Technical Appendix

Proof of Lemma 1

An individual maximizes her expected utility given her information set 7. If the expected
utility from adoption is greater than 0, then she will adopt; otherwise she will reject. In other
words, she will choose to adopt if E[(V' —(1—-¢,)|{,]> 0. Since #» does not depend on the
information an individual has, the inequality is equivalent to £(V' | ,) >1—¢,. And
EWV|1)=PV =1/1))x1+P(¥ =0]1,)x0=P(V =1|1,). Therefore, for any individual, given
the information set 7, she has, if the conditional (posterior) probability that the value is one is
greater than the disutility (transportation cost as 1-#»), the individual will choose to adopt.
Otherwise, she will choose to reject. O
Relaxtto 1-p <t <% and % < t < p in Friend-networks

We start with the case for /2 < ¢ < p. If the first person sees H, then she calculates P(V=1| H) =
p > 1-t. If the first person sees L, then she calculates P(V=1|L) = 1- p <1 - ¢. Therefore, the first person
will adopt when seeing an H signal and reject when seeing an L signal. If the second person sees AH, then
P(V=1 | AH) >p>1 -, and she will adopt as well. If the second person sees AL, then P(V=1 | AL)=
%2> 1 - t, then she will adopt as well. This means that no matter what the second signal is, the second

person will adopt as long as the first person adopts. Then a cascade will have happen.

If the second person sees RH, then she calculates P(V=1|RH)= %2 > 1-¢, then she will adopt. If the

second person sees RL, then she calculates P(V=1|RL) =

2
(1—§7)< 1-p < 1-¢, then she will reject. If

(1-p)*+p*
the third person sees RA, she knows that it must be that the second person sees H, and the third person’s

decision rule is like the 1% person’s. To see this,

1_ 2
P(V=1RAH) = ( 5 P)p > =p > 1-t, and she will adopt.
(I-p)p +p(1-p)
l _ 2
P(V=1]RAL) = p(1=p) — 1-p < 1-t, and she will reject.

(1-p)p* + p(1-p)’



p(1-p)’

If the third person sees RRH, P(V=1|RRH) = > >
(1=p)p”+p(-p)

= 1-p < 1-t, and she

will reject. It can be easily verified that P(V=1|RRL) < 1-7 and the third person will reject as
well. Therefore, a cascade will happen.

Compared to the case when t = /2, an up cascade will be more likely to happen in the case
when 72 <t < p. This is because t= ' is the case when people are most neutral to a product in
terms of preferences. Two consecutive adoptions or rejections will give rise to cascade when t =
. But when %2 <t < p and people have upward biased preference for the product, as long as the
person in the odd number sequence adopts, an up cascade will happen.

Symmetrically, when 1-p < ¢ <%, it can be similarly prove that as long as the person in
the odd number sequence rejects, a rejection cascade will happen.

Proof of Lemma 3

Suppose an “up” information cascade starts at the n' person who adopts the product.
Based on the definition of cascades, all later people will choose to adopt regardless of their
signals. For the (n+1)™ person, according to Lemma 1, a cascade will continue on this person iff
ta+1 > 1 - P(V=1| xa=A, sn+1=L). Similarly, for the n+2" person, a cascade will continue on her iff
tni2 > 1 - P(V=1| Xn=Xn+1=A, Sn+2=L); and for the n+k™ person, a cascade will continue on her iff
tatk > 1 - P(V=1| xo=Xn+1=...=Xn+k-1=A, Sn+k=L). Let P/= P(V=1| xn=A, sn+1=L), P,= P(V=1|
Xn=Xn+1=A, Sn+2=L), ..., Pr= P(V=1| Xn=Xn+1=...=Xn+k-1=A, S n+k=L). Therefore, P[tn+1 > 1 -
P(V=1]| xa=A, sn+t1=L)]= P(V=1| xa=A, sat1=L)=P1, ..., P[ta+k > 1 - P(V=1| X0=Xn+1=...=Xnt+k-1=A,

S n+k=L)]=P(V=1| Xn=Xn+1=...=Xn+k-1=A, S nk=L)=P%. Thus, the probability that a cascade starts at

the n'™ person in a stranger-network equals to P(cascade at n) = HPk . It can be easily verified that
k=1

Pi< P:< ... <Px, thus P* < P(cascad after n)< P¥ . Since 0 < Px< 1V k €N, thus

lim, ., B* =limy_,,, " =0 Therefore, lim, .. [ [~ =0 according to squeeze theorem. That is, the
k=1



probability of a cascade happens in a stranger-network converges to zero as the number of
people n increases to infinite. O
Proof of Proposition 1

The general idea of this proof consists of two parts. The first part of proof is that when n
=2, P(correct)s < P(correct)s. Here a correct inference is defined as that the »” individual
correctly infers the quality of the product. The n” individual could face 2" different information
sets, so we use Jx to represent the k” possible information set for the n” individual.
Mathematically, the probability of making a correct inference is:

<waw0:HVzDiﬁWHV:DHV:Hh)+HV:Q§PUHV=MHY=MQJ:

k=1 k=1

.

ZP(I |V =1)P(V =1|1,). The second part of proof is to prove that the probability of making a
k=1
correct inference in a stranger-network, P(correct)s converges to 1 when N — oo but that in a
friend-network P(correct)r converges to a value strictly less than 1 and both these two
probabilities are monotonic increasing in N. Therefore there must be one point when these two
curves intersect with each other.

To begin with, we are proving that for the second individual, the probability of making a

correct inference is higher in friend-networks than that in stranger-networks. From Section 3.2

and 3.3, it can be shown that the probability for the second individual to make a correct inference

‘+(1-p)*

in friend and stranger-networks are: P(correct)r= P T = p) +p(1-p) , and P(correct)s=
p +U=-p

24p* —48p* +40p* —16p+3

5 5 . It can be verified that P(correct)2,r > P(correct)z,s when 2 <p < 1.
(4p” =2p+1)(4p”—6p+3)

To improve readability as well to save pages, we omit this proof. The detailed technical proof is
available from the authors upon request.
The next step is to prove that the probability of making a correct inference in a stranger-

network converges to ¢ as N—oo. Several conditions are required for the proof. First is that the

3



probability of making a correct inference P(correct)sis monotonic increasing in N. The second is
that P(correct)s is bounded. Therefore, according to the monotone convergence theorem,

P(correct)s converges to c. To prove that P(correct)sis bounded in the range of (0, 1):

2" 2"
Recall that P(correct)s =P(V =1)Y P(I, |V =P =1|I,)+ PV =0)>_ P |V =0)P(V =0 I;) =
k=1 k=1

2" 2" 2"
D PU |V =DP( =1|1;) . Because0< > P(I, |V =D)P(V =1|1)< Y P(I; |V =D)=1, we get
k=1 k=1 k=1

O<2Z”:P(1k \V=1)PV =1|1,)<]1.
[

Next is to prove that P(correct)s is monotonic increasing in N. For the n'" individual, she
has 2" possible information sets in In. For the next individual -- the (n+1)™ individual, she has
21 possible information sets in In+1. Suppose one information set for the n' person is Ir = {Xu-1,
sn}, where X1 is the actions made by previous n-1 people. Then, the (n+1)" individual’s
corresponding information is n={X-1, Xn, sn+1}. where x» is the action of the n' person, either
adopt or reject. It can be proved that P(correct, Ix) < P(correct, Im), where
P(correct, Iy=P(V =1)P({, |V =1)P(V =1|1,)+ P(V =0)P({, |V =0)P(V =0|1,), and
P(correct, In)= P(V =1)P(I, |V =1)P(V =1|1,)+P(V =0)P(I, |V =0)P(V =0]|1,)." Then
similar results can be obtained for the rest of 2" - 1 possible information sets for the n™ individual
and the corresponding 2""!-2 sets for the (n+1)" individual.

From above, we know that limn—«P(Correct)s = c. Now we need to prove that ¢ = 1.

To prove limn—<P(Correct)s =1, according to Lobel (2009), when the preference is unbounded
(tn€ [0, 1]), social beliefs about the true state of the world will converge to 1 and here we

replicate the proof. It can be shown that limn—«P(Correct) =

! The proof is quite lengthy. To improve readability as well to save pages, we omit this proof. The detailed technical
proof is available from the authors upon request.



—a+ B)B(-1+ -
(-a ﬁ)ﬂ ( a) —, where & and & are the upper and lower bound of

~aaf+af+afa-aff-pa+fap
the support of preference ¢, and £ and B are the upper and lower bound of the support of
private signal s. In a stranger-network, a =1and ¢ =0 while in a friend-network, o = a = %.

In both networks, Z’<1 and S >0. Then in a stranger-network, it can be shown that

limn—«P(Correct)s = 1 when a =1and a =0, while in a friend-network, limn—«P(Correct)r =

¢’ where ¢’ < 1 when o = a ="%.0
Proof of Proposition 2
Expected Sales in a Friend-network

A cascade will happen after two people choose the same action in a friend-network. We
use this property of a friend-network to calculate the expected sales in a friend-network. Here we
assume that the quality is high, /’=1. Results can be similarly obtained for /=0 using the same
algorithm.

Let P1 be the probability that two people choose two different actions when V=1 (either
AR or RA), thus P1 = P(AR|V=1) + P(RA|V=1) = p(1-p). Let P2 be the probability that two
people both choose to adopt when V=1 (AA), thus P> = P(AA|V=1) = p*> + % p(1-p). Let Po be the
probability that two people both choose to reject when V=1 (RR), thus Po=P(RR|V=1) = (1-p)*+
72 p(1-p).

When there are even number (2x17) of people in a friend-network, the expected sales is:

sales7’ = B, x B+ 2R x B+ 3P  x B, + 4R x B + ...+ (i- )R x B, +iP + (i+ DB P, + (i +2)BP, +...
i—1 2xi
+(+i)B =iR +) jxB x P+ ) jx PP,

j=1 J=i+l

When there are odd number (2xi-1) of people in a friend-network, the expected sales is:



salesy = B x By + 2B’ x B, + 3R’ x B, + 4P x By + ...+ (i-2)B” x By + (i- 1) (1- p) +iR" p+ (i + 1) B P,
i-2 2xi-1
+(i+2)PPP +..+(2xi-)P,=(i-1)B"(1- p)+iR" p+ ) jx B x P+ D jx B* " x P,

Jj= Jj=i+l

Expected Sales in a Stranger-network

Suppose the product quality is high. Given n people in a stranger-network, there are 2"
possible combinations of choices made by these n people (each person can choose either to adopt
or reject, and there are n people). The expected sales in is obtained by first multiplying the
number of ‘As’ (adoptions) in a possible choice combination C; of these n people by the

conditional probability of such a choice to happen given V=1, then summating across all the 2"

.’
possibilities: sales, = Z[k,- x P(C, |V =1)]. Here ki is the number of adoptions in choice C;,

i=1
P(C, |V =1)1s the conditional probability for Cito occur given that /=1. For example, there are
two people in the network. Thus AA (both adopt) is a possible choice made by these two people.
ki thus equals to 2 in this case because two people choose to adopt in the choice set. The

probability of AA to happen in the stranger-network given that V=1 is P(AA|V=1) =

p N l-p
2 2 2 2
p-+3(1-p) 3p +(1-p)

possible choice made by two people, P(AA|V=1), P(AR|V=1), P(RA|V=1) and P(RR|V'=1). Then

[p°+(1-p)T[ ]. We calculate the conditional probability for each

we multiply each probability by the number of adoptions in each choice, and then sum them up
to get the expected sales for a high quality product in a network of two people.

To get the expected sales at n, in a more general term, the conditional probability of a
specific choice Ci made by these n people given that V=1 is: P(C; »|V=1) =

P(Ci iy |V =D)xPWV =1|C;,1,5,)%xP(s, |V =1) ifthe n' person adopts
P(Ci’nf1 [V =D)x[1-PV =1] Cip1sS)]1% P(s,, |V =1) ifthe n'™ person rejects



where Ci»-; indicates the choices made by the previous n-1 people in choice Ci». For example, if
Ci3 ={AAR} for the first three people, then Ci3.; is {AA} made by the previous two people. sxis
the quality signal the n™ person observes, either H or L.

PV =D)P(C,, |V =DP(s, |V =1
1

D PV = HP(Cip |V = P(s, |V = )
j=0

Since P( V:1| Ci,n-],Sn): , WE Can express P(Cl”| Vzl)

in terms of P(Cix-1|V=1) and P(Cin-1|V=0), and P(Cin-1]V=1) in terms of P(Cin-2|V=1) and P(Cin-
2|V=0), and so forth. Based on these recursive relations, we could express P(Cin|V=1) in terms of
P(Ci1|V=1) and P(C; |V=0).

Next, by multiplying the number of adoptions in C;» by the conditional probability (Cinx
|V=1), we get the expected sales in one specific choice, Ci». After summating the expected sales
across all the 2" possible choices, we get the expected sales in a stranger-network with size .
Because of the exponentially growing number of items in the expression (2" conditional
probabilities for a network size of n), it becomes computationally intensive and thus extremely
complex to analytically solve the expected sales as n increases. So we use numerical simulation
to explore the results. Notice that the computer run-time and memory required scale with at 2" --
it doubles at each increment of number of people. So we use the supercomputing facilities to
solve the computation and memory constraints. When »n = 40, it takes about 20 days run-time and
when n = 50 it will take about 65 years. So the maximum N we provide in Figure 2 is 40.

Based on the algorithm described above for sales and salesy, we calculate the sales in
these two networks when n ranges from 2 to 40 and p ranges from 0.5 to 1. The equilibrium
outcome (curve AB in Figure 2) is the threshold of network size N when a stranger-network
generates higher sales than a friend-network does. As shown in Figure 2, the larger the network
size is, the more likely the stranger-network generates higher sales than the friend-network does.

And the higher p is, the smaller N is.o



Proof of Proposition 3

We assume that in both networks, the expert is neutral to the product, z. = 2, and this is
common knowledge. First consider the case of a friend-network. The proof is to show that after
adding an expert into the beginning of networks, the third and later people could be worse off in
a friend-network. The same as in the basic model, friends have the same preference for the
product, ¢ = ' for all non-experts. The signal accuracy for the expert’s is p. and the non-experts’
is p, where %2 < p < p. <1. Here subscript e indicates the case with an expert. Then the probability
of the expert making a correct inference is P(correct)e = P(H|V=1)P(V=1|H) +
PLIV=D)P(V=I|L) = p; +(-p,)".

Because the second person knows that the expert has better information than she does,

she will follow the expert’s action no matter what signal she observes. Technically, this means

that P(V=1| xe=A, s2=L) > "2, which equals to p.1=p) >1/2. Since pe > p, — pe(1-p) >
pe(l=p)+(1=p,)p

pe(l_p)

>1/2 . Therefore, we have proven
r.d=p)+(1=p,)p

(1-pe)p — 2pe(1-p) > pe(1-p) + (1-pe)p —

that the second person will follow the expert’s action no matter what signal she observes.

Therefore, a cascade starts even sooner than the case without an expert in the friend-
network! All the later individuals will thus make the same decision as the expert does and no
more useful information will aggregate after the expert. And the probability of everyone making
a correct quality inference is P(correct)e = p +(1- p,)*.

In contrast, if there is no expert in the friend-network, the probability of the third person
making a correct quality inference is P(correct) = -(32p° - 96p° + 106p* - 52p° - 9p* + 19p -
6)/(3%(5p* - 5p + 2)). It can be shown that there exists p satisfying P(correct) > P(correct)e
when 2 < p < p. < 1. For instance, when p =0.7, and p.=0.75, P(correct)=.6545 while
P(correct).=.625. Therefore, the third person is better off in the network without an expert than

in the network with an expert. For the fourth and later decision makers, because their probability



of making a correct decision is no smaller than the third individual, they will also be better off
without an expert.’

Now consider the stranger-network. The roadmap consists of two parts. First, the second
person is more likely to make a correct quality inference in the stranger-network with an expert
than in the network without an expert. Second, assume that for the n' person, the probability of
making a correct quality inference is greater in the network with an expert than in the network
without an expert, then it also holds for the (n+1)" person in the stranger-network.

First, we are showing that, with an expert in the network, the second person is more
likely to make a correct quality inference than the case without an expert. The second person’s
probability of making a correct quality inference without an expert is P(correct) =
P(A1H2|\V=1)P(V=1|41H2)+P(A1L2\V=1)P(V=1|4:1L2)+P(R:H2|V=1)P(V=1|R1H2)+P(R1L2| V=1)P(V

24p* —48p° +40p* —16p+3
(4p* —2p+1)4p® —6p+3)

=1|RiL2) =

When there is an expert in the network, the second person’s probability of making a

. : 6p*p’ —6p*p, +p* —6pp:+6pp, — p+p’ -
correct quality inference is P(correct).= P Pe PP Pe7P "OPPe” DPPe”P7 Pe” Pe
pp. =p. —P)2pp. —p. —p+1)

—2p(p-DQ2p*> -2p+p,)2p*> —2p—p, +1)

So P(correct)e-P(correct)= —; > .
(4p” =2p+1)(4p” —6p+3)2pp, — p. — P)2pp. —p. —P+1)

It can be verified that P(correct)e-P(correct) >0 when 2 <p <pe<1.3
Now we are showing that, if for the n™ person in the stranger-network,

P, ,(correct) > P,(correci) , then for the (n+1)™ person, it also holds that P,

+1.0(correct) > P, (correct) .

To facilitate the proof, we write out the n™ person’s information into two parts: the social

information X, which includes all the actions made by previous n-1 people, and private signal sx.

2 Because the fourth and later decision makers observe more information than the third one, their probability of
making a correct inference is no smaller than the third one. To improve readability as well to save pages, we omit
this proof. The detailed technical proof is available from the authors upon request.

3 To improve readability as well to save pages, we omit this proof. The detailed technical proof is available from the
authors upon request.



Given any information set {Xx, s»} that the n person could possibly observe, for the
(n+1)™ person, the corresponding social information she observes is either {Xi, A} (if the n®
person adopts), or {Xi, R} (if the (n+1)™ person rejects). Thus, we could write the corresponding
information set the (n+1)™ person observes as { X x», sn+1}, where x, indicates the action made
by the n person, either A or R.

Since P, ,(correci) > P, (correci) , this means that
ZP(Xkasn ‘Vzl)eP(V:HXkasn)e +ZP(Xk9Sn |V:O)eP(V:0|Xk’sn)e >
k k

D P(X s, [V =P =1]X;,5,)+ D P(Xp,s, |V =0)P(/ =0| X,,5,,)
k k

n—1>

. P(X,5,V =17 +P(X;,s5,|V =0)," P(X;.5,1V =1 +P(X V =0)>
orequlvalently,z (X5l )e (XS0l e >Z (X8l ) ( S, )

, Or
p ZP(Xk,s,1|V=j)e p ZP(Xk,s,,W:j)
J J

equivalently,

pALs V=D P(s, |V =D, + PX, [V =0),” Pls, [V =0),”
p D PXL |V =) Ps, |V =),

J
ZP(Xk [V =1)>P(s, |V =1)* + P(X, |[V=0)*P(s, |V =0)°

: D PX |V = )PGs, |V =)
J

Also we can write the probability of the (n+1)™ person making a correct quality inference

as follows:

P, (correct) = ZP(Xk,xn,an |V=1)P(V=l|Xk,xn,sn+1)+Z:P(Xk,xn,sn+1 [V=0)P(V =0|X,,x,,S,.1)
k k

_ N PG =D P, | X)) P(syn [V =D | 0 POXG |V =00 P(x, | X)) P, [V =0)
T Y P(X |V = NP, | XOP, [V =7) 5D PNV = NP, | XO)P(s,0 |V = ))

J J

-y PX, [V =) P(x, | X )P(s, |V =1)° 5 P(X, |V =0)° P(x, | X;)P(s, |V =0)

n ZP(Xk [V = )P, |V =) . ZP(Xk V= P51 |V = )
J J

-y PX |V =1)2P(s,.; |V =D)’[(P(4] X))+ P(R| X})]

p Y PNV = )P, |V = 1)
J
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Iyt =0)* P51 |V =0’ [(P(A] X)) + PR | X))

g D PNV = PP, [V = )
J
N PGV =D PG, [V =1)* o PG|V =00 (s, |V =0)
=Y PV = PP,V =) G D PO = PG5 [V = )
J j

:Z P(X, |V =1)?P(s,,, |V=D)*+P(X, |V=0)2P(s,., |V=0)7>
k

D PNV = NP, |V = )
J

Since private signal sy is i.i.d., and we already know that

3 P V=D, Ps, |V =D, + P(X, |V =0),"Pls, |V =0),”
p D P(X, |V =) Pls, |V =),
J

ZP(Xk |V =1)?P(s, |V=1)+P(X,|V=0)7P(s, |V =0)>

: D PXL |V = )Ps, |V =)
J

Thus we can also obtain

pas V=0, P8, [V =D + PGV =00, P(s, [V =0),”

: D PXL NV =)o Py [V = ),
J

> P(X; |V =1 P(s,, |V =17 +P(X, |V=0)P(s,, |V=0)

p D PNV = P, |V =)
J

or equivalently, P, (correct)> P, (correci) .0

Proof of Lemma 4
An individual maximizes her expected utility given her information set /... If the expected
utility from adoption is greater than 0, then she will adopt; otherwise she will reject. In other

words, she will choose to adopt if E[(V —(1-¢,)|1,]>0. Since #» does not depend on the
information an individual has, thus the inequality is equivalentto E(V' | 1,) >1~-1¢, .
EV|I)=0-PV=0|1,)+0-P(V=0|1,)=0-P(V =06|1,). Therefore, for any individual,

given the information set /» she has, if the product of  and conditional (posterior) probability
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that the value is @ is greater than the disutility (transportation cost as 1- #), this individual will
adopt. Otherwise, she will reject. O
Proof of Proposition 4

The roadmap of the proof consists of two parts. First, when n=2, P(correct)s <

P(correct)y. Second, when n— <, limn—«P(Correct)s > limn—«P(Correct)y. Because probabilities

of making a correct choice are non-decreasing in both networks, therefore, there must exists N ,

whenn< N , P(correct)s < P(correct)f, and when n > N , P(correct)s > P(correct)y.

In the friend-network, to exclude uninteresting result, we only look at the range of # when
1-0p<t:<1-6(1-p). This is because when , < 1 - Op, the first individual will reject the
product no matter what private signals she observes. Thus the first individual’s action does not
reveal any information to later ones. Then the second individual will act as the first one. For the
same reason, the second individual will reject regardless of her private signals. So the third,
fourth and so forth. Then in the whole friend-network, everyone will reject. Similarly, when ¢, >
1 - (1 - p), everyone in the friend-network will adopt.

We first look at # = 1- /2 6 for the friend-network. Similar results can be extended for 1 -
Op<tn<l-20and 1-20<t.<1—-06 (1 - p). When the first person sees H, he calculates P(V=
6|H) = p. Because 6p > 1- t when t = 1- % 0, the first person will adopt after seeing H. When the
first person sees L, he calculates P(V= 6|L)=1-p. Because 6(/-p) < 1- t, the first person will reject

2
L>l/2

after seeing L. When the second person sees AH, he calculates P(V= 6|AH) = —; (- p)
p +U=p

0, thus he will adopt. When the second person sees AL, because (V= 0|AL)= "2 = 1-t, the second
person will flip a coin to decide. Similarly, we can get results for RH and RL. The second person

will reject when seeing RL; she will reject or adopt with equal probabilities when seeing RH.

12



1
For the third person, if she observes AAL, she calculates P(V=6|AAL) = 5(1 +p).

1 : . .
Because 3 0 (1+p) > Y4 0, she will adopt when see AAL. It is easy to verify that P(V= 6|AAH) >

Y5 as well, thus the third person will adopt when seeing AAH as well. Therefore, a cascade will
happen when the third person see AA. Symmetric results can be easily obtained for RR.
Therefore, when 6 has been added into the model, the learning process is the same as that in the
basic model of friend-network.

In the stranger-network, because 0 <8 < 1 and #, ~ U(0, 1), for those #» < 1- 6, they will
get negative utility even the product is of high quality. Thus, they will reject no matter what
information they receives. For those people, learning does not matter for them, for their “correct”
choice is always to reject. We call these people as “stubborn” consumers. For “non-stubborn”
consumers with #; > 1- 0, learning matters for them because the quality of the product will make
a difference on valence of their utility. And we focus on the learning of “non-stubborn”
consumers and their probability of making a correct inference. For “non-stubborn” consumers, a
correct choice is to adopt when the product is of high quality and to reject when the product is of
low quality. And we compare the probabilities of making a correct inference in the stranger-
network with that in the friend-network.

In the stranger-network, if the first person sees H, she calculates P(V=6/H) =p. If Op > 1-
t, she will adopt. Otherwise, she will reject. If the first person sees L, she calculates P(V=6|L) =
1-p. If 6(1-p) > 1-t, she will adopt. Otherwise, she will reject. The second person could possibly

see four different sets of information, /,. If the second person sees AH, she calculate P(V= 6|AH)

2L (1= p)?
= M If the second person sees AL, she calculate P(V=§|AL) =

2 N2
2 : p +(1-p) I
p +3(1-p)

3pP+(1-p)*

p(2p’0° —2p6° + 6% -1)
4p°0° —6p*0> +3p6° -1

the second person sees RH, she calculates P(V=§|RH) = . And if the

second person sees RL, she calculates = P(V= 0RL)=
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(12— p2)(1 -6 {pz2 +(1-p)°1} . . And if @ xP(V= 0| 1) > 1-t, she will adopt.
(I-p)A1-0"{p" +(1-p)°1} + p[1-260"p(1- p)]

Otherwise, she will reject.
The probability of the second person (non-stubborn) making a correct quality inference in

the stranger-network is P(correct)s=

4 4
PV = 9)2P(1k \V=0)P(V =0|1,)+PV = O)ZP(Ik |V =0)P(V =01|1,) = (384p'%° - 1920p%¢* +

k=1 k=1
4384pq° - 6016p’q? + 5480pSq° + 48p°q - 32p° - 3448p°q? - 144p°q + 96p° + 1508p?q? + 192p*g
- 136p* - 448p°q° - 144p°q + 112p° + 84p°q° + 67p°q - 58p? - 8pq’ - 19pq + 18p + 3¢ - 3)/((4p? -
2p + 1)(4p? - 6p +3)(4qp’ - 6qp’ + 3qp - 1)(4qp’ - 6qp° +3qp - ¢ + 1))
And the probability of the second person making a correct inference in the friend-

4 _\4
network is P(correct)r= M

o) + p(1-p). It can be verified that P(correct)s < P(correct)s for
p +U-p

the second person.

Now we are proving that limn—«P(Correct)r < limn—«P(Correct)s . Because we focus on non-

stubborn consumers in the stranger-network, thus 1- 6 <, < 1. Replace o =1-6, a=1in

— _(_ ai— D (:1 +_Q) — (A6), we get limn—xP(Correct)s=1. For the friend-
—aaf+af+apa-afpf-pa+pap

network, replace o = a= 1—%9 , B=1 —p,Z’ = pin eq. (A6), we get - (px(2p - )/((2p - 1)( O -

2)). When 2(1-p) <0< 1, eq. (A6) < 1. Therefore, we have proved that limn—«P(Correct)r <

limn—«P(Correct)s. Because the probabilities of making a correct choice are non-decreasing in 7,

there must exists N, whenn< N, P(correct)s < P(correct), and when n > N, P(correct)s >

P(correct)y. o
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Mixed Network

In the mixed network, ¢ ~ U(1-a, a), where 2 < a < 1. Parameter a captures the degree of
heterogeneity in the network. The smaller a is, the more homogeneous the network is. The higher
a s, the more heterogeneous the network is. When a is very close to 2, the network becomes
very similar to the friend-network we examined before. When a equals to 1, the network
becomes the stranger-network. The same as the basic modelling, p is the accuracy of private
signals, where 2 < p < 1. First, let’s look at how the first person makes a decision. If the first
person sees a private signal H, then she infers that P(V=1|H)=p, and if the person sees L, then
she infers that P(V=1|L)=1-p. Based on Lemma 1, given the information a person observes, Iz,
this person will adopt when P(V=1| I) > 1- #, and reject when P(V=1| ;) < 1- t». Therefore,
when observing H, the first person will adopt if p > 1 - 14, otherwise she will reject. Similarly,
when observing L, she will adopt when 1-p > 1- #,, and otherwise she will reject.

Suppose the first person adopts. For the second person, because she is not sure the first

person’s preference, she can only infer the probability that the first person adopts when seeing an

H, or equivalently, P(p > 1-¢/) = min(l, a-(-p)

701 )and the probability that the first person adopts
a f—

when seeing an L, or equivalently, P(1-p > 1-t/)= max(O,%) . Combing the first person’s
action and her own signal, the second person calculates the probability that P(V=1|12), then
compares this probability with her preference and makes a decision.

In a more general term, we can write the probability that the n” person adopts when

a-1+P(V =1|1))
2a -1

observing information 7, as P(adopt|/»)=max(0, min(l, )) and P(reject| I)=1-

a-1+P(V =1|1))
2a -1

max (0, min(l, )) . Here we rewrite I, into two parts, the social information Xx-1,

including all the previous actions made by the first n-1 people, and the private information s», the
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quality signal that the n” person observes, either H or L. X»-1 have 2™! possible combinations.
We use subscript & to indicate the £ combination out of these 2™ possibilities: Xu-1.k.
Then the probability that the n” person makes a correct quality inference is P(correct)n =

a-1+PV =1 |Xn_l)k,sn)

oo [PV =DP(X, s, |V =1)max(0,min(l, 2a-1 )
— o a-1+PWV=1|X,,,.5,) |
+P(V =0)P(X,_ 15, |V =0)[1-max(0,min(l, 1 ’ )]
g
PV =D)P(X,,, |V=DP(s,|V=1) ,

where P(V=1|Xu-1,6,5n) =— ’ , and P(Xn-1.4 V' =j) =

D PV = HP(X,,, |V =)P(s, |V =))

j=0

a-1+PV =11X
2a -1

a—-1+PV =11X
2a-1

4 Sn— . . th
P(X,,, |V = j)xmax(0,min(l, no2k 1))) xP(s, |V =j) ifthe(n—1)" adopts

P(X, ,; |V = j)x[1-max(0,min(l, "72’k’S"71)))] xP(s, |V =J) ifthe(n—1)" rejects

where X;.-2 indicates the corresponding actions made by the first n-2 people given that the n'
person observes X-1+. In other words, it is what the (n-1) person observes from history actions.
For example, if the third person observes that the first person adopts and the second person
rejects, X2={AR}, then for the 2" person, her corresponding social information is X1={A}.
Since s» could be either H or L, and X»-; has 2™'elements, thus the n person could
observe any of the 2" possible information sets. As we mentioned in the proof of Proposition 2, it
becomes extremely difficulty to analytically solve the probability that the n” person makes a
correct quality inference P(correct).. So we resort to numerical simulations. However, the run-
time required scales with at 2" - it doubles at each increment of number of agent. When n = 40, it
takes about 20 days run-time and when n = 50 it will take about 65 years. So we provided a
range of n (10, 20, 30 and 40), with different combinations of p (0.6, 0.7, 0.8 and 0.9) in Figure

4. The results show very similar patterns under different parameter values.
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