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ONLINE APPENDIX

OA.1. Analysis of the Basic Model when v, is between 0111 and Oors:

In the following analysis, we do not presume that 61(m; + r1) > Oa(mo + 75). Without loss of
generality, suppose 6111 > vq > Oory. Without any support from the manufacturer, retailer 1 will
get position 1, the outside advertiser A will get position 2, and retailer 2 will get position 3. The

manufacturer’s profit only comes from retailer 1, and it equals to,

7TM(O, 0) = d101m1.

Obviously, the manufacturer has no incentive to give retailer 1 any support, since retailer 1 can
already get the first position and thus the manufacturer can get the maximum demand from retailer
1 without paying anything for the clicks. Now let’s see whether the manufacturer would like to

support retailer 2 to move up.

If the manufacturer moves retailer 2 up to position 2, it needs to provide participation rate as

to retailer 2 such that

0
ir1 > < 22 > . (OA-1)

T o
The outside advertiser’s bid at position 3 is vy4, and retailer 2’s bid at position 2 is (d; — ds)/d; -
Os15/(1 — o) + da/dy - va, which is the price per click for retailer 1. The manufacturer’s profit is
then,

7TM<0, 052) = d191m1 + d2(92m2 - OéQUA),
which decreases in as, so the manufacturer will choose the smallest s that satisfies (OA-1)), af =
1 — 0979 /v4. Correspondingly, the manufacturer’s profit is

WM(O, Oé;) = d191m1 + dz[eg(mg + 7"2) — UA].

If the manufacturer further supports retailer 2 to move up to position 1, it needs to provide

participation rate as to retailer 2 such that

0o

T > 91’/“1 > vg. (OA—Q)

The outside advertiser’s bid at position 3 is v4, and retailer 1’s bid at position 2 is (d; — ds)/d; -
0171 4+ do/d; - va. Similarly, the manufacturer will choose the smallest ap that satisfies (OA-2)), so



as =1 —0ry/(017r1). The manufacturer’s profit is then,

dy —d d
mu(0,03) = di [ezmz — Qg < 1d 2(917’1 + d—QUA)] + dathymy
1 1

Oor
= dy [O(mg + 1) — O171] + do {Ql(ml 4 71) — Oyry — vy (1 _ ﬂ)} '

01
Comparing the manufacturer’s profits in the three scenarios, we can see that the manufacturer

will support retailer 2 to get position 2 if and only if,

dg 917"1 —

VA
Osr9 > 0 >
+d1—d2 0111 9Ty > Ga(mao +12) > a4,

(91 (ml + 7"1)

and the manufacturer will support retailer 2 to get position 1 if and only if,

dy Ohry — vy
* dy — dy 0111

92(777,2 -+ 7’2) > 91(m1 -+ 7"1)

To summarize, when v,4 is between 6,7, and 6,79, the retailer with higher total channel profit does
not necessarily get a higher position. Specifically, given 6171 > va > 091y, retailer 1 will get a
higher position when 6;(m; + r1) > 63(mg + r9); but retailer 2 may not get a higher position when
Os(mo+ry) > 01(mi+71). In other words, we need a stricter condition than 0y (mo+719) > 61 (mq+r7),

as shown above, to grant retailer 2 a higher position than retailer 1.

The reason is that, in the case that vq > 6;r; (i = 1,2), the manufacturer can choose the
participation rates such that the bid at position 2 equals to v4 and both retailers pay v4 per click,
when the two retailers take the top two positions. Now, consider the case that 6171 > v4. When
retailer 1’s takes position 2 and retailer 2 takes position 1, retailer 1’s bid is a linear combination
of vq and 60,7y, which is greater than v,. As a result, the price per click at position 1 is higher
than v4. On the other hand, when retailer 1 takes position 1 and retailer 2 takes position 2, the
manufacturer can choose retailer 2’s participation rate such that the bid at position 2 equals to v4
and both retailers pay v4 per click. Therefore, having retailer 2 at position 1 is more costly and

thus demand a stronger condition to ensure it as the equilibrium.

OA.2. Manufacturer’s Direct Participation: Analyzing 12 Position Configurations

We first consider the four position configurations in which the manufacturer gets a higher position
than both retailers: (M, Ry), (M, Ry), (M, A), (A, M).

e Consider the position configuration (M, Ry).



For this position configuration to be the equilibrium, we need to have

bar > by > b, bs. (OA-3)

The SNE condition and the LB selection rule that guard against the outside advertiser A and

Ry’s deviation from position 3 to position 2 imply that,

B9

(OA-4)

bA = V4, bg = .
1-— (6%}
Given by > by, by and the equation above, we can show that the SNE condition that guards against

the retailer’s deviation to position 1 is has been satisfied.

The SNE condition and the LB selection rule that guard against R;’s deviation from position 2

to position 1 imply that,
1 ) 1 . + ) max{ A 2} ( )

The SNE condition that guards against the R;’s deviation to position 3 is automatically satisfied

given by > by, by and the equation above.

The manufacturer chooses a, ay to maximize its profit my(ay, as), subject to (OA-3)-(OA-5)),

where,

mu(ar, a2) = di(Bgmo — by) + da(6ymy — oy max{ba, by })

dy —dy 011y dy 1o
1[0m0 < dl 1_a1+d1max{vA,1_a2})]

0
+d <91m1 — @iy max {UA, 22 } ) ;
1-— (0%}

which decreases in o and ay. Therefore, the manufacturer will provide no support to Ry (ad = 0)

0171

and choose the smallest a; that satisfies fi—’; > v, Le, o =1 — 5

To prevent the manufacturer from deviating to position 2, we need to have
di(6omo — by) + do(61my — ayba) > di(01my — arba) + da(Bomo — ba),

which is equivalent to fymg > 01(m1 + 1) given the choice of ;.

To prevent the manufacturer from deviating to position 3, we need to have

dl (90m0 — bl) + d2(91m1 — Oéle) 2 O,



which is equivalent to dy(6ymo — va) + da(61(mq + r1) —v4) > 0 given the choice of ay.

To summarize, the optimal participation rates and manufacturer’s profit in the case of (M, Ry)

are
a; = 1— %,
VA
a; = 0,
WM(OéT, Oé;) = dl(eomo — UA) + d2 [01 (m1 + 7”1) — UA], (OA—G)

and the equilibrium exists when the parameters satisfy 6ymg > 601(mq + r1) and dy(6ymg — va) +
dy(01(mq +11) —wva) > 0.

The manufacturer’s optimal profit in the case of (M, Ry) can be obtained by exchanging R; and
Ry in (OA-6)), i.e., my(af, ad) = di(Oomo — va) + da[02(ma + 72) — va], which is smaller than its
optimal profit under (M, R;) given 01(my + 1) > 63(ma + r9). Therefore, (M, Rs) cannot be the
position configuration in equilibrium.

e Consider the position configuration (M, A).

For the position configuration to be the equilibrium, we need to have

bM > bA > max{bl,bg}. (OA—7)

Similarly as above, the SNE and LB conditions that guard against R; and Ry’s deviations from

position 3 to a higher position will lead to b; = fi’;l by = 193—222.

The SNE condition and the LB selection rule that guard against the outside advertiser A’s

deviation from position 2 to position 1 imply that,

ba

_ dy — d ds { 0171 O } (OA—8)

V4 + — max ,
1—0[1 1—012

dy dy

Given this equation and b4 > max {M M}, the SNE condition that guards against the outside

11—y’ 1—a2

advertiser A’s deviation to position 3 has been satisfied.

To prevent the manufacturer from deviating to position 2, we need to have
d1(90m0 — bA) Z d2(00m0 — max{bl, bg})

Given the expression of by as in (OA-§), this is equivalent to Gymg > vall]

I This requirement is independent of the choice oy, .



The manufacturer’s profit is

(g, a2) = di(fomo —ba)

= dy (Bomo — va) + dy (vA — max { Orr1  Oary } > |

1—0(171—(1/2

which decreases in ay, ap. Therefore, the manufacturer will choose o = 0, a3 = 0, which satisfies
(OA-7)) and maximizes its profit.

To prevent the manufacturer from deviating to position 3, we need to have

di(6omo —ba) > 0,

di—do

which is equivalent to fymg > o

va + Z—f max{0;7r1, 0212} and is satisfied given fymy > v4 and
vq > 0111, 0915,
To summarize, the optimal participation rates and manufacturer’s profit in the case of (M, A)

are

a; = 0,
a; = 0,
(ol as) = di(6omo —va) + da(va — max{biry, Oars}),

and the equilibrium exists when the parameters satisfy 8ymg > va.
e Consider the position configuration (A, M).

For the position configuration to be the equilibrium, we need to have

ba > by > rnax{bl, bg} (OA—Q)

Similarly as above, the SNE and LB conditions that guard against R; and Ry’s deviations from

position 3 to a higher position will lead to b = fi’;jl by = 193—;22.

The SNE condition and the LB selection rule that guard against the outside advertiser M’s

deviation from position 2 to position 1 imply that,

by = h s Bomo + @ max{ 20 ar2 } . (OA-10)

dl d1 1—061’1—062

Given this equation and by; > max {M m}, the SNE condition that guards against the man-

11—’ 1—ao



ufacturer’s deviation to position 3 has been satisfied.

To prevent advertiser A from deviating to the second position, we need to have
dl(UA — bM) > dQ(UA — max{bl, bg}),

which is equivalent to v4 > fymg. Similarly as above, the condition of preventing A from deviating

to the third position is automatically satisfied given this and vs > 0171y, 6ors.

The manufacturer’s profit is

0 )
7TM(CY1, 052) = dg eomo — max 1 y 212
1— (03] 1— [6%)

which decreases in oy, ap. Therefore, the manufacturer will choose af = 0, a3 = 0, which satisfies

(OA-9) and maximizes its profit.

To summarize, the optimal participation rates and manufacturer’s profit in the case of (A, M)

are

a; = 0,
a; = 0,
mv(o],05) = da(Bgmo — max{0;r1,6ar2}),

and the equilibrium exists when the parameters satisfy vy > 6ymy.

Now we consider the eight position configurations in which the manufacturer gets a lower position
than one or both retailers: (Ry, M), (R, M), (R1, Ry), (R2, R1), (R1,A), (Rs, A), (A, Ry), (A, Ry).

e Consider the position configuration (Ry, M).

For this position configuration to be the equilibrium, we need to have

b1 > bM > bA,bQ. (OA—ll)

The SNE condition and the LB selection rule that guard against the outside advertiser A and

Ry’s deviation from position 3 to position 2 imply that,

O

ba = va, by = (OA-12)

1—0[2

Given by > ba, by and the equation above, we can show that the SNE condition that guards against



advertiser A and Ry’s deviation to position 1 is has been satisfied.

Given by and by, the NE condition that guards against R;’s deviation from position 1 to position
2 imply that,
dy [(917’1 — (1 — Ckl)bM} > dg[el’f’l — (1 — Ckl)bA}. (OA—13)

Given by, > by and the inequality above, the SNE condition that guards against R;’s deviation to
position 3 must be satisfied.

The manufacturer chooses ay, s and by; to maximize its profit my,(aq, ag, byr), subject to con-
ditions (OA-11)-(OA-13)), where,

WM(CYl, a9, b]y[) = d1(91m1 — Oéle) + d2(90m0 — max{bA, bg})

0
= d1(91m1 - Odle) + d2 (90m0 — max {UA, 1 QT; }) s (OA—14)
- G2

which decreases with oy, ay and by;. Thus the manufacturer will choose a5 = 0. The smallest bid

by that satisfies (OA-11)) is by; = va4. Notice that the bound of «y given by (OA-13) decreases with
bar, so the smallest possible oy that satisfies (OA-13)) is o] =1 — G

vA

To prevent the manufacturer from deviating to the first position, we need to have d;(6ym; —

arbyy) + do(Bgmo — va) > di(Bymg — by) + da(61mq — ayva), which can be satisfied as long as by is
large enough. []

To prevent the manufacturer from deviating to the third position, we need to have d;(6ym; —

arbyr) + da(Gomg — va) > dy(6imy — a1ba), which is equivalent to Oymg > v4.

To summarize, the solution to this optimization problem is that,

a] = 1—9;—;1,
a; = 0,
M= Ui,
ma(og, a3, by) = diffi(ma + 1) — va] + da(fomo — va).

The equilibrium holds when 6ymg > v 4.

Notice that when configuration is the equilibrium, the manufacturer gives a positive participation
rate while bidding by itself. The manufacturer submits the lowest possible bid v4 that can keep

the second position for itself and minimize the cost per click for R; at the same time.

2The channel profit is not affected by b; given that it is higher than bys, b4, bo.



By exchanging R; and R, in the solution above, we can get the manufacturer’s optimal profit
under (Rg, M), mp(af, a3, by,) = di[fa(ma + 12) — va] + da(6gmo — v4), which is smaller than the
manufacturer’s optimal profit under (Ry, M) given 01(my + r1) > 02(ms + r3). Therefore, (Ry, M)

cannot be the position configuration in equilibrium.
e Cousider the position configuration (Ry, A).

For this position configuration to be the equilibrium, we need to have

by > ba > max{bas, b} (OA-15)

The SNE condition and the LB selection rule that guard against Ry’s deviation from position 3
to position 2 imply that,
HQTQ
b2 -
1-— (6]

Given (OA-15)) and (OA-16|), we can show that the SNE condition that guards against Ry’s deviation

to position 1 is has been satisfied.

(OA-16)

Given by, the SNE condition and the LB selection rule that guard against the outside advertiser

A’s deviation from position 2 to position 1 imply that,

dy —d d
by = 1d 204+ d—QmaX{bM,bg}. (OA-17)
1 1

Given this equation and by > max{bys,bs}, the SNE condition that guards against the outside

advertiser A’s deviation to position 3 has been satisfied.

The NE condition that guard against R;’s deviation from position 1 to position 2 imply that,
dy [917"1 — (1 — Oél)bA] > dg[el’l"l — (1 — Oél) max{bM, bg}] (OA—lS)

Given (OA-17)) and (OA-18]|), the NE condition that guards against R;’s deviation to position 3 has

been satisfied.

The manufacturer chooses oy, s and by, to maximize its profit 7y (g, ag, byr) subject to (OA-

[15)-(OA-18), where

7TM(041,04275M) = d1(91m1—041bA)~

= d1 |:01m1 — (dl _ d2UA + @max{bM7 QQTZ }):| s (OA—lg)

d1 d1 1— (6%)

which decreases in aq, ay and by;. Thus the manufacturer will choose o = 0,03, = 0. Substituting



(OA-17) to (OA-18), we get aj = 1 — &0,

VA

However, in order to prevent the manufacturer from deviating to the second position, we need
to have di(01my — anba) > dy(6imy — a1ba) + da(fgmo — ba), which is equivalent to by > Gymy.
Given by = 0,a0 =0, by = %UA + 2—3927@ If %UA + %027"2 < Hymyg, advertiser A needs to bid
at least ymg to secure its position at the second position, and this will lower the manufacturer’s
profit as it increases the price per click for R;. To avoid this, the manufacturer should commit not
to participate in the bidding in the first stage if it finds that to stay in the third position (i.e., not to

get displayed) is optimal . In such case, the equilibrium is the same as (R;, A) in the basic model.

Therefore, the solution to this optimization problem is

a] = 1-— 6;_;1,
a = 0,
v = 0,
Tv(ad, a5,0y) = di[fi(my + 1) —va] + da (v = 0hr1)(va — 027”2).

vA
The equilibrium conditions are satisfied given vy > 017, 0o7s.
If we exchange the position of R; and R,, we can get the manufacturer’s optimal profit under

(Ro, A), Le., my(af, o, b)) = di[f02(mg +12) —va] + da (”Afelrlzi”/“‘*@m). Again, it’s lower than the

manufacturer’s optimal profit under (R;, A) given 01(my + r1) > 03(my + 13), so (R, A) cannot be
the equilibrium position configuration.
e Consider the position configuration (Ry, R»).

Following similar reasoning as above, the manufacturer should commit not to participate in the
bidding under this position configuration, so the optimal participation rates, equilibrium bids, and

the manufacturer’s optimal profit are the same as the position configuration (R;, R2) in the basic

model, i.e.,

0

a] = 1—1—r1,
VA
0

ay = 1—2—r2,
VA

b, = 0,

W]V[(Oéf, Oé;, b}kw) = d1[91(m1 + Tl) — ’UA] + dg[eg(mQ -+ 7’2) — UA].

Similarly, the manufacturer’s profit cannot be improved if we exchange the positions of R;, Ro,

so the position configuration (Rz, R1) can be the equilibrium configuration.



e Consider the position configuration (A, R;).

Following similar reasoning as above, the manufacturer quits the bidding under this position
configuration, so the optimal participation rates, equilibrium bids, and the manufacturer’s optimal

profit are the same as the position configuration (A, R;) in the basic model, i.e.,

927“2
a; = 0,
>Zk\/[ = 0,
W]V[(OCT, Oé;, }kw) = dg[@l(ml + 7’1) — maX{lel, 627“2}].

Similarly, the manufacturer’s profit gets lower if we exchange the positions of R, R, so the

position configuration (A, Ry) cannot be the position configuration in equilibrium.

OA.3. Identity-Dependent CTR (Proof of Theorem 3):

As a counterpart to the result in Section 2.1, Varian (2007) has shown that in equilibrium, e;v; >
eoUy > e3v3, where v; denotes the profit per click for the advertiser at position 7. The equilibrium

bids are,

by = ws,
1 — T2 TIo €3
bQ = Vg + ——Us.
1 Ty €2

Similarly with the basic model, we assume that eqva > e10,71, e2605r5. We analyze the retailers and
outside advertiser’s bid as well as the manufacturer’s choice of participation rate given the positions
of all advertisers. Then we compare the manufacturer’s profits among six all position configurations

to identify the equilibrium.

We first consider the three position configurations where retailer 1 gets a higher position than

retailer 2.
e Consider the position configuration (R, Rs).

This happens when,
e101r1 > 20217

> ) 0OA-20
1-0[1_1—062_6AUA ( )

The manufacturer’s profit is,

ey (11 — X2 Oory To €404 ea
(o, ag) = xeg [6imy — o — + — + 96y | Oamg — aa—10v4 |,

€1 I 1-— (0D)] 1 €2 €9

10



which decreases in aq, . Therefore the manufacturer will choose the smallest aq, as that satisfy
(OA-20). The optimal participation rates are,

61'91'7’1'
af =1—

Li=1,2.
€AVA

Correspondingly, the manufacturer’s maximum profit is,

(o], 05) = 1101[6191(7711 +7r) — GAUA] + $2[6292(m2 +79) — eAUA]'

e Consider the position configuration (Ry, A).

This happens when,

(OA-21)

The manufacturer’s profit is,

. 0 €A (X1 — X2 Ty €y 07y
(o, ) = z1€q |0imy — ap— vAg+ —— ,
e T r1eal —
1 1 1eal —ap

which decreases in aq, as. Therefore the manufacturer will choose the smallest aq, as that satisfy

(OA-21)). The optimal participation rates are,

e16hm

aj = 1— ,
€AVA
* p—

a; = 0.

Correspondingly, the manufacturer’s profit is

e10171 - e2lary

* *

(o, ab) = x1 [erf1(mq +11) — eava] + @ |eava — e161r1 — exbars + —
AVA

e Consider the position configuration (A, R;).

This happens when,
e16hr > ealars

€AVA (OA—22)

1-— ap 1-— 062.
The manufacturer’s profit is,
ey Oy

7TM(0517042) = ey |Ohmy — 0416—1 o
11— Qo

Y

which decreases in aq, ay. Therefore the manufacturer will choose the smallest aq, as that satisfy

11



(OA-22)). The optimal participation rates are,

maX{elﬁlrl, 62927’2} — 61017“1
(8 =
! ea0a77 7

a; = 0.
Correspondingly, the manufacturer’s profit is

ma(al, a3) = xg [e16(my + 1) — max{e 6171, eabara}] .

The other three configurations can be solved by symmetry. The remaining analysis is straight-

forward and the same with basic model, thus omitted.

OA.4. Price Competition (Proof of Theorem 4):

Step 1:

We have analyzed the case where the manufacturer sponsors both retailers to get displayed. The

manufacturer’s profit under the optimal participation rates is 7y, = 0(w +t) — 2v4, where the

subscript (2) denotes “under the case that the manufacturer sponsors two retailers".
Step 2:
Now we consider the case in which the manufacturer sponsors only one retailer to get displayed.

Since the two retailers are ex ante symmetric, we assume that retailer 1 gets displayed without
loss of generalizability. One outside advertiser will take the second position. z; of the consumers
on the Hotelling line will purchase from retailer 1, where x; solves v — tx; — p; = 0, or 1y = 1 if
v —1t—p; > 0. The price per click for retailer 1 is v4.

v=p1
t

v—t}, and it will cover z* = min{

Retailer 1’s profit is m = fmin{ ,1}(p1 —w) — (1 — ay)va. The optimal retail price for

vtw
2

line. Retailer 1’s profit is

v—w
2t

retailer 1 is pf = max{ 1} of consumers on the Hotelling

g(v—w)Q—(l—al)vA if t > =2

t
Ov—w—1t)— (1 —a)vy ift <Y,

The manufacturer’s profit given his participation rates «; is

v—w
2

B évgtww—alm if ¢t >

) = §
Ow — av4 ift < 5=

12



which decreases in ay. Similarly, we use the subscript (1) denotes the case where the manufacturer
sponsors one retailer. Therefore, the manufacturer will choose the lowest participation rate «y that

can help retailer 1 get displayed, i.e., 7 > 0. This leads to

1— 2 (v—w)? ift>Y,

1 _ Yo—w=t) if < vzw,

The manufacturer’s profit under the optimal participation rate oj is

B

(VP —w?) —wvy ift> 52

I

* t

Tar() =

D

v—1t)— vy ift < =w,

Step 3:

Suppose the manufacturer does not sponsor either retailer. The two outside advertisers will take

both positions, and the manufacturer’s profit will be zero.
Step 4:

Before we compare the manufacturer’s profit under the cases of sponsoring two, one, zero re-
tailers, we need to pin down the restrictions on parameter space based on our assumptions: (1)
neither retailer can get displayed without support from the manufacturer, and (2) the Hotelling line

is covered with two retailers.

Assumption (1) implies that of > 0, because otherwise the manufacturer provide zero partici-
pation rate and the retailer(s) can still get displayed. For the case of manufacturer sponsoring two
retailers, o > 0,7 = 1,2 is equivalent to t < 2v4/. For the case of manufacturer sponsoring only

one retailer, we need to have o] > 0. Notice that o] increases in ¢, and thus af > 0 is equivalent

tot>v—w— % when t < *5*, and equivalent to ¢ > &(v — w)? when ¢t > *5%. By combining
the two cases, we have that 2v4/0 >t > max {v —w— 4, 4§A (v — w)Q}.

It is straightforward to show that assumptions (1) and (2) together imply the restriction: ¢ €

(Bo, §<'U — w)], where
By = &(U—w){ if%(’()—w)<%< v—w
V—w —

> v—w

1 2

ol
=
ol

Y

Notice that assumption (1) also guarantees that when the manufacturer only sponsors retailer
1 to get displayed, retailer 2 has no incentive to deviate. Suppose retailer 2 deviates to take a

position. For any price po, if the market is covered, retailer 2’s profit will be less than the profit

13



when retailer 2 is the monopoly, charging the same price. If the market is not covered, retailer 2
can be regarded as a monopoly. In both cases, retailer 2’s profit cannot be higher than 7} since
this is the highest possible profit that a monopoly can get on the Hotelling line. Our parameter
restrictions ensure that 7} is less than v4, which is the cost per click to get displayed. Therefore,

retailer 2 has not incentive to get displayed without support from the manufacturer.
Step 5:

We first compare the manufacturer’s optimal profits under the cases of sponsoring two versus

one retailer.

For t > max{*5* 0 (v—w)?}, it is more profitable for the manufacturer to sponsor one retailer

’ 4’UA
va4—0w + \/(UA—éw)2+§2(v2—w2)
20 20 )

if and only if £ (v —w?) —vy > O(w+t)—2v,, which is equivalent to t <
\/(UA—G_w)2+9_2(U2—w2)

Notice that “A;(fw + > ¥ is equivalent to v — w > 0, which always holds by

20 2
. b —0w)2 402 (v2 —w? . . _ .
assumptlon. Also ”AQ;M + AH w)Q; WPw?) 2% is equivalent to “T® =% > wuy,, which holds
given vy < 5% and w < “5%. We have proven that when 3(v —w) < % 2(v—w) >
6 2
T, (0 —w)n

(<& (U w)?, 2(v—w)], sponsoring one retailer

is more profitable than sponsoring two retallers and thls set is non-empty. When =2

vew wp—fu |V (az0wPH00—w?)
2 0 20 20

Therefore, when 2(v—w) < %

© for

t e ), sponsoring one retailer is more profitable than sponsoring

two retailers and this set is non-empty.

For ¢ < 5%,

t < 3(% + v — w), which is naturally satisfied given that ¢ <

it is more profitable for the manufacturer to sponsor one retailer if and only if

v—w
5 -

v—w
2 7

Therefore, when t <

it is always more profitable for the manufacturer to sponsor only one retailer than to sponsor two

manufacturer cannot get more demand by sponsoring two retailers, but will incur higher sponsoring

more profitable to sponsor one retailer than to sponsor both

retailers.

Summarizing the two cases and combining with the parameter restrictions we get in Step 4:

denote

?

A—0w  \/(va—0w)? + 0(v? — w?)
- 7

e For t € (By, min{ By, By}], it is more profitable for the manufacture to sponsor one retailer

rather than to sponsor two retailers. Notice that this interval is always non-empty given our

14



assumptions.

e For t € (min{By, By}, Bs), it is more profitable for the manufacturer to sponsor two retailers
rather than to sponsor one retailer. (If By < B,, then this interval is empty and there does

not exist ¢ such that it is more profitable to sponsor two retailers.)

Step 6:

Then we need to figure out whether the manufacturer would rather sponsor neither retailer for
some t, i.e., to check whether max{ﬁ*M(l), 71';/1(2)} is negative. We can classify ¢ into three intervals,

as listed below.

(1) When “4 > 2% there exists ¢ € (v —w — 4, “gw}, and for those ¢, 7,y > Ty (). Com-
24

paring my, ) = O(v —t) — vy with 0, Thry = 0 is equivalent to ¢ < v — %

o If v — % < 5% (which is equivalent to % > (v + w)), then the manufacturer should

2 0
sponsor one retailer when ¢t € (v —w—Fv— 99&], and should sponsor zero retailer when
te (v — 2 %} Notice that the former interval is non-empty if and only if v > “£.

o If v—*4 > 222 (which is equivalent to % < (v+w)), then the manufacturer should sponsor

3 _ _ U—A v—w
one retailer for any ¢t € (v &5

[E—

(2) For t € (max{“’w %(v — w)?}, min{ By, Bg}:|, Ty > T -Comparing my, ) = %(02 -

2
w?) — vy with 0.

o If °24 > %(v + w), then for any t > 5%, i(v2 —w?) — vy = “;twvzwé— v < HT“’O‘— vg <

0, which means that for any ¢ € (max{”}w, %(v — w)?}, min{ By, Bg}}, the manufacturer

should sponsor zero retailer.

o If % < (v + w), then P (v —w?) —vs > 0 when t < é(vi;AwQ) Thus the manufacturer
. v—w ) . 7’[)2—11)2 .

should sponsor one retailer for ¢ € (max{ 5 ,%(v — w)Q},mln{e(TA),Bl, BQ}] Notice

that 20w vow B0Towh) 6 2. We have also shown that By, By > “3%, and
aT>T’T>m<U_w)‘ e have also shown that By, By > 5%, an

By, By > %(v —w)? when 3(v —w) < % < 5% Thus the interval (max{”gw,%(v -

w)2},min{9(vi;Aw2),Bl,Bg}] is non-empty. For ¢ € (min{%}w%,Bl, BQ},min{Bl,Bg}], the

manufacturer should sponsor zero retailer.

(3) When B; < By, there exists t € (B, By such that T < Thr): Comparing Thr(2) =

O(w+1) —2va to 0. 7} > 0 is equivalent to ¢ > 24 —w. Thus the manufacturer should sponsor

two retailers when ¢ € (max{By,2% — w}, By].
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Notice that 2% —w < By = (v — w) is equivalent to % < v + jw. By < By is equivalent to

3
9 .

Thus when ﬂ — iw <2< %v + %w, the manufacturer should sponsor zero retailer for
t e (Bhrnax{Bl,Q“—A —w}] and should sponsor two retailers for ¢ € (max{Bj,2% —w}, By].

When > 1 U+ w the manufacturer should sponsor zero retailer for any ¢ € (By, Bg]

Summarizing the three intervals, we get the following result:

e If vy > Av, the manufacturer should sponsor neither retailer for any ¢t under our parameter

restrictions.

o If g(v—l-w) < vy < Bv, the manufacturer should sponsor one retailer for t € (v —w— "y — 2 }

and should sponsor neither retailer for ¢ € (v — &, By

o If Z(v—w)<wy < g(v + w), the manufacturer should sponsor one retailer for

D002 .2
t e (Bo,min{M,Bl,Bg}>,
4UA

and this interval is non-empty given the parameter assumptions. The manufacturer should

IES

sponsor two retailers for any
v
te [max{QjA — w,B1} ;BQ} ;

and this interval is non-empty only when ﬂv — iw < # < %U + w The manufacturer

should sponsor neither retailer for any

t e {min {9_(0247_14“}2),31,32} , min {max{Q% — w,Bl} ,B2}> .

OA.5. Endogenous Wholesale Contracts and Retail Prices:
OA.5.1. Proof of Lemma 2:

Proof. Suppose vi > v, we first prove that retailer 1 will have a higher position than retailer 2
in equilibrium. We prove by contradiction. Suppose in equilibrium retailer 1 has a lower position
than retailer 2, then we must have v; < vy. If retailer 1 is in position 3, it can deviate by setting
vy equal to vj, and earn positive profit at position 2 or 1. Thus, it must be that retailer 1 takes
position 2, and retailer 2 takes position 1. We have v] > v > v4. In this case, retailer 1’s profit

R, = da [v1 — (1 — aq)va], which increases with vy, so retailer 1 will choose the largest possible vy
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given its position. We have vy = v3, and mg, = do [v5 — (1 — a1)va]. Now, if retailer 1 deviates by
setting vy = vf, it will take the first position, and retailer 2 will take the second position. Similarly,

given its position, retailer 2 will set v, = v} to maximize its profit. As a result, retailer 1 will earn,

ﬂ-;h = dl |:’Ui< - (1 - 051) (dl — dzv;‘ + %UA)] > dl |:111 — (1 — O./l) (dl _ dQUA + @UA>:| = TR,-

dl dl dl dl

This implies that it is not an equilibrium for retailer 1 to take the second position while retailer 2 is
taking the first position. To summarize, we have proved that in equilibrium, when vj > v3, retailer

1 has a higher position than retailer 2.

Next, suppose v; > v;, and we need to prove that (i) when vy > v}, the outside advertiser will
take the first position; (ii) when v} > vy > v3, the outside advertiser will take the second position;

and (iii) when v} > v4, the outside advertiser will take the third position.

(i) is obvious: given v4 > vf > vy, the outsider advertiser must take a higher position than

retailer 1.

(ii): When v} > vyg > v3, we have vy > vj > vs, so the outside advertiser will always take a
higher position than retailer 2. Suppose it takes position 1, then we must have vy, > v;. In this
case, retailer 1’s profit is mgr, = da [v1 — (1 — a)ve]. Similarly as above, we can show that retailer 1

can earn a higher profit by setting v; as v} and take the first position instead. Then (ii) is proved.

(iii) is straightforward to prove by contradiction. Suppose vi > v, and the outside advertiser
takes the second position. In this case, retailer 2 will take position 3 and earn zero profit, and it
can deviate by setting vy at v; and taking the second position instead, which will give its positive

profit.

Given that the positions are determined by the rank of v, v3, and v4, we know that each retailer
i’ profit function increases with v;, so in equilibrium, retailer i will set retail price pi = (1 4+ w;)/2,

under which v; takes the maximum value v;. =

OA.5.2. Equilibrium Analysis of the Model with Linear Contracts (Proof of Theorem 5)

Without loss of generalizability, we assume that retailer 1 gets a higher position than retailer 2 in

equilibrium. There are three possible position configurations then.

e Consider the position configuration (Ry, Rs).
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The manufacturer’s optimization problem is,

(wy — ¢) — apva

—1—w1 dl—dg 9(1-’([]2)2 dg —1—11)2
dy |0 —c) — — dy |0
i L (wn =) —au ( G A=) )| TR
001 — o0 )2 O(1 — a2
sy, zw)T W0 zwe
4(]. —Oél) 4(]. —Oég)
0<a;<1,0<w; <1, fori=1,2.
The optimal solution is,
wi =w; =c, af =a; =1 9(;:)2 when vy > @
wi =w; =1-2/% o] = a5 =0, When%gmgw-
wi=wi = al=0a5=0 when v, < 209"
2 1 2 ) A > 16
Correspondingly, the manufacturer’s profit is,
(di + do) [é(llcy - UA] when vy > 6(120)2
T = 4 (di + dy) [(1 — )Vl — QUA] when % <y < §(1;C)2 .
512 -
(dy + d2)9(18 ) when vy < %

To summarize, in this case, the manufacturer sells to both retailers. The wholesale prices and

participation rates for the two retailers are “symmetric”, i.e., the manufacturer will only provide a

marginally lower wholesale price or a marginally higher participation rate to retailer 1 in order to

let it get a higher position than retailer 2. When the outside advertiser’s profit per click is low,

the manufacturer sets the monopolistic wholesale prices and provides zero participation rates to

both retailers. When the outside advertiser’s profit per click is medium, the manufacturer lowers

wholesale prices but still provides zero participation rates. When the outside advertiser’s profit

per click is relatively high, the manufacturer only charges marginal production cost as wholesale

prices, and provides positive participation rates to both retailers, so as to keep them in the first

two positions.

e Consider the position configuration (Ry, A).
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The manufacturer’s optimization problem is,

-1 —w dl _d2 d2 0(1 _w2>2
d, |d ) (B2, 20 T )
IOB,%U}L( ! 2 (wl C) o ( d1 vat dl 4(1 — Oég)
01 2 a1 2
sr, Uzw) o 00 —w)
4(]. — Oél) 4(1 — Oég)

0<a;<1,0<w; <1, fori=1,2.

The optimal solution is,

* __ dictd * * 0(1—c)%d? * 0(1—c)2d?
wy = dl1+d22’w2 o 1’&1 =1- 4(d1+d2)211)A’a2 € [O’ 1)’ V4 2 4(dq+d2)?
_ 4 _ _ 0(1—c)? 0(1—c)2d?
U)I—l— %,w;—l,ai‘—o,ag € [071>7 16 S'UA >~ 4(d1+d2)% :
A1 N2
wi =2 wy =1,0; = 0,05 € [0, 1), vy < 22
Correspondingly, the manufacturer’s profit is,
0(1—c)2d? 0(1—c)2d?
4(d1+d2)1 — (dl — dg)UA When VA 2 m
] 0(1—c)? 0(1—c)?d?
Ty = S dy [(1—0)\/0,49—2@4} when % <wy < m )
a1 \2 2012
d19(180) when vy < %

To summarize, in this case, the manufacturer essentially only sells to
advertiser’s profit per click is relatively low, the manufacturer sets the monopolistic wholesale price
and provides zero participation rate to the retailer at the same time. When the outside advertiser’s
profit per click is medium, the manufacturer lowers the wholesale price but still provides zero
participation rate. A lower wholesale price leaves more profit margin to the retailer thus incentivizes
its to bid higher so as to keep the first position. When the outside advertiser’s profit per click is

relatively high, the manufacturer will set a low wholesale price and provide positive participation

rate at the same time so as to keep the retailer in the first position.
e Consider the position configuration (A, Ry).

The manufacturer’s optimization problem is,

_1—w
maxdy |§—— (w1~ ) 401 — )
9_(1 — w1)2 9_(1 — w2)2
.t.
5 va = 41 —aq) = 4(1—ay)’

0<a;<1,0<w; <1, fori=1,2.
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The optimal solution is,

wi =< wi =107 =0,a3 €10,1), va >

2
wi =1-2/Z wy = 1,af = 0,05 € [0,1), vy < 202"
Correspondingly, the manufacturer’s profit is,

. dg 7(1 0)2 vy > 5(11—650)2

™ = g(1—c)?
dy [(1—c¢) \/UA —2va|, va< g

To summarize, in this case, the manufacturer essentially only sells to retailer 1, and provides a zero

participation rate. The manufacturer sets the monopolistic wholesale price when the outside ad-
vertiser’s profit per click is relatively high; otherwise, it increases the wholesale price thus decreases
the retailer’s profit margin and its incentive to bid when the outside advertiser’s profit per click is

relatively low.

OA.5.5. Equilibrium Analysis of the Model with Two-Part Tariffs (Proof of Theorem 6)

The equilibrium analysis here parallels with that for the linear contracts above. For each of the
three possible position configurations, we will formulate and then solve the manufacturer’s channel

profit maximization problem.
e Consider the position configuration (R, Rs).

The manufacturer’s optimization problem is,
—1—’[1)1 1+w1 dl —dg é(l—’[Ug)2 d2
dy |0 —c| - —
znz%)}z( ! |: 2 < 2 C) ( d1 4(1 — Ozg) * d1 va

1 —w 14+w
i[5 (15 )~

é(l—w1)2 S é(l—w2)2
4(1—0[1) o 4:(].—0[2)
Ogczi<1,0§wl-§1, fori:1,2.

s.t.

> V4,

The optimal solution is,

wi‘=c7w§:1—%(1—c),aie[0,1),04320, mﬁjﬁ%
wi =c,wy =1-2 €[0,1),a =0, d2 (145) <wa <9(1 o
U)i‘ = w; =G aylﬂ € [1 - (4;:)27 1)7055 =1- é(};;:)27 VA > 0(1;_C) .
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Correspondingly, the channel profit is,

d?;cﬁ(lTCV 2dav 4, va < Z_%M
e =1{d 0(1 P 4 d2<1 — o)V Al — (dy + 2dy)va, 3—55(110)2 <wy < 5(1;‘3)2 :
(d1+-d )2 (dy + dy)ua, vy > f0=0?

4

To summarize, in this case, the manufacturer sells to both retailers. It sets the wholesale price as the
production cost and provides high enough participation rate for retailer 1 to ensure it gets the first
position. When v, is relatively low, it sets the wholesale price higher than marginal production cost
and provides zero participation rate for retailer 2; when v, is relatively high, it sets the wholesale

price at the marginal production cost and provides positive participation rate for retailer 2.
e Consider the position configuration (Ry, A).

The manufacturer’s optimization problem is,

1 —w; (14w do ds é(l —w2)2
dy |0 Ry E—
gji}z{ 1{ 2 < ) ( A_'_dl 4(]_—(1/2)
9_(1 — w1)2 0(1 — U}Q 2
_— >
1—a) =7 A0 —an)

0<a;<1,0<w; <1, fori=1,2.

S.t.

The optimal solution is,

U)T =, w§ = 1,0[? S [1 - %7 1)7053 € [07 1)7 VA = §(1;C)2
wf =C, w; — 170& S [07 1),0&; € [07 1)7 Vg < é(120)2

Under both cases, the channel profit is,

- (dl - dQ)UA

To summarize, in this case, the manufacturer essentially only sells to retailer 1. It sets the wholesale
price as the marginal production cost, and provides the participation rate high enough to help

retailer 1 outbid the outside advertiser. The participate rate does not influence the channel profit.

e Consider the position configuration (A, Ry).
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The manufacturer’s optimization problem is,

— _ 2
maxd2 |:0—1 w1 (1—}-11)1 ) ]_ U)Q :|

2 41 — )
0(1 —wy)? _ (1 —ws)?
41—aq) — 41— ay)’
0<a;<1,0<w <1, fori=1,2.

S.t. vy >

The optimal solution is,

wi =c,ws=1,a] =0,05 €0,1), Vg > S

w{ =1—-2 /%‘\’wz = 1704I = 0,043 € [0,1), vy < 9(1;0)2

Correspondingly, the channel profit is,

dQMa vy > Mo

ds [(1 — )V val — UA} , va < 5(110)2 '

* —_—
7TC—

To summarize, in this case, the manufacturer essentially only sells to retailer 1, and provides a zero

participation rate. The manufacturer sets the wholesale price as the marginal production cost when

the outside advertiser’s profit per click is relatively high; otherwise, it increases the wholesale price

thus decreases the retailer’s profit margin and its incentive to bid when the outside advertiser’s

profit per click is relatively low.
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