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A.1. Some almost correct intuition

For a first intuition about why this phenomenon obtains recall that in our simulations
the true data generation process is that demand as given by a linear demand model:

dj,t = α− βpj,t + γp−j,t + ε j,t.

Demand is observed with an additional small sample econometric error (ε j,t). The key
complication in our setup is that the firm does not observe the competitive firm’s price
(p−j,t). Therefore the firm cannot distinguish the econometric error (ε j,t) from the compet-
ing firm’s price (p−j,t).

In a departure from the bandit procedure we considered before, suppose the firm esti-
mates a linear demand model

dj,t = α̂− β̂pj,t + ε j,t,

and then prices optimally given the estimated model. Notice that the firm’s statistical
model is different from the true data generating process. This can result in a bias in the
estimate of the main parameter of interest, i.e. β. The magnitude of this bias depends on
the historical correlation between the prices of the two firms (pj,t and p−j,t). If these are
highly positively correlated then bias will be an upward bias, leading to higher (lower in
absolute value) estimated price sensitivity and supra-competitive prices.

To see this consider two thought experiments:

(1) Past prices are perfectly correlated: As t grows large, since past prices are perfectly
correlated, by a law of large numbers, we have that α̂ = α and β̂ = β − γ. The

A RADY SCHOOL OF MANAGEMENT, UNIVERSITY OF CALIFORNIA, SAN DIEGO. K4HANSEN@UCSD.EDU
B RADY SCHOOL OF MANAGEMENT, UNIVERSITY OF CALIFORNIA, SAN DIEGO. KAMISRA@UCSD.EDU
C DEPARTMENT OF ECONOMICS, RICE UNIVERSITY. MALLESH.PAI@RICE.EDU

Date: August 17, 2020.
1

mailto:k4hansen@ucsd.edu
mailto:kamisra@ucsd.edu
mailto:mallesh.pai@rice.edu


HANSEN, MISRA, AND PAI

optimal price of firm j given these estimates is therefore

p∗j =
α̂j

2β̂ j
=

α

2(β− γ)
.

(2) Past prices are uncorrelated: As t grows large, by a law of large numbers, we have
α̂ = α + γp−j,t and β̂ = β. The optimal price of firm j given these estimates is
therefore

p∗j =
α̂j

2β̂ j
=

α + γ p̄−j,t

2β
.

In steady-state, therefore, p̄−j,t = p∗−j =
α+γp∗j

2β . Substituting, we have

p∗j =
α + γ

α+γp∗j
2β

2β
,

=⇒ p∗j =
α

2β− γ
.

Note that in the second case, despite each firm’s model being misspecified, the resulting
long-run steady prices are exactly the full-information Nash equilibrium prices. In the
first case, both firms’ prices are exactly the full-information collusive/ joint-monopoly
prices.

While this intuition is suggestive of the mechanism, it is not fully consistent: the “long
run” outcome here depends on the correlation of prices in the past. However, these cor-
relations are endogenously determined by the prices charged in the past by both firms’
algorithms. So which of these two cases is more representative of the outcome given the
exogenous environment and the algorithms used by the firms?

APPENDIX B. CONNECTIONS TO THE LITERATURE

Beyond the related literature mentioned in the body, our paper touches on several
strands of literature. Given the space limitations in the main text, we discuss these con-
nections here. We also explain the relationship to some more closely connected papers in
further detail in this section.

B.1. Existing Literature on Algorithmic Collusion

As we pointed out in the introduction, there is a small but growing literature pointing
to the possibility of collusion in settings where firms set prices by algorithm. Here we list
the work that we are aware of, and highlight key differences. As we mentioned earlier, a
fuller review of existing work and connections to the legal literature on antitrust can be
found in Harrington (2018).
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A seminal recent paper by Calvano et al. (2020) studies a setting where competing sell-
ers set prices by algorithm based on a history of past prices. All sellers use a machine
learning algorithm known as “Q-learning”. They show that the competing sellers’ al-
gorithms all “learn” to collude, i.e. the Q-learning algorithms learn to play collusive
repeated-game strategies. Similar to our paper, therefore, even neutrally programmed
algorithms may nevertheless result in supra-competitive prices. A key point of difference
is that firms in their paper observe competitors’ prices. Our work shows that such an
effect may carry over even if the firms do not observe this. That is to say that while the
conclusions are similar, the channels through which collusive prices are established are
completely different.

Another recent paper is that of Miklós-Thal and Tucker (2019). They study a setting
where competitors have incomplete information about the market fundamentals. They
look to understand how information about the market fundamentals affects the possibil-
ity of collusion. Their main tension is whether this assists collusion (competitors know
better the collusive prices to aim for), or hinders it (superior information means firms can
better evaluate deviations from collusion, and hence may be more tempted to do so). They
show conditions under which the latter effect dominates. Subsequent work by O’Connor
and Wilson (2019) studies a similar tension and points out that superior information also
increases the value of collusion, so the net effects may be ambiguous. Our model is quite
different from these papers as we consider explicit process of experimentation to learn
information.

Brown and MacKay (2020) consider the implications of timing of pricing updating on
equilibrium prices. In their model, firms know the true demand model, but unlike the
canonical pricing model, they allow firms to update prices asynchronously. They find
that these asynchronously responses can lead to non-Nash prices in equilibrium. A re-
lated work is the paper of Salcedo (2015). He considers a model where firms “commit”
to an algorithm in the short-run—this partial commitment can again allow for supra-
competitive prices to emerge. These models capture a different mechanism to our paper
as we focus on a setting where the firms do not know the underlying demand curve (and
do not observe competitive prices). Studying demand learning with asynchronously pric-
ing algorithms in competitive settings is an interesting question for future research.

B.2. Competition with miss-specification

There is a small literature that like us, considers the case of competing sellers who each
erroneously behave as if they are monopolists. The earliest examples of this are from the
theoretical industrial organization/ economics literature, starting with Kirman (1975).

As we mentioned previously, the paper closest to us that we are aware of is the paper of
Cooper et al. (2015). To understand the difference between the two papers more closely,
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here is a brief summary of the paper. In their model, two firms compete by setting prices.
They assume that the true demand realized by each firm is a linear function of both prices
(intuitively, increasing in competitor’s price and decreasing in own price). However, each
firm erroneously thinks they are a monopoly, in every period runs a linear regression of
past observed demand on past own prices. It then sets optimal monopoly prices based
on the regression parameters. They prove three main sets of results. First, if each firm
correctly knows the true slope of own price on own demand, and is only regressing to
learn the intercept, then prices converge to the static Nash Equilibrium (Proposition 1).
Conversely, if firms know the intercept but do not know the slope, then instead they
converge on the joint monopoly prices (Theorem 1). Finally, if both are slope and intercept
are unknown, then the result depends on the starting prices and they show an “anything
goes” theorem (Proposition 3), i.e. any limit point (both above and below the competitive
levels) is achieveable from some well chosen starting point.

Proposition 3 and Theorem 1 is similar to our main takeaway ( prices can be supra-
competitive). It is important then to highlight the differences. First, observe that our
paper and theirs lie in different frameworks. Theirs is in what may be referred to as
a “estimation-optimization” framework, where there are two modules that operate in-
dependently, an estimation module that estimates the underlying environment, and an
optimization module that optimally sets a price given the estimates. By contrast, like e.g.
Calvano et al. (2020), and modern machine learning methods more broadly, we consider
a reinforcement learning setting where both are done simultaneously. In doing so we
model the price experimentation process explicitly. In terms of takeaways, we highlight
that the contrast between Proposition 1, Theorem 1 and Proposition 3 suggests that the
possibility of collusive seeming prices depends on whether the intercept and slope are
commonly known (this cannot be empirically testable). By contrast, our results suggest
that it hinges on the underlying signal-to-noise ratio in the demand, i.e. the stochasticity
of underlying demand (this is empirically testable).

B.3. Dynamic Pricing

There is a large and influential literature investigating dynamic pricing, and relatedly,
personalized pricing by firms. As we pointed out previously, a defining characteristic
of this literature is that it imagines the firm is a monopoly, or equivalently, ignores com-
petitive response by competitors. Within economics the focus has been on characterizing
and understanding the comparative statics of fully optimal policies in stylized models—
see e.g. Keller and Rady (2003) for an example. The literature has considered both the
“estimation-optimization” paradigm (e.g. described above) and reinforcement learning
approaches (see e.g. Calvano et al. (2020) or Misra et al. (2019) for examples of this).
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Keskin and Zeevi (2018) show that the estimation optimization paradigm can lead to “in-
complete learning” – a certainty equivalent control may get stuck at a fixed point without
having learned the true underlying parameter. Forced experimentation (including rein-
forcement learning) can help resolve this. Interestingly, while UCB does not suffer from
the problem of incomplete learning if the firm was truly a monopoly, our results may be
interpreted as saying that incomplete learning is a possibility when such algorithms are
used in competition.

A paper at the intersection of these two approaches is Keskin and Zeevi (2014), who
show that well designed small variations on the “estimation-optimization” paradigm can
result in asymptotically policies. In particular, instead of the optimization module do-
ing what is greedily/ myopically optimal (i.e. optimal viewing the estimated parameters
as the true parameters, also known as certainty equivalent control), they design simple
policies they term as “semi-myopic”. They show that such policies can be close to asymp-
totically optimal.

At a higher level, a reason to consider dynamic pricing is that the underlying demand
parameters are both unstable/ time varying, and unknown (e.g., demand side dynamics
Bergemann and Valimaki (1996); Nair (2007). Of course in our paper and a majority of
the works we list above, only the latter is modeled (indeed, we explicitly suppose the
demand is stable and time invariant). There is a literature which considers how a seller
can price in this setting:— see e.g. Rustichini and Wolinsky (1995) or Keller and Rady
(1999) in the economics literature or Keskin and Zeevi (2017) in operations.

B.4. Learning in Games

There is a large literature on learning in games, spanning the literature in economic
theory, computer science and statistics. We refer the reader to textbook expositions in
Cesa-Bianchi and Lugosi (2006) (computer science/ statistics) and Fudenberg and Levine
(1998) (economics). The underlying literature begins with the celebrated results on regret
minimizing heuristics— seminal papers Foster and Vohra (1997) and Hart and Mas-Colell
(2000)). A key point of difference is that this is very much a normative literature. That is
to say, the results are of the form “if x solution concept is of interest in y class of games, then
both players using z heuristic is sufficient”—in particular, the literature was motivated by
providing learning foundations to game theoretic solution concepts. Ours is, by contrast,
a positive question motivated by current industry practice: “if both players use a popular
machine learning algorithm used in practice, what can we expect as outcomes?”. None of the ex-
isting results apply, because index algorithms considered in our paper are not guaranteed
to be a regret-minimizing procedure in a competitive setting.

Regarding collusion, there is a large theoretical literature on repeated games argues
that collusive pricing can result in equilibrium (see e.g. Mailath and Samuelson (2006)
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for a textbook exposition), and a long line of empirical literature starting with Green and
Porter (1984) suggests that such strategies are indeed observed in practice.

B.5. Behavioral Game Theory

Finally, there has been an increased interest in understanding outcomes in settings
of interest where agents are somehow misspecified. For instance in Spiegler (2006) or
Spiegler (2013) society misunderstands the relationship between outcomes and the ac-
tions of strategic agents, which affects the actions the latter take in equilibrium and result-
ing outcomes (in the former, in the context of a market for quacks, in the latter with impli-
cations to the reforms taken by a politician); see Spiegler (2011) for a textbook overview
in the context of industrial organization. Liang (2018) studies outcomes in games of in-
complete information where agents behave like statisticians and have limited informa-
tion.There is a larger literature which studies the outcomes when agents are modeled
as statisticians or machine learners, e.g., Al-Najjar (2009), Al-Najjar and Pai (2014), Ace-
moglu et al. (2016) and Cherry and Salant (2018). Finally, the paper of Olea et al. (2019)
studies a setting where agents with different misspecified models compete in an auction
after attempting to learn from a common dataset, and tries to understand how the mis-
spefication helps/ handicaps them in terms of auction outcomes. We contribute to this
literature both by considering a new form of misspecification motivated by complexity/
computational rather than behavioral concerns, and studying outcomes in this context.

B.6. Algorithmic Bias

Related to our high-level question on possible downsides of “management by algo-
rithm” is an emerging literature seeks to document so-called "algorithmic bias" (e.g., Lam-
brecht and Tucker (2019), Hajian et al. (2016))—the notion that algorithms may discrim-
inate among users based on race, age, sexual orientation etc. If this is true, regulators
may want to force companies to "de-bias" their algorithms. We refer interested readers to
Kearns and Roth (2019) for a textbook overview.

APPENDIX C. ROBUSTNESS TO TIME VARYING SHOCKS

Figure 1 shows the robustness of our results to non-stationary error. In our main model
we consider a DGP for profit as πj,t = π∗(pj,t, p−j,t) + ε j,t. with ε j,t ∼ U[−1

δ , 1
δ ]. While in

our model δ is fixed over rounds in our simulation. In this section, we consider a model
where δ varies across rounds. Here we consider two variations, first with decreasing noise
(increasing SNR) 1

δr
= 1

δ r
−1
2 (as in section 6.3 of Keskin and Zeevi (2017)) and second with

increasing noise (decreasing SNR), 1
δr
= 1

δ log(1 + r).
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Importantly we note these simulation have the caveat that the UCB algorithm (assump-
tions are are inconsistent with i.i.d. error assumption in Auer (2002)) is no longer guar-
anteed to result in ex-post optimal monopoly prices. Broadly, these simulations we do
replicate the main results in our paper – with high SNR prices are supra-competitive.
In addition, the simulations suggest that with decreasing (increasing) errors the results
are further amplified (muted). Overall, we believe these simulations provide additional
support for our theory model – the critical variation in our results is driven by initial
experimentation when the firms have limited data. Importantly we note that in these
simulation the UCB does not result in ex-post optimal monopoly prices with increasing
noise (bottom chart) and small SNR (left light grey bars). This is consistent with caveat
that the UCB is not guaranteed under the data generating process in this simulation.

[Figure 1 about here.]
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FIGURE 1. Estimated median prices by algorithm and level of competition.
In this simulation we consider a model where experimental noise decreases
(or increases by round). In the top chart we consider decreasing noise (in-
creasing SNR) [ 1

δr
= 1

δ r
−1
2 ] an the bottom chart we consider increasing noise

(decreasing SNR) [ 1
δr

= 1
δ log(1 + r)]. The error bars represent 99% confi-

dence interval for the estimated median across MC simulations. The dark
gray bars represent a setting where two firms are running simultaneous al-
gorithms, while the light gray bars represent a setting when a monopolist is
jointly pricing the products. For each simulation, we consider the median
price charged in the last 1,000 rounds out of 10 million rounds. The dashed
lines reflect the competitive equilibrium prices; the solid lines reflect mo-
nopoly prices. [Algorithm used: UCB tuned]
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