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Appendix A: Robustness Checks

We examine robustness checks along three fronts: (i) nonuniform distributions of h(z|W), (ii) sampling
multiple customers, and (iii) asymmetric responses to test product with consumer revealing their surplus

with probability &.

A.1. Nonuniform distributions

In this section, we examine the robustness of our results to the distributional assumption regarding h(xz|W)

by considering a shifted and scaled beta distribution with parameters («, 8). Recall that distribution h(z|W)

influences both the design of the test product in the first stage and the pivoting decision in the second stage.
First, for a given 7, the optimal pivoting decision A* for second stage problem (2) satisfies

A" = arg max{

A

A
/ [fh(x|vv0)+(1f)h(g:wo>]}.

A=Y
For general distributions h(x|W), this A* does not have a simple closed form, and must be computed
numerically. It can be observed that the optimal final product has design A* € [0,C]. The complexity is
compounded in the optimal design of the test product in the first stage, and the problem (3) is analytically
intractable. Therefore the optimal test product is computed numerically.

Recall that the beta distribution with parameter (o, ) = (1,1) corresponds to a uniform distribution,
which we have examined analytically in §4. Using this case as a benchmark, we will compare two cases of beta
distributions, with parameters (o, 8) = (2,2) and («,3) = (1,2), plotted in the upper left and upper right
panels of Figure A-1), respectively. The former reveals the impact of the shape of h(z|WW), while the second

reveals the impact of asymmetry of h(x|W). The contour plots for expected revenue E,, s ., )7 (F(A, v, p))
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as a function of test product (A\,v —rho) are given in Figure A-1 for (o, ) = (2,2) (bottom left panel) and
(o, B) = (1,2) (bottom right panel).

Figure A-1  Nonuniform distributions of h(z|1W) and corresponding contour plots of E,, (x .7 (F(\,v,p)) on

(A, v — p) plane.
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Note. Parameters: r=0.5, (C,¢,t) =(5,3,2).

We observe that the contour plot is less “rectangular” (left column) or is shifted to the left to account
for greater mass on the left (right column). Apart from these differences, the contour plots and the optimal
locations of the test product are similar to those found in §4. Namely, the optimal test products (A, v — p)
do not change much as a result of change in the distributions h(z|W), the expected revenue E,, 7*(7) is
increasing—decreasing in the quality v — p of the test product, and learning does not occur when A is in the
interior. In other words, our insights in §4 are robust to the assumptions regarding the underlying distribution
A.2. Sampling Multiple Customers

Our main model in §4 examined learning that results from sampling a single customer. In this section, we

examine the impact of sampling multiple independent customers.
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Let 7#(n) denote the updated posterior belief given the outcome from sampling n customers. Let us denote
the sales outcome (sale or no sale) of n customers by a vector s. If the entrepreneur increases the sample
of customers, or as n — 0o, we know that #(n) — 0 or 7(n) — 1, resulting in a lower expected probability of
launching the wrong product, E, min{#(n),1 —7(n)}. The distribution of the posterior 7(n) depends on 2"
combination of each customer’s sales outcomes. Hence, it is infeasible to analytically examine the signal for
a general n > 1, so we resort to numerical analysis.

The top panels of Figure A-2 compare the contour curves for E;m* (7#(n)) on the (A, v — p) space for n=1
(upper left panel) and n =4 (upper right panel). We observe that the overall shapes of the contour curves
remain the same, and that the optimal test product that maximizes the E;7m*(7(n)) are equivalent for both

values of n.

Figure A-2 Impact of sampling multiple customers. Top row shows the impact of sampling on contours of
Es7*(7(n)) as a function of test product’s attribute and optimal test product on (\,v — p) plane
(n=1 in left panel and n =4 in right panel). Bottom row examines the cross section of Es7*(7(n))

evaluated at \ =0 with respect to v — p (left panel) and evaluated at v — p = 6 with respect to )\

(right panel).
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Note. Parameters: r=0.5, (C,¢,t) =(5,3,2).
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The bottom panels of Figure A-2 compare the cross section of the two contour curves with respect to v
(lower left panel) and A (lower right panel). The solid (blue) curves represent the case where n =1, and
the dotted (red) curves represent the case where n =4. Examining the values of Ec7*(7(4)) more closely, we
observe that it is (largely) unimodal in the vertical quality v — p and also decreases as A — C/2. However,
the value E,7*(7(4)) is greater than the value of E;m*(7(1)) and appears less sensitive to the test product’s
attributes A and v — p at the optimal. Ultimately, the number of samples n influences the distribution of
posterior distribution 7 and improves the effectiveness of LSM. However, the key insights of our analysis

regarding the optimal test product and its key features remain same as in §4.
A.3. Asymmetric consumer responses £ > ()

So far, we have assumed that a sampled customer will either purchase the test product or not purchase the
test product. We now assume that consumers can provide more detailed feedback (e.g., through comments
or posting texts) by revealing their surplus information s;. To incorporate the asymmetry between feedback
after purchase and after no purchase, we assume that consumers reveal surplus with probability £ only after
purchase.

Thus, conditional on sales, the consumer reveals surplus information with probability £ and fails to reveal
it with probability 1 — &. If the surplus is negative, she does not purchase the product and therefore does
not reveal her surplus. In other words, the entrepreneur’s sales effort may lead to one of three outcomes:
(i) no sales (and no surplus information), (ii) sales without surplus information, and (iii) sales with surplus

information. This updates the entrepreneur’s learning and updates Lemma 2 as follows.

LEMMA A.1 (Posterior Belief). After launching the test product (A v,p), the prior belief r is updated
to the posterior belief 7 as follows:
(i) If the surplus s; is revealed by the customer, then

. A T‘g(Si‘(/\,U,p),WZO)
7(s;| A\ v,p) = Tg(5i|()\,'l)7p)7W:0)+(1_T)g(si|()\av7p)aW:C)'

(i) If only the sale event s; >0 is observed, then

. r [ g(sil (A v, p), W = O)ds
i > 0 )‘7 ’ g
s A v,p) 57 g(si| (A v, p), W = 0)ds+ (L=7) [57 g9(sil( N v, p), W =C)ds
(1) If only the no-sale event s; < 0 is observed, then
r [(A,v,p), W =0
f(sz S O‘A,’U7p) f p) 0 ) :
rf g(sil(\v,p), W = O)ds+(1—r)f L9(sil(N v, p), W =C)ds

The first stage problem (3) then becomes:

max Eg, (50,07 (F(X,v,p))

(Av,p)

:/Ovp {gw* (F(Si|)\,v,p)v>\,v) +(1 =& (r(s >0|A707p)7A’v>] «
[T’-Q(Si (/\,U,P%W:O) +(1*T)'g(51' (A,v,p),W:C)} ds

+/_io7r*(f(si<0|/\,v,p),)\,v> {%g(si ()\,v,p),WZO) +(1—7“)'g(5i

Observe that if £ =0 the entrepreneur’s problem and the learning reduces to our original problem in §4.

(/\,’U,[)),WZC>} ds;.

The following result reveals that £ has no impact on the optimal choice of the test product.
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PRrROPOSITION A.1 (Impact of £ on Optimal Test Product). The set of optimal test products
(A%, 0%, p%) and Ey, (xx ox ooy (F(A*, 0%, p*)) when & € (0,1) are equivalent to those when & = 0 in Proposition 2.

In other words, when the test product is optimally designed, the level of learning does not improve from
obtaining additional surplus information from consumers. When sales occur and a surplus is revealed, the
surplus s; can sometimes reveal the location of the ideal product (i.e., ¥ =1); however it can also sometimes
lead to no updating at all (i.e., 7 =r), thus offsetting the benefits of additional information. When test
product is chosen optimally, the benefit of additional surplus information does not manifest in additional
profit.

Nevertheless, the additional surplus information does help entrepreneur’s profit when he chooses test

product suboptimally.
COROLLARY A.l (Effectiveness of the LSM). The effectiveness of the LSM is characterized by its: (i)

peak benefit; and (ii) sensitivity to implementation, which are given respectively:

(1) B(A",v",p"0.5) =

@a
1 .
iy 28 l05) Jag Hvoe<e
0(v—p) (X v—p)=(0,et) ——= . if v—p>et,
4et
06(0.5)

{ 0, if \<0,
= 1 )
(A v—p)=(0,et) e if A>0.

Specifically, having surplus information makes LSM more forgiving to overshooting on quality of test

oA

product. This is illustrated in Figure A-3. We observe that the expected profit E, s .,,)7* (F(A,v,p)) when

the entrepreneur overshoots the optimal quality (v* — p*) increases as £ — 1.

Appendix B: Probability distribution of surplus s; and posterior belief 7, and
E,, min{7,1 —7} as a function of test product’s attributes (A, v, p).

We consider five ranges of A € (—oo0,C/2]: (1) A< —¢, (2) A€ [—€,C/2—¢], (3) A€ [C/2—¢,0], (4) A€
[0,C —¢], and (5) A € [C'—¢€,C/2]. (The other five ranges in A € [C//2,00) can be found by interchanging A
and C' — X and interchanging W =0 and W = C'.) These five ranges of A correspond to five different settings
of surplus density functions g(s;|W =0) and g(s;|W = C), as illustrated in Figure B-1.

Recall that consumers reveal their surplus information s; (with probability £) only if the test product
results in a sale, i.e., s; > 0. To account for this asymmetry, for each range of A we must also consider five
different ranges of vertical attribute v — p to account for five ways in which surplus can be less than 0:

For case (1), we have the following 5 ranges of (v —p): (A) (v—p) > (C—=A+¢€)t, (B) (v—p)€[(-A+
t,(C—A+e)t], (C) (v—p) € [(C—A—et,(—A+e)], (D) (v—p) €[(—e—Nt,(C —e— N, and (E)
(v—=p) € (0,(=e=N)t].

For case (2), we have the following ranges of (v—p): (A) (v—p) > (C=A+e)t, (B) (v—p) €[(=A+€)t, (C—
A+e)t], (C) (v—p) €[(C=A=e)t, (=A+€)t], (D) (v—p) € [(e+A)t, (C—e—A)t], and (E) (v—p) € (0, (e+A)].
For case (3), we have the following ranges of (v—p): (A) (v—p) > (C—A+e)t, (B) (v—p) €[(-A+e)t, (C—
A+e)t], (C) (v=p) € [(A+e)t, (=A+€)t], (D) (v=p) € [(C—e=A)t, (e+A)t], and (E) (v—p) € (0, (C—e—=A)t].
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Figure A-3  Sensitivity of E, (., 7" (7(\,v,p)) with respect to quality v — p (left panel) and with respect to A
(right panel). Left panel shows that increasing the chance of receiving surplus information ¢ does
not improve the optimum but it mitigates the cost of overshooting on quality. Right panel shows

that no learning occurs when \ = C/2.
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Note. Parameters: r = 0.5, (C,¢,t) = (5,3,2).

For case (4), we have the following ranges of (v—p): (A) (v—p) > (C—=A+e)t, (B) (v—p) € [(A+€)t, (C— A+
1), (C) (v—p) €[(~A+ )t (A+€)t), (D) (v—p) € [(C— e =Nt (~A+ )], and (E) (v—p) € (0,(C —e—\)i].

For case (5), we have the following ranges of (v—p): (A) (v—p) > (C—A+e€)t, (B) (v—p) € [(A+e)t, (C—A+
e)t], (C) (v—p) €e[(=A+e)t,(A+e)t], (D) (v—p) e [A=C+e)t,(—A+¢€)t], and (E) (v—p) € (0,(A—C+e)t].

This leads to 50 discrete regions in (A, v — p)-plane as illustrated Figure B-2. a test product with attributes
(A, v, p) in a region leads to the same closed form expressions for the probability distribution of s; and updated
posterior belief 7, and E,, min{#, 1 —7}. We provide them next for the 25 regions that are labeled. (The other

5 cases are given after changes of values A <+ C'— X and variables W =0— W = C due to symmetry.)

(\v—p) € (14)
P(s; <0)=0;

(i) with probability £, surplus information is given if s; > 0,
P(s, >0,1n2) = (1 —r)%, F=0,

P(si>0,2n3):172%, Fer

C
P(s; >0,3nd)=r—, r=1;
(s;>0,3n4) roe T=1
(ii) with probability 1 — ¢, surplus information is NOT given if s; >0,
P(s;>0)=1, 7=r.
Emin{7, 1 -7} <1—> min{r,1 —r}+ (1 = &) min{r,1 —r}.

(Av—p)c (1B
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Figure B-1 lllustration of two different probability density functions g(s;|W =0) and g(s;|W = C) for 5 different
scenarios based on position of \. (The other 5 cases are given after changes of values A <+ C'— \ and

variables W =0 — W = C due to symmetry.)

g(s;| W=C) g(s;|W=0)

T L L L ] 1 2 t

Ae(1) ] 1n2 2n3 ! 3n4 gt4 dal
>
v-p-(C-A+e)t  v-p-(-A+e)t v-p-(C--A)t v-p-(-€-A)t v-p S

1/(et)

AE(2) E-“---lzz- ----- 2n3 i 3n4 gt4 1/(2et)
>
v-p-(C-A+e)t  v-p-(-A+e)t v-p-(C-g-A)t v-p-(A+e)t v-p S

1/(et)

A€(3) P 2n3 VR B Y (28:)
v-p-(C-A+€)t  v-p-(-A+e)t v-p-(A+e)t v-p-(C-g-A)t v-p S

1/(et)

hew T TR R NN
v-p-(C-A+e)t  v-p-(A+e)t v-p-(-A+€)t v-p-(C-g-A)t v-p S

: 1/(et)

e e e e e e o e o e e < 1/(2¢et

A€ (5) : 1n2 2n3 3n4 gt4 / i)
v-p-(C-A+e)t  v-p-(A+e)t v-p-(-A+€)t v-p-(A-C+e)t v-p Si

< 0 > < 0 ><— 0 —> <«— 0 —> «<— 0 —>
(A) (B) (€) (D) (E)

<

P(8i<0):(1_r)(_ 2t 2 2

(i) with probability £, surplus information is given if s; > 0,

(= LAY s
P(s;>0,1n2)=(1 r)( el 2—1—26), 7=0,
C

Pls;>0,2n3)=1— =, 7=r,
(s n3) o F=r

w=p) 1 C—A)7 _0:

C
P(s: fH=r, F=1;
(s; >0,3n4) roe =1

(ii) with probability 1 — ¢, surplus information is NOT given if s; > 0,

P(s;>0)=1—(1—-r) (_(U—p)+1+(}_/\

, = :
TR 1= (P i)

Emin{7, 1_7:}:5(1_26;) min{r’l—TH(l—&)min{n 1—(1-7) (—(th) +;+CQ_€A> —r}.
A v—p)€(1C)
p(si<0)r<(vp> N (A+e))+(1r) ((vp) N (C/\+e))

et 2¢ 2et 2¢

r
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Figure B-2 50 discrete regions. We analyze 25 regions that are labeled.
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(1) - (2) @2¢ (3) o0 (4) ce (5) &2 (5) € (4) ¢ (3) ¢+ (2 e (1) A
(v=p) | (=2te)
< (U—p)+(—)\+€)>+(l )C _ r(— 2 T2 )
= - —-r)—, = :
et 2¢ 2¢’ (v=p) | (=Ato) (v=p) | (€249’
’“(‘TfJFT) +(1=7) (—T5+T)

(i) with probability &, surplus information is given if s; >0,
v—p (C—e=X)

P(s; 2n3) = ;=
(S.L > 0, n3) 2t % y T'=T,
P(s;>0,304) =S Fo1
S; , OTL =T, r=1
2¢

(ii) with probability 1 — ¢, surplus information is NOT given if s; > 0,

et P52 ) ()

oo )
1= [ (-2 + S2) (1) (-2 + )]
Emin{F, 1 -7} =¢ {min{r (_”2_€tp+(—;€+f)) ,(1_T)§€}+ (vz;p_ C_Qi_t>min{r,1—r}}
o [mm{r ((v—p) . <—A+e>> - ((v;p) . <0—A+e>>}+

2et 2¢ t 2¢

min {7’ {1 - (—(g;tp) - (_;j 6))] »(1=7) [1 - (‘ (Zp) + _2i+€)>} }] '

(A v—p)e (D)

7::
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=p) 4 (2t

P(8i<0):7“<_(v2;tp)+(_;j€))+(1_r)’ f:( <v(p) :E(t A+6>)+(1)7’);

2et
(i) with probability £, surplus information is given if s; > 0,
v—p  —€—A _
P(s;>0,3nd)=r | —— , =1;
(s nd) r<2€t+ 26) "
(ii) with probability 1 — ¢, surplus information is NOT given if s; > 0,

f%@>0):1—{r(—@“”ﬁ+(_A+d>+wl—rﬂ, F=1.

2et 2¢

Emin{7, 1 —f}zgmin{r (_026;) i (*;\: 6) ,1—7‘} - min{r (_ (1;2;;)) NG
(o-pe(E)
P(s;<0)=1, 7=r.

Emin{7, 1 — 7} =min{r, 1 —r}.

(A v—p) €(24)
P(s; <0)=0;
(i) with probability £, surplus information is given if s; > 0,

P(s;>0,1n2)=(1— r)g

50

2 T

C C c .
P(si>072n3)—r<1—26>+(1—r)(1_26)_1_26, F=r
P(Sz>073n4): ¢ 22)\_26’ ’F:l7

€

P(s;>0,gt4) :ru, 7F=1;

(ii) with probability 1 — ¢, surplus information is NOT given if s; > 0,
P(s;>0)=1, 7=

Emin{r, 1 -7} = ( )mln{r 1—r}+ (1= min{r,1 —r}.

A v—p)e(2B)
P(s;<0)=(1-r (

p C’—)\—|—6>7 F=0;

2e
(i) with probability &, surplus information is given if s; >0,

v—p (=A+¢) .
P(s;>0,1n2) = (1—7) [ —L - 2% _
(s> 0.1m2) == (52 - S5E) im0,
P(sz>072n3)*172£6, r=r,
C—2\-2
(s: > 0,3n4) =1,
2€
)\—i-e

P(s;>0,gt4)=r

(ii) with probablhty 1 —¢, surplus information is NOT given if s; > 0,

v—p) C—XA+e - r
P@¢>®:1—(L40(—(%t)+ 2¢ )’ e (op) | coxee)’
1= (=) (-2 + )
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Emin {7, 1f}_g<1206> min{r,1r}+(1§)mm{r,1(1r) ((”26:) +C2t+€> 1"}.
Av=p)€(20)
p(si<0)r<(vp> N (/\+e))+(1r) <(vp) N (C’/\Jre))

2et 2e 2et 2e
<(vp)+()\+€))+(lr>’ . T( (v2étp)+( A+e))
2et 2¢ 2¢ ’ ( o)y A+e>) +(1=7) ( (eop) 4 M)
(i) with probability £, surplus information is given if s; > 0,
v— C—e— A -
P(s; >0,2n3) = Qd” ! - ) ion
P(si>0,3n4):r<c_22)\6_26> , =1,

A
P(s; >O,gt4)—7“( +6) , =1
€
(ii) with probability 1 — &, surplus information is NOT given if s; > 0,

a1 (B 52 v (B ]

(bp) | (Xt
rfi- (R 5]
17[ ( (@w=p) | (-2+9) ”€>)+(1fr)( (v— pu%)}

2et 2et
Emin{7, 1 -7}

—¢min{r (-5 + S5 ) e (524 ) b (- S mintra )
H(1—¢) [min {r (_ (UQ;P) n (—/\2:'6)) C(1—7) (_(U2;LP) @ 2)\4‘6))}

+
min{r [1— (—(UQ;p) + (_;je))] » (=) [1_ (_ (Uz;sp) - )\+6 ﬂ }]

(A v—p) €(2D)

P(s; <0)=r (—(UQ;p) + (_2:—6)) +(1-r), 7=

f:

r( (e=p) | (Mo x+e>)

r(-52+ S 10—
(i) with probability &, surplus information is given if s; >0,
v—p €+ )\>

_—
et 2¢ =

A
(Sz>Ogt4)—7‘( et ), =1,
€

(ii) with probability 1 —¢, surplus information is NOT given if s; > 0,

P(s;>0)=1— [r <—(”_p) + (_’\+€)) +(1—r)], Fe1.

P(s;>0,3n4) =r <

2¢t 2¢
e v—p  (=A+e) 3
Emin{7, 1 T}—Iﬂlﬂ{’f‘( et —1—726 ),1 r}.
(\v—p) € (25)

o ) T 1—@

(i) with probability £, surplus information is given if s; > 0,
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P(s;>0,gt4)=r (Utp) , =1
€
(ii) with probability 1 — &, surplus information is NOT given if s; >0,
P(s;>0)=1— [r(l—@) —l—(l—r)} , =1
€
Emin{7, 1 F}—fmin{ (1 - tp) ,17"} +(1 g)min{r (1 - (”_t”)> (1 r)}
€ €
P(s;<0)=0;
(i) with probability £, surplus information is given if s; > 0,
C
P(s;>0,1n2)=(1— 7“)2—, 7=0,
A
P(s; >0, 2n3)—r< ) (1—T)( ) =, T=r
€
—C'+ 2\ + 2¢ +2X+2¢ . r(%)
P(Si>0,3n4):r< )-l— 1—7) ( e ), 7”2r(fc+f>\+25)+(1_r)(7C+226)\+26)v

€

P(s; >0,gt4) =7 (C)\_e> , T=1

(ii) with probability 1 — &, surplus information is NOT given if s; >0,

P(s;>0)=1, 7=
C + 242X

(2w (222

Emin{7, 1—7}

A v—p)cBB)

) min{2r, 1 —r}} +(1— & min{r,1—r}.

C’—)\
P(s; <0)= 1—7‘( p +6>7 F=0;
2e
(i) with probability &, Surplus information is given if s; >0,
v—p (=A+e) ;
P(s;>0,1n2) = (1 — )  L—L 1ZATE _
(>0 =) (52 - S5E) o,
AL
P(s;>0,2n3)=—2, F=r,
€
—C' + 2\ + 2¢ —C +2)\ + 2¢ ~ p (=CE2AE2e)
Pl = (CEDTE) (OB (e

P(s;>0,gt4)=r (0_)\_6> , =1
€

(ii) with probability 1 — ¢, surplus information is NOT given if s; >0,

P(si>0)=1—{(1—r)<—(”2;”)+0_21+6>], 7= !

—C'+2e+2A

Emin{7, 1 -7} =¢ K—i) min{r,1—r} + ( 5 ) min{2r, 1 —r}}

—|—(1—§)min{r,l— [(1—7") (— (”2;”) + CQ“)} —r}.
Kv—p)€(BC)
P(s; <0)=r <(”2€tp) " (*2: 6)) (17 ( (02;;7) N (C 2/Z+6))

N e e
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(w=p) | (=A+e)
(v—p)+(—)\+e) =) _ r(— e T s )
=(- —r)—, 7= :
et 2¢ 2¢’ - (7 (v=p) | (—;je)) H(1=7) (7 (w=p) (C—A+e)) ’

2et 2et 2e
(i) with probability £, surplus information is given if s; > 0,
_v—p (e+A)
2t 2

—C+2)\+2¢ —C+2)\+2¢ ~ T(M)

2e

r=r,

P(s;>0,2n3)

€
P(s;>0,gtd)=r (C_)\_G> , =1
€

(ii) with probability 1 — ¢, surplus information is NOT given if s; >0,

Do, 0) 1 { (_(v—p) ) (—A+e>) - (_(v—p) . <0—A+e>)]’

2et 2€ 2et 2e

(w=p) | (=rte)
r [1 - (—Tf + 27”

= [ (2 + 558 ) (-t + 90

—p, (2 —p C-)
Fdn AT = {mm {T (_ Bt (236)) =) <_ 2t o +6) }
i (U o m) min{r, 1 -7} + (M) min{2r, 1 —r}}

77":

2et 2¢ 2¢
P [mm{r ((vp) . <A+e>> . <<vp> N <02i+e>>}

2et 2€ et

+
min {r {1 - (—(UQ;'O) + (_;j 6))] , (1=7) [1 - (‘ (Uz;sp) + _2i+€)>} H '

(Mv—p)€(3D)

P(5i<0)7"<1 (vp)>+(1r) ((UP)+C>\+6>’ - r(l— “’;P))

et 2et 2¢

(i) with probability £, surplus information is given if s; > 0,

P(s,->0,3n4)=r<”_p_ (0_€_A>>+(1_T)(U—p_ (C—e—A)))

€t € 2et 2e
r(2e - =)
(=) v (5 - 52
P(s;>0,gtd)=r (C_:_)\> , F=1;

(ii) with probability 1 — ¢, surplus information is NOT given if s; >0,

Pls;>0)=1— [r(l—(v_m)—!—(l—r) (—(”_p)+C_A+€>},

et et 2¢
o-(-2)
1— |:,'n (1 _ (U;P)) + (1 _ T) (_ (UQ;ZJ) + 072);+e)}
Emin{7, 1 -7}

—¢ [min {r (1— 1’;”) (1=7) (— <”2;p) + C—2t+e>}+ (UQ;'O _© - A)> min{2r,1—r}]
+1-¢) [min{r (1 (”etp)),ur) <(”26tp) +C2i+6)}+

7::

77":
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s i~ (- 252 oo - (52 2 )

(A v—p) € (BE)
T (1 — (”E;t"))

r(l—w>+(l—r)
(i) with probability &, surplus information is given if s; >0,
P(s;>0,gtd)=r (U;p) , T=1

(ii) with probability 1 — ¢, surplus information is NOT given if s; > 0,

P(si>0)=1— {r(l—(v;p)>+(1—r)}, Fe1.

b

P(Sz‘<0)=r(1—(v;p)>+(1—7~), =

E min{7, 1—f}:gmin{ (1—6t) 1—T}+(1—§)min{r (1— (”dp)) : (1—7~)}.

(\v—p) € (44)
P(s; <0)=0;
(i) with probability £, surplus information is given if s; > 0,

P(si>071n2)—(1—r)<02/\), F=0,

2¢
A -
P(s; >0,2n3) ==, 7=r,
€

€

P(si>0,3n4):r<_c+2€>+(1_7~)(_C_'_%>7 P r(=9%)

C—\—
P(s;>0,gtd)=r (€> , =1
€
(ii) with probability 1 — ¢, surplus information is NOT given if s; >0,

P(s;>0)=1, 7=r

Emin{7, 1— 7} = K >m1n{r1—r}+<_02—:26> min{?r,l—r}]+(1—£)min{r,1—r}.
(A\v—p)€(4B)
P(s, <0) = 1—r( p C_2i+6>7 F=0;

(i) with probability &, surplus information is given if s; >0,

P(s;>0,1n2)=(1—r) (vz;p — ()\2—’; 6)) , =0,

A
P(s;>0,2n3)=—, 7=r,
€

P(si>0,3n4)—r<_c+26>+(17a) (_0”6> A r(=5%)

P(s; >0,gt4)=r (C)\e> , =1

€
(ii) with probability 1 — ¢, surplus information is NOT given if s; >0,

v—p) C—=XA+e - r
P(s;>0)=1—(1-7r) (—( et )—|— P ) 7= o o\
1_(1_7“)<_?+ 2e )

T 0 (5
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Emin{7, 1 -7} =¢ Ki) min{r,1—r}+ (6;26> min{2r,1 — r}]

+(1-¢) min{r, 1=(1=r) (_ (UQth) - 0_2/2+6> _r} .

Kv—p)e(C)
p(si<0)r<(vp> N (>\+e)> fan ((vp) N (C)\+e)>’

et 2¢ 2et 2¢
(i 0g2)

7,(_<v2::)+(x2+:))+(1_r) <_<v7p>+(cf;€+e>)

2et

,’Z

(i) with probability £, surplus information is given if s; > 0,

v—p (A+e
= - T=r
2et 2€

P(8i>0,3n4):r<_0+26>+(1_r) (—C+2€> A r (=)

P(s;>0,2n3)

€

P(si>0,gt4):r(0_)\_€>, r=1;

€

(ii) with probability 1 — &, surplus information is NOT given if s; >0,

- (g 0]
1— [r (—LQZ) + L;{)) +(1-7) (—% + %)}
_ A — C—-X
Emin{ﬁ1_F}:€{min{r(_v2etp+ ;)’(1"") (‘Uzetp+ 2e+6)}
+ (U —-r _ (_)\—’_6)> min{/r" 1 —7"} —+ (_CY—’_%> miIl{QT‘,l _T}:|

2et 2¢ 2¢

H(1—8) [min {7‘ (—(”26;’) + (A;E)) (-7 (—(”Mp) 4 21“))}

+
min{r {1— (—Wﬂ?ﬁﬂ L (1=7) {1_ (_(UQ;p) n (0—2/2+e)>} H .

()\,’U—p)e (4D)

P(si<0):r<1_@;p)>+(1_r) (_(U—p)+0—)\+e>7 . r(1— <v;p>>

et 2¢

(i) with probability £, surplus information is given if s; > 0,

P(si>0,3n4):r<v;p— (C_G_A)> +(1—7) <”_p— (C_e_A)>,

€ 2et 2e
P - )
)
(- ) o (5 -5

P(s;>0,gtd) =7 (C_e_’\> . =1
€

77:

(ii) with probability 1 — ¢, surplus information is NOT given if s; >0,

pznn - 5] s (524 €545

et 2¢
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T{l—(l_%)}
[ (- 2) 4 (- (e 1 o]
Emin{7, 1—7}

¢ [min {r (1_ ”;p> (1-r) (— Lor), C‘;G) } . (”Q;f’ S A)) min{2r, 1 —r}]
T(1-¢) [min{r (1— (”;p)) L (1—7) (—(”2;”) + O_2t+e)}+

min{r [1— (1— (U;p)ﬂ L (1—7) [1— (—(UQ;'O) + C_QEJFE)]H :

Kv—p) € (4E)

o ) r 1—@

(i) with probability £, surplus information is given if s; > 0,

P(s; > 0,gtd) =1 (”_tp) . =1
€

(ii) with probability 1 — ¢, surplus information is NOT given if s; > 0,

P(s;>0)=1— P(l(”et”)>+(11~)}, F=1.

E min{7, 1—F}zmin{r <1—U_tp>,l—r}.
€

(Mv—p) € (BA)

’F:

P(s; <0)=0;
(i) with probability £, surplus information is given if s; > 0,

P(s;>0,1n2) = (1—7) <C_2A), F=0,

2e
P(s;>0,2n3)=—, 7=r,
€

C —2)\ C —2)\ r(=2)

P 1>0734: 1— , r— € )
(52 0:504) T< ¢ )+( T)( 2e > ERICOEERIC

P(si>0,gt4):)\_7c+g, r=r;

€

(ii) with probability 1 — ¢, surplus information is NOT given if s; >0,

P(s;>0)=1, 7=r

Emin{7, 1 -7} =¢ Ki) min{r,1 —7r}+ (C 262>\> min{2r,1—7r}+ <)\S+e> min{r,1 — r}}
+(1 =& min{r,1—r}.

Kv—p) €(B)
P <=0 (-E22 4 EE),

(i) with probability £, surplus information is given if s; > 0,

P(s;>0,1n2) = (1—1) <026tp (A;E))’ o,

<
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A
P(s;,>0,2n3)=—, 7=r,
€

P(s;>0,3nd) =r <062A) +(1-7) (C2€2A> , = T(C_QA)TJEZGQ_AZ) =35

€

A\ —
P(s; >0,gt4):70+6, F=r;
€

(ii) with probability 1 — ¢, surplus information is NOT given if s; >0,

v—p) C—=X+e - r
P(Si >0>:1—(1—’I") (_( %t )+ % )7 = (v—p) C—Ate ’
1—(1-r) (_ Det +T)

Bumin(r, 1-7} =€ | (2 mingr1 =+ (52 ) minors1 =+ (2255 Y mingra -

+(1—€)min {r,l(lr) ( (”2;”) + C;’:“) r}.
(A v—p)€(BC)

P(Sz‘<0)=7“<—(v_p)+()\+e)>+(1—r) (—(U_p)+(0_)\+€)>,

<

et 2€ et 2e
T( (v— p>+<x+e>>

2et

T( (v p>+(x+e>)+(1_r) (_<v2;:>+<c;i+e>)

2et

7::

(i) with probability &, surplus information is given if s; >0,

vop (At o

P(s;>0,2n3) =

et 2¢ ’
C -2\ C -2\ r(=2)
P(s 4) = 1- P = <
sroam=r(S2)ra-n (). 7 H(E2)+ (-0 (52
P(8i>0,gt4)=7)\_0+6, T=r;
€

(ii) with probability 1 — &, surplus information is NOT given if s; >0,

P(s;>0)=1— {r <(”_p)+(>‘+€)>+(1r) ((v_p)Jr(C_)\JrG)ﬂ,

2et 2¢ et 2¢

(p) | Ot
P ()

1—[7« (_(v—p)+<x+e>)+(1_r)< (eop) 4 (€ ;€+e))}

Emin{r, 1 -7} = g{ { (Uzethr)\zte)’(lr)( vzztp C—- )\+e)

|
+ (”2? - A“ )mln{r 1—r}+ (CQEQA) min{2r,1 -7} + (A C+€) min{r, 1 —r}]

+(1—§)[m1n{r( w=r) (A+E)),(1—r)<—(v2;p) (©- i+6)}+
- (1) (e

(Mv—p)€e(B5D)

F=

(i) with probability £, surplus information is given if s; > 0,

v—p ()\C+e)>+(1r) (vp (AC+6)>,

P i 5 4:
(s> 0,3n4) r< et € 2et 2¢
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v— (A=C+¢)
r (Tp - )

T= ,
r (UT_tp _ (/\—f‘+€)) Jr(l 77”) (% _ (A—QC;JrE))
A—C
P(s; >0,gt4) = 74_6, r=r;
€

(ii) with probability 1 — &, surplus information is NOT given if s; >0,

p(si>0):1‘[r<1_( ‘p>)+(1_r) (—(”2;””0_2“)}’
i )] |

TS0 ()

Emin{f, 1-f}= E[mm{ ( ) - )(_(U2th)+0—2)€\+€>}

+<u—p (A — C+e)) ln{2r1_r}+(/\_ec+e)min{nl—r}]

77":

et

+1-¢) [min{r (1(7’6t”)) ,(1—7) <(”26tp) + Ozt“)}Jr
(-l

(A v—p) € (5E)
(v—0p)
et
(i) with probability &, surplus information is given if s; >0,

P(s;>0,gt4) = ?, T=r;
€

<

) =T

(ii) with probability 1 — &, surplus information is NOT given if s; >0,
v—p
et
Emin{7, 1 -7} =min{r,1—7}.

P(s;>0)=

, T=T.

Appendix C: Proofs

Proof of Lemma 1. The probability that a randomly selected customer ¢ has surplus [s;, s; + ¢] for some

small § is given in Figure C-1.

Figure C-1 lllustration of probability that a randomly chosen consumer has surplus [s;, s; + ¢] for some small §.

Asx)

R 4

—v+tpt+s;+s
— TR N

P(u; € (si,8:+0)|(\, v, p), W) = / l h(:v|W)d:v+/ t,, h(z|W)dx

—vtpts;
R EON
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- : 5 —p—si 5
<v+f+szﬂ|w>.t+h(vfzszww>.t

1 — . — s,
: {h (U:SW—MW) +h (“f’mw)} 5= g(si| (A, p), W) 6. O

|
>

Proof of Lemma A.1 (Lemma 2 is a special case). (i) Surplus setting: Recall that P(\u; € [ss, 8 +
S|W) =g(A, s;|]W) - 4. So,

12

P(W =0|\,u; € [si,8; 4+ d])
P\ u; € [s4,8; +0]|W =0)P(W =0)
P\ u; € [84,8; +0]|W =0)P(W =0) + P(\,u; € [84, 8, + 0]|W =C)P(W =C)
g\, s;|W=0)-6- P(W=0)
g(A, s W=0)--P(W=0)+g(\,s|W=C)-§- P(W=C)
g\, 8;|W=0)P(W =0)
g\, s|W=0)P(W =0)+g(\,s;|W=C)P(W=C)"

(ii) sales and no surplus information:

P(1(s, > 0)|W = 0)P(W =0)

PW=001(s:>0)) = 5RE =0 =0) POV = 0) 7 P(1(s, > 0)[W = C)P(W =)’

(iii) No sales and no surplus information:

P(1(s, < 0)|W = 0)P(W =0)

P(1(s: < 0)[W = 0)P(W =0) + P(1(s, <0)|W =C)P(W = C)° H

P(W =0[1(s, < 0)) =

Proof of Proposition 3 (Proposition 1 is a special case). (i) We shall examine the case when f <t.

To avoid redundancy, we will show the result for the setting (a) A € (C —€— ?, €—

V—p

t ), and examine

the derivative w.r.t. A in the following three cases. Setting (c) corresponding to A € (C' — e+ 52, e+ Y2)

Figure C-2  Three cases: (1) — left panel ; (2) — middle panel; (3) — right panel.

V-p V-p

., Ve
. e e e e ey ""T_‘"""; e m—————
1 . ! 1 ! 1
-€ A ce A ¢ c C+e x € A ce A 13 c Cte x € A ce A 3 c C+e

can be analyzed in a similar manner. Also, setting (b) follows from combining Case (3) for setting (a) and
setting (b).

Case (1). In this case A — =2 < —¢ (represented in left panel of Figure C-2). Without any pivoting, the
final product’s location is A, and with incremental pivoting the final product’s location is A > A. Then, the

expected revenues are respectively
V- V-
T = (p-i-)\—(—e)) T4 (t10+)\_(0_6)> -(1=7);

A = (fo(AA)+A(e)) ~f+(thf(A)\)+A(Ce)> S(1—7).
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Then, we have

TA— T = <M+A>\) ~f+<f(A_)‘)+A)\> S(1=7)

t t
= (1—{) (A= N)rF+ (1—{) A=N1-7)= <1—{) (A=X)>0.
Hence, in this case, the pivot should happen until it borders Case (2), i.e., until A* — W = —¢.

Case (2). This case is represented by the middle panel of Figure C-2. Without any pivoting, the final
product’s location is A, and with incremental pivoting the final product’s location is A > A. Then, the

expected revenues are respectively

T = (Vt_p+>\— (—Vt_I’JFA)) -f+<vt_p+A—(c—e)> (1 —7);

oy — (V_p_{(A_A)JrA (V—p—f(A—A)+A)> .

V—p—f(A=))
+< !

+A—(C’—e)) (1—7).

Then, we have

_2f(A-))

AT == T+ (—MH\-A) S(1-7)

= _¥(A_A)f+ (1—{) (A=N(1-7)= (—{2F+ (1—{) (1—f)) (A=X).

Hence, in this case, pivoting is beneficial if and only if

{2?+<1—{> (1-7)>0 < flor

t 147

1-7
7"

If f < h’_i, then pivoting should happen until it borders Case (3), i.e., until A* + W =e.

Case (3). This case is represented by the right panel of Figure C-2. Suppose that A represents the position

Thus, in this case, it is optimal not to pivot if { >

that first enters this case. We examine whether incrementally pivoting to A; > Ag is beneficial or not by

examining the derivative.

Tho = (C—e—v_p_{(Ao_)\) +A0) -f—i—[e—(c—e)]—i—(V_p_{(AO_)\)+AO> A7)
TA, = (Ccv_p_];(Al_)\) +A1> ~F+[e(C’e)]Jr(v_p_J;(Al_)\)JrAl) S(1-7).

Then, we have

o (2 () (8 (2 )
S <1+{) (Ay — Ao)7 + (1-{) (Ay — Ag)(1—7)

[_ (14—{)?—}—(1—{) (1—;)} (A; —Ao) = [1—2?—{] (Ay — Ay).

Hence, in this case, pivoting is beneficial if and only if

1
1—2F—i>0 = i<1—2f = r< = 1—i .
t t 2 t

Vop—f(A*=X) _
Voot (20 — ¢

TA,

Hence, pivoting should continue until it leaves this region, i.e., A* — —€.
(ii) If f > ¢, the coverage area does not shift as a result of pivoting. As such, in this case, pivoting is never

optimal. [J
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Proof of Lemma 3. Let s; =s;(\,v,p) and 7 =7(\, v, p|r). Taking the expectation of (5), we have

max E, 7" (F) = max E,p [th <Vp <120)>min{ﬂlf}]
€ €

(Nv,p) (Xv,p) et

V—p (V-p c i
— - 1—= E,, 1-—
o) © { t ( t ( 3¢ ) ) e min{7, 1 =7}
V- V- C
D etp_p< etp—<1—26)>(£nv1n E, min{r,1-7}. O

Proof of Proposition A.1 (Proposition 2 is a special case). We solve the problem of finding test product

that minimizes Emin{7, 1 — 7}, whose expressions for the 25 regions of (\,v — p) are derived in Appendix
B. Observe that within each region, the expression is linear in A and (v — p), i.e., it is a plane. This implies
that the optimal test product that maximizes learning (A*, (v — p)*) occurs in the boundaries between the
regions. To find out which boundaries, we examine the first derivatives with respect to A and (v — p) of each
region.

(1A), (2A): We have Emin{7, 1 -7} = (1 - ££) min{r,1 —r}, so ﬁ =2 =0.

(1B), (2B): We have

]Emin{f,1—7:}:,5(1—;>min{r,1—r}+(1—§)min{r,(1 )(1+ p—l—C_A>}.

2et 2 2¢
Let1-A=1,and 1-B (1_'_26{)_%_026)\).
(a) If r < 2 1+1 71525, we have Emin{#, 1 -7} =¢ (1— £) min{r, 1 —=r} + (1= &)r, so 572 = & =0.
(b) Ifr > L o, Emin{r, 1 -7} = E(1—E)min{r,1—r}+(1-&)(1—r) (1+ % _%_%)aSOﬁ:
%>0 and & %>0

(10), (2C): We have
Emin{f, 1 -7} = ¢ {min{r <1’26tp + (’;je)> (1 r);} + <v26tp - Czit> min{r, 1 r},]
o458 ) 0o ).

o ( g e 0 (e ).
B

Let AET( L+ *H'e),

= (—%2£ +S524+<). We have A < B, and thus we have three cases. We have

four ranges of priors.

()Ifr<ﬁ,wehavea(%p):i:0.

(b) I m<r<1 then we have ( 5 >0 and z% > 0.
(c) If § <r < 475, then we have 3 ( <0 and—<0
(d) If r > 42, we have a(ip) :6%:0.

(1ID): We have Emin{7, 1 — 7} =min {r (=52 + =3*), (1—-7)}. Let A= (—%2L+=3F), and B=1, so
A<B.

(a )Ifr<A+1,Wehavea(%<0 and & <0.

(b) IfT>A+1,then m_f_o

(1E), (5E): We have Emin{#, 1 —#} =min{r,1 —r}. Thus, -2~ = 2 =0.

> 9(v—p) (22N
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(2E), (3E), (4E): We have Emin{7, 1 — 7} =min {r (1-*2), (1—7)}. Let A= (1—*2), and B=1, so
A<B.
(a) If r <
(b) If r > 45,
(3A): We have

a o _
AH,we have 6(1}7<0 and Z3 =0.
——0

we have m

A —C'+2e+2)\
Emin{r, 1 -7} =¢ [() min{r,1—7r}+ (C+2€+> min{2r,1 — r}} + (1 =& min{r,1—r}.
€ €
So we have,
(a) if 7 < 3, then 52— =0, and 33 > 0;
(b)1f1<r<1 thenﬁ Oanda
: -0

C) 1f7”> 2 then m

(3B): We have,

Emin{r, 1 -7} =¢ {(—i‘) min{r,1 —r}+ <_C+22:+2)\> min{2r, 1 —r}} ,

+(1—§)min{r,1— {(1—7‘) (—(”2;'0) + C_zéﬂ)] —r}.

Let 1-A=1,and 1-B=[1—(—%2+4 14 <2)]. Observe, 1 —A>1—B.

2et

Analyzing different regions of 7, we have that (a) if » < § then 52— oy =0 and 2 >0, (b) if r > % then
a(u oy >0 and % >0.
(3C): We have

o . v—p  (=A+¢) o v=p , C—A+e
Emin{7, 1 -7} = ¢ [mln{r < 5ot + By > ,(1—=1) ( o + 5
v—p Ate _ —C +2¢e+ 2\ . B
( 5 " 3c )mln{r 1—r}+ (26 )mln{2r,1 r}]

a2 ), (52 5300

min {7 [1- (<122 E5EN) o) [1 -(-52+ S5,

Examining the different ranges of r, we have (a) if 7 < 1 then 505y = 0 and 2 >0; (b) if > % then

a( <0and Z5 <O0.
v—p)
(3D): We have, ]Ermn{r, 1-7}

¢ [min {r <1 _ ”;p> (1-r) (— ©or), C‘;G) } . (”Q;f’ S A)) min{2r, 1 - r}]
F(1—¢) {min{r <1— (vdp)> C(1—7) <—(”2Etp) + 02’2+6>}+

ol - (-5 oo (52 )]

Examining the different ranges of r, we have (a) if r > 1 then 52— y <0and 2 >0; (b)ifr <3, & >0and
8(1}8 5 =851 =3r+(1-&5r1—2r)=521+ (2 58)r ) Therefore 1f r<s, e(v 5 =0if &< < 2 and
8(1} P <01f§>7

(4A): We have Emin{7, 1 — 7} =& [(2) min{r, 1 —r} + (=522 ) min{2r,1 — r}] + (1 — &) min{r, 1 —r}. So we
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have, a( =0 and 35 >0.

(4B): We have, Emln{r, 1—7)=
3 Ki) min{r, 1 -7} + <_C2j26> min{2r,1—r}} +(1—§)min{r71_ (1—r) (_(v—p) n O—A+e> _r}.

2et 2¢
Let 1— A==1, and 1—BE[1—( “2654— +C A)] Observe, 1 — A > 1 — B. Thus, 1f7“<m7
8(“ 5 =0and %> 0;if r> =7, o p)>0and > 0.

(4C): We have,

e _— ) v—p A€ B v—p C—A+e
Emin{7, 1 T}—g[mln{r( 5ot + 5 >,(1 r)( 5ot + 5 )}

v—p (=A+¢) . B —C+2\ . B
—|—( v >m1n{r,1 r+ (26 min{2r,1 -7}

+1—¢) {min{r (%dp) 4 Q;ﬁ) C(1=1) <(”2€t") L ;“)) } +

min{T [1— (— (UQ;L’)) + (A;Ee))] , (1=7) [1_ (_ (UQ;p) * (0_2i+6)>} H '

Analyzing all the cases, we have (i) if r <  then 565 > 0 and 2> 0; (i) if 7> £ then 36 <0 and

2 >0.
(4D): We have, Emin{r, 1 —7} =

¢ [min{r (1— ”;p) J(1—7) (— (UQ;p) + C_2i+€>}+ (”2;p - (C_;e_ /\)> min{ZT,l—r}} :
+(1-¢) {min{r (1— (”;p) L (1—7) (—(”2;:) + 0_2:+6)}+

A S L

Examining the different ranges of priors r, we have (a) if r > £, then 52— oy <0 and 2>0; (b) if r <
2 >0, and (b.1) 5-2— >01f§<fand(b2) <01f§>
(5A): We have, Emm{r, 1-7}=

¢ Ki) min{r,1—r}+ (C%QA) min{2r,1—r} + <A€O+e> min{r, 1 —r}} + (1= &) min{r,1—r}.

Hence, we have 5->— =0 and £ > 0.

(5B): We h "~
Emin{r, 1 -7} = ¢ K’\> min{r,1 —r}+ (0262’\> min{2r, 1 —r} + ()‘_ECJFG> min{r, 1 —7“}} )

+(1—§)min{r7l—(l—r) <—(”_p)+C_A+6> —r}.

1
27

et 2¢

For all ranges of r, we have > 0 and g5 >0.

(
(5C): We have, Emin{7, 1 — r} =

¢ [min {T (Uzetp - A2t€> (1=7) <v2etp +2 72t+ E) }
+ (UQ;'O - (_;:6)> min{r,1—r}+ (C ;?‘) min{2r,1—r} + (%) min{r, 1 — r}]
Hi—g) [min {T (_ (v2;p) N (A; 6)) (1) (_ (v2;tp) L © —2“)) } N

min{r {1 (WM’)H(A;G)H ,(1=7) {1 <(v2€tp) + (02é+e)>} H :




Author: Analysis of the Lean Startup
Article submitted to Marketing Science; manuscript no. MKSC-18-0058.R4 23

We have, (a) ifrﬁ%, then ﬁ>0and %>0; (b) ifr>%,then ﬁ<0and %>0.
(5D): We have,

Emin{7, 1 -7} = ¢ |:min{r <1_ ”;’) (=7 <_(U2;5p) L C—Qi+e)}
# (5 - B D wingor1 -+ (A Y minrr )]

2t 2
+1-¢) [min{r <1 (”;p)) L (1—7) ((02;;)) +C_2’2+6>}+

A ]

Taking the derivative, we have if > 3, then 52— <0 and gk > 0; (ii) if r < 3, then 7% >0 and (ii-a)
Combining the expressions for the slopes, we find that if » > 0.5, it lies in the boundary between region
(1B) U (2B) U (3B) and region (1C) U (2C) U (3C); if r < 0.5, it lies in the boundary between region (1C)

U (2C) and region (1D) U (2D). If » = 0.5, the regions (1C) U (2C) U (3C) correspond to the optimal test

product. [

Proof of Corollary 1. The properties follow directly from the expressions from Proposition 2. [

Proof of Corollary A.1 (Corollary 2 is a special case). The expressions are derived in a straightforward
manner by substituting the necessary values to the expressions of E,, min{#,1 —7} in Appendix B. O

Proof of Proposition 4. (i) Observe that the set of optimal test product’s identified in Proposition 2
whose design A lie outside the interval [0, C] must pivot longer distance (lower quality V* and hence demand)
than the optimal test product located in A =0 or A =C. Hence it is optimal to select A=0or A=C.

Moreover, if pivoting is costlier for higher quality test product, it is optimal to minimize v while keeping
v — p constant, which is achieved when p =0.

(i) If f > t, it is suboptimal to do pivoting. Thus, the test product design becomes the same as the second
stage problem, resulting in A* = A* in Proposition 1. [

Proof of Lemma 4. Taking the first order condition of 7*(#) with respect to p, we have

or*(7) 9 [V-p V—p c o |
ap =0 «— app{ o ( 5 (1 26>>mln{r,1 r}}—O

— p<_1—I—min{f’l_f})-i-v_p—(v_p—(1—2C€>>min{77,1—77}:0

et et et et
2
= Kt(l —min{7,1—7})+ (1 - 2C’> min{7,1 -7} = —]tg(l —min{7,1—7})
€ € €

poV w0y
2 max{r,1—7} 2 2¢e

Proof of Proposition 5. Substituting the expression for p* in Lemma 4,

Vopr Vo min{rl-fpl /o C
et 2t max{F 1—7}2 2 )’

J— * 1
- etp max{F,1—7} = 21675 max{r,1—7} —min{7,1— f}i <1 - 2C€> .



Author: Analysis of the Lean Startup
24 Article submitted to Marketing Science; manuscript no. MKSC-18-0058.R4

, we have

T (F) = p [V p (VEtp <1—2C;)>min{f,1—?}]:p[‘/;pmax{f,l—f}—k(1—206>min{f,1—f}]
[ B (1)) L 1w 03 (1-5)

% [V 2;2{{: 11_:}} <1— 206)] : [Z max{F, 1 — 7'} + min{7, 1 — 7} (1— ;)}
- [t (2] [5 [~ ()i

Thus, taking the expectation with respect to 7, we have the expression for E, 7* (7, A\,v). O

LEMMA C.1. Let v=v — p for notational simplicity, and let us denote the probability that the test product
results in sale when A=W and A\ # W respectively as

¢1(v) = min (12) g2 (v) = min (1,“— C_€>. (C-1)

2et 2¢
Then v* € {et, (C — )t} mazimizes 6q1(v) — (1 —0)g2(v) for any § € [0,1]. Moreover, if C' < 2¢, then qa(et) <
1—q1((C —e)t). In other words, 1_q1((cqii€)tt))+q2(d) <0.5.

Proof of Lemma C.1. We have,
1-96 (15)(06))
v— .

. d .
0q1(v) — (1 —9)ga(v) = min (5, dv) — min (1 -0, G %

Thus, the piecewise linear function can achieve the maximum difference in the point where either g;(v)

or go(v) hit the inflection points v = et and v = (C — €)t respectively. Moreover, since qu(et) =1 — < and

@ ((C—et) ==,

C C—e¢ C—e C
t)<1— —e)t 1-—<1- — 2. (]
g2(et) <1—q1((C—e€)t) & 26< e <26 < e>(C/
Proof of Proposition 5 and Corollary 3. To simplify notations, let
V:P+A V:P+A
D, é/ h(z|W = A)dz, D, é/ h(z|W # A)dx
_ V;P 4A _ V;P +A

so that D; and D, are demand from launching the ideal product and non-ideal product, respectively. Then,

the optimal final stage profit given posterior 7 is
7*(F) =max{rD; + (1 — 7) Dy, (1—=7)Dy +7D5}.

We now examine the launch of test products. To simplify notation, let v =v — p. Let n denote the period

to go. We will prove by induction (a) the expression for (A%, v*) Vn, (b) 75 (A*,v*) = A, + B,[0.5 — g2(et)™|,

A,,B, >0 Vn, and (c) the expression for 3,(0.5).

(Base Case). Suppose n =1. The expected profit is
G1(V)rDi+q2(v)(1 =r)Dy g2(v)(1 —7) D1 + i (v)rD;
I (e (v Rl e e
(1—g2(v)(1 *T)D1+(1*ql( ))r D2
(I—q@)r+1—-g@)1-r) ’
(1-q1(v))rDi+ (1 —gz2(v))(A —7)D> }
(I=q@)r+(1—g)1-r)
= max{q(v)rD1 + g2(v)(1 — 1) D3, q2(v)(1 —r)D1 + g1 (v)rDs} (C-2)

Fmax{(l = ¢>(v))(1 =)Dy + (1 = q1(v))rDs; (1 = g1(v))rD1+ (1 = ga2(v))(1 = 7) D}

(= g (0))r 4 (L= ga(0))(1— 1) ~max{
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If the prior belief r > 0.5, staying course is optimal in the event of a sale of test product since ¢; (v) > g2(v)

for all v. Thus,

(A =0,0|r > 0.5) = q1(v)rD; + gz(v)(1 — 1) Dy
+max{(1— g2(0))(1 =)Dy + (1 - g1 (v))rDa, (1 - g1 (v))rDy + (1 go(v))(1 — ) Dy}
— max{[g () + (1~ 2(0)) (L= )] Dy + [g2(0) (1 — ) + (1 = ()71 D, Dy + (1 =) Dy}
=rD;+ (1 —7)Dy+max{0,[(1 —2r) + {r¢g:(v) — (1 = r)g2(v) }(D1 — D2)}.

Similarly, if » < 0.5, pivoting is optimal in the event of a no sale of test product since ¢;(v) > g2(v) for all

v. Thus,

m(A=0,0]r<0.5) = (1 —g2(v))(1=7)D; + (1 — g1 (v))rDy
+max{q; (v)rDy +q2(v)(1 —7)Dz, q2(v)(1 —7) D1 + g1 (v)rDs }
max{[(1 —g2(v))(1 —7) +qi (v)r] D1 + [(1 — ¢1 (v))r + ¢2(v)(1 = )| D2, (1 = 7) D1 + D>}

(1= 7)Dy + Dy + max{0, {q1 (v)r — (1~ r)qa(0)}(Dy — D2)}.

Thus, we have

T(A=0,0|r) = 7Dy + (1 —7) D2 +max{0, [(1 —27) + {rq:(v) — (1 = 7)ga2(v)}](D1 — D2)}, r > 0.5,
’ (1—=7)Dy 47Dy + max{0,{q1(v)r — (1 —1)g2(v)}(D; — D3)}, r <0.5.

Similarly, we have

r(A=C,v|r) = { Dy + (1 =7) Dz +max{0,{(1 = 7)¢: (v) = 7¢2(v)}(D1 — D)}, r>0.5,
’ (1=7r)D;1 47Dy +max{0,[(2r — 1) + {(1 —r)q1(v) = rg2(v) }](D1 — D2) }, » < 0.5.

By Lemma C.1, we need to only consider v € {et, (C' — €)t} when evaluating for optimal v*. If v* = et,
then ¢;(v*) =1 and go(v*) < 1; if v* = (C — €)t, then ¢;(v*) > 0 and ¢o2(v*) = 0. Identifying the optimal
development level of the test product v* require comparing the weighted difference pg;(v) — (1 — p)ga(v),
p€l0,1].

p=(L=p)ax(et) 20 =6 0 P (C = )t) & p(1=qi((C =) 20-Z(6_o), (1= p)aa(et)
. t)
S p2i i a2(¢ . C-3
P Zyr=(C—e)t 1—q1((C—€)t)+q2(6t) ( )
For the case r > 0.5, we have, m(A = 0,v|r) = rD; + (1 — r)Dy + max{0,[(1 — 2r) + {rq1(v) — (1 —

g2 (et)
1-q1 ((C—e€)t)+q2(et)

r)q2(v)}](D1 — D2)}, which involves maximizing rq;(v) — (1 — r)gz(v). Since, r > 0.5 >
(Lemma C.1), v* =e€t, i.e., (A =0,v =¢€tlr) > 1(A=0,v=(C — €)t|r).

We next show that (A =0,v =¢t|r) > max{n(A=C,v=¢t|r),7(A=C,v=(C — e)t|r)}. We have, 7(A=
O,v=c¢€tlr) >T(A=C,uv=¢€t|r) & 1—r—(1—7r)gz(et) > (1 —r) —rgz(et) < r>0.5; and 7(A=0,v=et|r) >
TA=Co=(C—etlr) © 1—r—(1—r)g(et) > 1 —r):((C—€)t) & 1—q((C —e)t) > qa(et). Thus, if
r > 0.5, it is optimal to launch the test product with A =0, and at development level v = €t.

Similarly, one can show that it is optimal to launch the test product with A = C at development level

v=et when r < 0.5. Thus, (A*,v*)=(0,¢€t) if r > 0.5 and (A*,v*) = (C,et) if r <0.5.
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Thus, combining the expression for v* = et, we have

TV (0),0 = etlr) = 4 PP+ (=) Da)p+ (1 =27) +1 = (1 =7)ao(e)](D1 — Da)p, 72 0.5,
’ (1=r)Dy4+7rD2)p+[(2r— 1)+ (1 —r) —rga(et)|(D1 — Da)p, r <0.5.

1
|:D1p e (;t) ’

T3
Ao+ Bo|r — 0.5]. (C-5)

(D1 = D2)p| +q2(et) (D1 — Da)p

Moreover, observe that

— _ J (r+Bv=c¢t|r))Dip+ (1 —r— B(v=¢t|r))Dap, r > 0.5,
folv=etlr) = {(1—r+6(v=et|r))D1+(r—5<v:et|r))p2p, r <05

_ { (1—7r)(1—ga(et)), r>0.5,
r(1—qa(et)), r<0.5.

(Induction Step) Suppose claims (a), (b), and (c) are true for n — 1 periods to go. Then, after launching a
test product and observing sales, the expected profit 7(\,v|r) for the choice of test product with n periods

to go is

(=) = o)+ o)t =l (o )

(= aq(v))r+ (1= g2(v)) (X = r)lm; 4 <(1 - (v)

a1(v)(1—r) )
Y1 —=7)+qz(v)r

= @) (A=) + (1 - gl (

(1—aq(v)r )
Jr+(1=g)l-r))

To(A=Cv|r) = [q1(v)(1 —7) + g2(v)r]m),_, <q1(v

(1-q(v)(d—7) >
(1=q(v)A=r)+1—=g)r/’

Examining the first expression, we have

T(A=0,0[r) = [ (v)r +ga(v) (1 —7)] {A +B| - &lﬁvfjjﬁ%i - ;‘}
(1= g1 (v))rgz(et)"!
(1= qu(@)r+ (1= g2(v))(1-7)

= A+B {[%(U)T +g2(v)(1—1)] Q1 (U)qu(et)n—l : 1‘

(=g (@) + (1 o) (1 -] {A+ B

@ (v)r+g)(1-r) 2

(1—qi(v))rga(et)"* 1
—+ [(1 - Ch(v))r—i— (1 - QZ(U))(I - T)] ‘ (1 _ Q1(U))T+ (1 — qz(v))(l — T‘) B 2‘} ’

(d-aq1 (v))r a1 (0)r .
Observe that o)ty <7< MOEEAGIE0L so we have three cases:

: (1—q1 (v))rga(et)™ 1 q1(v)rga(et)™ 1 : q2(v)
W) I e )y (o A=) < m(o)rFaa(ya=n < 3 (equivalently, r < cove ity ), then

)7 € n—1
T(A=0,0|r) = A+B{—[q1(v)r+q2(v)(l—r)]( 91 (v)rgz(ct) 1)

a(r+a@d-r) 2
(1—q1(v))rga(et)™~* 1
(1= q1(o)7 + (1 — g2(0))(1 r>1<(1_q1(v))r+(1_Q2(v))(1_T) 2)}
: (1= ar(o)yraa(ety 1 — & —q1<v))r+<;—q2<v>)<1—r>}

e a@)r+a@a-r

1
A+B{5 —qu(et)7L71}.
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i (1—g1(v))rga(et)™ " 1 a1 (v)rga(et)™ ! ;
@ I aehetsmas S 2 S Geeeeion (equivalently, 7 €
92(v) 1—g2(v)
[mv)(zqz(et>n*171)+q2(v)’ (1*41(1)))(2!12(€t)"’1*1)+1*q2(v)})’ then
a1 (v)raa(et)” ! 1
7w(A=0,v|r) = A+ B v)r v)(1—r _— =
( ) = A+ {[qm + a2 (v)( ”<q1(v>7-+q2(v><1ﬂ-) 2)
(1= q1(v))rga(et)™ 1
— [(1— 1-— 1-— —
(1= q1(v))r+ (1 —q2(v))( T)]((lfql(v))r+(17q2(v))(177‘) 2)}
- A+B{q1(v)m2(et>m _a@rte®0-n) eyt <1fq1<v>>r+<1fq2<v>><1—r)}
2 2
= a+B{araE” ! —aEa-n+ 2 -}
1 (1=g1(v))rga(et)™ ! a1 (v)rga(et)™ 1 ; 1-g2(v)
() If 3 < Gt o= < arta = (eduivalently, 7 > q e ey ) then
q1(v)rga(et)" 1 1
7(A=0,v|r) = A+ B v)r v —r B
(A=0,v|r) + {[41( )+ az(v)(1 )]<q1(v)r+q2(v)(1fr) 2)
(1—q1(v))rga(et)™ ! 1
1-— 1-— 11— J—
= @)+ A= @) - ) <(17q1<v))T+(17q2(v)><14) 2)}
= A+ B {q1(v)rq2(et)"71 - —ql(v)T+q;(U)(1 ) + (1= q1(v)rga(et)™ 1 — (A= ai(whirt (; —a2(w) = 7) }
_ n-1_1
= A+B{rq2(5t) 2}.
Thus, after algebraic simplifications, we have
e @)
A+ B {% —raz(et) 1} ’ < ql(v)(qu(GZ)Q"71*1)+EI2(U) ’
vy _ _ n— () 1-q3(v)
(A =0,0r) = { A+ B{a1@)raa(en™ ! —ax@)1 — )+ & v}, re [ql(;j)a@(v),l (lﬂ(,ﬂ))(mm(egi,l71)“742@) :
n—1 1 —a2(v
a+B{ra(" ! -1}, "2 AN G- T DT —am
Using the same logic, we have
A+B{}-A-na(" T}, A=) < T a
fix_ _ _ =1 _ 1 _ a2(v) 1-q3(v)
T =Gl = 3 A+ B {a @)1= n)aa(e) @@)r+y-(-n}, (1-ne q1(v)<2q2<et>21"*1?1>)+q2<v>’ ) [Cre e L e s wrreyl B
n—1 1 —a2(v
A+B{0-na(nm -1}, (=72 GG e T =)

Observe that 7*(A =0, v|r) and 7* (A = C, v|r) are symmetric around r = 0.5, and regardless of v, it is always

optimal to launch A=0if > 0.5 and A=

{

(A =C,v|r <0.5) = {

(A =0,v|r >0.5)

At B{ra(ey" =t = 1},

A+B{(1 —r)ga(et)" ! - %}

A+B{a(ra ()"t — ()1 -1+ § -

A+B{a (@)1 -r)a()" " —g)r+L-1-n}, 1-n<

if » <0.5. This results in

< 1-q3(v)
= (1-q1(v)(2a2(e)?~ L —1)+1-qz(v)’
1—az(v)

b

>
"= A= () (2a2 ()" T 1) +1—q5(v)
1—go(v)

(1—q1 (v))(2q2(et)? ~1—1)+1—g3(v)’
1—qgo(v)

(1—q1(v))(2g2 ()~ —1)+1—-qg(v)’

a-rn>

Since both expression involve optimizing pg; (v) — (1 — p)gz(v) with respect to v for p > 0.5, by (C-3), v* = et.

Furthermore, if v* = et, the ¢;(et) =1, so the inequalities

we have

Dip— #(Dl — Ds)p| + g2(et)(Dy
Dip—2E(Dy — Dy)p| + ga(et) (D,

7 (A*(v),v* = et|r)

A, + B,|ga(et)r —0.5].

Furthermore, the expression becomes

7 (A*(v),v* = et|r)

_ { rDip+ (1 —r)Dap+ (1—7)(1
where

B

{

(1= g2(et)]"),

(1=7r)D1p+rDap+r(1l—[ga(et)]™) (D1 — D2)p,

(1—=r)(1—[g2(et)]™), 7> 0.5,

1-g2(v)

become G iEn @ DTG o)

= 1. Hence,

— Do)p{§ —qalet)"(1=7)}, r>0.5,
r<0.5.

Dip—252(Dy — Do)p| + qa(et)(Dy — Da)p { & — qa(et)(1— 1)}, 7> 0.5,
Dyp— %;t)(Dl — D3)p| +g2(et)(Dy — D2)p{% - Q2(€t)7°} )

r<0.5.

— [g2(et)]*) (D1 — D3)p, > 0.5,
r<0.5.

r<0.5.
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Proof of Proposition 6. Suppose the entrepreneur chooses A = 0. Then, if W =0, he will earn D;. If
W =C, he will earn D,. If W = —C, he will also earn D5 due to the fact that there are two overlaps. Thus,

the expected profit is
7T(A = O) = TODl + TcD2 + (1 —To— Tc)DQ = TODI + (1 — To)DQ.

Suppose the entrepreneur chooses A = C. Then, if W = C, he will earn D,. If W =0, he will earn D,.
However, if W = —C, he will earn 0 since there is no overlap between C' and —C'. Thus, the expected profit
is

7T(A = C) = Tch + ToDQ.

Similarly, suppose the entrepreneur chooses A = —C. Then, if W = —C, he will earn D;. If W =0, he will
earn D,y. However, if W = C, he will earn 0 since there is no overlap between C' and —C'. Thus, the expected

profit is
7T(A = —C) = (1 —To— Tc)Dl +TOD2.

The optimal 7* = max{n(A =0), 7(A =C), n(A=—C)}. Moreover, A* =0 if 7(A=0)>7(A=C) and
TA=0)>7(A=-C); A*=Cif7n(A=C)>n(A=0) and 7(A=C)>n(A=—-C); and A*=-C if 71(A=
—C)>n(A=0) and 7(A =—-C) > n(A =C). Working out the inequalities we have our result. [

Proof of Proposition 7. We let v = v — p to simplify notation. The Bayesian posterior beliefs are as follows:
P(Sale of (A, v)|W =0)-rg

P(Sale of (A,v)) ’
P(Sale of (A\,v)|W=C)-rc

/FO L P(W = O|Sale of ()\)U)) =

|
[>

P(W = le of =
To (W = ClSale of (A\,v)) P(Sale of (A1) ,
1— P(No sale of (A, v)|WW =0)) 79
£ P(W =0|No sale of _ ! :
Lo (W' =0[No sale of (X,v)) 1 — P(No sale of (\,v)) ’
N B _ (1= P(No Sale of (A\,v)|W =C))-rc
ro = P(W =C|No sale of (A\,v)) = 1= P(No sale of (\,0)) ,
where
v/t+A
P(Sale of (A, v)|W =0) :/ h(z|W =0)dz,
—v/t+A
v/t+A
P(Sale of (A, v)|W =C) :/ h(z|W =C)dx,
—v/t4+X
P(Sale of (\,v))= Y r,P(Sale of (\,v)|W =w).
we{—-C,0,C}

To simplify notations, we let
FEA A
0 @2 [ haw=nde, @2 [ b WA= O,
—L4 -3+
so that ¢;(v) and g2(v) are probability of sales that the test product will resul in sales when launching the
ideal design and adjacent-to-ideal design, respectively. (If A=C and W = —C, then the probability is zero.)
The ¢1(v) and g»(v) is identical to those in (C-1). We will suppress ¢; = ¢1(v) and ¢z = g2(v).
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Suppose A =0.
Em(v) = P(sale)m(rp,rc) + (1 — P(sale))n(ro,rc)
q170 q170 q2rc q170 q170 +a27¢C q170
— P(sal D14 (1— , Do, (1—
(sale)pmax { P(sale) 1+ P(sale) 2 P(sale) ! P(sale) )Pz, ( P(sale) ! P(sale) 2}
1-— 1-— 1—- 1—- 1-— 1-— 1-—-
4 P(nosale)pmax (I —aq1)ro Dy+(1— (I —aq1)ro . (I —q2)rc L (1 —aq1)ro )Da, (1— (I —q1)ro+ (1 —q2)rc (I —aq1)ro )

P(nosale) P(nosale) P(nosale) P(nosale) P(nosale) P(nosale)

= pmax{q1r0D1 + (1 —70)92D2, g2rc D1 + 71091 D2, (1 =70 —rc)e2D1 +r0q1 D2}
+pmax{(1 —q1)roD1+ (1 —r9)(1 —g2)D2, (1 —g2)rcD1+7r0(l —q1)D2, (1—rg—7rc)(1—q2)D1+ro(l—q1)D2}

Suppose A=C.
Em(v) = P(sale)m(rp,rc) + (1 — P(sale))n(ro,rc)
q270 q27m0 qirc q27m0 q270 +q1rc q270
— P(sal Dy +(1— , Da, (1—
(sale)pmax { P(sale) 1+ ( P(sale) 2 P(sale) ! P(sale) )Pz, ( P(sale) ! P(sale) ) 2}
1-— 1-— 1— 1— 1-— 1-— 1-—
4 P(nosale)p max (1 —g2)ro Dy +(1— (1 —q1)ro .. A —a)rc ) (1 —gq2)ro VD3, (1— A —g2)ro+ (1 —a1)rc (1 —g2)ro
P(nosale) P(nosale) P(nosale) P(nosale) P(nosale) P(nosale)

= pmax{qg2roD1 +rcq1D2, qircD1+71092D2, 0+10g2D2}
+pmax{(1—q2)roD1+[(1 —ro) —rca1]D2, (1 —aqi)rcD1+ro(l—qg2)D2, (1—r9—rc)D1+7r0(l —q2)D2}.

Suppose A =—C.

En(v) = P(sale)m(rp,7c)+ (1 — P(sale))w(ro,rc)

9270 q270 q270 q270 q270
= P(sale)pmax Dy +(1— N , (11—
( » { P(sale) 1+ P(sale) 2 P(sale) )Pz, P(sale) )D1 P(sale) ) }
1— 1 1 1— 1-
4 P(nosale)pmax (1 —q2)m0 Dy +(1— (1 —q1)ro . (re Dyt (1 —gq2)ro VD3, (1— (1-g2)ro+rc Dyt (1 —q2)m0 Do
P(nosale) P(nosale) P(nosale) P(nosale) P(nosale) P(nosale)

= pmax{qzroD1+ (1 —ro —rc)q1 D2, 0+10g2D2, q1(1 — 79 —rc)D1+roq2D2}
+pmax{(1 —q2)roD1 +[1—7r9 — (1 —rog —rc)q1]D2, rcD1+ro(1 —qg2)D2, (1—rog—rc)(1—q1)D1+ro(1 —gq2)D2}.

By Lemma C.1, it suffices to check v =€t and v=(C —e€)t. If v =¢t, then ¢; =1 and ¢» < 1. If v = (C' — €)t,
then ¢; <1 and g = 0. Comparing the values, we find that v* = et, thus for simplicity, we will focus on
analyzing this case without writing down the expression for v = (C — €)t.

(i) Suppose ro =0. Then,
m(A=0) = pmax{q2Da, qarcD1, (1=rc)geDi}+pmax{(l—q2)D2, (1—gq2)reDi, (1—rc)(1—q2)D1},
7(A=C) = pmax{rCq: D2, ¢17cD1, 0} + pmax{(1 —rcq1)D2, (1—q1)rcD1, (1—1rc)D1},
T(A=—C) = pmax{(1 =rC)q1 Dz, 0, ¢:(1 —rc)D1} +pmax{(1 - (1 —-rc)q1)D2, r¢D1, (1=7rc)(1—q1)D1}-
When v = et,
7(A=0) = pmax{rcD1,(1—rc)D1},
7(A=C) = pDy,
m(A=-C) = pD;.
Hence, \* =£C, v* =€t.
(ii) Suppose rc =0 (or 1 —rg — re = 0. For simplicity, we will omit this case). Then,
m(A=0) = pmax{qroD1 + (1 —70)q2D2, 10q1 D2, (1—170)q2D1+1r0q1 D2}
+pmax{(1 —q1)roD1+ (1—q2)(1 —r9)Da, (1 —q1)r0D2, (1 —q2)(1—7¢)D1 +1ro(1 —q1)D>},
7(A=C) = pmax{qaroD1, qroDa, qaroD2}
+pmax{(1—g2)roD1 + (1 —19)Da, (1 —qa2)roDa, (1 —71¢)D1+ (1—gq2)roD2},
m(A=—C) = pmax{qaroD1 + (1 —r9)q1 D2, 70g2D2, q1(1 —1r9)D1 +10g2D2}
+pmax{(1—gz2)roD1 + (1 —70)(1 —q1)D2, (1—g2)roD2, (1—70)(1—q1)D1+ (1 —ga2)roDa}.
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When v = et,

7(A=0) = p[roD1 + (1 —ro)[q2D1 + (1 — g2)D1],
T(A=C) = plgzroD1 + (1 — q2)(1 —7r0) D1},
m(A=-C) = p[(1 —r0)D1 +70[g2D1 + (1 — q2) D1].
Hence, A* = C is ruled out. and \* =0 if g > 0.5 and A\* = —C otherwise.

(iii) Finally, suppose ro =1/3. Let ro =1/3.

1 2 1 1 1 1
T(A=0) = pmax{§Q1D1 +-¢2D2, g2+ @1 D2, sq2D1+ -1 Do}

3 3 3 3 3
1 2 1 1 1 1
+pmax{§(17q1)D1+§(17q2)D2, 5(1*Q2)D1+§(1*Q1)D27 5(1*Q2)D1+§(1*Q1)D2}7
1 1 1 1 1
7(A=0C) :pmax{§q2D1+§q1D2, §Q1D1+§Q2D27 §Q2D2}
tpmax{ (1= ) D+ (2= 2a) D, 21— gDy + 21— ) D, 201+ 21— o)D)
a p— — —_—— = — J— —_ — — —_ —
me3 q2)1 3 3(]1 2,3 q1)V1 3 q2 2731 3 q2)lay,
1 1 1 1 1
T(A=-C) :pmax{gqul—kgqng, §Q2D2, EQ1D1+§Q2D2}
1 2 1 1 1 1 1
+pmaX{§(1—Q2)D1+(§—g(h)Dz, §D1+§(1—Q2)D27 g(l—Q1)D1+§(1—42)D2}-

Observe that 7(A=C)=n(A=—C). Also, when v* = €t, then ¢; =1 and we have

2 2 1
T(A=0) = p(; D1+ 2q2D2 — 5q2D»),

3 3 3
2 1

Since g2 < 0.5, A=0 is ruled out as optimal. Thus, if ro > 1/3, then A\* = C, otherwise A\*=—-C. O



