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A Proof of Proposition 1

A-1 A Lemma for Firm L

To prove the proposition, the following lemma for firm L will be useful.

Lemma A-1. For firm L, not selling the add-on is strictly dominated by selling it, if: (1)
B, > aAV when firm H sells optional add-on, or (2) Pt > oAV + w) when firm H sells

standard add-on.

The proof of the lemma follows the similar logic of the proof of Lemma 1 in the main text:
(1) assume that firm L sells only the base; (2) find the equivalent total price and add-on
price, (3) consider a small deviation by lowering the total price and the add-on price; (4)
show that the deviation is profitable. In what follows, I prove the first case when H sells the
add-on optionally. The proof of the second case follows the same argument.

Suppose that firm L sells only the base to consumers at price F,. Then the marginal
consumer indifferent between the two firms becomes 6y, = (P, — F;)/AV. Firm L’s profit is
I, = (6, — ) F. This strategy is exactly equivalent to charging a bundle price P, and an
add-on price p; such that P* = P, + p;, and that
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Consider a small decrease of the bundle price to Pl+, = P — ¢ with € > 0, and a small
decrease of the add-on price to p; = p; — € by the same amount. The base price P, remains

unchanged. This results in a segmentation of consumers because
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Firm L’s profit now becomes
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Evaluating this function around the original prices (P", p;) by Taylor series yields:
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where the second equality follows from the remainder term Ry = 0 because the higher order
derivatives are all zero, and the last equality follows from Equation (A-1)). Therefore, M > 0
for small positive € when P, > aAV.

A-2  Equilibrium When a > £(26 — 0)

To derive the equilibrium profile under this case, note that the indifferent consumer becomes
O = (P, — P))/AV. The two firms’ profits are given by
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It is straightforward to find the following equilibrium prices using the first-order conditions:
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where the thresholds are given by 67, = (6 + 6) and 6; = 1(6 + «). Next I first establish
that there is no profitable deviation for either firm, and then show that this is the unique

equilibrium in this parameter range.
A-2.1 No Profitable Deviation for Firm L

This is established by considering three possible non-local deviations.

Case (a): firm L does not sell the add-on and all consumers of firm H buy the add-on.
The marginal consumer indifferent between the two firms becomes 0, = (P,/*—P)) /(AV 4w).
For this case to arise, we need that 8, > pj; /w so that no consumer buys the base only from
H. But note that in equilibrium the incentive constraint has to satisfy:
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Firm L’s deviation profit is given by II; = (05, — @) F,. It turns out that the optimal profit

under this deviation case is achieved by the corner solution 0, = p} /w. To see this, note



that the first-order condition of the Lagrangian is given by P, = (P, — (AV +w)d — \)/2.

Then,
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where the inequality follows from Equation (A-2)) and the last equality is obtained by sub-

stituting the best responses of firm L. Because p; > w6, to guarantee that the constraint

is nonnegative, we need A > (0. This implies that the constraint has to be binding by com-
plementary slackness. This corner solution then coincides with the corner solution for the
problem under the proposed equilibrium (with L not selling the add-on and H selling it

optionally) because:
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Therefore, the deviation does not improve firm L’s profit.

Case (b): firm L sells the add-on and some consumers of firm H do not buy the add-on.
First, let us consider the scenario whereby firm L sells the add-on optionally. The market
is divided into four consumer segments as in Figure 2 in the main text. The thresholds
are given by 0, = pi/w, 0, = (Pf — B — p)/(AV — w), and 6, = p;/w. It will later
become evident that when firm L sells the add-on to all of its consumers (i.e., 6, < 6)
the profit is not improved. Given firm H’s equilibrium pricing, firm L maximizes its profit
I, = (0 — 0)(PF — ¢) — (6, — 0)(p1 — ¢) subject to the constraints: (1) 6 > 6;, (2) 6, > 6,
and (3) 6, > 0.

The objective function is concave and thus the necessary and sufficient condition for
the optimization program is the Karush-Kuhn-Tucker conditions. Let A;, Ay, and A3 be the
Lagrangian multipliers for the three constraints. The first-order conditions lead to P," =
(Pf— (AV —w)8+c— X + A3)/2 and p; = (wd + ¢ — Ay + A3) /2. Therefore, Constraint (1)

can be rewritten as
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Because o > (20 — 0)/3 and both Ay and )3 are nonnegative, the term M in the bracket is
strictly negative (M < 0). To guarantee that the constraint is nonnegative, we need A; > 0.
This implies that Constraint (1) has to be binding. Therefore, the profit is no greater than
that obtained from not selling the add-on (i.e., the equilibrium strategy).

It remains to verify that firm L will not improve the deviation profit if it were to sell the



add-on to all of its consumers, in which case the profit is II; = (65, — 8)(P," — ¢). This profit
can be strictly improved if the firm sets the add-on price p; to be anywhere between [fw, c|
so that some consumers decide not to buy the add-on. The incremental benefit is equal to
—(6; — 0)(p — ¢) which is strictly positive.

Case (c): firm L sells the add-on and all consumers of firm H buy the add-on.. The
marginal consumer indifferent between the two firms becomes 0, = (P, — P7)/AV. To
ensure that all consumers buy the add-on from H, it is necessary that 0, > p; /w. Consider
that firm L maximizes its profit I, = (6, — 0)(P," — ¢) — (6, — 0)(p, — ¢). The profit differs
from Case (b) only in terms of the profit of selling the bundle, (65, —0)(P" —¢). Maximizing
this bundling profit under the constraint yields Pt = (P* — AV + ¢ — \)/2. Substituting

this best response back to the constraint gives
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Note further that,
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where the first inequality follows from « > (20— ) /3, the second from AV > w, and the last
from 6 > 2. Since M < 0, for the constraint to be nonnegative, it is necessary that A > 0.
This implies that the constraint has to be binding by complementary slackness. Therefore
the profit is no greater than that obtained from the previous Case (b), which is proved to
be not profitable.

A-2.2 No Profitable Deviation for Firm H

Case (a): firm H sells the add-on as optional and some consumers buy LT. The marginal
consumer indifferent between the two firms becomes 0y, = (P,— P —p;)/(AV —w). Consider
firm H’s maximization of profit, II, = (6 — 6p) P+ (6 — 0,) (pr — ¢), subject to the constraint
0 > p; /w. Notice that the profit function is the same as the one of the proposed equilibrium
except the threshold 6y;. It then suffices to compare the profits from selling the base only. The
first-order condition of the constrained problem is given by P, = (P} +pi+(AV —w)0+\) /2.



Therefore,
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where the inequality holds because p; = 2(0+a)w > (6+60)w/3. Because (26— 0) is positive,
to ensure that the constraint is nonnegative it is necessary that A > 0. By complementary
slackness the constraint must be binding, implying that firm H should leave no demand for
L*. Therefore, the optimal profit obtained in this case is no greater than the equilibrium
profit.

Case (b): firm H sells the add-on as standard and some consumers buy LT. Because
P >0, by Lemma 1 this strategy is strictly dominated by a local deviation whereby firm
H sells the add-on optionally by increasing the add-on price while lowering the base price.
This deviation is exactly in the form of Case (a), which yields no greater profit than the
equilibrium one.

Case (c): firm H sells the add-on as standard but no consumer buys L. Because P} > 0,
by Lemma 1 this strategy is strictly dominated by a local deviation whereby firm H sells the
add-on optionally by increasing the add-on price while lowering the base price. This local
deviation is exactly in the form of the maximization problem in the proposed equilibrium.
Therefore, there is no profitable deviation.

Case (d): firm H does not sell the add-on at all. This deviation can take two forms.
First, firm H can leave no demand for the bundle of L™. The optimal base price is then
the same as the equilibrium strategy Pj. However, the deviation forgoes the profit from
selling the add-on, leading to reduced total profit. Second, firm H can leave some demand
for the bundle of L™. The profit is less than that in Case (a) because some positive sales
of the add-on can improve the profit without affecting the profit of selling the base good.

Therefore, in either case, the deviation is not profitable.



A-2.3 No Other Equilibrium Exists

The only possible alternative equilibrium profile is such that firm L sells the add-on to some

consumers, leading to the following pricing strategies:

1 - 1 2
Pi= 50— 0)(AV —w)+ 3¢ ph=wli BT =0-20)(AV - w)+ e,

W[

and p; = wl if a > 0 but p; < wh if a < §. The thresholds are given by 05, = (0 +0)/3 —
¢/(BAV —3w), 0; = (0 +«)/2, and 0f = (8 + ) /2. To verify that this equilibrium does not
sustain, it suffices to notice that 6, < 6; when o > (26 — 6).

A-3  Equilibrium When a < £(20 — 0)

Recall that the equilibrium profile where firm L sells the add-on optionally is summarized in
Section 2.3 of the main text. The next two subsections establish the second and third state-

ments of the proposition by showing that neither firm will deviate when AV > max{A;, Ay}.
The last subsection shows that no pure strategy equilibrium exists when AV < max{A;, Ay}.

A-3.1 No Profitable Deviation for Firm L

Case (a): firm L does not sell the add-on and some consumers of firm H buy the add-on.
By Lemma this is not a profitable deviation as long as P} > aAV. Notice that
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where the second equality results from substituting the best-response prices of firm L. There-
fore, as long as a < (26 —6) and AV > A (the conditions for 6}, > 67), we have P; > aAV
and thus the deviation is not profitable.

Case (b): firm L does not sell the add-on and all consumers of firm H buy the add-on.
By Lemma this is not a profitable deviation as long as P,”* > a(AV + w). Notice that

P — a(AV +w) = Pf —aAV +pl — ¢ > P — aAV > 0,

where the first inequality follows from p; > ¢, and the second inequality follows from the
result of Case (a). Hence, any deviation in this case is not profitable.
Case (c): firm L sells the add-on and all consumers of firm H buy the add-on. The

marginal consumer indifferent between the two firms now becomes 0y, = (P;/* — P")/AV.



To ensure that all consumers buy the add-on from H, firm L has to set the total price P,
sufficiently low so that 6, > pj /w. But recall that the marginal consumer in the equilibrium

profile satisfies:
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Firm L’s deviation profit is given by IT; = (6, —0)(P," —c¢) — (6, —0)(p; — ¢), which is different
from the equilibrium profit only in terms of the bundle component (6, — 8)(P," — ¢). The
first-order condition of the Lagrangian for the constrained maximization of this bundle profit
is given by P" = (P,/* — AV + ¢ — \)/2. The constraint becomes
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where the inequality follows from Equation (A-3) and the last equality is obtained by sub-
stituting the best responses of firm L. Because p; > wf, to guarantee that the constraint is
nonnegative, we need A > 0. Thus, the constraint has to be binding. The corner solution
exactly coincides with the one for the problem under the equilibrium because
il N it A
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Hence, the deviation profit is no greater than that obtained from the equilibrium strategy.

A-3.2 No Profitable Deviation for Firm H

Case (a): firm H sells the add-on as optional but no consumer buys L*. The marginal
consumer indifferent between the two firms is 6, = (P, — P*)/AV. Firm H maximizes
the profit I, = (6 — 0) Py + (0 — 0,)(pn, — ¢) subject to the constraint, 6, < p;/w, so
that there is no demand for consumers who buy L*. Note that the profit is also separable
into a component for the base good and a component for the add-on price. It suffices
to examine the profit component of the base good which is different from the equilibrium
one. The first-order condition for the constrained optimization problem of the base profit
is P, = (PF + AVO — )\)/2. There are two cases to consider. First, if & > 6, then the

equilibrium add-on price is p; = (Bw + ¢)/2 and satisfies 65, > 6;. The constraint becomes

Of = ="~ Ay < Av oAy

— 0w + N),



where the inequality follows from 607, > 0/, and the last equality is obtained by substituting
the best responses of firm H. Because p; < Aw, for the constraint to be nonnegative we need
A > 0, implying that the constraint must be binding. The corner solution is the same as the
one under the equilibrium problem because:

I A ) P—=P" p
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Therefore the deviation profit is no greater than the equilibrium profit.

Second, if v < @, then p; < fw. There is no demand for firm L at all. The equilibrium
strategy is optimal.

Case (b): firm H sells the add-on as standard and some consumers buy L*. Because
P > 0, by Lemma 1 this strategy is strictly dominated by selling the add-on optionally
by increasing the add-on price and lowering the base price. This is exactly the equilibrium
strategy. Therefore, deviation in this case is not profitable.

Case (c): firm H sells the add-on as standard but no consumer buys Lt. Firm H’s profit
becomes II;, = (0 — 01;)(P, — ¢) subject to the constraint, 8, < p;/w, where the indifferent
consumer becomes 0y, = (P," — P})/(AV +w). The first-order condition for the constrained
optimization problem of the base profit is P;” = (P +c+ (AV +w)f — \)/2. There are two
cases to consider. First, if & > @, then the equilibrium add-on price is pj = (fw + ¢)/2 and

satisfies 05, > 0;. The constraint under deviation becomes
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It can be shown that M < 0 using a < %(25 — ). For the constraint to be nonnegative we
need A > 0, implying that the constraint must be binding. The corner solution is the same

as the one under the deviation in Case (b) because:
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implying that the deviation is not profitable. Second, if a < 0, then p; < fw. There is no
demand for firm L at all. The equilibrium strategy is optimal.

Case (d): firm H does not sell the add-on at all. This deviation can take two forms.
First, firm H can leave no demand for buying the add-on from firm L. The profit is smaller

than that in Case (a) because a small positive sales of the add-on can improve profit without

10



affecting profit from the base good. Second, firm H can leave some demand for the low-
quality bundle L*. The optimal base price is then the same as the equilibrium strategy Py
However, the deviation forgoes the profit from selling the add-on, resulting in a lower profit

than the equilibrium profit. Hence, in either case, the deviation is not profitable.
A-3.3 No Other Equilibrium Exists When AV > max{A, Ay}

The only possible alternative equilibrium is such that firm L does not sell the add-on, re-
sulting in a pricing profile described in Section in this appendix. Firm H’s base price is
Py = (20 — 9)AV/3. Since a < (20 — 0)/3, we have P; > aAV. Therefore, by Lemma

firm L can profitably deviate by selling the add-on to some consumers.
A-3.4 No Pure-Strategy Equilibrium Exists When AV < max{A;, Ay}

Because in any possible equilibrium firm H will always sell the add-on as optional by Ob-
servation 1 in the main text, there are two possible equilibrium outcomes depending on firm
L’s implementation:

Case (a): firm L sells the add-on. The equilibrium profiles are the same as those in
the second and the third statements of the proposition. When a > 6, both firms sell the
add-on optionally. The fraction of consumers who buy the bundle from firm L is given by

7, — 07, which is positive only if AV > A When o < ¢, firm L will sell the add-on as
standard, and the fraction of consumers who buy the bundle from the firm becomes 60;;, — 0
which is positive only if AV > A,. Hence, no equilibrium is sustainable in either case if
AV < max{A, As}.

Case (b): firm L does not sell the add-on. Following the same proof of firm L can

profitably deviate by selling the add-on to some consumers.

B Extension 1: Partial Market Coverage and Positive Base Cost

Let C' > 0 be the marginal cost of the base good. Further, the market is not fully covered
and assume that # > 2C/V to ensure that the market can accommodate both firms. The
first observation is that firm H'’s incentive to price discriminate is reinforced under vertical

differentiation, just as in Lemma 1 and in Observation 1 in the main text.

Lemma B-1. For firm H, selling the add-on as standard is strictly dominated by selling it
as optional, if: (1) P—C > —aAV when firm L does not sell the add-on, or (2) P" —C >
—a(AV —w) when firm L sells the add-on.

Observation B-1. In any pure-strategqy equilibrium, firm H sells the add-on as optional.

I'Note that Ay > Ay when a > 6, and Ay > A; when o < 6.

11



The equilibrium outcomes then rest on firm L’s behaviors. Define oy, ag, a3 as follows:

- 20V +AV)I - C _2(V+AV)(AV —w)f — (AV —w)C B1)
YTOOBVH4AY 0 T (VHAV)(BAV —w) + (AV —w)AV”
AV —w — C
=" 2AV —w)d — (2V + 4AV — w)—| . B-2
a3 V +AV)w (V +2AV —w)f — (2V + 4AV w)v (B-2)

It can be shown that ay > ay > min{%, az}. The following proposition summarizes all the

pure-strategy equilibria of the game.

Proposition B-1. (1) If « > ay, there exists a unique equilibrium in which firm H sells the
add-on as optional whereas firm L does not sell it; (2) ]f% < a < ao, there exists a unique
equilibrium in which both firms sells the add-on as optional; (3) If a < min{%,ag}, there
exists a unique equilibrium in which firm H sells the add-on as optional whereas firm L sells

it as standard; (4) No pure-strategy equilibrium exists in other parameter regions.

The proof follows exactly the same line of proof in Online Appendix [A] First, a lemma

for firm L is obtained:

Lemma B-2. For firm L, not selling the add-on is strictly dominated by selling it, if: (1)
P, — C > aAV when firm H sells optional add-on, or (2) Pt — C > a(AV +w) when firm
H sells standard add-on.

Next I derive the equilibria and some of the tedious proof that no profitable deviation

exists will be omitted as the proof is very much similar to that in Online Appendix [A]
B-1 Equilibrium When a > o,

The best response prices in this case are:

V 1

1 _

The resulting equilibrium profile becomes:

. 1 — * *,
O I VNG 2(V + AV)AVO + 3(V + AV)C],  p; = wb;;
* 1 0 ’ *
Pl = g Ay VAVE + 8V +2AV)C, - pi > wby,

where the thresholds are given by 05, = %—Xf;c and 6; = (6 + a). It can be verified

that there is no profitable deviation for either firm under this equilibrium.
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The only possible alternative equilibrium profile is where firm L sells the add-on to some

consumers. The equilibrium profile consists of the following pricing strategies:

P V+ AV
3V +4AV —w

1
P =
! 3V +4AV —w

[2(AV —w)0 +3C + ], p; = wb;;

[(V +w)(AV —w)d + (3V + 2AV 4+ w)C + 2(V + AV)c],

and pj = wo; if o > 0 but p; < wb; if o < @. To verify that this equilibrium does not
2(V+AV) g

sustain, it suffices to notice that 0, < 07 when o > -7—=——0.

B-2 Equilibrium When a < ay

Under this equilibrium, firm H sells the add-on as optional while firm L sells it either as

optional or as standard. Firm L maximizes its profit:

I = (O — 0)(P" = CF) = (0 = 0) (1 — ¢) — (6o — O)(P," — i — C).

The first-order conditions are P;* = §[55% P, + C*] and p; = §[=% P» + ¢]. Notice that,

regardless of firm H’s prices, the demand of consumers who buy the base without the add-on

from firm L is given by

n B1 C
0, —0== — = =Z(a—=). B-3
R Vi 2(a ) (B-3)
Therefore, if a > %, firm L sells the add-on as optional, but as standard if a < % Now
consider firm H'’s profit maximization problem:

Hh = (9— Ghl)(Ph - C) + (g— Hh)(ph — C).

The first-order condition for P, is P, = (P" + (AV —w)@ + C) /2. The best-response prices

lead to the following equilibrium strategies:

., V+AV
783V +4AV —w

1
P =
! 3V +4AV —w

[2(AV —w)8 +3C + ], p; = wb;;

[(V +w)(AV —w)f + (3V + 2AV +w)C + 2(V + AV)d],

and pj = wo; it a > 0 but p; < wl if a < §. The constraint 65, > 6 is equivalent to
Py — C > oAV, which holds if and only if o < ay. When a < %, firm L sells the add-on
as standard. To guarantee equilibrium existence, the constraint becomes 65, > C/V, which

leads to @ < as3. Hence, the equilibrium exists if and only if o < min{%, az}. It can be

13



verified that there is no profitable deviation for either firm under this equilibrium.

To show that the above equilibrium is unique when o € [0, min{$, a3} U (£, as), it
suffices to consider the only alternative equilibrium profile in which firm L does not sell the
add-on. The equilibrium profile is summarized in Section [B-1 Firm H’s base price is then
Py = (20AV +30)(V + AV)/(3V + 4AV). It follows that Py — C > aAV if and only if
a < aq. Hence, by Lemma firm L can profitably deviate by selling the add-on.

B-3 No Other Pure-Strategy Equilibrium Exists

The only parameter region left to consider is @ € [ap, 1) and a € (a3, £) if ag < £. Because
in equilibrium firm H will always sell the add-on as optional by Observation [B-I], there are
two possible equilibrium outcomes depending on firm L’s implementation.

Case (a): firm L sells the add-on. The equilibrium profiles are the same as those in the
second and the third statements of the proposition. When a > C'/V| both firms sell optional
add-on. The fraction of consumers who buy the bundle from firm L is given by 6y, —6; which
is positive only if @ < ay. When o < C'/V, firm L will sell the add-on as standard, and the
fraction of consumers who buy the bundle from firm L becomes 65, — 0 which is positive only
if o < a3. In either case the equilibrium is not sustainable.

Case (b): firm L does not sell the add-on at all. Following the same proof above, firm L
can profitably deviate by selling the add-on.

C Extension 2: Asymmetric Add-on

Consider the extension that the cost and value of the add-on are different for the two firms:
(cp,wy) for firm H and (¢, w;) for firm L. Then the cost-to-value ratio also varies across
the firms: ay, = ¢p/wy, and a; = ¢;/w;. No restriction is placed on whether the cost and/or
value should be higher for firm H than for firm L, and thus the cost-to-value ratio can be
either higher or lower for firm L. It is, however, assumed that the quality premium AV
remains higher than the maximum value of the add-ons, AV > max{wy,,w;}. In addition,
the assumption that the cost of the add-on is not unreasonably large, ay, < 6, still applies so
that firm H always sells the add-on in equilibrium. Other assumptions follow from the main
analysis. With this specification, the conclusions in the preceding analysis are qualitatively
unchanged. Let
A”:m-wl, and Ay = —— .

T20—-0-3q ’

Proposition C-1. (1) If oy > 1(20 — 0), there ewists a unique equilibrium in which H sells

14



the add-on as optional whereas L does not sell it; (2) If § < oy < (20 — 0), there egists
a unique equilibrium when AV > Ay, in which both firms sell the add-on as optional; (3)
If oy < 0, there exists a unique equilibrium when AV > Ay, in which H sells the add-on
as optional whereas L sells it as standard; (4) No pure-strategy equilibrium exists in other

parameter regions.

The proof of the proposition largely follows the one for Proposition 1 of the main model.
Thus, I will just derive the equilibrium pricing in what follows and omit the tedious proof

that no deviation can improve equilibrium profit.
C-1 Equilibrium When the Add-on is Too Costly (q; > (20 — 0))

In this case, the indifferent consumer becomes 0, = (P, — P,)/AV. The two firms’ profits

are given by

— P,—P
1, = (6 — hn—

7 DPn ) _
AV )Ph + (0 w—h)(Ph cr); I =( AV 0

It is straightforward to find the following equilibrium prices using the first-order conditions:

1 -

1 —
=—(20 - 0)AV, p; =wpb;; P = §(9 —20)AV,  p; > wb;,

Py 3
where the thresholds are given by 67, = £(6 + 0) and 6; = (0 + o).

C-2 Equilibrium When the Add-on is Not Too Costly (o < 1(260 — )

In this case, the indifferent consumers become 6, = (P, — P,")/(AV — w;). The two firms’

profits are given by

—_Ph—Pﬁ = P

IT, = (0 )Py+ (0—=2)( ) I (Ph_P+
pr— — PR — _C . —
h AV — h wn DPhr h)s l

m_Q)(Pﬁ—cl)—(i—ll—ﬁ)(pz—ca-

It is straightforward to derive the solution using first-order conditions:

1 _ 1
By =320 -0)(AV —w)+za,  pp=wnbp,

3
" 1 - 2 . )= wle* if @ > Q

P = SO0 =20)(AV —w)+ e, p b
<wf ifa<i

where the thresholds are given by 05, = (0 + 0)/3 — ¢;/(3AV — 3w,), 0; = (0 + a;)/2, and
0 = (0 +ai)/2.
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D Extension 3: Asymmetric Marginal Cost of the Base Good

Consider next the extension that the marginal cost for firm H is higher. The marginal cost
of firm L remains zero by normalization, but the cost for firm H now becomes AC > 0.
Define the cost-to-value ratio for the base good as A = AC/AV, which measures the unit

cost of the quality premium. Let

i (0 — 20+ 30)AV — (0 — 20 + a)w
2AV '

This is the bound above which it is costly for firm H to serve additional consumers who
buy only the base by lowering the base price. Therefore we shall focus on the case A < Z.

Other assumptions follow from the main analysis. Let

20 — 6 — -2
0 _Q @ cw}, and A :max{w,m-
2A 420 — 0 — 3« A+4+6—20

A} = max{w, w}.

Proposition D-1. (1) If o > 1(20 — 0) + 2 A, there exists a unique equilibrium in which H
sells the add-on as optional whereas L does not sell it; (2) If § < a < %(25 —0)+ %A, there
exists a unique equilibrium when AV > Al in which both firms sell the add-on as optional;
(3) If a < 0, there exists a unique equilibrium when AV > Al in which H sells the add-on
as optional whereas L sells it as standard; (4) No pure-strateqy equilibrium exists in other

parameter regions.

Again, the proof largely follows the proof of Proposition 1 of the main model. The

equilibrium pricing will be summarized below with the detailed proof omitted.
D-1 Equilibrium When the Add-on is Too Costly (o > 1(26 — §) + 2A)

To derive the equilibrium profile under this case, note that the indifferent consumer becomes
O = (P, — P))/AV. The two firms’ profits are given by

- Py— B a7 Dn P, — B
I, = (6 — P, — A 0— — —c); II, = —0)P,
h=( Ay = AC)+ (0= D)pn — )y = (=1 — DR,
The first-order conditions lead to the following equilibrium profile:
% 1, - 2 * *

2 When A > A there exists equilibrium where firm H sells the add-on as standard.
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1 1
P =50 -20)AV +3AC,  pf > wl, (D-2)

where the thresholds are given by 85, = (0 +0 4+ A)/3 and 6; = (0 + a)/2.
D-2 Equilibrium When the Add-on is Not Too Costly (a < $(20 — ) + 2A)

In this case, the indifferent consumer becomes 0, = (P, — P,)/AV. The two firms’ profits

are given by

— P,— P

P, — P
I, = ( — ———— L
= AV —w

)(Ph—AC)JF(g—%)(Ph—C); I, = (m

~0)P— (2 —0)(p o)

The equilibrium profile now becomes:

1, - 1 2
Pr=320=0)(AV —w) + 2c+ SAC,  pj =i,
1 - 2 1 =wl ifa>40
P =20 -20)(AV —w) + ¢+ -AC,  p} : -
3 33 <wd ifa<d
where the thresholds are given by
c— AC 1 -

1 _
07, = —=(0+0) —
hi 3( +0) 3

* *_1
m, Hh— —(9+a), Ql = 2(Q+Oé>

E Extension 4: Imperfectly Correlated Tastes

In this extension, I relax the assumption that the tastes for the base and the add-on are per-
fectly correlated. For tractability, I focus on the case where there is at least some correlation
between the two tastes. Suppose the taste for the base good remains to be 6, but the taste
for the add-on is given by A = 60 + e, where the constant 8 > 0 and e ~ Ule, €]. Without
loss of generality, assume that § = 1. Therefore, each consumer is summarized by a pair of

taste parameters (6, e). The utility of buying from firm j for type-(f, e) consumer is then

oV; — P; if only the base good is purchased;

0V, + (6 +e)w — P; — p; if both the base good and the add-on are purchased.

Let Ae = — e. To reduce the complexity of the solution, let us assume that € > o — § and

e < (20— 26 +€). The implication is that type-(f, €) consumer does not buy the add-on in
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equilibrium. Define the following quantities

" f—a—ce a+e—4§0 " 0—20+a—3e a+e—40
1 = max{= w, ——w}, A, = max{ — w, —
0—200+2 2a—2e—10 0 — 20 200 — 2e —

0"

Proposition E-1. (1) If a > %(25 — 0) + €, there exists a unique equilibrium in which H
sells the add-on as optional whereas L does not sell it; (2) If 0 +e < a < %54—@, there exists
a unique equilibrium when AV > A/{, in which both firms sell the add-on as optional; (3) If
a < 0+ e, there exists a unique equilibrium when AV > Ay, in which H sells the add-on
as optional whereas L sells it as standard; (4) No pure-strategy equilibrium exists in other

parameter regions.

E-1 Equilibrium When the Add-on is Too Costly (o > (26 — §) +€)

To derive the equilibrium profile under this case, note that the indifferent consumers between

the two firms are defined by 6, = (P, — P;)/AV. The intra-marginal consumers for firm H

are defined by e+6 = p;,/w, which intersect with the upper bounds of e and 6 at e, = £+ —0

and ¢, = (®+ —€). The two firms’ profits are then

P, — P,
AV

Py — P
AV

I, = Ae- (0 — VP + mh(pr); T = ( - 0)h,

where m,(pn) = (60— 0,)(€—ex)(pn —¢) = 1(0 — 22 +€)*(pj, — ¢). Solving for the equilibrium

1, - — 1
Bi=(@0-0AV, py=2@+20+2); B =0-20)AV, p>ub,
where the thresholds are given by 6}, = £(6 + 0) and 6; = (0 + 2a — 2€).
E-2 Equilibrium When the Add-on is Not Too Costly (a < 1(20 — 0) +¢)
In this case, the indifferent consumers are defined by the condition §(AV —w)—ew = B, —BP/*.

To determine the market shares, it is sufficient to know the upper and lower bounds of the

marginal consumers

ew + P, — Pl+
ehl,u = )
AV —w

§w+Ph—]3l+

and Ghl,l = AV —w
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Therefore, firm H’s profit is

_ 1 1 —
Hh =Ae- |0 — 5((9]11# + QW)] Ph + 5((9 - Hh)(é - eh)(ph — C), (E—l)

N J/
-~

7h(Ph)

where 0, = (22 —€) and e, = 2 — #. Similar to the case of perfect correlation, the profit
maximization problem reduces to maximizing two profit components separately using the
base price P, and the add-on price py,.

Firm L’s profit is

1

1
I, = Ae - 5(‘9hl,u + On) — Q] (P =) —5(91 —0)(er—e)(p — ). (E-2)
(1)
where 0; = (2 —¢) and ¢; = 2 — . Similar to the case of perfect correlation, maximizing

profit reduces to maximizing the two components of the profit separately using the bundle
price P;* and the add-on price p;.

The price competition between the two firms pins down the equilibrium prices
, 1 — 1 1._ 1 - 2 1,
P = g(AV—w)(29—Q)+§c—|— §(e—|—§)w, and P = g(AV—w)(H—QQ)+§c+ §(e+g)w,

Independent from the strategic interaction that determines equilibrium market shares, the
firms set the optimal add-on prices. Add-on prices py, and p; are chosen to maximize 7, (py)
and m;(p;) in Equations (E-1) and (E-2|) respectively, which lead to

1 — 1
p2:§(9+é+2a)w, and p}‘:g(Q—I-QﬂL?Oz)w.

F Proof of Proposition 2 and Two Additional Results on Com-
mitment

Before proving Proposition 2, I first analyze two benchmark cases assuming partial com-
mitment ability: (1) both firms can only make commitment to the no-add-on policy, and
(2) both can only make commitment to the standard-add-on policy. Building on these two
results, in the last subsection, I provide the proof of Proposition 2 assuming both firms can

commit to either policy (full commitment ability).
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F-1 Firms Can Only Commit to Not Selling the Add-on

Proposition F-1. Suppose that firms can commit to the no-add-on policy. In any pure-
strategy equilibrium, (a) firm H does not commit; (b) firm L commits if a < %(29 —40), and

1s indifferent between committing and not committing if otherwise.

First observe that firm H will never commit to the no-add-on policy. By committing
to not selling the add-on, firm H always uses the base good to compete with firm L in
the second stage. Breaking the commitment allows it to sell the add-on to a fraction of
consumers who have the highest taste for quality. This does not affect the profit from selling
the base good but can generate additional profit from selling the add-on. The total profit is
then strictly improved.

Given this observation, firm H will always sells the add-on as optional in any equilibrium,
applying Observation 1. It remains to consider firm L’s strategies. If firm L commits to not
selling the add-on, then its equilibrium profit is given by Hl(°p tmo) = $(0—20)*AV.

If firm L does not commit, then the equilibrium prices and profits are exactly the same
as in Proposition 1. Whether or not it is optimal to commit depends on the size of . When
o > %(25 — 0), it will not sell the add-on in the second stage and thus obtains the same
profit HI(OP 1) as in the commitment case. Hence, committing or not does not change the
equilibrium profit. When 0 < o < %(2@ — 0), the firm chooses to commit if and only if

2

) 1) = 21 (G — 20+ 20(F - 26) — (6~ o)~

— : F-1
AV —w >0 (F-1)

-

Y

It can be shown that ¥ > 0 when 0 < a < %(2@ — 0). Therefore, commitment is optimal
if AV > (1+a?/Y)yw = A;. If AV < Ay, then the firm does not commit, leading to
the possibility of an optional add-on in equilibrium as in Proposition 1. However, this
equilibrium exists only when AV > A;. It can be shown that A; < Aj, so this equilibrium
is not sustainable.

When o < 6, the firm chooses to commit if and only if

2
H(opt,no) . H(opt,std) _ E 5 — 90 2 ) g — 926 _&
l l 9 S O) +2a( —Z AV —w

~~
Y/

> 0.

Since Y’ > 0, committing not to offer the add-on is optimal if AV > (14 a?/Y")w = A]. If
AV < A}, then the firm does not commit, leading to the possibility of a standard add-on in
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equilibrium as in Proposition 1. However, this equilibrium exists only when AV > A/, It

can be shown that A} < A,, so this equilibrium is not sustainable.
F-2 Firms Can Only Commit to Standard Add-on

Proposition F-2. Suppose that firms can commit to the standard-add-on policy (bundling).
There exists a threshold & > £(20 — 0) such that, in any pure-strategy equilibrium: (a) firm
H commits if « < &, but does not (and sells the add-on as optional) if otherwise; (b) firm L

does not commit if a« > 6, and is indifferent between committing and not if otherwise.

Case (a): a > (20 — ). First it is easy to show that firm L has no incentive to sell the
add-on in the second stage, regardless of H’s commitment choices, because of its high cost.
Therefore, it remains to consider firm H’s incentive to commit, given firm L doesn’t sell the

add-on. The equilibrium profit of committing to bundling is given by

1

H(std,no) _
h I(AV + w)

[(25 — ) (AV +w) — c} 2.

The equilibrium profit of not committing is given in Table 1 in the main text. Therefore,

firm H commits if and only if

— a2w

H(std,no) . H(opt,no) _ E 2_ 2 9 2_ . _J B 2 W . F-2
X

There exists a threshold & > %(25 — ) such that when o < &, the above inequality holds.
When a > a, it is optimal for H to not commit and sell the add-on optionally.

Case (b): § < a < 1(20 — 6). First note that firm L has no incentive to commit to
bundling, because not committing allows the firm to charge some consumers for a fee to
recover some cost. Therefore, it remains to consider firm H’s incentive to commit, given
that firm L sells the add-on to some consumers. The equilibrium profit of committing to
bundling is given by Hgftd’Op " = %(25 — 0)*AV. The equilibrium profit of not committing is

given in Table 1 in the main text. Therefore, firm H commits if and only if

w|, - 9 — o?w

H(std,opt) . H(opt,opt) — (20— ¢ 2 9 25 —0)— 2(6 - 2 =" )
h h 9 ( 0) a( 9) 4( ) AV —w >0

There exists a threshold &; such that when a < &, the above inequality holds. When

a > Gy, it is optimal for the firm to not commit. However, for such equilibrium to exist,
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we need a < (20 — 0)(AV — w)/(BAV —w) = dl. With some algebra, one can show that
&y, > &q. Therefore, not committing does not constitute an equilibrium in this case.

Case (c¢): o < §. First note that firm L has no strict incentive to commit to bundling
because, even if it doesn’t commit, it will sell the add-on to all consumers anyway. It then
remains to consider firm H’s incentive to commit, which is exactly the same condition as
in Case (b): it will commit if and only if IT"*"" — T1{?"") - 0 This is because firm L’s
commitment choice does not affect firm H’s problem as long as L sells the add-on to some
consumers. The condition holds when o < &j,. When a > @y, it is optimal for the firm to not
commit. However, for such equilibrium to exist, we need a < (6 — 20)(AV — w)/w = dz.
With some algebra, one can show that &; > &s. Therefore, not committing does not

constitute an equilibrium in this case.
F-3 Full Commitment Ability (Proposition 2)
Case (a): a > 1(20 — 6). Following the same line of proof of the proposition in Section ,

we have: when a < &, there exists an equilibrium in which firm H commits to bundling;
When a > @&, there exists an equilibrium in which firm H does not commit and sells the
add-on as optional. In both cases, firm L does not sell the add-on (and is indifferent between
committing to no-add-on and not).

Case (b): § < a < (20 — ). First note that if firm L commits to the no-add-on policy,
then Hﬁftd’“”) > Hg’p %) given that X > 0 (defined in Equation . If firm H commits to
bundling, then

_ _ 9 2
Hl(std,no) . Hl(std,opt) _ % (9 . 2Q)2 + 2@(0 B QQ) o Z(Q _ a)2 a“w

fm} 0

Y

always holds given that Y > 0. Therefore, the profile that firm L commits to the no-add-on
policy whereas firm H commits to the standard-add-on policy constitutes an equilibrium.
The other possible equilibrium would be that neither firm commit and thus they both sell
it as optional in the second-stage game. However, as shown in the proof of Proposition [F-1]
this equilibrium is not sustainable because A; < A;.

Case (c): a < . Following the same argument of Case (b), the profile that firm L
commits to the no-add-on policy whereas firm H commits to the standard-add-on policy

constitutes an equilibrium. It remains to verify that this is the only possible equilibrium

3 This condition follows from AV > w(20 — 0 — a)/(20 — 0 — 3a) = A;.
4 This condition follows from AV > w(f — 20 + «) /(0 — 20) = As.
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under this parameter region. The alternative equilibrium would be that neither firm commits
and thus H sells the add-on as optional whereas L sells it to all consumers. However, as

shown in the proof of Proposition , this equilibrium is not sustainable because A; < As.

G Proof of Proposition 3

G-1 When a < (6+0)/3

For the equilibrium in which firm L sells the add-on as optional to exist, the following
incentive constraints have to be satisfied: (a) 65, > 0;;(b) 6 > 8 = 0, > 20 — a. For the
equilibrium in which firm L sells the add-on as standard to exist, it requires that (c) 65, >
0; (d) 6 < 6. Note that (a) and (b) imply (c). Define the following quantities:

A(u)_Q—QQ—f—a' A(u)— 2§—|—

- 3a w  20—90+ Ta
0 —_ = w, 1 — — -
0 — 20 2(60 +

~w, and Ay = — Sw
2(0 — 50 + 3a)

Constraint (a) is equivalent to 65, > « since 67 = 1(6;, + ¢). Note that 6}, — « is positive
as long as AV > Aﬁ“) Constraint (b) is equivalent to 6j, > 20 — a since 0] = (0}, + «).
Note that 6, — (20 — «) is positive as long as AV > AL Note further that A" > Al is
equivalent to 2(ar — 0)(6 — 20 + 6a) > 0, which holds if and only if o > §. Therefore, if firm
L sells optional add-on in equilibrium, then either one of the following must hold: (1) a > 0
and AV > A" or (2) a < 0 and AV > A,

Finally, if firm L sells standard add-on in equilibrium, Constraint (c) gives

2[(0 — 20)AV — (6 — 20 + a)w]
6AV — bw

>0 AV > A,

To satisfy Constraint (d), it suffices that AV < A% Note that A > Al is equivalent to

(0 — a)( — 20 + 6a) > 0, which always holds when o < 6. It remains to verify that there is

no profitable deviation from either firm.
G-1.1 No Profitable Deviation for Firm L

The only non-local deviation is that firm L does not leave demand for H. Fixing firm
H’s equilibrium prices, (P;,p5*), and given firm L’s total price, P, the consumers with
0 € [0, 01, choose to pay the base price to visit firm L at time ¢ = 1. The marginal consumer
is given by 6y = (P, — P")/AV. At time ¢ = 2, these consumers observe p; and decide

whether to buy it or not. The firm maximizes its ex post profit, m; = (6 — 0))(pf — ¢), with

® Note also that AV > A%u) occurs only if a < (6 + 0)/3. If, however, a > (0 + ) /3, then AV < Agu).
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0, = pf/w. Again, the optimal strategy is to set 6, as a function of the marginal consumer
th: 0l<9hl> = (th + Oé)/2
The firm’s problem at time ¢ = 0 is then finding the optimal j; that maximizes the total

profit taking into account the second-period problem

max(&hl — Q)(P};r* — thAV —C) — (‘9[<9hl) — Q)(w . Gl(ﬁhl) — C).
Ont S——
=P +pf

The (unconstrained) optimal choice of the marginal consumer is 6, = [2P,/* — 2c + (2AV +
w)0]/(4AV 4 w). This deviation requires that no consumer would buy only the base good
from firm H, that is, 6%, > ;. However, notice that

—4(0 — 20 + 3a)AV? — (0 — 20 — 5a)wAV + 1(0 — 20 + a)w?

0, —0; =
e Th (4AV + w)(6AV — 5w) ’

which is negative because AV > w. Therefore, the optimal solution is binding such that

0n = 0;. Hence, firm L has no incentive to deviate.
G-1.2 No Profitable Deviation for Firm H

The only non-local deviation that could be profitable is that firm H implements the standard-
add-on policy. Since it is always optimal for firm H to set the add-on price, pf* = (fw+c)/2,
that maximizes ex post profit, the deviation is achieved by increasing the base price so that
no consumer will buy the base good only. In the first case, the firm deviates by charging
the total price P 4= Pe + p¢* at t = 0 while leaving some demand for L. The optimal
deviation is P/ = 1(P™ + AV@+c). The profit from this deviation, II¢, is no greater than

the equilibrium profit because

2

[w [P+ 0(AV — w)] — (AV — w)(Bw — c)

I — 11§ =
b R 4(AV —w)wAV

>0

In the second case, the firm charges P’ ¢ such that there is no demand for L. The optimal
deviation is P% = (P} + AV (8 +w)+¢)/2. The profit from this deviation, II¢" is no greater
than the deviation profit in the first case, because
/ 1 — _
I — 1 = —— [P + AV — ] - )@*+0(Av+w)—g}2

1
AAV -— 4(AV +w
=A+B =A
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_ B*AV 4+ w) 4+ 2AB(AV 4+ w) + A*w -0
B 4(AV +w)AV -

given that A+ B > 0 and B < 0. Therefore, there is no profitable deviation for firm H.
G-2 When a> (A +6)/3

In this case, the equilibrium prices are exactly the same as case (1) in Proposition 1 (see
subsection , except that firm H’s add-on price is unobserved but correctly expected by
rational consumers. Therefore, as long as a > (20 — )/3, there is no profitable deviation
from either firm. However, when o € ((6 + 6)/3, (20 — §)/3), firm L can profitably deviate

by selling the add-on to some consumers.

H Proof of Proposition 4

[13ed)

Let superscripts “o” and “u” denote the observed-price and the unobserved-price cases, and

(0 —20)AV — (0 — 20 + oz)w]w
B = AV - wGay —5u)

Note that B > 0 if and only if AV > Al

H-1 Market Shares

The difference in the marginal consumers indifferent between the two firms is QZEU) — QZEO) =

—B < 0, where the inequality follows from B > 0. The difference in the marginal consumers
indifference between buying the add-on and not buying is
*(u *(0) 1 *(u 3(AV - ’LU)
;) — gt :?%)—Q:——E——B>Q
where the inequality follows from B > 0.
H-2 Prices

The difference in the base prices of firm H is given by:

«0) WAV —w)(0 — 20 + 6a)

prw_p > 0.
h h 3(6AV — 5w)

The difference in the add-on prices for firm L is given by:

*(w *(0 1 *(U
pf%ﬁﬁ>=;%P—@w:aAv—mB>a
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where the inequality follows from B > 0.
Note that under either unobserved-price or observed-price equilibrium, the indifference

condition and firm H’s best response satisfy:

P = By = 05(AV —w)

a = B = (AV = w)(F - 26;,). (H-1)
P} = %(Pﬁ* + 0(AV —w))

With some algebras, one can show that the difference in the total prices is positive: Pl+*(") —
PO = 2(AV — ) (037 — 6:1")) > 0. The difference in the base price is given by

*u *(0 *(0 *(u 1 *(u
B = B = 2AV —w)(6” — 4,") = 56" — O)w = —~(AV — w)B,

which is negative given that B > 0.
H-3 Profits

Firm H'’s profit is clearly increased because it sells the base to more consumers at a higher

price while keeping the add-on profit unchanged. For firm L, the profit difference is
AL = (03 =0) (B =)= (6, =) (5" =) = (0” =0) (B =)+ (6, = 0) (] — ).
Note that 07" = 679 — B ;™ = ;) 4L 3B(AV —w) /w, 7™ = P 4 2(AV —w)B,

and p;(“) = p;k(o) +3(AV —w)B. Substituting these quantities into the profit difference yields
ATl = —(BAV — 2w)(AV — w)B?/w < 0, where the inequality follows from 3AV > 2w.
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