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PROOFS FOR ALL PROPOSITIONS AND LEMMAS

Proof of Proposition 1.

Under the price-neutral recommendation system, seller A’s profit is

PN — oy LUK (g = ot ) (-2 z
Ma” =TPag [2 (a Pa 2) +(1-k) (1+z T2 PatT T2 pB)]'
mfN is a quadratic function of p,, so seller A’s best response can be obtained from the first-order
condition (FOC):

2a(1 — z)(Z —k(1- Z)) +4(1 = k)pgz + k(1 — z%)ot

pa(ps) = 42 — k — kz?)




Similarly, seller B’s best response iS:

20(1-2)(2—k(1—2)) +4(1 — k)paz + k(1 — z%)ot

ps(pa) = 12—k — kD)
. . . pN« _ (1-2)(4a—2ka(1-z)+k(1+2)ot) .
Solving these two equations together yields p™"* = 1C—2k(l—217)) . Itis easy to
. apPN* kt(1-z2) apPN*  kt(1-z%)(2az+ot(2-2)) apPN*
Verlfy that 90 4[2-z—k(1-z+22)] >0, ak  4[2-z-k(1-z+z2)]2 >0, and az

-(1-k)[2a(2-(1-2z2)k)-kat(1-4z+2?)]
4[2-z—k(1-z+z2)]?

< 0. The last inequality holds because a > 2t. m

Proof of Corollary 1.

The marketplace’s profit under the price-neutral recommendation system is [1°V* =

_ 2r(1—z)(2—k—kzz)[2a(2—k(1—z))+kat(1+z)]2

PN* nPNx* PN* nPNx*
T D D
(Pa™" D™ +p5" D5 ™) 32(1+2) (2—-z+k(1-z+22))

, Which increases in o:

61'[PN*
do

> 0. Similarly, a seller’s equilibrium profit is 7FV* =

_ _ I (11— 2 PN*
A-nA-2)(@k-kz?)2a(2-kA-2) tkat@+D] | pich also increases in o 2
32(1+2)(2-z+k(1-z+22))

Proof of Proposition 2.

Define the threshold G (p,, pg) = (pA_p(Z)(f;‘Jr)pB_“). Under the profit-based recommendation
A B

system, seller A’s profit is
nf” = (1= r)padf”

e [5(1- S £, 22 - -

2 to 14z 1-z2

pa+ ]|

In a symmetric equilibrium with p, = pg = p, the recommendation threshold £, =

G(pp) _ 0
O_ -_ .

For now, we assume that given the other seller charging the equilibrium price p*, the focal seller

will not deviate its price such that |£,| > t. Later, we use Lemma ALl to verify that this condition



2

is satisfied in equilibrium under the assumption of k > ——. For seller A, its FOC when both

2—z2'

firms’ prices are at the equilibrium level is

. 0my _ 1-r
FOC opa |pA=pB=p - 4ﬁto—(1_22)

Ikaz(l —z%) —pl4ta(2 — z) + k[3a(1 — z%) —
4to(1—z +z9)]] + a®(1 - 2) [4%’+ k[(1+?)a+2-220- z)]” = 0.
The SOC will also be satisfied:

. 92155 (ap) _ 1-r
SOC: %T |PA=p = m [azk(l - Zz) + 12kp2(1 - Zz) + 26(}9(-81:0' +

k(=5 + 4to + 522 + 4toz?))| < 0.

. . PB* __ a ~ _ _ 2 _ ~ _ 2 _
First, we will prove pP%* = ———| 46(2 — 2) +k(3(1—2%) —46(1—z +z2))

((45(2 —2)+k(3(1—z%) —46(1 -z + ZZ)))2 — 8k(1— 2)(1 — z2) (45 + k((1 +

)1 +2)—26(1 - z)))) is the unique solution to FOC and SOC. The proof has three

parts. First, we show that FOC has two real roots for p. Second, we show the smaller root
satisfies SOC but the larger does not, so the smaller root will be the unique local maximum for
mHB. It is then obvious that this local maximum will be the global maximum for maximums 5%,

since 52 (0,p) = 0 and 5B (p,, p) will be negative if p, is sufficiently large.

Part 1: FOC has two real roots for p.

With the notation & = to /a, we now show that the discriminant of the quadratic equation of the
price p, A = (46(2 — 2) + k(3(1 —2%) — 4 5(1 -z + zz)))2 — 8k(1— 2)(1 — z2) (45 +
k((l + 69)(1+2) —26(1 - z))), IS positive, so that the equation has two real roots.

A=k*(1-22)2+8k(1-22)(2+z—k(1+2z+2%))6+8(2(2—2)? —4k(2 -3z +
322 — 73) + k?(1 — 4z + 82% — 425 + z%))¢2.



Note that k2(1 — z2)? > 0 and 8k(1 — z2)(2+ z — k(1 + z + z%)) = 0, 50 A > 0 whenever
8(2(2—2)? —4k(2 —3z+ 322 —23) + k*(1 — 4z + 822 — 42> + z*)) > 0.

By contrast, if 8(2(2 — z)2 — 4k(2 — 3z + 322 — z%) + k?(1 — 4z + 82% — 42% + z%)) < 0,
then A is concave in 62. Note that & = %’ < % $0 A = min {A|z=0, Alz=1/2}. When 0 < z < %

and 0 < k < 1, both terms in the “min” function are positive: A|z—o = k(1 — z%)? = 0, and
Alge1/2 =42 —2)* —4k(2 =72+ 82* — 2°) + k*(=1 — 12z + 142*> — 42> + 72*) >

_ 2_,3 Al 1 = mini{4(2 —
E=%,k— 2-7z+82%-z2 , |0=?k=1} { (

T —1-12z+142%2-4z3+72%

min {A|5=l k=0,A|
>

8(1-22)" (4+82-322)

2
VA
) ’1412z-1422+423-72%"

7(1 — 22)2} > 0. Hence, we have proved A > 0. m

Part 2. the smaller root of FOC satisfies SOC, but the larger root does not.
Let p, be the smaller root of FOC. Define
F,(p) = 2kp?(1 — z2) — p[4to(2 — 2) + k[3a(1 — z%) — 4ta(1 — z + z?)]| + a®(1 —

2) [4%"+ K1+ @) a+n-22a- z)]] and

F,(p) = 12kp?(1 — z2) + 2ap(—8to + k(=5 + 4to + 522 + 4taz?)) + a?k(1 — z2).
Furthermore, let

H(p) = 6F,(p) — F,(p) = a(1 —2) (24t0 + k(—12t0(1 —2z)+ 51 +2)+6(to)?*(1 +

2))) = 8(to(4 = 32) + k(1 — 22 — to (2 — 3z + 22%)) ) p, which is linear in p.

1-r

oma _ 0258 (p4vp) 1-r
9pa |pA=pB=p = o) F,(p) and

Note that 2 lp=pp=p = sz(P) :

aTTA

Hence —=

| 0%1hB(pa,pp)
ap,a \PA=PE=D

has the same sign as F; (p), and o0 lpa=pp=p

has the same sign as

F,(p). So, to show p satisfies FOC and SOC, it is equivalent to show F; (p) = 0 and F,(p) < 0.

In addition, k €[0,1] implies that a(1-—2z) (24ta + k(—12ta(1 —z)+5(1+2)+

6(t0)*(1+2))) >0 and =8 (to (4 — 32) + k(1 — 22 — to(2 — 3z + 222)) ) < 0, s0 H(0) >
0 and H(p) linearly strictly decreases with P . Let Do =

4



(1—Z)(24tcr+k(—12tcr(1—z)+5(1+Z)+6(t0)2(1+z))>

8(t0'(4—3z)+k(1—22—tcr(2—32+222))) > 0 be the unique root of H(p) = 0. Then H(p) > 0

if 0 <p <py, and H(p) < 0 if p > p,. Furthermore, one can verify that in the parameter region

of z € (0, %), k € (0,1),and to € (0, ), F,(py) = 6F;(py) < 0 is always true.

We can now prove part 2, i.e., the smaller root for FOC (i.e., p;) satisfies SOC, but the larger
root for FOC (p,) does not. Remember that both F;(p) is a convex quadratic function and
F{(0) <0. Sop, >p; >0, F{(p;) <0, and F{(p,) > 0. In addition, because F;(p,) < 0, it
must be that p, < p, < p,. Remember that H(p) = 6F,(p) — F,(p) linearly decreases with p,
so H(p,) > H(py) = 0 > H(p,). Finally, since F;(p;) = F;(p,) = 0, it must be that F,(p;) <
0 < F,(p3), i.e., p; satisfies SOC but p, doesnot. m

Solving for p,, we obtain

pPB* = ﬁ 46(2—2) +k(3(1 —2%) —46(1 — z + 2z?))

) ((4&(2 ~2) k(31— 22) —45(1 — 2 + 7))

1
2

— 8k(1—2)(1 - 22) (46 + k((1 + 62)(1 +2) —26(1 - z))))

Next, we will prove the second part of Proposition 3: pPB* first decreases and then (potentially)

PBx*
increases in ¢ (or equivalently, in ). We show this by first showing that lir% a;;a < 0, and then
ag—

proving that p”2* is convex in &.

] . . opPB* . ]
The first condition lim ’25 < 0 is true since
g—

PBx* a

6p _ _ _ _ 2 _
55 = wa?) 8—4k — 4z + 4kz — 4kz

4(45(—2+z)2+k(2+z—222—z3+85(—2+3z—322+z3))+k2(—1—z+z3+z4+26(1—42+822—4z3+z4)))

Al/2



6pPB*__ __2(1—k)z

Hence, }TI_I}I_I) ) < 0.
. aszB*
Next, we will show e > 0.

0%p"P*  2ak(1-— z2)(16z — 8kz(3 + z%) + k?(1 + 8z — 2z% + 82°% + z%))
052 A3/2
_ 2ak(1—z*)(16z — 8kz(3 + z%) + k*(1 + 8z — 2z% + 823 + z*))
- A3/2 )

We only need to show 16z — 8kz(3 + z2) + k?(1 + 8z — 2z2 + 823 + z*) > 0. Because 0 <

Z<%,1+82—222+823+Z4>0.SO, 16z — 8kz(3 + z%) + k(1 + 8z — 2z + 823 +

2 2
+ (1482222 +82° +24) [ EOE) ) =

1+8z—2z2+8z3+2z%

4z(3+22)
148z—22z2+8z3+z%

z¥) > 16z —8z(3 + z?) -

16(1-2)3z(1+2)?
1+8z-2z2+8z3+z% —

Finally, Figure 2 in the main paper provides an example that p”2* can indeed strictly increase

with g in some parameter regions. m

The following lemma ensures the existence of a symmetric equilibrium by considering a seller’s

potential incentive to deviate from the equilibrium price.

2 ~ -
LemmaAl If k > ;7 then a seller will not set its price such that |t,| = E@aps) -, t, given

g

the other seller’s price being pPB*. This will guarantee that a symmetric equilibrium exists.

Proof. By symmetricity, it is without loss of generality to consider whether seller A will deviate

from the equilibrium price pj = pP*, given py = p&*.

Conditional on pg = p©B*, seller A’s profit is

Hy(pa, p"%%),if G(pa, ™) > to
Ta(Pa 7P*) =3 Ho(pa, pP8*),if |G (pa, pPB)| < to,
H3(pa, pPB),if G(pya, pP8*) < —to

6



* A -k *
where Hy (pa,p™") 2 (1 - 1)pa |5 (3 — =504+ —=507"))],

B \1+z 1 1-2z2

 Sloar™)

Y a k G(papTB” ——\  1-k
Hy(pap™%) 2 (1 —1)p, E(l—%) a—pA+to-+ +T(L_

1 Z__ PBx
zPa T p ),

z2 1-2z2

4 k 1-k 1 .
and Hs (pa, ™) 2 (1= T)pa {3 (@ = pa) + 5 ({5 = 5P + 12207 )}

14z 1-z2 1-z2

We can solve the symmetric equilibrium in the following two steps. First, we find p2* such that
pPB* € argmax, ,»oH,(pa, ). Second, we verify that m,(p"2*, pP5*) > m,u(p', p75*) for
any p’ satisfying |G(p’, pP8*)| > to. If pPB* satisfies the conditions in the second step, then

there exists a symmetric equilibrium.

The first step has been accomplished in the proof of Proposition 3, which shows that there exists

a unique pPB* satisfying the first requirement, where

pPB* — ﬁ 462 — 2) + k(3(1 — 22) — 46(1 — z + 22))

B ((46(2 —2)+k(3A-2z)—-46(1—z+ ZZ)))Z

1
2

— 8k(1 - 2)(1 - z2) (45 + k((1 + 65)(1 +2) — 26(1 - z)))>

2

—and z < % there will not exist p’ such that

The rest of this proof will show that when k >

Z
2—

|G(p', pPE*)| > to and m, (p5*, pPE*) < mu(p', p75Y).

We prove this result by contradiction. Suppose the above statement is false, then one of the

following two (mutually exclusive) conditions must be true.



(A1) G(',p™) <—to and ma(p,p"") > ma(pFP,pPE") = =L pPP (4 ) (@ —

B 2 1+z

pPB) + ktU]_

2

’ * I * % * 1- « [(k 1-k
(A2) G, p"") >toc and m, (', p"") > m(p"F,p"PT) = Trp”* [(; +;) (a -

pPB) + ktU]_

2

Case 1: (Al) is true.

When this is true, the marketplace will recommend product A to all uninformed consumers.

a—ot—/a2—2a(2pPB*+ot)+(2pPB*—ot)2
2

Note that G(p’,pPB*) < —to is equivalent to <p' <

a—at+ya-2a(2pPB*+at)+(2pPB*—ot)2
> .

a—ot—/a2—2a(2p*+ot)+(2p*—ot)? PB+

> P ) < my (p"*, p™ ) and

By the definition of p©&*, nA(

Since w4 (ps, pPB*) is a

a—at+\/a2—2a(2p*+ot)+(2p*—ot)2 PBx PBx PBx
ﬂA( 5 0 =m0 )

a—ot—/a2—2a(2pPB*+ot)+(2pPB*—ot)2
2

concave quadratic function of p, when <py <

a—ot+yaz-2a(2pPB*+at)+(2pPB*—ot)?
2

and m,(p’,pP8*) > m,(pPB*,pPB*) , it follows that

m,(py, p™) first increases then decreases in p, when

a—ot—/a2—2a(2pPB*+ot)+(2pPB*—at)2 a-ot+/a?—2a(2pPB*+at)+(2pPB*—ot)?

Pa €[ > ) . 1 . The

PBx* PB=*

maximum of m,(p,,p™°") is reached at p,s; = argmax,, H;(ps,p"°"), Where p,s =

(1-k)pPB*z+a(1-2)(1+kz)
2(1-kz?)

But under the assumption of t <

(1-2)a 2a(1-z)(2—k(1+22))
2(1+2) ' (1+2)[4(2—2)—k(3—22z+322)

min{ ]}, one can verify that m,(p', pP8*) < m4(pas p*8*) =

Hs(pas, pP*) < Hy(pas pT8*) < Hy(p*5*, pPB*) = m,(pPB*, pPB*), which contradicts the

assumption that . (p’, p2*) > m,(p?8*, pPB*). As a result, (A1) cannot be true.

Case 2: (A2) is true.

If (A2) is true, then H,(p’,p"5*) > H,(p"B*,p"B*). In this case, the marketplace will

recommend product B to all uninformed consumers. Note that H,(p,4, p*) is maximized at

8



zpPB* +(1-2)a

, . " (1-r)(1—k)
Pa1 = f’ and Hl(P ,PPB ) < Hl(pA,llpPB ) = -

s C Sl

2
We next show that when k > ﬁ Hy(pa1, pT8") < ma(p*,0%).

1-r
4B(1-22)

2a(1 - 2)(2 - z — k(1 - 22))) — p"*((2 - 2)% - k(2 — 4z + 329))],

w4 (pP®*, pP2*) — Hy (PA,1»PPB*) = [—az(l —k)(1 —2)% + pPB* (Zkat(l -z +

1
(2—-2)2+k(2—42z+322)

which is positive if and only if <kot(1 -z +a(l- z)(z —z—

k(1—2z)) -

\/k(l —2z)2(1+2) (aZ(Z —k(1- Z)) + ko?t?(1+2z) + Zaat(Z —z—k(1-— 22)))) <

(2-2)2+k(2—4z+322)

pPB* < L <kat(1—zz)+a(1—z)(2—Z—k(l—22))+

Jk(l —2)2(1+ 2) (a2(2 —k(1—2)) + ko2t2(1 + z) + 2act(2 —z — k(1 — 22)))).

2
One can verify that when k > izz and z < % pPB* always satisfies the above inequality. m

2

Proof of Proposition 3.

Without loss of generality, we focus on seller A’s profit, because it will be proportional to the
marketplace’s profit. In equilibrium, seller A’s profit under the profit-based recommendation

system is

(1 —7r)pPB* (k to 1-k
PBx ,.PB*\ _ _ _ .2 PB* _ .2 PB*

One can show that M = %{[g [a + %’ - pPB*] + g (a — pPB*)] a’;—f* +
o[- s ) = 5 B e ()



Proposition 3 has shown that p”2* is concave in o. Moreover pF8* - gwhen g - 0,30

apPB /pPB~ . PBx _ @
5a/0 < 0 must imply p™** < >
apPB*/pPB* _ (k 1—k) _ PB+ apPB* Kkt PB (apPB*/pPB*
Hence, when ——-"— < —1, (3 + 17 ) (¢ = 2p™*") == < 0and - p Gse T
9 PB*' PBx
1) <0,so%<0. n

Proof of Proposition 4.

Let Ap* = pPB* — pPN* be the difference between the equilibrium prices under the profit-based
recommendation system and under the fit-based one. We need to show Ap* > 0 when ¢ < &,

and Ap* < 0 when ¢ > &. Because pPB* is convex in o and pPV* is linear in o, Ap* is also

. .. . a _a (1-2)(2-k(1-2))
convex in a. It is important to observe that Ap*|,_o = AR u— > 0, and

2(1-k)z
tk(1-z2)

Ap*ly=5 = a. So, forany o’ = ¢pd < &, where 0 < ¢ < 1,

N R

—%=0When0'=5=

Ap*| =g’ < PADP™ |50 + (1 — Pp)Ap*|5=5 < 0; Forany ¢’ = ¢pa > o, wherep > 1,0 =
1

¢_1Ap*|,,_,0 >0 m

8p"lo=g < 58" l5-0 + 55 Ap" =gy, which implies Ap*|,—g, > —

Proof of Proposition 5.

Under both types of recommender systems, when both sellers set their prices to be p; = p, a
(1-m)p (k

B {E
{A, B}. Therefore, a seller’s equilibrium profit under the profit-based recommendation system is

(@+Z-p)+(a-p)}je

seller’s equilibrium profit can be written as 7°(p) = =

mPB* = g0 (pPB*), and its profit under the price-neutral recommendation system is wFV* =

m®(p™").

7°(p) increases with p when p < p** @ £ + *7"0*D _ 1 decreases with p when p > p™*.

2 | 4(2—k(1-2))
When ¢ < &, pPB* < pPN* < p*™*, so nPN* < nPB*. By contrast, when ¢ > &, pP2* < pPV* <

p**, so wPB* < mPN*,

10



The proof for the marketplace’s profit is similar because the marketplace’s equilibrium profit is

proportional to a seller’s equilibrium profit. m

Proof of Proposition 6.

Under both types of recommender systems, when both sellers set their prices to be p; = p, the

consumer surplus can be written as

0(p) = et lamp-t)? | 1-0 (a-ptt)?] 5. ot 1 [otl (a-ptt)? | 1-0
CS°(p) = k[ftzt [2 2B + 2 2P ]dt‘+ 0 2t [2 28 + 2
((2—2)(a—p)2+(2+z)ti2)
t2t (4-z2)B

—(“‘Zj") |at]+ @ -k

dt;

1[k [t
=El?l§+(a—p+at)(a—p)l+(1‘k)< 2+ 2z 3(2—-1z)
1{@( 2(1-k)

21—-k) )
3 E+ﬁ>+ (a—p+ot)(@a—p)+—— 712 (a—P)l-

32 2
2(a p)+ 2t )l

B

Suppose the equilibrium price is p* and the consumer surplus is CS*, then

dcs* _ 9cs°(p*) N acs°(p*) op”

do do ap* do’
and d?cs* _ 9%2¢s°(p*) , 9%¢s%(p*) ap* " acs®(p*) o%p* _ 4-k(2-z) dp*
do? do? ap*? do ap* dc2 B(2+z) do

2(a-p*)(4—k(2- z))+kat(2+z) 92 p
2B(2+2)

If < 0, then —_ > 0 must be true.

Under the fit-based recommendation system, the equilibrium consumer surplus is CSF8* =

CSO(pB*). Note that our parameter region implies t < % SO

11



dCSFB* kt(3k0‘t(1—22)(4—k(2—Z+222+Z3))—2a(4(2+22)—2k(4——2+7zz+23+Z4')+k2(2—Z+6ZZ+4-Z4+ZS))>

do 16,8(2+z)(2—z—k(1—z+zz))2

kt(3ko‘t(1—zz)(4—k(2—Z+ZZZ+Z3))—2a(4(2+22)—2k(4—z+722+Z3+Z4)+k2(2—Z+6Z2+4Z4'+Z5)))

< > .
16B(2+2)(2—z—k(1-z+22)) o=1t=;
_ a?k(16(2+z2)—4k(11-2z+112%4223+22%)+k? (14— 72z+2422+623+10z%+2%)) >0

64B(2+2)(2—z—-k(1-2z+2z2))?

Under the profit-based recommendation system, the equilibrium consumer surplus is CSF5*

Cs° ™).

aCSPB* _ aCSO(pPB*) aCSO(pPB*) apPB*

do oo opPB* oo ’
and aZCSPB* _ aZCs()(pPB*) aZCso(pPB*) ) apPB* + acso(pPB*) ) aZPPB* _ _ 4—k(2—2) . apPB* _
do? dc? apPB*2 do dpPB* do? B(2+2) do

2(a-pPB*)(4-k(2-2))+kat(2+2) 92pPB*
2B(2+2) 9g2

PBx
Let o be implicitly defined by a”T ls=o+ = 0. * is uniquely defined because Proposition 3

aszB* apPB* apPB*

has shown that ——— > 0. As aresult, —— < 0 when o < 0", and —— > 0 wheng > ¢".

. dcsPB* . 9pPB-
When o < ¢, > 0 must be true since =>— < 0.

" az PBx 62CSPB* } acsPB* ;
When ¢ > ¢*, because —2— > 0, <0,ie, decreases with o.

da? do? do
aCSPB* A aCSPB*

Hence, to show that =0 for all o, we only need to verify 5o >0 when o = 1.

aCSPB*
> 0 when ¢t ==
do 2

Similarly, we only need to verify

12



aCSPB*
oo U=1I=%

a?

— @ | _1(_ _ 2
= (2775 k( 24+k+z—kz+kze +

2(-2+2)%+k?z(-5+8z—322+22%)+k(-6+13z-1422+323)
V4(—242)2+4k(—2+72—-822+23)+k2(-1-122+1422—423+724)

)(4—22+k(—5+22+22)—

VA(2+2)2+ 4k(—2+ 72 — 822 + z3) + k2(—1 — 12z + 1422 — 473 + 724)) +
1 81-k)(- - 2
k2(2+z)8(1 k)( 24+ k+z—kz+kz*+

2(—2+2)?+k?z(-5+82z-322+22%)+k(-6+132—1422+32%)
Va(=2+2)2+4k(—2+72-822+23) +k2(—1-12z+1422-423+72%)

)(—4+22+k(3—22+22)+

VA(—2+2)2 4+ 4k(—2+ 7z — 822 + z3) + k2(—1 — 12z + 1422 — 423 + 724)) —

(-1 +22)(—4+ 22+ k(3—-2z+2z%) +

VA(—2+2)2 4+ 4k(—2+ 7z — 822 + z3) + k2(—1 — 12z + 1422 — 423 + 724)) 1-—

2(—2+2)%+k?z(-5+82z-3224223)+k(-6+132z—1422+323
—2tktz—kztkzi ( )+k( )

4(—2+2)2+4k(-2+72-822+23)+k2(-1-12z+1422 423 +72%)

k(—1+2z2)

72

2—2z2

One can verify that when 0 < z < %and < k < 1, the above expression is always positive.

Proof of Proposition 7

Part (1)
Let us consider an uninformed consumer with signal ;. This consumer’s expected consumer

(a—pa+i;)? 1 (a-pa+t;)?

2 +(1-0) ftie[_t’t]\{fi}z 2 dt; if product A is

surplus is E[CS;u|ti] = o

13



recommended, and is E[CS;p || = %+ (1-0) ft-e[—tt]\{t}zlt%dt if

product B is recommended. Thus, the marketplace will recommend product A if and only if

E[CSiy [CSisulti], ie., £ > tocs(Pa p) = A2

20

Hence, seller A’s demandis D, = k- ffz,csE[in’Ulfi] dr:(t) +

Demand from uninformed consumers

1=k [  qu, dF(t)

Demand from informed consumers

and its profit is (1 — r)p,Dy,.
Conditional on pg = p©B*, seller A’s profit is

Hy(pa, pP"),if py — p©* > 2to
T4 (Pa, pP*) = { Hy(pa, 05", if Ips — p©*| < 2t0,
H3(PAJPCB*):ifPA - pcs* < —2to

where H; (ps,p®*) 2 (1 —1)p, [1 R(L— —Pat+— PCB*)]’

14z 1-z2 1-z2

" k _2CB* 1+% 1-k 1
Hy(0a,p®") 2 (1 —1)py4 {ﬁ(l —%) (a —p,+ tg+> ¥ (L_ L opat

2to
z CB*
1-z2 p )}’

and Hs(pa, ") £ (1 — T)PA{ (@ —pa) + _(L B 122 Pat i PCB*)}'

1+z

In the symmetric equilibrium, p, = pg = p“B* and FOC is satisfied. The FOC can be expressed

as
2a(2—k(1—z))(1—z)—4-pCB*(2—k—z+kz—kzz)+kt(1—zz)a_E CB*(CZ— CB*) dtocs (pCB*p¢B*)
4(1-z3)B B Opa
pCE* cs+y . L
B (@ =p=") -+

From this, one can solve the equilibrium price:

14



pCE* = Zk(f_zz) k(1—22)+46(2—z—k(1—z+2%)) — <(k(1 —z)+46(2-2z-

k(1—z+ z2)))2 —46k(1-2)(1-22)(2(2 - k(1 - 2)) + k(1 + z)&))z

The above analysis assumes FOC generates global optimal solutions. We need to verify that
I_.,CBx
there does not exist p’ such that |%| > t and 7, (p', p€B*) > 1, (p©B*, p€BY).

Suppose the above statement is false, then one of the following two (mutually exclusive)
conditions must be true.

(Al):p’— 8" > 2tg and (1 - rp’ [ =5 (= -

G LA b (G
) (a— CB*) n kta]
1+z

1
1-2z2 p, T

! * 7 k , .
(A2): p' — pCB* < —2tg and (1 — r)p {E( )+_(L_1_1 b+ p)} >

1+z z2
17T cBs [(E ﬂ) pCB* "t"]
B p 2 T 1+z (0( ) T

Case 1: (A1) is true

e i e S Ee

1+z

increases with p” when p’ < %((1 — z)a + zp©B*), and decreases with p’ when p’ >

%((1 — z)a + zp®B*). In addition, one can show that H, (p’, p*5*) < 0 when p’ = pB* + 20t.
So, (A1) is true if and only if (a) Hy(p',p°®*) > 0 atp’ = ~((1 — 2)a + zp°®*) and (b)

%((1 — 2)a + zp©F*) > p°B* + 2to.

Condition (a) and (b) are equivalent to

(1-2)a
2[(2—-2)2-k(2—42+322)]

CB*

p®®* < min {; IZ(Z—z—k(l—Zz))+(1+z)k5—

(1-2)-45¢

2-z

(]

J(1 +2) (k (4(2 — k(1 - z))) +46(2—z—k(1—22)) + k(1 + 2)52) l,a

15



It can be verified that the right hand side strictly decreases with &, but p¢&* strictly increases
with . So, there exists ¢ such that (A1) is true if and only if ¢ < g. In other words, when ¢ > g,
(A1) is false.

Case 2: (A2) is true

a 1

' g =y (2 1y Z_pese\l 1T e (K
Note thatand (1 —r)p {ﬁ (a—p")+ 5 (1+Z P +t—p )} 5P [(2 +
1-k 1
E 2(-kz2) ((1 - Z)(l + kZ)O( +
z(1 — k)p“E*) and decreases with p’ when p’ > 2(1_;]”2) (1-2)(A +k2)a + z(1 — k)pE").
In addition, one can show that H,(p’, p¢*) < 0 when p’ = pB* — 24t. So, (A2) is true if and
only if () H,(p',p8*) > 0 when p' = m ((1-2)A +kz)a + z(1 — k)pB*) and (b)

L ((1 = 2)( + kz)a + z(1 — k)p©E*) < p©B* — 2t0.

2(1-kz2)

) (a —pB*) + Zﬁ] increases with p’ when p’ <

One can show (a) is always true but (b) is always false. So (A2) cannot be true.

In summary, there exists a symmetric equilibrium when o > g. In the equilibrium, p¢8* =

a
2k(1-22)

k(l—zz)+45(2—z—k(l—z+zz))—<(k(1—zz)+45(2—z—k(1—z+

2

2
22))) —46k(1—-2)1-22)(2(2-k(1-2) + k(1 + z)&))
Part (2)
dcs' _9cs | 9¢s  op®P LYkt o cpey _ 07" (K 40K ¢ che )
do - ao-+apCB* do _3[2 (a p ) o (20-t+(k+ otz )(a p ) ].A
higher profiling accuracy can hurt the consumers and the marketplace if

9 CBx kt(a— CBx* A 9 CB* /,,CB* CB* 4(1-k CBx*
P (ﬁl_r’k) ) e, 2w CB*+(1+ ( )) (p )
do akt+2(k+W)(a—pCB*) do/o a-p k(2+2z) to

Proof of Proposition 8.

Let us consider an uninformed consumer with signal £;. The value of the recommendation

system’s objective function for product A is g;4(£;) = vV Y 1p¥ (a + ot; — p4)1™", and for

16



product B is g;g(£;) = vV BY 1p¥ (a — ot; — pg)* ™. Hence, the marketplace will recommend
w w 1 1
<pB -py ) (pB -py )
o{o )

Daw) = k- f; ) BldF:GE) + (A=K [ qua dF(t)

Demand from uninformed consumers Déemand from informed consumers

product A if and only if £; > £,(w) = . Hence, seller A’s demand is

and its profitis (1 — r)p,Ds(w).
In the symmetric equilibrium, the FOC must be satisfied:

kw

2a[2-k(1-2)] + kto +
1+z to (1 w)

= 0.

2 k- _[4(1—k)_4kz2 ak(1+w)
p to(1-w) 1+z 1-z2 to(1-w)

+4t(1 — w)] +

The equilibrium price is

PW) =g | kAW A -2 +46(1-w)(2 -z - k(1 -z +2%)) - <(1 _

w) (k2(1 ~w)(A ~ 222+ 8k6(1 — 22) (L~ Wz +w(2 — 2 — k(1 — 2 +29))) +

462(4(1—w)(2—2)? —8k(1 —w)(2 — 3z + 322 — z%) + k*(3 — 8z + 1422 — 825 + 32* —

aw(l—z+ ZZ)Z)))>E

It can be numerically verified that p* strictly increases with w, and p*(1) = a. Note that p*(%) =

pPB* and pPB* < p** < a, so there exists a unique w** > 1/2 such that p*(w**) = p

ANALYSES FOR ALTERNATIVE SPECIFICATIONS
The Case of Unit-demand

Price-neutral recommendation system

The marketplace will recommend product A to an uninformed consumer if and only if her signal
t > 0; otherwise the marketplace will recommend product B.

17



Product A’s demand is

1
2 A 1 1

DEY @) = k- [ auCal i+ (1= 0 [5a,(al = @) + 5 q a1l = b))
0

and the product B’s demand is

0

N gn 1 1
DEYae) = k- [ L au(BIBdE + (1 - B [;a,Bl = ) + 5 0Bl = )]
2

Seller A’s profitis (1 — r)p,Di® (p4, pg) and seller B’s profitis (1 — r)pgDEE (p4, ps).

Maximizing their respective profits yields the equilibrium price, pV*. We numerically solve the
symmetric equilibrium.

To verify whether Proposition 1 and 2 in the main model, i.e., the equilibrium price and the

equilibrium profits for the sellers and the marketplace will strictly increase with o, still
apPN*

Py > 0 and

qualitatively hold in the discrete-choice model, we have numerically verified that

PN*
a’;g >0 at every grid points of (o,k,V,,Vy) = (0.0052,,0.1z,,0.525,0.52z,) , where
Z4,2,273,Z4 are integers, 0 <o <1,0<k<1,-3<V, <3,andV, <Vy < 3. (It is easy to
see that h is only a scale parameter for prices and profits that does not qualitatively influence the

-5\ _
results.) In this numerical examination, we have used [(o+107%)~/ (@)

10-5
a * * : : >
é, where f € {pN*, 7PN*} and the expression m represents either the seller’s profit or the

marketplace’s. Hence, our numerical experiments show that our qualitative results in Proposition
1 and 2 are robust to when consumers have unit demand for the products.

to approximate the value of

Profit-based recommendation system

Product A’s demand is

1

2 o 1 1
DiP(pavp) =k | quAlD)di+ (1 —k) [EQI(A” =a) +EQI(A|Z = b)];

£o

Product B’s demand is
to o 1 1
DE (aps) = k- [ | auBIDdE+ (1= ) [0l = @) + 5Bl = b)]
~2

Seller A’s profitis (1 — r)p4DIB(p4, pg) and seller B’s profit is (1 — r)pgDEE (4, p5)-

18



We numerically solve the symmetric equilibrium. Let p©2* be the equilibrium price under the
profit-based recommendation system. Figure A1XX shows how the equilibrium price changes
with a. (In this plot, Vy =1, V, =0.) Similar to Proposition 3 in the main model, the
equilibrium price first decreases and then can increase with o.

Figure Al Effect of o on the equilibrium price

Equilibrium
14a[  Price

+ 1.

Similarly, Figure A2XX shows that it is possible that an increase in o can decrease the
equilibrium profits for the marketplace. (In this plot, Vy; = 1, V, = 0.5, and k = 0.2.) Similarly,
a seller’s equilibrium profit can also decrease with a. This is qualitatively the same with
Proposition 4 in the main model.

Figure A2 Effect of & on the equilibrium profit

Marketplace’s
profit

Comparison between systems

Figure A3 compares the equilibrium prices under the price-neutral recommendation system
(pPN*) and under the profit-based system (p?2*). (In this plot, Vy; = 1, V, = —0.5, k = 0.5). This
figure shows that pP¥* > pPB* if and only if o > . Moreover, the equilibrium price under the
profit-based recommendation system, pPB*, is the same when o = & and when ¢ - 0. This
shows that under the profit-based recommendation system, the recommendation-competition
effect will drive the seller to set a medium price, which is the equilibrium price when ¢ — 0. The
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result is qualitatively the same as Proposition 5 in the main model. Similarly, we can verify
Proposition 6 also qualitatively hold.

Figure A3 Equilibrium prices under price-neutral and profit-based recommendation
systems

Equilibrium
:Pﬁm

1.480

Consumer Surplus

Finally, we investigate how consumer surplus changes with o. It is well known that a consumer’s
expected surplus is E[CS;] = In(1 + Zjecie"ii‘h”i), where j € {4,B} and C; is consumer i’s
consideration set for the products.

Note that under both the profit-based and the price-neutral recommendation systems, in
equilibrium the marketplace will recommend product A (B) to an uninformed consumer if and
only if her signal £; > 0 (£; < 0). Suppose that the equilibrium price is p* for both firms. For an

uninformed consumer with signal £, the marketplace will recommended the product of expected
1+20]|f|

valuation V, with probability Pry () = , and the product of expected valuation V; with
1-20]|f|
2

e/n="y 4 =2 (1 4 evi-he'y,

probability Pr; (f) = Hence, her expected surplus is E[CSy;(£)] =%€|f|1n(1+

For an informed consumer, since she knows both products, her expected surplus is E[CS,,L-] =
In(1 + V=" 4 gVi=hp™y,

As a result, the expected total consumer surplus is

CS(p*,0) =k - f_%lE[CSU,i(f)]df +(1—k)-E[CS;]

240
4

=k [ In(1+e"#="P") + ZjTaln(l + eVL‘hp*)] +(1—k)In(1 + eVu=hP" 4 gVL=hr™y,

To verify whether the consumer surplus increases with ¢ under both types of recommendation

dcs(pPN*0) dcs(pPB*,0)

systems, we have numerically verified that > 0 and > 0 at every grid
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points of (g, k,V,,Vy) = (0.005z,,0.12,,0.525,0.5z,), where z;, z,, z3, z, are integers, 0 < g <
1,0<k<1,-3<V, <3, andV, <Vy <3,. In this numerical examination, we have used
f(o+1075)—f (o)

10-5
qualitative results in Proposition 7 are robust to when consumers have unit demand for the
products.

. 2 . .
to approximate the value of é. Hence, our numerical experiments show that our

In summary, all the results in the main paper hold qualitatively in this alternative discrete choice
model. Hence, our insights equally apply to both when consumers can buy multiple units of the
products and when consumers have unit demands for the products.

The case of dual-orientation marketplace

Dual-goal recommendation system:

We consider the dual-goal recommendation system that recommends the product with the higher
expected dual-goal payoff w; = s - CS; + (1 — s) - I; to consumer i.

Conditional on an uninformed consumer’s signal {;, the marketplace’s dual-goal payoff from this
consumer will be

. 1
w;(Alt;) = o5

5 [2(1 = s)(@ = pa+at)rpa+s[(A - (@ =pa)* + (1= 0)* =

+o(a—pa+£)7]]

if product A is recommended. The dual-goal payoff from this consumer will be

. 1
w;(Bt;) =23

5 [2(1 = s)(a@ = ps — ot)rps +s[(1 - o) (a—pp)* + (1 —0)? - —

+a(a—ps —1)?]]
If product B is recommended.

S
Pa—DE 2(patpp-a)t 5, (2a-pa—pp)

Let H(py,pp;s) = . The marketplace will recommend

2 (PA+PB)+(1_;S)T'(ZC¥—PA—Z73)

product A if and only if £; = o > % “H(pa, pB; S).
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It can be shown that H is convex in p, and concave in pg. In a symmetric equilibrium with p; =

1_
, Eo,¢ Will increase with p, (at p, = p) if and only if p* > 52 if s > =

_(1—s)r

pg=p5ifs <

o
1+r
£o,s strictly decreases with p, (at p, = p*) for all p* > 0.

Seller A’s profit under the dual-goal recommendation system will be

1—-r
7TADG: B Pa

k H(pa, 0B; S) to H(pa, pg; S)

i [ a 1 4 z ]
) 1+z 1-—z2PaT1_,2Ps
The game can be numerically solved. We numerically checked that there will be a unique

solution to FOC that satisfies SOC and yields positive profit. In addition, a sufficient condition
for the solution constitutes a symmetric equilibrium is that ¢ > g.
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