APPENDIX: PRICING UNDER DYNAMIC COMPETITION WHEN LOYAL CONSUMERS
STOCKPILE

Period 1 Mixed Strategies in Symmetric State 11
We can now use arguments similar to the ones to characterize the mixed strategy in state 00 (see
section 3.2.1 and 3.2.2 in main paper) to obtain the mixed strategy in state 11. Corresponding to (2) we
get
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The mixed strategy in state 11 is completely characterized by (6) and (9) after solving for [*1, m3?; and
h11 by using (7), (8) and the boundary condition that the mixing distribution F32;(p) attain the value of
1 at p = r along with period 2 results. As in the case of state 00, a sufficient condition for r to be
undominated in state 11 is also derived by comparing profitsand is t < r(1 — /1(1 — 6f)) :

Of the two upper bounds for t, based on r being undominated in states 00 and 11, the second one

is tighter, and so for r to be undominated in both states a sufficient conditionis t < r (1 - A(1- 6,:)).
We now turn to the asymmetric states 01 and 10.

Period 1 Mixed Strategies in asymmetric States 01 and 10
Using arguments similar to the ones used to derive F{°;(p) and F11;(p), we can derive the following:
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We can then see that the mass points at t fall into one of three cases. In the first case if A%, > 0, then
both F2*,(p) and F;2;(p) have mass points m32; and mi?; respectively at t and moreover, m3?!; =

AOl A10

3 3—i — > 2 3—i = 10
B(t—3s¢mr) " p(e-25piir)
implying  (F92,(t) = F24,(¢7) + m3t,) > (F?}Ei(t‘) +mil; = Fg}?i(t)). In the second case if
AL, > 0> A%, then there will be a hole in the strategy F32;(p), therefore there will also be a hole
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(FY(h) = F9L(67) +m3L) > (F:}fi(t‘) = Fg}fi(h)). Finally, in the third case if A3L; < 0, there will

over the same interval for F{;(p), between [t, h), and a mass point m3!; >
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be a hole in both strategies, F2;(p) and F32;(p), and moreover, since the interval of the hole should be
equal for both, there will be a mass point m3t; > 0; so again (Fi;(h) = F9(t7) +mdt;) >
(F319i(t_) = Fg.lgi(h))-

Therefore, in all three cases, we see that

m3t; > 0and F22;(h) > Fi%(h), h>t. (11)
We are now in a position to completely specify the mixed strategies in states 01 and 10.
1+ l
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1-1 h
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We can solve for m31,h and | by using (14), (15) and the boundary condition that the mixing
distribution F{;(p) attain the value of 1 at p = r along with period 2 results. Once | is known, we can
use (10) to obtain m3?;, if needed, and use (17) to obtain F1°;(r~) and infer from that M?* = M1°, =

(1 — Fg}ﬁ’i(r‘)). To see if r is undominated in states 01 and 10, first note from (12) and (13) that

F.(p) > F32%,(p),p € [L,t). And so, there are three possibilities; i) r is dominated in both states 01 and
10; ii) r is dominated in state 10, only for focal firm, in which case competing firm’s mixing distribution,
F}9,(p), contains a mass point m, at p=r or; iii) r is undominated. It is easy to verify that if t < r(1 —
A(l - 6f)), r is not dominated in both states 01 and 10. We can rule out the second case also, if

t(a + fmy) + 8pr(a(l — A) + M) < ar(1 — A) + Spar, where  myg = (1 — F?,li’i(t)) - —a(ljj)+ ;

because F°(t) = 1. Thus, r is undominated in all states if
1— A+ 68:An; — 6fM/a
1—-A+An; +pmy/a

We have derived the mixed strategies assuming that stockpiling consumers adopt a mixed strategy by
choosing to stockpile with probability n; = 0.5 when they encounter a price of t. This has force in our
model since the price of t in equilibrium is chosen with probability greater than zero, as evidenced by the
mass point at t in the mixed strategies. The mass points also raise the possibility that both firms can have
equal prices, of t, with non-zero probability. That too has force in our model and we have assumed that
switching consumers adopt a mixed strategy by choosing brands with equal probability of ¢; = 0.5
when encountering equal prices.

t<r
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Lemma 1: In the asymmetric state 01, in period 1, competing firm’s pricing distribution, F3*;(p) does
not a have mass point at r. Moreover, focal firm’s pricing distribution, F**(p) has a mass point at r,
denoted by M > 0.

From (16) and (17), we know that

FOp) = F() = A0 + £ (1-1), pelnn

B
FO () = Fi%(p) = Fi%(h) + “=2E (1-2), pe[h)
Moreover, from (14) and (15) we know F22;(h) > F1%,(h),h > t
This implies that

F(p) > F3%(p), pelhr)
Note that £2%(p) > £4%(p), p € [h,7). And since at most only one firm can have a mass point at r, the
desired result follows.
Q.E.D.
This completes the characterization of mixed strategies in the first period of the 2-period model. The
next section highlights the main results of an infinite period model; for detailed characterization of the
infinite period model, please see web-appendix.

Mixed Strateqy Equilibrium in an Infinite Period Model

Proposition 1: The firm's value functions in each state in an infinite period model are
vooyes 12yl T2 hnand 12 raa=vitevo = 2
1-9, 1-6, 1-06, 1-06,
Proof: Proof is by induction. Consider a finite horizon problem with T periods. Denote the value
functions in the (n)" period, 1 <n < T, by V9, VS, Vi, and Vi:L. Suppose also V5P = VL, Vit <
V.2 and the mixing distribution F; (r~) < 1, so MY} > 0.
Now consider the situation in the n-1" period. The value functions conditioned on state can now be
evaluated.

Vot =V 1(Pin-1=7)

—radl+rpMm>*

mggin—l mggin__l
=ar + 6 <1 - F??Bi,n—l(t) + T) Vi?r? + (Fggirnﬂ(t) B 2, >Vi%
=ar+68VS  (sinceV) =V)

The current period profit in period n — 1, 7y _1 (pin-1 = 1) = ar + M32, , Br. Note that since M7}, >
0, it msut be that M}y = M3, = 0. Therefore
Vi%—1 = Vi?r}—l(pi,n—l = 7’)
01 01
M3_in-1 Mm3_in-1
=ar+§; <1 —Fl O+ —2‘” ) VoY + <F30_1i,n_1(t) - %) Vo

=ar+ SfVi,r? (since Vi?,? = Vi?nl)
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The foregoing imply V52, (pin-1 =) = Vo_1(Pin-1 = 7). Next, we see that

Vi,17%—1 = Vi,lr}—1(Pi,n—1 = 7’)

=a(l-MDr

mil; m3L -
0y (1 Ftnea 0 T i (R0 - T v
=a(l—Dr+ 6V (since V) = Vo,

Finally,
Vi,lr(l)—l = Vi,lr(t)—l(pi,n—l = 7‘)
=a(l—Dr+ M52, .pr
10 10

M3 e M3~
0y (1 a0 T i (100 - T v
= ar + &V (since Ve =V

= Vino1 + M52, Br > Vig

To characterize M{_,, we can proceed in a manner identical to the two period case and show that
MP:_, > M;3_, =0. Thus, the value functions and the mass point in the n-1" period inherit the
properties of the corresponding ones in the (n)" period. Indeed, by induction these properties are
inherited for all periods m < n.

Invoking Table 1, we can see that in the last period, in period T, V%P = V%, ViF < VP and
M?7 > 0. The equilibrium for a finite horizon of arbitrary length, T, is then a sequence of strategies
{07 (T),01(T),0,(T),05(T)} that inherit the properties of the value functions. Moreover, since the
equilibrium is Markov Perfect and all strategies are therefore conditioned only on payoff-relevant states,
the finite horizon equilibrium converges to a steady state as T — oo, and the infinite horizon value
functions inherit the desired properties.!

We can solve for the values in the infinite period case by evaluating the profits at r, V! = ar +
8 (X101 + (1 — x91)HV°), where X391, is the probability that competing firm induces their loyal
consumers to stockpile. Since V,°° = V%, we get

01 _ @ _ 1,00
L 1_6f l
Similarly, V"' = a(1 = + 6 (X35, + (1 - X32)V°) so Vi = =~ 2ar.
—or
Finally, V*° = a(1 — Dr + M?*Br + 8,(X32,V0 + (1 = X32)V,2%) so V}!* = == — dar + M{" pr.
—oFr

Q.E.D.

It is well known in the case of repeated games finite horizon results do not extend to the infinite horizon case because standard
dynamic programming convergence results cannot be invoked since strategies are conditioned on history that is not payoff
relevant. We thank a reviewer for pointing this out.
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Proposition 2: Stockpiling loyal consumer’s stockpile only if p <tand do not stockpile if p > t, where
the stockpiling threshold, t, is independent of the state and must satisfy:

#(2pl" =B’ ) ph’ -7 pl

t=9,

C

1+6,(7°-7")

Proof: Define U° and U* to be the utilities of the loyal consumer conditioned on their inventory being

S {0,1} respectively. The cost of stockpiling is the payment for the extra unit, p, incurred in the current
period. The benefit of stockpiling occurs in the next period. The benefit is given by the difference in
continuation utilities that are discounted, s, (U*~U°), where &, is the discount factor used by

consumers. Therefore, for stockpiling to be optimal we require: p<s,(U'~U°).> We denote

t=0, (Ul—UO) as the stockpiling threshold. As we see the threshold is simply the difference in the

appropriately discounted continuation utilities following a decision to either stockpile or not.
Recall that loyal consumers know the price distributions, G°(p) and G*(p), conditional on their
own inventory state. Under steady state conditions, suppose loyal consumers have no inventory, I = 0.

Let 7° denote the probability that they stockpile, buy 2 units and pay expected price ao when stockpile

(Please refer to web-appendix A.2 for how these quantities can be computed). When they stockpile, they
consume one unit in the current period and move to inventory state | =1, in the next period. Conversely,

with probability (1—;?0) they buy only one unit at expected price of EO and remain in inventory state
I = 0. Hence the steady state utility under inventory state I = 0 will be

ge =ﬁ°(r—2ﬁ°+5601)+(1—77°)(r—ﬁ°+5c60)
Similarly, in inventory state | =1with probability T they will buy one unit and remain in inventory

state | =1and with probability (1—7?1)they will not buy and move to inventory state | =0, which yields:
Ul= ﬁl(r ~pl +5c01)+(1—7?1)(r+5000)

From the above two equations we solve for t=¢, (U*~U")to get the desired result.

Q.E.D.

2 Intuitively when current period price is lower than discounted expected price in the next period consumer should stockpile.
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Proposition 3: If 5*<5C stockpiling loyals stockpile with positive probability, where

5 1-2x

) (1—a)|n(l_a) |
04

Proof: Recall that no stockpiling implies that s=00 is an absorbing state. Suppose state s=00 is an
absorbing state. If there is no stockpiling then every period is identical, and it is easy to characterize the
mixed strategy pricing distribution following Narasimhan (1988). It is
a(r —p) ra
Fop =1- :
absorb (P) (1 _ Za)p 1—a
and the expected price and the lower bound of the support of prices respectively are:

E® :r_“m(l__“j and |° = "%
1-2c a l-«

<p<r

For s=00 to be an absorbing state, stockpiling loyal consumers’ thresholds satisfy t;,t; < [°°. We will
prove that a unilateral deviation by consumers of one of the firms, say firm 1, who use a different
threshold to stockpile is unprofitable. Let such a threshold be tgepiqre > [°° > t* that leads to
stockpiling by them when price p; = 1°° < tgepiace i Unprofitable for the consumers. Consider a period
in which p; = 1°°. The next period state, given firm 1 consumers deviate t0 tgepigre is (10). Firm 2’s
loyal consumers stay on the equilibrium path and do not stockpile. Firms would now employ the Markov
Perfect equilibrium mixed strategy conditional on state. It turns out that firm 1’s strategy F1o;qce(P) in
state (10) is identical to FO0s,,, (p) since the equiprofit conditions for firm 2 after deviation are the same
as on the equilibrium path. Therefore, in periods following the deviation, firm 1’s stockpiling loyal
consumers face prices that are identical to what they would have faced had they stayed on the
equilibrium path. This implies that a necessary condition for 00 to be an absorbing state is that a
deviation to stockpiling in any period by firm 1 consumers should be unprofitable to them even when
firm 1 charges a price of 1% in that period. This leads to
ra ra 1—«a

= —«a > 8cEgeviate = cEqpsory = Oc 1- 2aln( a )
Therefore, a sufficient condition for 00 to not be an absorbing state is
ra <5 ra 1 l1-a
T—a 01—z )
or equivalently
5. >68" = 1~ 2a
[ - 1 —a
(1 - @)n(——)

Q.E.D.
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