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Online Appendix 

Figure A1 Examples of Personalized Product Recommendations 

 

PROOFS FOR ALL PROPOSITIONS AND LEMMAS 

 

Proof of Proposition 1. 

Under the price-neutral recommendation system, seller A’s profit is  

𝜋𝐴
𝑃𝑁 = 𝑟𝑝𝐴

1

𝛽
⋅ [
𝑘

2
(𝛼 − 𝑝𝐴 +

𝜎𝑡

2
) + (1 − 𝑘) (

𝛼

1+𝑧
−

1

1−𝑧2
𝑝𝐴 +

𝑧

1−𝑧2
𝑝𝐵)]. 

𝜋𝐴
𝑃𝑁 is a quadratic function of 𝑝𝐴, so seller A’s best response can be obtained from the first-order 

condition (FOC): 

𝑝𝐴
∗(𝑝𝐵) =

2𝛼(1 − 𝑧)(2 − 𝑘(1 − 𝑧)) + 4(1 − 𝑘)𝑝𝐵𝑧 + 𝑘(1 − 𝑧
2)𝜎𝑡

4(2 − 𝑘 − 𝑘𝑧2)
. 
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Similarly, seller B’s best response is: 

𝑝𝐵
∗ (𝑝𝐴) =

2𝛼(1 − 𝑧)(2 − 𝑘(1 − 𝑧)) + 4(1 − 𝑘)𝑝𝐴𝑧 + 𝑘(1 − 𝑧
2)𝜎𝑡

4(2 − 𝑘 − 𝑘𝑧2)
. 

Solving these two equations together yields 𝑝𝑃𝑁∗ =
(1−𝑧)(4𝛼−2𝑘𝛼(1−𝑧)+𝑘(1+𝑧)𝜎𝑡)

4(2−𝑧−𝑘(1−𝑧+𝑧2))
. It is easy to 

verify that 
𝜕𝑝𝑃𝑁∗

𝜕𝜎
=

𝑘𝑡(1−𝑧2)

4[2−𝑧−𝑘(1−𝑧+𝑧2)]
> 0,  

𝜕𝑝𝑃𝑁∗

𝜕𝑘
=
𝑘𝑡(1−𝑧2)(2𝛼𝑧+𝜎𝑡(2−𝑧))

4[2−𝑧−𝑘(1−𝑧+𝑧2)]2
> 0, and 

𝜕𝑝𝑃𝑁∗

𝜕𝑧
=

−(1−𝑘)[2𝛼(2−(1−𝑧2)𝑘)−𝑘𝜎𝑡(1−4𝑧+𝑧2)]

4[2−𝑧−𝑘(1−𝑧+𝑧2)]2
< 0. The last inequality holds because 𝛼 > 2𝑡.  ∎ 

 

Proof of Corollary 1. 

The marketplace’s profit under the price-neutral recommendation system is Π𝑃𝑁∗ =

𝑟(𝑝𝐴
𝑃𝑁∗𝐷𝐴

𝑃𝑁∗ + 𝑝𝐵
𝑃𝑁∗𝐷𝐵

𝑃𝑁∗) =
2𝑟(1−𝑧)(2−𝑘−𝑘𝑧2)[2𝛼(2−𝑘(1−𝑧))+𝑘𝜎𝑡(1+𝑧)]

2

32(1+𝑧)(2−𝑧+𝑘(1−𝑧+𝑧2))
2 , which increases in 𝜎: 

𝜕Π𝑃𝑁∗

𝜕𝜎
> 0. Similarly, a seller’s equilibrium profit is 𝜋𝑃𝑁∗ =

(1−𝑟)(1−𝑧)(2−𝑘−𝑘𝑧2)[2𝛼(2−𝑘(1−𝑧))+𝑘𝜎𝑡(1+𝑧)]
2

32(1+𝑧)(2−𝑧+𝑘(1−𝑧+𝑧2))
2 , which also increases in 𝜎: 

𝜕π𝑃𝑁∗

𝜕𝜎
> 0.  ∎ 

 

Proof of Proposition 2. 

Define the threshold 𝐺(𝑝𝐴, 𝑝𝐵) =
(𝑝𝐴−𝑝𝐵)(𝑝𝐴+𝑝𝐵−𝛼)

(𝑝𝐴+𝑝𝐵)
. Under the profit-based recommendation 

system, seller A’s profit is  

𝜋𝐴
𝑃𝐵∗ = (1 − 𝑟)𝑝𝐴𝐷𝐴

𝑃𝐵 

=
1−𝑟

𝛽
𝑝𝐴 ⋅ [

𝑘

2
(1 −

𝐺(𝑝𝐴,𝑝𝐵)

𝑡𝜎
) [𝛼 +

𝑡𝜎

2
− 𝑝𝐴 +

𝐺(𝑝𝐴,𝑝𝐵)

2
] + (1 − 𝑘) [

𝛼

1+𝑧
−

1

1−𝑧2
𝑝𝐴 +

𝑧

1−𝑧2
𝑝𝐵]].  

In a symmetric equilibrium with 𝑝𝐴 = 𝑝𝐵 = 𝑝, the recommendation threshold 𝑡̂0 =
𝐺(𝑝,𝑝)

𝜎
= 0. 

For now, we assume that given the other seller charging the equilibrium price 𝑝∗, the focal seller 

will not deviate its price such that |𝑡̂0| > 𝑡. Later, we use Lemma A1 to verify that this condition 
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is satisfied in equilibrium under the assumption of 𝑘 >
𝑧2

2−𝑧2
. For seller A, its FOC when both 

firms’ prices are at the equilibrium level is 

FOC:  
𝜕𝜋𝐴

𝜕𝑝𝐴
|𝑝𝐴=𝑝𝐵=𝑝 =

1−𝑟

4𝛽𝑡𝜎(1−𝑧2)
[2𝑘𝑝2(1 − 𝑧2) − 𝑝[4𝑡𝜎(2 − 𝑧) + 𝑘[3𝛼(1 − 𝑧2) −

4𝑡𝜎(1 − 𝑧 + 𝑧2)]] + 𝛼2(1 − 𝑧) [4
𝑡𝜎

𝛼
+ 𝑘 [(1 + (

𝑡𝜎

𝛼
)2) (1 + 𝑧) − 2

𝑡𝜎

𝛼
(1 − 𝑧)]]] = 0. 

The SOC will also be satisfied: 

SOC: 
𝜕2𝜋𝐴

𝑃𝐵(𝑝𝐴,𝑝)

𝜕𝑝𝐴
2 |𝑝𝐴=𝑝 =

1−𝑟

8𝛼𝑝𝑡𝜎(1−𝑧2)𝛽
[𝛼2𝑘(1 − 𝑧2) + 12𝑘𝑝2(1 − 𝑧2) + 2𝛼𝑝(−8𝑡𝜎 +

𝑘(−5 + 4𝑡𝜎 + 5𝑧2 + 4𝑡𝜎𝑧2))] ≤ 0. 

First, we will prove 𝑝𝑃𝐵∗ =
𝛼

4𝑘(1−𝑧2)
(4𝜎̃(2 − 𝑧) + 𝑘(3(1 − 𝑧2) − 4𝜎̃(1 − 𝑧 + 𝑧2)) −

((4𝜎̃(2 − 𝑧) + 𝑘(3(1 − 𝑧2) − 4𝜎̃(1 − 𝑧 + 𝑧2)))
2

− 8𝑘(1 − 𝑧)(1 − 𝑧2) (4𝜎̃ + 𝑘((1 +

 𝜎̃2)(1 + 𝑧) − 2𝜎̃(1 − 𝑧))))

1

2

 ) is the unique solution to FOC and SOC. The proof has three 

parts. First, we show that FOC has two real roots for 𝑝. Second, we show the smaller root 

satisfies SOC but the larger does not, so the smaller root will be the unique local maximum for 

𝜋𝐴
𝑃𝐵. It is then obvious that this local maximum will be the global maximum for maximums 𝜋𝐴

𝑃𝐵, 

since 𝜋𝐴
𝑃𝐵(0, 𝑝) = 0 and 𝜋𝐴

𝑃𝐵(𝑝𝐴, 𝑝) will be negative if 𝑝𝐴 is sufficiently large.  

Part 1: 𝐹𝑂𝐶 has two real roots for 𝑝.  

With the notation 𝜎̃ = 𝑡𝜎/𝛼, we now show that the discriminant of the quadratic equation of the 

price 𝑝, Δ = (4𝜎̃(2 − 𝑧) + 𝑘(3(1 − 𝑧2) − 4 𝜎̃(1 − 𝑧 + 𝑧2)))
2

− 8𝑘(1 − 𝑧)(1 − 𝑧2) (4𝜎̃ +

𝑘((1 +  𝜎̃2)(1 + 𝑧) − 2𝜎̃(1 − 𝑧))), is positive, so that the equation has two real roots.  

 Δ = 𝑘2(1 − 𝑧2)2 + 8𝑘(1 − 𝑧2)(2 + 𝑧 − 𝑘(1 + 𝑧 + 𝑧2))𝜎̃ + 8(2(2 − 𝑧)2 − 4𝑘(2 − 3𝑧 +

3𝑧2 − 𝑧3) + 𝑘2(1 − 4𝑧 + 8𝑧2 − 4𝑧3 + 𝑧4))𝜎̃2. 
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Note that 𝑘2(1 − 𝑧2)2 ≥ 0 and 8𝑘(1 − 𝑧2)(2 + 𝑧 − 𝑘(1 + 𝑧 + 𝑧2)) ≥ 0, so Δ ≥ 0 whenever 

8(2(2 − 𝑧)2 − 4𝑘(2 − 3𝑧 + 3𝑧2 − 𝑧3) + 𝑘2(1 − 4𝑧 + 8𝑧2 − 4𝑧3 + 𝑧4)) ≥ 0.  

By contrast, if 8(2(2 − 𝑧)2 − 4𝑘(2 − 3𝑧 + 3𝑧2 − 𝑧3) + 𝑘2(1 − 4𝑧 + 8𝑧2 − 4𝑧3 + 𝑧4)) < 0, 

then Δ is concave in 𝜎̃2. Note that 𝜎̃ =
𝑡𝜎

𝛼
≤
1

2
, so Δ ≥ min {Δ|𝜎̃=0, Δ|𝜎̃=1/2}. When 0 < 𝑧 <

1

2
 

and 0 < 𝑘 < 1, both terms in the “min” function are positive: Δ|𝜎̃=0 = 𝑘
2(1 − 𝑧2)2 ≥ 0, and 

Δ|𝜎̃=1/2 = 4(2 − 𝑧)
2 − 4𝑘(2 − 7𝑧 + 8𝑧2 − 𝑧3) + 𝑘2(−1 − 12𝑧 + 14𝑧2 − 4𝑧3 + 7𝑧4) ≥

min {Δ|
𝜎̃=

1

2
,𝑘=0

, Δ|
𝜎̃=

1

2
,𝑘=

2−7𝑧+8𝑧2−𝑧3

−1−12𝑧+14𝑧2−4𝑧3+7𝑧4

, Δ|
𝜎̃=

1

2
,𝑘=1

} = min {4(2 −

𝑧)2,
8(1−𝑧2)

2
(4+8𝑧−3𝑧2)

1+12𝑧−14𝑧2+4𝑧3−7𝑧4
, 7(1 − 𝑧2)2} > 0. Hence, we have proved Δ ≥ 0.  ■ 

Part 2. the smaller root of FOC satisfies SOC, but the larger root does not.  

Let 𝑝1 be the smaller root of FOC. Define 

 𝐹1(𝑝) = 2𝑘𝑝
2(1 − 𝑧2) − 𝑝[4𝑡𝜎(2 − 𝑧) + 𝑘[3𝛼(1 − 𝑧2) − 4𝑡𝜎(1 − 𝑧 + 𝑧2)]] + 𝛼2(1 −

𝑧) [4
𝑡𝜎

𝛼
+ 𝑘 [(1 + (

𝑡𝜎

𝛼
)2) (1 + 𝑧) − 2

𝑡𝜎

𝛼
(1 − 𝑧)]] and  

𝐹2(𝑝) = 12𝑘𝑝
2(1 − 𝑧2) + 2𝛼𝑝(−8𝑡𝜎 + 𝑘(−5 + 4𝑡𝜎 + 5𝑧2 + 4𝑡𝜎𝑧2)) + 𝛼2𝑘(1 − 𝑧2).  

Furthermore, let  

𝐻(𝑝) = 6𝐹1(𝑝) − 𝐹2(𝑝) = 𝛼(1 − 𝑧) (24𝑡𝜎 + 𝑘(−12𝑡𝜎(1 − 𝑧) + 5(1 + 𝑧) + 6(𝑡𝜎)
2(1 +

𝑧))) − 8 (𝑡𝜎(4 − 3𝑧) + 𝑘(1 − 𝑧2 − 𝑡𝜎(2 − 3𝑧 + 2𝑧2))) 𝑝, which is linear in 𝑝. 

Note that 
𝜕𝜋𝐴

𝜕𝑝𝐴
|𝑝𝐴=𝑝𝐵=𝑝 =

1−𝑟

4𝛽𝑡𝜎(1−𝑧2)
𝐹1(𝑝)  and 

𝜕2𝜋𝐴
𝑃𝐵(𝑝𝐴,𝑝𝐵)

𝜕𝑝𝐴
2 |𝑝𝐴=𝑝𝐵=𝑝 =

1−𝑟

8𝛼𝑝𝑡𝜎(1−𝑧2)𝛽
𝐹2(𝑝) . 

Hence 
𝜕𝜋𝐴

𝜕𝑝𝐴
|𝑝𝐴=𝑝𝐵=𝑝 has the same sign as 𝐹1(𝑝), and 

𝜕2𝜋𝐴
𝑃𝐵(𝑝𝐴,𝑝𝐵)

𝜕𝑝𝐴
2 |𝑝𝐴=𝑝𝐵=𝑝 has the same sign as 

𝐹2(𝑝). So, to show 𝑝 satisfies FOC and SOC, it is equivalent to show 𝐹1(𝑝) = 0 and 𝐹2(𝑝) ≤ 0. 

In addition, 𝑘 ∈ [0,1]  implies that 𝛼(1 − 𝑧) (24𝑡𝜎 + 𝑘(−12𝑡𝜎(1 − 𝑧) + 5(1 + 𝑧) +

6(𝑡𝜎)2(1 + 𝑧))) > 0  and −8(𝑡𝜎(4 − 3𝑧) + 𝑘(1 − 𝑧2 − 𝑡𝜎(2 − 3𝑧 + 2𝑧2))) < 0,  so 𝐻(0) >

0  and 𝐻(𝑝)  linearly strictly decreases with 𝑝 . Let 𝑝0 =



5 
 

(1−𝑧)(24𝑡𝜎+𝑘(−12𝑡𝜎(1−𝑧)+5(1+𝑧)+6(𝑡𝜎)2(1+𝑧)))

8(𝑡𝜎(4−3𝑧)+𝑘(1−𝑧2−𝑡𝜎(2−3𝑧+2𝑧2)))
> 0 be the unique root of 𝐻(𝑝) = 0. Then 𝐻(𝑝) > 0 

if 0 < 𝑝 < 𝑝0, and 𝐻(𝑝) < 0 if 𝑝 > 𝑝0. Furthermore, one can verify that in the parameter region 

of 𝑧 ∈ (0,
1

2
), 𝑘 ∈ (0,1), and 𝑡𝜎 ∈ (0, 𝛼), 𝐹2(𝑝0) = 6𝐹1(𝑝0) < 0 is always true. 

We can now prove part 2, i.e., the smaller root for FOC (i.e., 𝑝1) satisfies SOC, but the larger 

root for FOC (𝑝2) does not. Remember that both 𝐹1(𝑝) is a convex quadratic function and 

𝐹1
′(0) < 0. So 𝑝2 > 𝑝1 > 0, 𝐹1

′(𝑝1) < 0, and 𝐹1
′(𝑝2) > 0. In addition, because 𝐹1(𝑝0) < 0, it 

must be that 𝑝1 < 𝑝0 < 𝑝2. Remember that 𝐻(𝑝) = 6𝐹1(𝑝) − 𝐹2(𝑝) linearly decreases with 𝑝, 

so 𝐻(𝑝1) > 𝐻(𝑝0) = 0 > 𝐻(𝑝2). Finally, since 𝐹1(𝑝1) = 𝐹1(𝑝2) = 0, it must be that 𝐹2(𝑝1) <

0 < 𝐹2(𝑝2), i.e., 𝑝1 satisfies SOC but 𝑝2 does not.   ■ 

Solving for 𝑝1, we obtain 

𝑝𝑃𝐵∗ =
𝛼

4𝑘(1 − 𝑧2)
(4𝜎̃(2 − 𝑧) + 𝑘(3(1 − 𝑧2) − 4𝜎̃(1 − 𝑧 + 𝑧2))

− ((4𝜎̃(2 − 𝑧) + 𝑘(3(1 − 𝑧2) − 4𝜎̃(1 − 𝑧 + 𝑧2)))
2

− 8𝑘(1 − 𝑧)(1 − 𝑧2) (4𝜎̃ + 𝑘((1 +  𝜎̃2)(1 + 𝑧) − 2𝜎̃(1 − 𝑧))))

1
2

 ). 

 

Next, we will prove the second part of Proposition 3: 𝑝𝑃𝐵∗ first decreases and then (potentially) 

increases in 𝜎 (or equivalently, in 𝜎̃). We show this by first showing that lim
𝜎→0

𝜕𝑝𝑃𝐵∗

𝜕𝜎̃
< 0, and then 

proving that 𝑝𝑃𝐵∗ is convex in 𝜎̃.  

The first condition lim
𝜎→0

𝜕𝑝𝑃𝐵∗

𝜕𝜎̃
< 0 is true since  

𝜕𝑝𝑃𝐵∗

𝜕𝜎̃
=

𝛼

4𝑘(1−𝑧2)
[8 − 4𝑘 − 4𝑧 + 4𝑘𝑧 − 4𝑘𝑧2 −

4(4𝜎̃(−2+𝑧)2+𝑘(2+𝑧−2𝑧2−𝑧3+8𝜎̃(−2+3𝑧−3𝑧2+𝑧3))+𝑘2(−1−𝑧+𝑧3+𝑧4+2𝜎̃(1−4𝑧+8𝑧2−4𝑧3+𝑧4)))

Δ1 2⁄ ].  
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Hence, lim
𝜎→0

𝜕𝑝𝑃𝐵∗

𝜕𝜎̃
= −

2(1−𝑘)𝑧

𝑘(1−𝑧2)
< 0. 

Next, we will show 
𝜕2𝑝𝑃𝐵∗

𝜕𝜎̃2
> 0. 

𝜕2𝑝𝑃𝐵∗

𝜕𝜎̃2
 =
2𝛼𝑘(1 − 𝑧2)(16𝑧 − 8𝑘𝑧(3 + 𝑧2) + 𝑘2(1 + 8𝑧 − 2𝑧2 + 8𝑧3 + 𝑧4))

Δ3 2⁄

=
2𝛼𝑘(1 − 𝑧2)(16𝑧 − 8𝑘𝑧(3 + 𝑧2) + 𝑘2(1 + 8𝑧 − 2𝑧2 + 8𝑧3 + 𝑧4))

Δ3 2⁄
. 

We only need to show 16𝑧 − 8𝑘𝑧(3 + 𝑧2) + 𝑘2(1 + 8𝑧 − 2𝑧2 + 8𝑧3 + 𝑧4) > 0. Because 0 <

𝑧 <
1

2
, 1 + 8𝑧 − 2𝑧2 + 8𝑧3 + 𝑧4 > 0. So, 16𝑧 − 8𝑘𝑧(3 + 𝑧2) + 𝑘2(1 + 8𝑧 − 2𝑧2 + 8𝑧3 +

𝑧4) ≥ 16𝑧 − 8𝑧(3 + 𝑧2) ⋅
4𝑧(3+𝑧2)

1+8𝑧−2𝑧2+8𝑧3+𝑧4
+ (1 + 8𝑧 − 2𝑧2 + 8𝑧3 + 𝑧4) [

4𝑧(3+𝑧2)

1+8𝑧−2𝑧2+8𝑧3+𝑧4
]
2

=

16(1−𝑧)3𝑧(1+𝑧)2

1+8𝑧−2𝑧2+8𝑧3+𝑧4
≥ 0. 

 

Finally, Figure 2 in the main paper provides an example that 𝑝𝑃𝐵∗ can indeed strictly increase 

with 𝜎 in some parameter regions.  ∎ 

 

 

The following lemma ensures the existence of a symmetric equilibrium by considering a seller’s 

potential incentive to deviate from the equilibrium price.  

Lemma A1. If 𝑘 >
𝑧2

2−𝑧2
, then a seller will not set its price such that |𝑡̂0| =

𝐺(𝑝𝐴,𝑝𝐵)

𝜎
> 𝑡, given 

the other seller’s price being 𝑝𝑃𝐵∗. This will guarantee that a symmetric equilibrium exists. 

Proof. By symmetricity, it is without loss of generality to consider whether seller A will deviate 

from the equilibrium price 𝑝𝐴
∗ = 𝑝𝑃𝐵∗, given 𝑝𝐵 = 𝑝

𝑃𝐵∗. 

Conditional on 𝑝𝐵 = 𝑝
𝑃𝐵∗, seller A’s profit is  

𝜋𝐴(𝑝𝐴, 𝑝
𝑃𝐵∗) = {

𝐻1(𝑝𝐴, 𝑝
𝑃𝐵∗), if 𝐺(𝑝𝐴, 𝑝

𝑃𝐵∗) > 𝑡𝜎

𝐻2(𝑝𝐴, 𝑝
𝑃𝐵∗), if |𝐺(𝑝𝐴, 𝑝

𝑃𝐵∗)| ≤ 𝑡𝜎

  𝐻3(𝑝𝐴, 𝑝
𝑃𝐵∗), if 𝐺(𝑝𝐴, 𝑝

𝑃𝐵∗) < −𝑡𝜎

, 
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where 𝐻1(𝑝𝐴, 𝑝
𝑃𝐵∗) ≜ (1 − 𝑟)𝑝𝐴 [

1−𝑘

𝛽
(
𝛼

1+𝑧
−

1

1−𝑧2
𝑝𝐴 +

𝑧

1−𝑧2
𝑝𝑃𝐵∗)], 

 𝐻2(𝑝𝐴, 𝑝
𝑃𝐵∗) ≜ (1 − 𝑟)𝑝𝐴 {

𝑘

2𝛽
(1 −

𝐺(𝑝𝐴,𝑝
𝑃𝐵∗)

𝑡𝜎
)(𝛼 − 𝑝𝐴 + 𝑡𝜎

1+
𝐺(𝑝𝐴,𝑝

𝑃𝐵∗)

𝑡𝜎

2
) +

1−𝑘

𝛽
(
𝛼

1+𝑧
−

1

1−𝑧2
𝑝𝐴 +

𝑧

1−𝑧2
𝑝𝑃𝐵∗)},  

and 𝐻3(𝑝𝐴, 𝑝
𝑃𝐵∗) ≜ (1 − 𝑟)𝑝𝐴 {

𝑘

𝛽
(𝛼 − 𝑝𝐴) +

1−𝑘

𝛽
(
𝛼

1+𝑧
−

1

1−𝑧2
𝑝𝐴 +

𝑧

1−𝑧2
𝑝𝑃𝐵∗)}. 

 

We can solve the symmetric equilibrium in the following two steps. First, we find 𝑝𝑃𝐵∗ such that 

𝑝𝑃𝐵∗ ∈ 𝑎𝑟𝑔𝑚𝑎𝑥𝑝𝐴>0𝐻2(𝑝𝐴, 𝑝
𝑃𝐵∗) . Second, we verify that 𝜋𝐴(𝑝

𝑃𝐵∗, 𝑝𝑃𝐵∗) > 𝜋𝐴(𝑝′, 𝑝
𝑃𝐵∗)  for 

any 𝑝′ satisfying |𝐺(𝑝′, 𝑝𝑃𝐵∗)| > 𝑡𝜎 . If 𝑝𝑃𝐵∗  satisfies the conditions in the second step, then 

there exists a symmetric equilibrium.  

 

The first step has been accomplished in the proof of Proposition 3, which shows that there exists 

a unique 𝑝𝑃𝐵∗ satisfying the first requirement, where  

𝑝𝑃𝐵∗ =
𝛼

4𝑘(1 − 𝑧2)
(4𝜎̃(2 − 𝑧) + 𝑘(3(1 − 𝑧2) − 4𝜎̃(1 − 𝑧 + 𝑧2))

− ((4𝜎̃(2 − 𝑧) + 𝑘(3(1 − 𝑧2) − 4 𝜎̃(1 − 𝑧 + 𝑧2)))
2

− 8𝑘(1 − 𝑧)(1 − 𝑧2) (4𝜎̃ + 𝑘((1 +  𝜎̃2)(1 + 𝑧) − 2𝜎̃(1 − 𝑧))))

1
2

 ). 

The rest of this proof will show that when 𝑘 >
𝑧2

2−𝑧2
 and 𝑧 <

1

2
, there will not exist 𝑝′ such that 

|𝐺(𝑝′, 𝑝𝑃𝐵∗)| > 𝑡𝜎 and 𝜋𝐴(𝑝
𝑃𝐵∗, 𝑝𝑃𝐵∗) < 𝜋𝐴(𝑝′, 𝑝

𝑃𝐵∗). 

We prove this result by contradiction. Suppose the above statement is false, then one of the 

following two (mutually exclusive) conditions must be true. 
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(A1) 𝐺(𝑝′, 𝑝𝑃𝐵∗) < −𝑡𝜎  and 𝜋𝐴(𝑝′, 𝑝
𝑃𝐵∗) > 𝜋𝐴(𝑝

𝑃𝐵∗, 𝑝𝑃𝐵∗) =
1−𝑟

𝛽
𝑝𝑃𝐵∗ [(

𝑘

2
+
1−𝑘

1+𝑧
) (𝛼 −

𝑝𝑃𝐵∗) +
𝑘𝑡𝜎

2
]. 

(A2) 𝐺(𝑝′, 𝑝𝑃𝐵∗) > 𝑡𝜎  and 𝜋𝐴(𝑝′, 𝑝
𝑃𝐵∗) > 𝜋𝐴(𝑝

𝑃𝐵∗, 𝑝𝑃𝐵∗) =
1−𝑟

𝛽
𝑝𝑃𝐵∗ [(

𝑘

2
+
1−𝑘

1+𝑧
) (𝛼 −

𝑝𝑃𝐵∗) +
𝑘𝑡𝜎

2
]. 

Case 1: (A1) is true. 

When this is true, the marketplace will recommend product A to all uninformed consumers. 

Note that 𝐺(𝑝′, 𝑝𝑃𝐵∗) < −𝑡𝜎  is equivalent to 
𝛼−𝜎𝑡−√𝛼2−2𝛼(2𝑝𝑃𝐵∗+𝜎𝑡)+(2𝑝𝑃𝐵∗−𝜎𝑡)2

2
< 𝑝′ <

𝛼−𝜎𝑡+√𝛼2−2𝛼(2𝑝𝑃𝐵∗+𝜎𝑡)+(2𝑝𝑃𝐵∗−𝜎𝑡)2

2
.  

By the definition of 𝑝𝑃𝐵∗ ,  𝜋𝐴 (
𝛼−𝜎𝑡−√𝛼2−2𝛼(2𝑝∗+𝜎𝑡)+(2𝑝∗−𝜎𝑡)2

2
, 𝑝𝑃𝐵∗) ≤ 𝜋𝐴(𝑝

𝑃𝐵∗, 𝑝𝑃𝐵∗)and 

𝜋𝐴 (
𝛼−𝜎𝑡+√𝛼2−2𝛼(2𝑝∗+𝜎𝑡)+(2𝑝∗−𝜎𝑡)2

2
, 𝑝𝑃𝐵∗) ≤ 𝜋𝐴(𝑝

𝑃𝐵∗, 𝑝𝑃𝐵∗) . Since 𝜋𝐴(𝑝𝐴, 𝑝
𝑃𝐵∗)  is a 

concave quadratic function of 𝑝𝐴  when 
𝛼−𝜎𝑡−√𝛼2−2𝛼(2𝑝𝑃𝐵∗+𝜎𝑡)+(2𝑝𝑃𝐵∗−𝜎𝑡)2

2
< 𝑝𝐴 <

𝛼−𝜎𝑡+√𝛼2−2𝛼(2𝑝𝑃𝐵∗+𝜎𝑡)+(2𝑝𝑃𝐵∗−𝜎𝑡)2

2
 and 𝜋𝐴(𝑝′, 𝑝

𝑃𝐵∗) > 𝜋𝐴(𝑝
𝑃𝐵∗, 𝑝𝑃𝐵∗) , it follows that 

𝜋𝐴(𝑝𝐴, 𝑝
∗) first increases then decreases in  𝑝𝐴 when 

 𝑝𝐴 ∈ [
𝛼−𝜎𝑡−√𝛼2−2𝛼(2𝑝𝑃𝐵∗+𝜎𝑡)+(2𝑝𝑃𝐵∗−𝜎𝑡)2

2
,
𝛼−𝜎𝑡+√𝛼2−2𝛼(2𝑝𝑃𝐵∗+𝜎𝑡)+(2𝑝𝑃𝐵∗−𝜎𝑡)2

2
] . The 

maximum of 𝜋𝐴(𝑝𝐴, 𝑝
𝑃𝐵∗)  is reached at 𝑝𝐴,3 = 𝑎𝑟𝑔𝑚𝑎𝑥𝑝𝐴𝐻3(𝑝𝐴, 𝑝

𝑃𝐵∗) , where 𝑝𝐴,3 =

(1−𝑘)𝑝𝑃𝐵∗𝑧+𝛼(1−𝑧)(1+𝑘𝑧)

2(1−𝑘𝑧2)
. But under the assumption of 𝑡 <

min{
(1−𝑧)𝛼

2(1+𝑧)
,

2𝛼(1−𝑧)(2−𝑘(1+𝑧2))

(1+𝑧)[4(2−𝑧)−𝑘(3−2𝑧+3𝑧2)]
}, one can verify that 𝜋𝐴(𝑝′, 𝑝

𝑃𝐵∗) ≤ 𝜋𝐴(𝑝𝐴,3, 𝑝
𝑃𝐵∗) =

𝐻3(𝑝𝐴,3, 𝑝
𝑃𝐵∗) < 𝐻2(𝑝𝐴,3, 𝑝

𝑃𝐵∗) ≤ 𝐻2(𝑝
𝑃𝐵∗, 𝑝𝑃𝐵∗) = 𝜋𝐴(𝑝

𝑃𝐵∗, 𝑝𝑃𝐵∗), which contradicts the 

assumption that 𝜋𝐴(𝑝′, 𝑝
𝑃𝐵∗) > 𝜋𝐴(𝑝

𝑃𝐵∗, 𝑝𝑃𝐵∗). As a result, (A1) cannot be true. 

Case 2: (A2) is true. 

If (A2) is true, then 𝐻1(𝑝
′, 𝑝𝑃𝐵∗) > 𝐻2(𝑝

𝑃𝐵∗, 𝑝𝑃𝐵∗) . In this case, the marketplace will 

recommend product B to all uninformed consumers. Note that 𝐻1(𝑝𝐴, 𝑝
∗) is maximized at 
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𝑝𝐴,1 =
𝑧𝑝𝑃𝐵∗+(1−𝑧)𝛼

2
, and 𝐻1(𝑝

′, 𝑝𝑃𝐵∗) ≤ 𝐻1(𝑝𝐴,1, 𝑝
𝑃𝐵∗) =

(1−𝑟)(1−𝑘)

4𝛽(1−𝑧2)
(𝑧𝑝𝑃𝐵∗ + (1 − 𝑧)𝛼)2 . 

We next show that when 𝑘 >
𝑧2

2−𝑧2
, 𝐻1(𝑝𝐴,1, 𝑝

𝑃𝐵∗) ≤ 𝜋𝐴(𝑝
∗, 𝑝∗). 

𝜋𝐴(𝑝
𝑃𝐵∗, 𝑝𝑃𝐵∗) − 𝐻1(𝑝𝐴,1, 𝑝

𝑃𝐵∗) =
1−𝑟

4𝛽(1−𝑧2)
[−𝛼2(1 − 𝑘)(1 − 𝑧)2 + 𝑝𝑃𝐵∗ (2𝑘𝜎𝑡(1 − 𝑧2) +

2𝛼(1 − 𝑧)(2 − 𝑧 − 𝑘(1 − 2𝑧))) − 𝑝𝑃𝐵∗
2
((2 − 𝑧)2 − 𝑘(2 − 4𝑧 + 3𝑧2))],  

which is positive if and only if 
1

(2−𝑧)2+𝑘(2−4𝑧+3𝑧2)
(𝑘𝜎𝑡(1 − 𝑧2) + 𝛼(1 − 𝑧)(2 − 𝑧 −

𝑘(1 − 2𝑧)) −

√𝑘(1 − 𝑧)2(1 + 𝑧) (𝛼2(2 − 𝑘(1 − 𝑧)) + 𝑘𝜎2𝑡2(1 + 𝑧) + 2𝛼𝜎𝑡(2 − 𝑧 − 𝑘(1 − 2𝑧)))) <

𝑝𝑃𝐵∗ <
1

(2−𝑧)2+𝑘(2−4𝑧+3𝑧2)
(𝑘𝜎𝑡(1 − 𝑧2) + 𝛼(1 − 𝑧)(2 − 𝑧 − 𝑘(1 − 2𝑧)) +

√𝑘(1 − 𝑧)2(1 + 𝑧) (𝛼2(2 − 𝑘(1 − 𝑧)) + 𝑘𝜎2𝑡2(1 + 𝑧) + 2𝛼𝜎𝑡(2 − 𝑧 − 𝑘(1 − 2𝑧)))). 

One can verify that when 𝑘 >
𝑧2

2−𝑧2
 and 𝑧 <

1

2
, 𝑝𝑃𝐵∗ always satisfies the above inequality.  ∎ 

 

Proof of Proposition 3. 

Without loss of generality, we focus on seller A’s profit, because it will be proportional to the 

marketplace’s profit. In equilibrium, seller A’s profit under the profit-based recommendation 

system is  

𝜋𝐴(𝑝
𝑃𝐵∗, 𝑝𝑃𝐵∗) =

(1 − 𝑟)𝑝𝑃𝐵∗

𝛽
{
𝑘

2
(𝛼 +

𝑡𝜎

2
− 𝑝𝑃𝐵∗) +

1 − 𝑘

1 + 𝑧
(𝛼 − 𝑝𝑃𝐵∗)}. 

One can show that 
𝜕𝜋𝐴(𝑝

𝑃𝐵∗,   𝑝𝑃𝐵∗)

𝜕𝜎
=
1−𝑟

𝛽
{[
𝑘

2
[𝛼 +

𝑡𝜎

2
− 𝑝𝑃𝐵∗] +

1−𝑘

1+𝑧
(𝛼 − 𝑝𝑃𝐵∗)]

𝜕𝑝𝑃𝐵∗

𝜕𝜎
 +

𝑝𝑃𝐵∗ [
𝑡𝑘

4
−
𝜕𝑝𝑃𝐵∗

𝜕𝜎
⋅ (
𝑘

2
+
1−𝑘

1+𝑧
)]} =

1−𝑟

𝛽
{(
𝑘

2
+
1−𝑘

1+𝑧
) (𝛼 − 2𝑝𝑃𝐵∗)

𝜕𝑝𝑃𝐵∗

𝜕𝜎
 +

𝑘𝑡

4
𝑝𝑃𝐵∗ (

𝜕𝑝𝑃𝐵∗/𝑝𝑃𝐵∗

𝜕𝜎/𝜎
+ 1)}.  
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Proposition 3 has shown that 𝑝𝑃𝐵∗ is concave in 𝜎. Moreover 𝑝𝑃𝐵∗ →
𝛼

2
 when 𝜎 → 0, so 

𝜕𝑝𝑃𝐵∗/𝑝𝑃𝐵∗

𝜕𝜎/𝜎
< 0 must imply 𝑝𝑃𝐵∗ <

𝛼

2
. 

Hence, when 
𝜕𝑝𝑃𝐵∗/𝑝𝑃𝐵∗

𝜕𝜎/𝜎
< −1, (

𝑘

2
+
1−𝑘

1+𝑧
) (𝛼 − 2𝑝𝑃𝐵∗)

𝜕𝑝𝑃𝐵∗

𝜕𝜎
< 0 and 

𝑘𝑡

4
⋅ 𝑝𝑃𝐵∗ (

𝜕𝑝𝑃𝐵∗/𝑝𝑃𝐵∗

𝜕𝜎/𝜎
+

1) < 0, so 
𝜕𝜋𝐴(𝑝

𝑃𝐵∗,𝑝𝑃𝐵∗)

𝜕𝜎
< 0.  ∎ 

 

Proof of Proposition 4. 

Let Δ𝑝∗ = 𝑝𝑃𝐵∗ − 𝑝𝑃𝑁∗ be the difference between the equilibrium prices under the profit-based 

recommendation system and under the fit-based one. We need to show Δ𝑝∗ > 0 when 𝜎 < 𝜎, 

and  Δ𝑝∗ < 0 when 𝜎 > 𝜎. Because 𝑝𝑃𝐵∗ is convex in 𝜎 and 𝑝𝑃𝑁∗ is linear in 𝜎, Δ𝑝∗ is also 

convex in 𝜎. It is important to observe that Δ𝑝∗|𝜎→0 →
𝛼

2
−
𝛼

2
⋅
(1−𝑧)(2−𝑘(1−𝑧))

2−𝑧−𝑘(1−𝑧+𝑧2)
> 0, and 

Δ𝑝∗|𝜎=𝜎̅ =
𝛼

2
−
𝛼

2
= 0 when 𝜎 = 𝜎 =

2(1−𝑘)𝑧

𝑡𝑘(1−𝑧2)
𝛼. So, for any 𝜎′ = 𝜙𝜎 < 𝜎, where 0 < 𝜙 < 1, 

Δ𝑝∗|𝜎=𝜎′ ≤ 𝜙Δ𝑝
∗|𝜎→0 + (1 − 𝜙)Δ𝑝

∗|𝜎=𝜎̅ < 0; For any 𝜎′ = 𝜙𝜎 > 𝜎, where 𝜙 > 1, 0 =

Δ𝑝∗|𝜎=𝜎̅ ≤
1

𝜙
Δ𝑝∗|𝜎→0 +

𝜙−1

𝜙
Δ𝑝∗|𝜎=𝜎′, which implies Δ𝑝∗|𝜎=𝜎′ ≥ −

1

𝜙−1
Δ𝑝∗|𝜎→0 > 0.  ∎ 

 

Proof of Proposition 5. 

Under both types of recommender systems, when both sellers set their prices to be 𝑝𝑗 = 𝑝, a 

seller’s equilibrium profit can be written as 𝜋0(𝑝) =
(1−𝑟)𝑝

𝛽
{
𝑘

2
(𝛼 +

𝑡𝜎

2
− 𝑝) +

1−𝑘

1+𝑧
(𝛼 − 𝑝)}, 𝑗 ∈

{𝐴, 𝐵}. Therefore, a seller’s equilibrium profit under the profit-based recommendation system is 

𝜋𝑃𝐵∗ = 𝜋0(𝑝𝑃𝐵∗), and its profit under the price-neutral recommendation system is 𝜋𝑃𝑁∗ =

𝜋0(𝑝𝑃𝑁∗).  

 𝜋0(𝑝) increases with 𝑝 when 𝑝 ≤ 𝑝∗∗ ≝
𝛼

2
+

𝑘𝜎𝑡(1+𝑧)

4(2−𝑘(1−𝑧))
, and decreases with 𝑝 when 𝑝 > 𝑝∗∗. 

When 𝜎 < 𝜎, 𝑝𝑃𝐵∗ < 𝑝𝑃𝑁∗ ≤ 𝑝∗∗, so 𝜋𝑃𝑁∗ < 𝜋𝑃𝐵∗. By contrast, when 𝜎 > 𝜎, 𝑝𝑃𝐵∗ < 𝑝𝑃𝑁∗ ≤

𝑝∗∗, so 𝜋𝑃𝐵∗ < 𝜋𝑃𝑁∗. 
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The proof for the marketplace’s profit is similar because the marketplace’s equilibrium profit is 

proportional to a seller’s equilibrium profit.  ∎ 

 

Proof of Proposition 6.  

Under both types of recommender systems, when both sellers set their prices to be 𝑝𝑗 = 𝑝, the 

consumer surplus can be written as 

 𝐶𝑆0(𝑝) = 𝑘 [∫
1

2𝑡
⋅ [
𝜎+1

2
⋅
(𝛼−𝑝−𝑡𝑖)

2

2𝛽
+
1−𝜎

2
⋅
(𝛼−𝑝+𝑡𝑖)

2

2𝛽
]

0

−𝑡
𝑑𝑡𝑖 + ∫

1

2𝑡
⋅ [
𝜎+1

2
⋅
(𝛼−𝑝+𝑡𝑖)

2

2𝛽
+
1−𝜎

2
⋅

𝑡

0

(𝛼−𝑝−𝑡𝑖)
2

2𝛽
] 𝑑𝑡𝑖] + (1 − 𝑘) ∫

1

2𝑡
⋅
2((2−z)(𝛼−𝑝)2+(2+𝑧)𝑡𝑖

2)

(4−𝑧2)𝛽
𝑑𝑡𝑖

𝑡

−𝑡
 

=
1

𝛽
[
𝑘

2
⋅ [
𝑡2

3
+ (𝛼 − 𝑝 + 𝜎𝑡)(𝛼 − 𝑝)] + (1 − 𝑘) (

2(𝛼 − 𝑝)2

2 + 𝑧
+

2𝑡2

3(2 − 𝑧)
) ] 

=
1

𝛽
[
t2

3
(
𝑘

2
+
2(1 − 𝑘)

2 − 𝑧
) +

𝑘

2
(𝛼 − 𝑝 + 𝜎𝑡)(𝛼 − 𝑝) +

2(1 − 𝑘)

2 + 𝑧
(𝛼 − 𝑝)2] . 

 

Suppose the equilibrium price is 𝑝∗ and the consumer surplus is 𝐶𝑆∗, then 

 
𝑑𝐶𝑆∗

𝑑𝜎
=
𝜕𝐶𝑆0(𝑝∗)

𝜕𝜎
+
𝜕𝐶𝑆0(𝑝∗)

𝜕𝑝∗
⋅
𝜕𝑝∗

𝜕𝜎
,  

and 
𝑑2𝐶𝑆∗

𝑑𝜎2
=
𝜕2𝐶𝑆0(𝑝∗)

𝜕𝜎2
+
𝜕2𝐶𝑆0(𝑝∗)

𝜕𝑝∗2
⋅
𝜕𝑝∗

𝜕𝜎
+
𝜕𝐶𝑆0(𝑝∗)

𝜕𝑝∗
⋅
𝜕2𝑝∗

𝜕𝜎2
= 0 −

4−𝑘(2−𝑧)

𝛽(2+𝑧)
⋅
𝜕𝑝∗

𝜕𝜎
−

2(𝛼−𝑝∗)(4−𝑘(2−𝑧))+𝑘𝜎𝑡(2+𝑧)

2𝛽(2+𝑧)
⋅
𝜕2𝑝∗

𝜕𝜎2
. If 

𝜕𝑝∗

𝜕𝜎
< 0, then 

𝑑𝐶𝑆∗

𝑑𝜎
> 0 must be true. 

 

Under the fit-based recommendation system, the equilibrium consumer surplus is 𝐶𝑆𝐹𝐵∗ =

𝐶𝑆0(𝑝𝐹𝐵∗). Note that our parameter region implies 𝑡 <
𝛼

2
, so 
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𝑑𝐶𝑆𝐹𝐵∗

𝑑𝜎
=
𝑘𝑡(3𝑘𝜎𝑡(1−𝑧2)(4−𝑘(2−𝑧+2𝑧2+𝑧3))−2𝛼(4(2+𝑧2)−2𝑘(4−𝑧+7𝑧2+𝑧3+𝑧4)+𝑘2(2−𝑧+6𝑧2+4𝑧4+𝑧5)))

16𝛽(2+𝑧)(2−𝑧−𝑘(1−𝑧+𝑧2))
2  

<
𝑘𝑡(3𝑘𝜎𝑡(1−𝑧2)(4−𝑘(2−𝑧+2𝑧2+𝑧3))−2𝛼(4(2+𝑧2)−2𝑘(4−𝑧+7𝑧2+𝑧3+𝑧4)+𝑘2(2−𝑧+6𝑧2+4𝑧4+𝑧5)))

16𝛽(2+𝑧)(2−𝑧−𝑘(1−𝑧+𝑧2))
2 |

𝜎=1,𝑡=
𝛼

2
  

=
𝛼2𝑘(16(2+𝑧2)−4𝑘(11−2𝑧+11𝑧2+2𝑧3+2𝑧4)+𝑘2(14−7𝑧+24𝑧2+6𝑧3+10𝑧4+𝑧5))

64𝛽(2+𝑧)(2−𝑧−𝑘(1−𝑧+𝑧2))2
> 0. 

 

Under the profit-based recommendation system, the equilibrium consumer surplus is 𝐶𝑆𝑃𝐵∗ =

𝐶𝑆0(𝑝𝑃𝐵∗). 

 
𝜕𝐶𝑆𝑃𝐵∗

𝜕𝜎
=
𝜕𝐶𝑆0(𝑝𝑃𝐵∗)

𝜕𝜎
+
𝜕𝐶𝑆0(𝑝𝑃𝐵∗)

𝜕𝑝𝑃𝐵∗
⋅
𝜕𝑝𝑃𝐵∗

𝜕𝜎
,  

and 
𝜕2𝐶𝑆𝑃𝐵∗

𝜕𝜎2
=
𝜕2𝐶𝑆0(𝑝𝑃𝐵∗)

𝜕𝜎2
+
𝜕2𝐶𝑆0(𝑝𝑃𝐵∗)

𝜕𝑝𝑃𝐵∗
2 ⋅

𝜕𝑝𝑃𝐵∗

𝜕𝜎
+
𝜕𝐶𝑆0(𝑝𝑃𝐵∗)

𝜕𝑝𝑃𝐵∗
⋅
𝜕2𝑝𝑃𝐵∗

𝜕𝜎2
= 0 −

4−𝑘(2−𝑧)

𝛽(2+𝑧)
⋅
𝜕𝑝𝑃𝐵∗

𝜕𝜎
−

2(𝛼−𝑝𝑃𝐵∗)(4−𝑘(2−𝑧))+𝑘𝜎𝑡(2+𝑧)

2𝛽(2+𝑧)
⋅
𝜕2𝑝𝑃𝐵∗

𝜕𝜎2
. 

Let 𝜎∗ be implicitly defined by 
𝜕𝑝𝑃𝐵∗

𝜕𝜎
|𝜎=𝜎∗ = 0. 𝜎∗ is uniquely defined because Proposition 3 

has shown that 
𝜕2𝑝𝑃𝐵∗

𝜕𝜎2
> 0. As a result, 

𝜕𝑝𝑃𝐵∗

𝜕𝜎
< 0 when 𝜎 < 𝜎∗, and 

𝜕𝑝𝑃𝐵∗

𝜕𝜎
> 0 when 𝜎 > 𝜎∗. 

When 𝜎 < 𝜎∗, 
𝑑𝐶𝑆𝑃𝐵∗

𝑑𝜎
> 0 must be true since 

𝜕𝑝𝑃𝐵∗

𝜕𝜎
< 0.  

When 𝜎 > 𝜎∗, because 
𝜕2𝑝𝑃𝐵∗

𝜕𝜎2
> 0, 

𝜕2𝐶𝑆𝑃𝐵∗

𝜕𝜎2
< 0, i.e., 

𝜕𝐶𝑆𝑃𝐵∗

𝜕𝜎
 decreases with 𝜎.  

Hence, to show that 
𝜕𝐶𝑆𝑃𝐵∗

𝜕𝜎
≥ 0 for all 𝜎, we only need to verify 

𝜕𝐶𝑆𝑃𝐵∗

𝜕𝜎
> 0 when 𝜎 = 1. 

Similarly, we only need to verify 
𝜕𝐶𝑆𝑃𝐵∗

𝜕𝜎
> 0 when 𝑡 =

𝛼

2
. 
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𝜕𝐶𝑆𝑃𝐵∗

𝜕𝜎
|
𝜎=1,𝑡=

𝛼

2
  

=
𝛼2

16(1−𝑧2)2𝛽

(

 
 
−
1

𝑘
(−2 + 𝑘 + 𝑧 − 𝑘𝑧 + 𝑘𝑧2 +

2(−2+𝑧)2+𝑘2𝑧(−5+8𝑧−3𝑧2+2𝑧3)+𝑘(−6+13𝑧−14𝑧2+3𝑧3)

√4(−2+𝑧)2+4𝑘(−2+7𝑧−8𝑧2+𝑧3)+𝑘2(−1−12𝑧+14𝑧2−4𝑧3+7𝑧4)
) (4 − 2𝑧 + 𝑘(−5 + 2𝑧 + 𝑧2) −

√4(−2 + 𝑧)2 + 4𝑘(−2 + 7𝑧 − 8𝑧2 + 𝑧3) + 𝑘2(−1 − 12𝑧 + 14𝑧2 − 4𝑧3 + 7𝑧4)) +

1

𝑘2(2+𝑧)
8(1 − 𝑘) (−2 + 𝑘 + 𝑧 − 𝑘𝑧 + 𝑘𝑧2 +

2(−2+𝑧)2+𝑘2𝑧(−5+8𝑧−3𝑧2+2𝑧3)+𝑘(−6+13𝑧−14𝑧2+3𝑧3)

√4(−2+𝑧)2+4𝑘(−2+7𝑧−8𝑧2+𝑧3)+𝑘2(−1−12𝑧+14𝑧2−4𝑧3+7𝑧4)
) (−4 + 2𝑧 + 𝑘(3 − 2𝑧 + 𝑧2) +

√4(−2 + 𝑧)2 + 4𝑘(−2 + 7𝑧 − 8𝑧2 + 𝑧3) + 𝑘2(−1 − 12𝑧 + 14𝑧2 − 4𝑧3 + 7𝑧4)) −

(−1 + 𝑧2) (−4 + 2𝑧 + 𝑘(3 − 2𝑧 + 𝑧2) +

√4(−2 + 𝑧)2 + 4𝑘(−2 + 7𝑧 − 8𝑧2 + 𝑧3) + 𝑘2(−1 − 12𝑧 + 14𝑧2 − 4𝑧3 + 7𝑧4))(1 −

−2+𝑘+𝑧−𝑘𝑧+𝑘𝑧2+
2(−2+𝑧)2+𝑘2𝑧(−5+8𝑧−3𝑧2+2𝑧3)+𝑘(−6+13𝑧−14𝑧2+3𝑧3)

√4(−2+𝑧)2+4𝑘(−2+7𝑧−8𝑧2+𝑧3)+𝑘2(−1−12𝑧+14𝑧2−4𝑧3+7𝑧4)

𝑘(−1+𝑧2)
)

)

 
 

 . 

One can verify that when 0 < 𝑧 <
1

2
 and 

𝑧2

2−𝑧2
< 𝑘 < 1, the above expression is always positive.   

∎ 

 

 

Proof of Proposition 7 

Part (1) 

Let us consider an uninformed consumer with signal 𝑡̂𝑖. This consumer’s expected consumer 

surplus is 𝐸[𝐶𝑆𝑖𝐴,𝑈|𝑡̂𝑖] = 𝜎
(𝛼−𝑝𝐴+𝑡̂𝑖)

2

2𝛽
+ (1 − 𝜎) ∫

1

2𝑡

(𝛼−𝑝𝐴+𝑡𝑖)
2

2𝛽𝑡𝑖∈[−𝑡,𝑡]\{𝑡̂𝑖}
𝑑𝑡𝑖 if product A is 
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recommended, and is 𝐸[𝐶𝑆𝑖𝐵,𝑈|𝑡̂𝑖] = 𝜎
(𝛼−𝑝𝐵−𝑡̂𝑖)

2

2𝛽
+ (1 − 𝜎) ∫

1

2𝑡

(𝛼−𝑝𝐵−𝑡𝑖)
2

2𝛽𝑡𝑖∈[−𝑡,𝑡]\{𝑡̂𝑖}
𝑑𝑡𝑖 if 

product B is recommended. Thus, the marketplace will recommend product A if and only if 

𝐸[𝐶𝑆𝑖𝐴,𝑈|𝑡̂𝑖] > 𝐸[𝐶𝑆𝑖𝐵,𝑈|𝑡̂𝑖], i.e., 𝑡̂𝑖 > 𝑡̂0,𝐶𝑆(𝑝𝐴, 𝑝𝐵) =
𝑝𝐴−𝑝𝐵

2𝜎
. 

Hence, seller A’s demand is 𝐷𝐴 = 𝑘 ⋅ ∫ 𝐸[𝑞𝑖𝐴,𝑈|𝑡̂𝑖]
𝑡

𝑡̂0,𝐶𝑆
d𝐹𝑡̂(𝑡̂𝑖)⏟                

Demand from uninformed consumers

+

(1 − 𝑘) ⋅ ∫ 𝑞𝑖𝐴,𝐼
𝑡

−𝑡
d𝐹𝑡(𝑡𝑖)⏟                

Demand from informed consumers

,  

and its profit is (1 − 𝑟)𝑝𝐴𝐷𝐴. 

Conditional on 𝑝𝐵 = 𝑝
𝐶𝐵∗, seller A’s profit is  

𝜋𝐴(𝑝𝐴, 𝑝
𝐶𝐵∗) = {

𝐻1(𝑝𝐴, 𝑝
𝐶𝐵∗), if 𝑝𝐴 − 𝑝

𝐶𝑆∗ > 2𝑡𝜎

𝐻2(𝑝𝐴, 𝑝
𝐶𝐵∗), if |𝑝𝐴 − 𝑝

𝐶𝑆∗| ≤ 2𝑡𝜎

  𝐻3(𝑝𝐴, 𝑝
𝐶𝐵∗), if 𝑝𝐴 − 𝑝

𝐶𝑆∗ < −2𝑡𝜎

, 

where 𝐻1(𝑝𝐴, 𝑝
𝐶𝐵∗) ≜ (1 − 𝑟)𝑝𝐴 [

1−𝑘

𝛽
(
𝛼

1+𝑧
−

1

1−𝑧2
𝑝𝐴 +

𝑧

1−𝑧2
𝑝𝐶𝐵∗)], 

 𝐻2(𝑝𝐴, 𝑝
𝐶𝐵∗) ≜ (1 − 𝑟)𝑝𝐴 {

𝑘

2𝛽
(1 −

𝑝𝐴−𝑝
𝐶𝐵∗

2𝑡𝜎
)(𝛼 − 𝑝𝐴 + 𝑡𝜎

1+
𝑝𝐴−𝑝

𝐶𝐵∗

2𝑡𝜎

2
) +

1−𝑘

𝛽
(
𝛼

1+𝑧
−

1

1−𝑧2
𝑝𝐴 +

𝑧

1−𝑧2
𝑝𝐶𝐵∗)},  

and 𝐻3(𝑝𝐴, 𝑝
𝐶𝐵∗) ≜ (1 − 𝑟)𝑝𝐴 {

𝑘

𝛽
(𝛼 − 𝑝𝐴) +

1−𝑘

𝛽
(
𝛼

1+𝑧
−

1

1−𝑧2
𝑝𝐴 +

𝑧

1−𝑧2
𝑝𝐶𝐵∗)}. 

 

In the symmetric equilibrium, 𝑝𝐴 = 𝑝𝐵 = 𝑝
𝐶𝐵∗ and FOC is satisfied. The FOC can be expressed 

as 

2𝛼(2−𝑘(1−𝑧))(1−𝑧)−4𝑝𝐶𝐵∗(2−𝑘−𝑧+𝑘𝑧−𝑘𝑧2)+𝑘𝑡(1−𝑧2)𝜎

4(1−𝑧2)𝛽
=

𝑘

𝛽
𝑝𝐶𝐵∗(𝛼 − 𝑝𝐶𝐵∗)

𝜕𝑡̂0,𝐶𝑆 (𝑝
𝐶𝐵∗,𝑝𝐶𝐵∗)

𝜕𝑝𝐴
=

𝑘

𝛽
𝑝𝐶𝐵∗(𝛼 − 𝑝𝐶𝑆∗) ⋅

1

2𝜎
   

From this, one can solve the equilibrium price: 
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𝑝𝐶𝐵∗ =
𝛼

2𝑘(1−𝑧2)
(𝑘(1 − 𝑧2) + 4𝜎̃(2 − 𝑧 − 𝑘(1 − 𝑧 + 𝑧2)) − ((𝑘(1 − 𝑧2) + 4𝜎̃(2 − 𝑧 −

𝑘(1 − 𝑧 + 𝑧2)))
2

− 4𝜎̃𝑘(1 − 𝑧)(1 − 𝑧2)(2(2 − 𝑘(1 − 𝑧)) + 𝑘(1 + 𝑧)𝜎̃))

1

2

).  

One can also show that the SOC is also satisfied under the condition of 𝑘 >
𝑧2

2−𝑧2
 and 𝑧 <

1

2
. 

The above analysis assumes FOC generates global optimal solutions. We need to verify that 

there does not exist 𝑝′ such that |
𝑝′−𝑝𝐶𝐵∗

2𝜎
| > 𝑡 and 𝜋𝐴(𝑝

′, 𝑝𝐶𝐵∗) > 𝜋𝐴(𝑝
𝐶𝐵∗, 𝑝𝐶𝐵∗). 

Suppose the above statement is false, then one of the following two (mutually exclusive) 

conditions must be true. 

(A1): 𝑝′ − 𝑝𝐶𝐵∗ > 2𝑡𝜎 and (1 − 𝑟)𝑝′ [
1−𝑘

𝛽
(
𝛼

1+𝑧
−

1

1−𝑧2
𝑝′ +

𝑧

1−𝑧2
𝑝𝐶𝐵∗)] >

1−𝑟

𝛽
𝑝𝐶𝐵∗ [(

𝑘

2
+

1−𝑘

1+𝑧
) (𝛼 − 𝑝𝐶𝐵∗) +

𝑘𝑡𝜎

4
]. 

(A2): 𝑝′ − 𝑝𝐶𝐵∗ < −2𝑡𝜎 and (1 − 𝑟)𝑝′ {
𝑘

𝛽
(𝛼 − 𝑝′) +

1−𝑘

𝛽
(
𝛼

1+𝑧
−

1

1−𝑧2
𝑝′ +

𝑧

1−𝑧2
𝑝𝐶𝐵∗)} >

1−𝑟

𝛽
𝑝𝐶𝐵∗ [(

𝑘

2
+
1−𝑘

1+𝑧
) (𝛼 − 𝑝𝐶𝐵∗) +

𝑘𝑡𝜎

4
]. 

 

Case 1: (A1) is true 

Note that (1 − 𝑟)𝑝′ [
1−𝑘

𝛽
(
𝛼

1+𝑧
−

1

1−𝑧2
𝑝′ +

𝑧

1−𝑧2
𝑝𝐶𝐵∗)] −

1−𝑟

𝛽
𝑝𝐶𝑆∗ [(

𝑘

2
+
1−𝑘

1+𝑧
) (𝛼 − 𝑝𝐶𝐵∗) +

𝑘𝑡𝜎

2
] 

increases with 𝑝′ when 𝑝′ <
1

2
((1 − 𝑧)𝛼 + 𝑧𝑝𝐶𝐵∗), and decreases with 𝑝′ when 𝑝′ >

1

2
((1 − 𝑧)𝛼 + 𝑧𝑝𝐶𝐵∗). In addition, one can show that 𝐻1(𝑝

′, 𝑝𝐶𝐵∗) < 0 when 𝑝′ = 𝑝𝐶𝐵∗ + 2𝜎𝑡. 

So, (A1) is true if and only if (a) 𝐻1(𝑝
′, 𝑝𝐶𝐵∗) > 0 at 𝑝′ =

1

2
((1 − 𝑧)𝛼 + 𝑧𝑝𝐶𝐵∗) and (b) 

1

2
((1 − 𝑧)𝛼 + 𝑧𝑝𝐶𝐵∗) > 𝑝𝐶𝐵∗ + 2𝑡𝜎. 

Condition (a) and (b) are equivalent to  

𝑝𝐶𝐵∗ < min {
(1−𝑧)𝛼

2[(2−𝑧)2−𝑘(2−4𝑧+3𝑧2)]
⋅ [2(2 − 𝑧 − 𝑘(1 − 2𝑧)) + (1 + 𝑧)𝑘𝜎̃ −

√(1 + 𝑧) (𝑘 (4(2 − 𝑘(1 − 𝑧))) + 4𝜎̃(2 − 𝑧 − 𝑘(1 − 2𝑧)) + 𝑘(1 + 𝑧)𝜎̃2) ] , 𝛼
(1−𝑧)−4𝜎̃

2−𝑧
 }. 
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It can be verified that the right hand side strictly decreases with 𝜎, but 𝑝𝐶𝐵∗ strictly increases 

with 𝜎. So, there exists 𝜎 such that (A1) is true if and only if 𝜎 < 𝜎. In other words, when 𝜎 ≥ 𝜎, 

(A1) is false. 

 

Case 2: (A2) is true 

Note that and (1 − 𝑟)𝑝′ {
𝑘

𝛽
(𝛼 − 𝑝′) +

1−𝑘

𝛽
(
𝛼

1+𝑧
−

1

1−𝑧2
𝑝′ +

𝑧

1−𝑧2
𝑝𝐶𝑆∗)} −

1−𝑟

𝛽
𝑝𝐶𝐵∗ [(

𝑘

2
+

1−𝑘

1+𝑧
) (𝛼 − 𝑝𝐶𝐵∗) +

𝑘𝑡𝜎

4
] increases with 𝑝′ when 𝑝′ <

1

2(1−𝑘𝑧2)
((1 − 𝑧)(1 + 𝑘𝑧)𝛼 +

𝑧(1 − 𝑘)𝑝𝐶𝐵∗) and decreases with 𝑝′ when 𝑝′ >
1

2(1−𝑘𝑧2)
((1 − 𝑧)(1 + 𝑘𝑧)𝛼 + 𝑧(1 − 𝑘)𝑝𝐶𝐵∗). 

In addition, one can show that 𝐻2(𝑝
′, 𝑝𝐶𝐵∗) < 0 when 𝑝′ = 𝑝𝐶𝐵∗ − 2𝜎𝑡. So, (A2) is true if and 

only if (a) 𝐻2(𝑝
′, 𝑝𝐶𝐵∗) > 0 when 𝑝′ =

1

2(1−𝑘𝑧2)
((1 − 𝑧)(1 + 𝑘𝑧)𝛼 + 𝑧(1 − 𝑘)𝑝𝐶𝐵∗) and (b) 

1

2(1−𝑘𝑧2)
((1 − 𝑧)(1 + 𝑘𝑧)𝛼 + 𝑧(1 − 𝑘)𝑝𝐶𝐵∗) < 𝑝𝐶𝐵∗ − 2𝑡𝜎. 

One can show (a) is always true but (b) is always false. So (A2) cannot be true.  

  

In summary, there exists a symmetric equilibrium when 𝜎 ≥ 𝜎. In the equilibrium,  𝑝𝐶𝐵∗ =

𝛼

2𝑘(1−𝑧2)
(𝑘(1 − 𝑧2) + 4𝜎̃(2 − 𝑧 − 𝑘(1 − 𝑧 + 𝑧2)) − ((𝑘(1 − 𝑧2) + 4𝜎̃(2 − 𝑧 − 𝑘(1 − 𝑧 +

𝑧2)))
2

− 4𝜎̃𝑘(1 − 𝑧)(1 − 𝑧2)(2(2 − 𝑘(1 − 𝑧)) + 𝑘(1 + 𝑧)𝜎̃))

1

2

).  

Part (2) 

 
𝑑𝐶𝑆∗

𝑑𝜎
=
𝜕𝐶𝑆

𝜕𝜎
+

𝜕𝐶𝑆

𝜕𝑝𝐶𝐵∗
⋅
𝜕𝑝𝐶𝐵∗

𝜕𝜎
=

1

𝛽
[
𝑘𝑡

2
(𝛼 − 𝑝𝐶𝐵∗) −

𝜕𝑝𝐶𝐵∗

𝜕𝜎
⋅ (
𝑘

2
𝜎𝑡 + (𝑘 +

4(1−𝑘)

2+𝑧
) (𝛼 − 𝑝𝐶𝐵∗))]. A 

higher profiling accuracy can hurt the consumers and the marketplace if  

𝜕𝑝𝐶𝐵∗

𝜕𝜎
>

𝑘𝑡(𝛼−𝑝𝐶𝐵∗)

𝜎𝑘𝑡+2(𝑘+
4(1−𝑘)

2+𝑧
)(𝛼−𝑝𝐶𝐵∗)

, i.e., 
𝜕𝑝𝐶𝐵∗/𝑝𝐶𝐵∗

𝜕𝜎/𝜎
> (

𝑝𝐶𝐵∗

𝛼−𝑝𝐶𝐵∗
+ (1 +

4(1−𝑘)

𝑘(2+𝑧)
) (

𝑝𝐶𝐵∗

𝑡𝜎
))

−1

.  

 

Proof of Proposition 8. 

Let us consider an uninformed consumer with signal 𝑡̂𝑖. The value of the recommendation 

system’s objective function for product A is 𝑔𝑖𝐴(𝑡̂𝑖) = 𝑟
𝑤𝛽𝑤−1𝑝𝐴

𝑤(𝛼 + 𝜎𝑡̂𝑖 − 𝑝𝐴)
1−𝑤, and for 
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product B is 𝑔𝑖𝐵(𝑡̂𝑖) = 𝑟
𝑤𝛽𝑤−1𝑝𝐵

𝑤(𝛼 − 𝜎𝑡̂𝑖 − 𝑝𝐵)
1−𝑤. Hence, the marketplace will recommend 

product A if and only if 𝑡̂𝑖 > 𝑡̂0(𝑤) =
𝛼(𝑝𝐵

𝑤
1−𝑤−𝑝𝐴

𝑤
1−𝑤)−(𝑝𝐵

1
1−𝑤−𝑝𝐴

1
1−𝑤)

𝜎(𝑝𝐴

𝑤
1−𝑤+𝑝𝐵

𝑤
1−𝑤)

. Hence, seller A’s demand is 

𝐷𝐴(𝑤) = 𝑘 ⋅ ∫ 𝐸[𝑞𝑖𝐴,𝑈|𝑡̂𝑖]
𝑡

𝒕𝟎(𝒘)
d𝐹𝑡̂(𝑡̂𝑖)⏟                

Demand from uninformed consumers

+ (1 − 𝑘) ⋅ ∫ 𝑞𝑖𝐴,𝐼
𝑡

−𝑡
d𝐹𝑡(𝑡𝑖)⏟                

Demand from informed consumers

, 

and its profit is (1 − 𝑟)𝑝𝐴𝐷𝐴(𝑤). 

In the symmetric equilibrium, the FOC must be satisfied: 

𝑝2 ⋅
𝑘

𝑡𝜎(1−𝑤)
− 𝑝 ⋅ [

4(1−𝑘)

1+𝑧
−
4𝑘𝑧2

1−𝑧2
+
𝛼𝑘(1+𝑤)

𝑡𝜎(1−𝑤)
+ 4𝑡(1 − 𝑤)] +

2𝛼[2−𝑘(1−𝑧)]

1+𝑧
+ 𝑘𝑡𝜎 +

𝛼2𝑘𝑤

𝑡𝜎(1−𝑤)
= 0. 

The equilibrium price is  

𝑝∗(𝑤) =
𝛼

2𝑘(1−𝑧2)
(𝑘(1 + 𝑤)(1 − 𝑧2) + 4𝜎̃(1 − 𝑤)(2 − 𝑧 − 𝑘(1 − 𝑧 + 𝑧2)) − ((1 −

𝑤) (𝑘2(1 − 𝑤)(1 − 𝑧2)2 + 8𝑘𝜎̃(1 − 𝑧2) ((1 − 𝑘)𝑧 + 𝑤(2 − 𝑧 − 𝑘(1 − 𝑧 + 𝑧2))) +

4𝜎̃2(4(1 − 𝑤)(2 − 𝑧)2 − 8𝑘(1 − 𝑤)(2 − 3𝑧 + 3𝑧2 − 𝑧3) + 𝑘2(3 − 8𝑧 + 14𝑧2 − 8𝑧3 + 3𝑧4 −

4𝑤(1 − 𝑧 + 𝑧2)2))))

1

2

). 

It can be numerically verified that 𝑝∗ strictly increases with 𝑤, and 𝑝∗(1) = 𝛼. Note that 𝑝∗(
1

2
) =

𝑝𝑃𝐵∗ and 𝑝𝑃𝐵∗ < 𝑝∗∗ < 𝛼, so there exists a unique 𝑤∗∗ > 1/2 such that 𝑝∗(𝑤∗∗) = 𝑝∗∗. 

 

ANALYSES FOR ALTERNATIVE SPECIFICATIONS 

The Case of Unit-demand  

Price-neutral recommendation system 

The marketplace will recommend product A to an uninformed consumer if and only if her signal 

𝑡̂ ≥ 0; otherwise the marketplace will recommend product B. 
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Product A’s demand is  

𝐷𝐴
𝑃𝑁(𝑝𝐴, 𝑝𝐵) = 𝑘 ⋅ ∫ 𝑞𝑈(𝐴|𝑡̂)

1
2

0

𝑑𝑡̂ + (1 − 𝑘) [
1

2
𝑞𝐼(𝐴|𝑙 = 𝑎) +

1

2
𝑞𝐼(𝐴|𝑙 = 𝑏)], 

and the product B’s demand is 

𝐷𝐵
𝑃𝑁(𝑝𝐴, 𝑝𝐵) = 𝑘 ⋅ ∫ 𝑞𝑈(𝐵|𝑡̂)

0

−
1
2

𝑑𝑡̂ + (1 − 𝑘) [
1

2
𝑞𝐼(𝐵|𝑙 = 𝑎) +

1

2
𝑞𝐼(𝐵|𝑙 = 𝑏)]. 

Seller A’s profit is (1 − 𝑟)𝑝𝐴𝐷𝐴
𝐹𝐵(𝑝𝐴, 𝑝𝐵) and seller B’s profit is (1 − 𝑟)𝑝𝐵𝐷𝐵

𝐹𝐵(𝑝𝐴, 𝑝𝐵). 

 

Maximizing their respective profits yields the equilibrium price, 𝑝𝑃𝑁∗. We numerically solve the 

symmetric equilibrium.  

To verify whether Proposition 1 and 2 in the main model, i.e., the equilibrium price and the 

equilibrium profits for the sellers and the marketplace will strictly increase with 𝜎 , still 

qualitatively hold in the discrete-choice model, we have numerically verified that 
𝜕𝑝𝑃𝑁∗

𝜕𝜎
> 0 and 

𝜕𝜋𝑃𝑁∗

𝜕𝜎
> 0  at every grid points of (𝜎, 𝑘, 𝑉𝐿 , 𝑉𝐻) = (0.005𝑧1, 0.1𝑧2, 0.5𝑧3, 0.5𝑧4) , where 

𝑧1, 𝑧2, 𝑧3, 𝑧4 are integers, 0 ≤ 𝜎 < 1, 0 < 𝑘 < 1, −3 ≤ 𝑉𝐿 ≤ 3, and 𝑉𝐿 < 𝑉𝐻 ≤ 3. (It is easy to 

see that ℎ is only a scale parameter for prices and profits that does not qualitatively influence the 

results.) In this numerical examination, we have used 
𝑓(𝜎+10−5)−𝑓(𝜎)

10−5
 to approximate the value of 

𝜕𝑓

𝜕𝜎
, where 𝑓 ∈ {𝑝𝑃𝑁∗, 𝜋𝑃𝑁∗}  and the expression 𝜋  represents either the seller’s profit or the 

marketplace’s. Hence, our numerical experiments show that our qualitative results in Proposition 

1 and 2 are robust to when consumers have unit demand for the products. 

 

Profit-based recommendation system 

Product A’s demand is  

𝐷𝐴
𝑃𝐵(𝑝𝐴, 𝑝𝐵) = 𝑘 ⋅ ∫ 𝑞𝑈(𝐴|𝑡̂)

1
2

𝑡̂0

𝑑𝑡̂ + (1 − 𝑘) [
1

2
𝑞𝐼(𝐴|𝑙 = 𝑎) +

1

2
𝑞𝐼(𝐴|𝑙 = 𝑏)], 

Product B’s demand is  

𝐷𝐵
𝑃𝐵(𝑝𝐴, 𝑝𝐵) = 𝑘 ⋅ ∫ 𝑞𝑈(𝐵|𝑡̂)

𝑡̂0

−
1
2

𝑑𝑡̂ + (1 − 𝑘) [
1

2
𝑞𝐼(𝐵|𝑙 = 𝑎) +

1

2
𝑞𝐼(𝐵|𝑙 = 𝑏)]. 

Seller A’s profit is (1 − 𝑟)𝑝𝐴𝐷𝐴
𝑃𝐵(𝑝𝐴, 𝑝𝐵) and seller B’s profit is (1 − 𝑟)𝑝𝐵𝐷𝐵

𝑃𝐵(𝑝𝐴, 𝑝𝐵). 
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We numerically solve the symmetric equilibrium. Let 𝑝𝑃𝐵∗ be the equilibrium price under the 

profit-based recommendation system. Figure A1XX shows how the equilibrium price changes 

with 𝜎 . (In this plot, 𝑉𝐻 = 1 , 𝑉𝐿 = 0 .) Similar to Proposition 3 in the main model, the 

equilibrium price first decreases and then can increase with 𝜎. 

Figure A1 Effect of 𝝈 on the equilibrium price 

 

Similarly, Figure A2XX shows that it is possible that an increase in 𝜎  can decrease the 

equilibrium profits for the marketplace. (In this plot, 𝑉𝐻 = 1, 𝑉𝐿 = 0.5, and 𝑘 = 0.2.) Similarly, 

a seller’s equilibrium profit can also decrease with 𝜎 . This is qualitatively the same with 

Proposition 4 in the main model. 

Figure A2 Effect of 𝝈 on the equilibrium profit 

 

 

 

Comparison between systems 

Figure A3 compares the equilibrium prices under the price-neutral recommendation system 

(𝑝𝑃𝑁∗) and under the profit-based system (𝑝𝑃𝐵∗). (In this plot, 𝑉𝐻 = 1, 𝑉𝐿 = −0.5, 𝑘 = 0.5). This 

figure shows that 𝑝𝑃𝑁∗ > 𝑝𝑃𝐵∗ if and only if 𝜎 > 𝜎. Moreover, the equilibrium price under the 

profit-based recommendation system, 𝑝𝑃𝐵∗ , is the same when 𝜎 = 𝜎  and when 𝜎 → 0 . This 

shows that under the profit-based recommendation system, the recommendation-competition 

effect will drive the seller to set a medium price, which is the equilibrium price when 𝜎 → 0. The 
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result is qualitatively the same as Proposition 5 in the main model. Similarly, we can verify 

Proposition 6 also qualitatively hold. 

Figure A3 Equilibrium prices under price-neutral and profit-based recommendation 

systems 

 

Consumer Surplus 

Finally, we investigate how consumer surplus changes with 𝜎. It is well known that a consumer’s 

expected surplus is 𝐸[𝐶𝑆𝑖] = ln(1 + ∑ 𝑒𝑉𝑖𝑗−ℎ𝑝𝑗𝑗∈𝐶𝑖
), where 𝑗 ∈ {𝐴, 𝐵}  and 𝐶𝑖  is consumer 𝑖 ’s 

consideration set for the products. 

Note that under both the profit-based and the price-neutral recommendation systems, in 

equilibrium the marketplace will recommend product A (B) to an uninformed consumer if and 

only if her signal 𝑡̂𝑖 > 0 (𝑡̂𝑖 < 0). Suppose that the equilibrium price is 𝑝∗ for both firms. For an 

uninformed consumer with signal 𝑡̂, the marketplace will recommended the product of expected 

valuation 𝑉𝐻  with probability 𝑃𝑟𝐻(𝑡̂) =
1+2𝜎|𝑡̂|

2
, and the product of expected valuation 𝑉𝐿  with 

probability 𝑃𝑟𝐿(𝑡̂) =
1−2𝜎|𝑡̂|

2
. Hence, her expected surplus is 𝐸[𝐶𝑆𝑈,𝑖(𝑡̂)] =

1+2𝜎|𝑡̂|

2
ln(1 +

𝑒𝑉𝐻−ℎ𝑝
∗
) +

1−2𝜎|𝑡̂|

2
ln(1 + 𝑒𝑉𝐿−ℎ𝑝

∗
). 

For an informed consumer, since she knows both products, her expected surplus is 𝐸[𝐶𝑆𝐼,𝑖] =

ln(1 + 𝑒𝑉𝐻−ℎ𝑝
∗
+ 𝑒𝑉𝐿−ℎ𝑝

∗
). 

As a result, the expected total consumer surplus is  

𝐶𝑆(𝑝∗, 𝜎) = 𝑘 ⋅ ∫ 𝐸[𝐶𝑆𝑈,𝑖(𝑡̂)]𝑑𝑡̂
1

2

−
1

2

+ (1 − 𝑘) ⋅ 𝐸[𝐶𝑆𝐼,𝑖]  

= 𝑘 [
2+𝜎

4
ln(1 + 𝑒𝑉𝐻−ℎ𝑝

∗
) +

2−𝜎

4
ln(1 + 𝑒𝑉𝐿−ℎ𝑝

∗
)] + (1 − 𝑘) ln(1 + 𝑒𝑉𝐻−ℎ𝑝

∗
+ 𝑒𝑉𝐿−ℎ𝑝

∗
). 

To verify whether the consumer surplus increases with 𝜎 under both types of recommendation 

systems, we have numerically verified that 
d𝐶𝑆(𝑝𝑃𝑁∗,𝜎)

d𝜎
> 0  and 

d𝐶𝑆(𝑝𝑃𝐵∗,𝜎)

d𝜎
> 0  at every grid 
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points of (𝜎, 𝑘, 𝑉𝐿 , 𝑉𝐻) = (0.005𝑧1, 0.1𝑧2, 0.5𝑧3, 0.5𝑧4), where 𝑧1, 𝑧2, 𝑧3, 𝑧4 are integers, 0 < 𝜎 <

1, 0 < 𝑘 < 1, −3 ≤ 𝑉𝐿 ≤ 3, and 𝑉𝐿 < 𝑉𝐻 ≤ 3,. In this numerical examination, we have used 
𝑓(𝜎+10−5)−𝑓(𝜎)

10−5
 to approximate the value of 

𝜕𝑓

𝜕𝜎
. Hence, our numerical experiments show that our 

qualitative results in Proposition 7 are robust to when consumers have unit demand for the 

products. 

 

 

In summary, all the results in the main paper hold qualitatively in this alternative discrete choice 

model. Hence, our insights equally apply to both when consumers can buy multiple units of the 

products and when consumers have unit demands for the products.  

 

 

The case of dual-orientation marketplace 

Dual-goal recommendation system: 

 

We consider the dual-goal recommendation system that recommends the product with the higher 

expected dual-goal payoff 𝑤𝑖 = 𝑠 ⋅ 𝐶𝑆𝑖 + (1 − 𝑠) ⋅ Πi to consumer 𝑖. 

Conditional on an uninformed consumer’s signal 𝑡̂𝑖, the marketplace’s dual-goal payoff from this 

consumer will be  

𝑤𝑖(𝐴|𝑡̂𝑖) =
1

2𝛽
[2(1 − 𝑠)(𝛼 − 𝑝𝐴 + 𝜎𝑡̂𝑖)𝑟𝑝𝐴 + 𝑠[(1 − 𝜎)(𝛼 − 𝑝𝐴)

2 + (1 − 𝜎)2 ⋅
𝑡2

3

+ 𝜎(𝛼 − 𝑝𝐴 + 𝑡̂𝑖)
2]] 

if product A is recommended. The dual-goal payoff from this consumer will be  

𝑤𝑖(𝐵|𝑡̂𝑖) =
1

2𝛽
[2(1 − 𝑠)(𝛼 − 𝑝𝐵 − 𝜎𝑡̂𝑖)𝑟𝑝𝐵 + 𝑠[(1 − 𝜎)(𝛼 − 𝑝𝐵)

2 + (1 − 𝜎)2 ⋅
𝑡2

3

+ 𝜎(𝛼 − 𝑝𝐵 − 𝑡̂𝑖)
2]] 

If product B is recommended. 

Let 𝐻(𝑝𝐴, 𝑝𝐵; 𝑠) =
𝑝𝐴−𝑝𝐵

2
⋅
2(𝑝𝐴+𝑝𝐵−𝛼)+

𝑠

(1−𝑠)𝑟
(2𝛼−𝑝𝐴−𝑝𝐵)

(𝑝𝐴+𝑝𝐵)+
𝑠

(1−𝑠)𝑟
⋅(2𝛼−𝑝𝐴−𝑝𝐵)

. The marketplace will recommend 

product A if and only if 𝑡̂𝑖 = 𝑡̂0,𝑠 ≥
1

𝜎
⋅ 𝐻(𝑝𝐴, 𝑝𝐵; 𝑠).  
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It can be shown that 𝐻 is convex in 𝑝𝐴 and concave in 𝑝𝐵. In a symmetric equilibrium with  𝑝𝐴
∗ =

𝑝𝐵
∗ = 𝑝∗, if 𝑠 <

𝑟

1+𝑟
, 𝑡̂0,𝑠 will increase with 𝑝𝐴 (at 𝑝𝐴 = 𝑝

∗) if and only if 𝑝∗ >
1−

𝑠

(1−𝑠)𝑟

2−
𝑠

(1−𝑠)𝑟

; if 𝑠 >
𝑟

1+𝑟
; 

𝑡̂0,𝑠 strictly decreases with 𝑝𝐴 (at 𝑝𝐴 = 𝑝
∗) for all 𝑝∗ > 0. 

Seller A’s profit under the dual-goal recommendation system will be  

𝜋𝐴
𝐷𝐺 =

1 − 𝑟

𝛽
𝑝𝐴

⋅ [
𝑘

2
(1 −

𝐻(𝑝𝐴, 𝑝𝐵; 𝑠)

𝑡𝜎
) [𝛼 +

𝑡𝜎

2
− 𝑝𝐴 +

𝐻(𝑝𝐴, 𝑝𝐵; 𝑠)

2
] + (1

− 𝑘) [
𝛼

1 + 𝑧
−

1

1 − 𝑧2
𝑝𝐴 +

𝑧

1 − 𝑧2
𝑝𝐵]] 

The game can be numerically solved. We numerically checked that there will be a unique 

solution to FOC that satisfies SOC and yields positive profit. In addition, a sufficient condition 

for the solution constitutes a symmetric equilibrium is that 𝜎 > 𝜎. 

 


