/ (a) = (415)
Smce =<0, a5 > a} for any wi™ > wj. Therefore, a§* > a}.

We now compare {w3*, a3*, L3*} and {w7}, a}, L }. The proof of wi* > wf is similar to the proof

of w3* > w3, and is not repeated here. the first-order condition describing aj is:

9 +wf/(s*)85

3 '(a) = 0. (A16)

Comparing Equations (A15) and (A16), it’s clear that for any wi* > wy, a3* > aj.

A.4  Proof of Proposition 3

We solve the two retailers’ first-order conditions to derive their optimal prices are service levels,

which are given by:

_ 2Th+(2 ¢2+e¢2)w+2wf and
= P2 = 1—7—e(2—97)

=%

p

st = 53 = (AP
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The manufacturer’s profit, after substituting these optimal prices and service levels is

11, = doThtyv/a—(_ejw) _ o 95, The manufacturer maximizes the above profit function

4—¢?—e(2—¢?)
_H2 _(1— 2
subject to the voluntary participation constraint, i.e., (4 d)( 4)(};{1\(/257 d)(zl))ze J 4 g, <m.

When the stocking costs are such that the voluntary participation constraint does not bind,
the optimal wholesale price and advertising levels (derived from the manufacturer’s first-order
conditions) are:

T (1-¢2—c(2—4?)) . T2
M= 2eG- D)+ 2272 U = T2 P) 127

wy =

When the stocking costs are such that the voluntary participation constraint binds, the optimal
solution may or may not involve a positive slotting allowance. If the optimal slotting allowance
is positive, we can get its value by setting the voluntary participation constraint to equality and

solving it for L. This value is L = & — (47¢(22£7;§12t1\(/25:¢(21);26 )w)z. After substituting this in the

manufacturer’s profit function, we get,

y (e A2 a—(1—e)w)?
Iy = St o gy =T Goour

we get the optimal wholesale price and advertising as follows.

Solving the first-order conditions,

492712
[A—de—¢2—2e2—e2p2—272%
(1-e)?(4—¢*)T7
A[4—de—p2 —2ed2—e2p2—2~2]

2eTy,
4—de—p2—2ed? —e2p2—272)

The value of 7 at which the slotting

4(2e—2e2—4+?)T?
[4—4de—¢2—2ep2—e2p2 —2~42]

k k
w3 = ap =

allowance is positive is = > > and 1 > > L3 is needed

to ensure that I, > 0.

When the optimal slotting allowance is zero, we solve the first-order conditions to derive w and

A (the Lagrangian multiplier) as follows.

wh = 2T —/ald=¢? 23" +2(2=¢) 27 o\ _ ADTh— a8 —2e3-0) 12 (2-67) 7))

o 2(1—e)y ’ 2(1—e)?(4—¢7) :
substitute the value of w3 in the voluntary participation constraint and solve it to get the optimal
4y2

advertising level, a3 = (=D r=raE

We also give an alternate proof of the result that the slotting allowance may be positive in the
symmetric information equilibrium. This proof does not rely on the specific functional forms of

f(s1), f(s2) and g(a). For this proof, we let

dij = Th—p1+ f(s1) +g(a)+e(p2 — f(s2)), (A17)
dyj = Th—p2+ f(s2) +9g(a) +elp1 — f(s1)). (A18)
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The retailer 1’s optimal price and service levels are given by:

Pt = (2—=€?)f(s1)—ef(s2)+(2+e)(Th+wtg(a))
1 4—e? )

(p1 —w)f'(s1) —1=0.

Consider a stocking cost level, ° at which the voluntary participation constraint is binding
and the manufacturer is not offering any slotting allowance. Now consider a small increase in the
stocking cost, Axw. The manufacturer can reduce the wholesale price, increase the advertising or
increase the slotting allowance in order to meet the voluntary participation constraint. We first
compare the profitability of reducing the wholesale price with the profitability of increasing the
slotting allowance. The cost of increasing the slotting allowance to the manufacturer is 2Azw. The
cost of reducing the wholesale price is (Azx/ %)%. Therefore, increasing the slotting allowance
is less costly than reducing the wholesale price if (a—HkL / 8—Hf‘i) > 2. We have already shown that this
8Hh/8HT1)

is not the case when e = 0. It can be shown that as e — 1, % — 0. That is, ( > 2 s

always true as e — 1.

Now we compare the profitability of increasing the advertising with the profitability of increasing
the slotting allowance. The cost of increasing the advertising in order to meet the higher stocking
costs is (Ax/ 8—““)%& As before, increasing the slotting allowance is better than increasing the

advertising for the manufacturer if (8—HlL / a—Hﬁl) > 2. It can be shown that

oIl,1 _ 2d1hg/(a) 2€d1hf/ (8)2 g/(a)
da  (2—e22 " (2—e2[(2—e)f ()2 + 2+ e)dinf (5)]

It is easy to see that 8—?(51 is sufficiently low for a low-enough value of ¢'(a) so that (%@ / a—gaﬁl) > 2

is satisfied by sufficiently low ¢’(a).

Therefore, for sufficiently high values of e and sufficiently low values of ¢’(a), the manufacturer

would offer a positive slotting allowance in the symmetric information equilibrium.

A.5 Proof of Proposition 4

We consider those parameter values for which the high-demand manufacturer offers a positive
slotting allowance in both symmetric information and separating equilibrium solutions. We define
Vi(w,a) =T, (-)+2L and Vj(w, a) = II;(-)+2L. The proof is by contradiction. As before, we denote

the symmetric and separating equilibrium solutions by the superscripts * and ** respectively. Sup-



pose L** < L*. There are two possibilities: Vj(w**,a**) > Vi(w*,a*) or Vi(w**,a™) < Vj(w*, a*).
We begin with the case of Vj(w**,a**) > Vj(w*, a*).

Vi(w**, a**) > Vi(w*,a*) and L** < L* imply that Vj(w**, a**) — 20" > Vj(w**,a**) — 2L* >
Vi(w*,a*) —2L*. But we know that the low-type manufacturer makes a strictly positive profit by
offering the high-type manufacturer’s symmetric information solution and it makes zero profit by
offering the high-type manufacturer’s separating equilibrium solution. That is, V;(w**, a**)—2L** <

Vi(w*,a*) — 2L*, giving a contradiction.

Now consider the other possibility: Vj(w**,a**) < Vj(w*,a*). Let Vj(w*,a*) —2L* = A > 0,
Vi(w*,a*) — Vi(w**,a*™*) = AV > 0, L* — L** = AL > 0. By definition, V;(w**, a™*) — 2L** = 0.
It is easy to see that AV —2AL = A. Since AL > 0, AV > A. Now consider a small change from
{w**,a**, [**} such that @ = w** — ¢, @ = a** and L = L** + 1[Vi(w,a) — Vi(w**, a**)]. Recall
that I, (w*, a*, L*) > Il (w™, a™*, L**). {i,a,L} is closer to {w*, a*, L*} than {w*™,a™ L**} is.
Therefore, given the monotonicity of II; in w and L, the high-demand manufacturer can satisfy
the signaling constraint and increase its profit by the deviation under consideration; thus giving a

contradiction.
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