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Appendix A Proofs of Results
A.1 Proof of Equilibrium Under No Restriction Policy

The profit maximization problem of E and R can be written as

€Ep €pr
max mp= max | N,——— + N,—— | — (eg, + €p, 13
€Eps €Er v €Eps €Er " ( PeEp + eRp Cpr + em«> ( ep F )7 ( )
eRp €Rrr
max mp= max |azp,Ny————— +apN,——— | —(erp + €xr). 14
€Rp;> €Rr f €Rp> €Rr ( fw PeEp +6Rp " eE’I‘ + eRr> ( fp " ) ( )
First-order conditions are:
om e
5 = =a,N,——F— —1=0, (15)
€mp (epp + €rp)
om Crr
= =a,N,——"—— —1=0, (16)
O€py (€sr + €nr)
o ap,IN, €
e PR _1=0, (17)
O€prp (epp + €np)
a7-‘-}%3 aRrNreEr

= —1=0. 18
O€pry (eET—i-eRT)2 (18)

From the following first-order conditions, we can obtain the equilibrium levels of ad expense by
substituting ep, = —€g, + 1/, Npep, (from equation (17)) into (15) and ez, = —ep, + Vg N, e,
(from (18)) into (16).

2 2
NR __ OZEOéRpr NR __ aEaRTNT
eEp - 2 eEr - 29

(g + agp) (ap + atgy)
2 2
Rp — 29 “Rr T 2
(g + agyp) (g + agy)

To make sure the solution is a global maximizer over the assumed parameter ranges, we check the

definiteness of the Hessians:

o 2aENpeRp O
H — (eEpJ’_eRp)
2 0 o 2agpNrep,
(EET‘+6RT‘)3
2aRpNPeEp 0
T T N\3
HR — (eEp+eRp)
0 __2appNregy
("?’ETJF@RT)S

It is obvious that both Hessians are negative definite over the entire parameter ranges. Using the

equilibrium ad-budgets, we can obtain the profit of the platform under the no restriction policy:

NR __ _NR NR NR NR
7TP - eEp + eEr + eRp + eRr?

N, N,
=C¥E< ARrplVp n QppiVy ) (19)

Qp+ Qpy  Qp+ Qg
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A.2 Proof of Equilibrium Under Equal Treatment Policy

With the fairness constraint ENL;’ = e]f;:, we have ep, = %em- To simplify the notations, we define
n= % and substitute the constraint into the advertisers’ profit maximization problem:

Negr €nr N,
max Ty = max o, <Np E + N, r > — (JeEr +€pr),

epr epr nepr + erp "epr + €nr N,
6’Rp CRrr
max 7mp= max |(ag,N,——— +apN,——— | —(erp + €rs).
€Rp> €Rr f €Rp> €Rr < i pneEr + €Rp f €pr +6pr> ( fip f )
The first-order conditions are:
on ne e
= =a, | N, L +N, |- (n+1)=0 (20)
Oepy (neg, + €erp) (egr + €rr)
o ArpyNyneg,
e P 1=0 (21)
O€prp (neg, + enp)
on apr N, €5,
e P 1=0 (22)
aeR’r (eET + €R’r‘)
From the conditions (21) and (22), we obtain that ez, = —neg + r/ar,Npyneg,

and ep. = —eg, + Vg N,eg.. After substituting these back into (15), it is straightfor-
ward to solve for the solutions, with the notation B, = ,/az,ar.N, + /0r-0r,N, and
By = (o + agp)ag Ny + agp(og + gy )N,

B\’ B\’
ey =N, (B;aﬁ) , en =N, (B;QE> ,

GPT _Bl [\/aRpaRr(Np_'_Nr)"i'aE (\/@_\/QRT) Nr] N

Rp B2 QpQpplVp,
o Bl [w/OéRTOsz(Np—FNr)‘FOZE (‘\/aRT‘_\/@) Np]
Cn. = B2 aEaRrNr-
2

To make sure the solution is an optimal solution over the assumed parameter ranges, we check

the second-order conditions.

0’y n’ex Enr
5 = 200 | Ny F—+N, s <0
eET (neEr + eRp) (eEr + eRp)
2agp Npneg, 0
T T N\3
HR — (neET+eRp)
0 __2appNregy
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Using the equilibrium values of ad budgets, we can obtain the profit of the platform under the equal
treatment policy:
T, =e, +e, +e, +en

F
B ozEaRpaRT(Nj + N2) + apy/QrpQp, Ny N (tgyp + gy
(aE + aRp)aRer + aRp(aE + aRr)Nr ’

(23)

It is straightforward to see that the second-order conditions are satisfied for the optimal solution.
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We now proceed to show that under the no restriction (NR) and equal treatment (ET) policies,
protected users will see fewer economic opportunity ads than regular users. That is, f., < f.,, under

both NR and ET.

Showing that f; < f."

ET

Following the definition of ad share f;;, we have:

NR

NR __ eEp _ aE

Ep ~—  _NR NR ’
€p T €ry,  Qpt Qpp

NR
NR __ eEr aE
Er N R

€+ €n Oyt gy

Comparison of ad expense levels on protected users between advertisers:

NR NR
eRp - eEp
2 2
_agag, N, o og, N,
- 2 25
(ap + agy) (g + agy)
0y N,

=————— (agp — ) >0 when agy, > .
(s + agp)

Comparison of ad expense levels on regular users between advertisers:

NR NR

enr —elr
_ aza? N, a?ag, N,
(ap+an)  (ap+ag)”
gy N,
—% (g, — ) <0 when ag, < ay.
(ap + agy)

Showing that f;, < f; :

ET *

Follow the definition of ad share f;;, we have:

ET
ET __ 6Ep _ aEBl
Ep - ET ET ’
€t €r,  \/OrpBo2
ET
fE‘T _ €. _ aEBl
ET

ET ET .
€p, + Err V aRrBQ

Compare two advertisers’ expenses on the protected users

e, —er =N,
P

<31 )  Bi[Vamen (N, + No) + o, (am, = Vaw) N,]

Rp P EO‘E B22 aEaRPNP7
a,N,B
:Tgl (aEBl - aRp [\/ aRpaRr(Np + Nr) + Qp (\/ aRp vV aR’I") N'r’]) )
2
_aENpBl

52 [aE (‘ [ ppQpr Ny + 24/ gy N, — /aRposzNT) — /CrpQppOip (N, + Nr)] .
2

ET ET O‘RPO‘RT(NPJ"N"’) :
Therefore, we can see that ej’ < e when a, < 3 e Ny tan Np—amy Ny We denote this upper

threshold for «,, as &'". Notably, we find that &} is larger than oy, with the following comparison:



22

Fair Advertising

_ Qpppr (N, + N,.) .

20 N, + e Ny — oy N,

—a [oer(prLNr)—ZMNT—QRTNP—FQRPNT]
oo 2/ Cp0ir Ny + 0ge Ny — g N, ’

Qpp — 24 /OppOlpy + Oy ) N,
:aRp[ (RP il R) ]>0

ET—h

Gy — Qgp

2,/Qrp0g, N, + g, Ny — 0, N,
Compare two advertisers’ expenses on the reqular users:

vy (Bl >2 B B, [ﬁ/aR,aRp(Np + N,.) + ay («/Oém — /osz) Np]

€p — Cg, EQE B% aEaRer
OZENTBl
:TS (aEBl — Qg [q/aRraRp(Np + N,) + (q/am — 4/oz,;fp) Np]) )
OéENrBl

:TS [aE (q/aRraRer + 2\ /Qppar,. N, + aRpw/amNr) — QppQprr/Cpr (N, + NT)] .

aRporr (Np+Nr)
2\/mNp—aRer+aRer °

Therefore, we can see that e’ > e when a, < We denote this upper

threshold for o, as &%

Compare ad E’s market share between user groups

. ET er _ _apbB apBi . ET ET
With f, —for = JamB;  van By We can easily see that f, <fs aslong as ag, < ag,,. [ |

A.3 Proof of Equilibrium Under Equal Exposure with Equal Treatment Policy

We now solve the problem under the equal exposure with equal treatment (EET) policy and derive
the optimal result. We know that under equal exposure with equal treatment, the platform announces
a budget increase of E by Ae = 0 for the protected user in order to close any exposure gap. Thus,

the number of impressions received by advertisers E and R, respectively, are as follows:

+ Ae
B_ N, T2C 24
" Pepy + Ae+epn,’ (24)
R €Rrp
Y VA S— 25
" Pepy + Ae+eg (25)
nf =N, (26)
6Er +6RT
nf = er_ (27)
eEr +6R'r

Under equal exposure with equal treatment policy, we need to solve the problems of advertisers E

and R under the following two constraints:

. €p €r
Equal Treatment Constraint: — = —,
» N,

E E

np nr

Equal Exposure Constraint: — =

=
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Substituting the values of n/ and n” from (24) and (26), the above constraints can be re-written as

follows:

N,
Equal Treatment Constraint: ey, = ﬁpe Ers (28)

T

€prrp — €pCrr
Equal Exposure Constraint: Ae = ———2__FP AT (29)

€Rr

The profit functions of E and R can be written as follows:
WRzaanf—kamnf—eRp—eRr, (30)

E E
T = Qn, +an, —ep, —ep,. (31)

We solve for a rational expectations equilibrium. Thus, both E and R rationally internalize the
constraints in (28) and (29) in their optimization problem. Thus, the problem of E can be written

as

max Tg,
€Ep:€Er

Subject to: (28) and (29).
Similarly, the problem of R can be written as

max TR,
€Rp>€Rr

Subject to: (28) and (29).
We now proceed to solve the problems of E and R. Since the constraints in (28) and (29) are equal-
ity constraints, we can directly substitute these constraints in the objective function. Substituting

the values of Ae and ey, from constraints (28) and (29) in 75, we get

o= €rr (NpaRp + NraRr — €rp — eRr) — €pr (eRp + eR'r‘) (32)
f €pr + Err .

Taking derivative of mr with respect to eg,, we get

67rR
=—1.
O€nrp
. o . . . . . .
Since gg}f < 0, the optimal value of eg, is the minimum possible value. In equation (29), we see that
P
_ eEreRp—eEpeRT . . . . . o . . .
Ae = =P =P g increasing in ep,. Since R wants to choose the minimum value of eg,, it will

€Rr
choose e, such that Ae = 0. Thus, solving Ae =0 for eg,, we get

enp = % (33)
T

From ET constraint in (28), we know that % = %—ﬁ Substituting this in the above equation, we get

_ Npeg,

Erp N (34)
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Substituting the optimal value of ep, from above in the expression of 7x in (32) and taking

derivatives with respect to eg,, we get

0rr  —ep, Ny (Npgp + Nptge) 4 2eppeg, (N + N;) + e2 (N,+N,)+e2 (N, +N,)

=— 35
O€py N, (egr+€gr)? ) (35)
Pnr  2ep (Npagy + Nyag,) 36
oe2 3 (36)
Ehr (epr + €rr)
Solving gz—; =0 for eg,, we get
egr N, (N, + N,.) (N,g, + N,ag,

€nr = VeerN: (N, Npl(N:’ u ) — e (37)

Since igR <0, the above solution is optimal.

Rr

We now proceed to solve the problem of E. Similar to the above, substituting Ae and ey, from

constraints (28) and (29) in the expression of 7 in (31) we get,

o} 1
Er Rr r

Taking the derivative of wg with respect to eg,., we get
aﬂ-E Qp€Rrr 1
=(N,+N,)| ———— — ,
aeE'r‘ ( b ) <(€E'r + eRr) 2 Nr>
0’y _ 2ageR. (N, + N,)

oe?, N (epr + €rp)?

2
We see that i’;e’;E < 0. Thus, 7g is concave in eg,, and the solution to the first-order condition will
Er

org __
aeET -

0 for eg,., we get

€nr = /Opr/€prN/ N, — €pp. (39)

be optimal. Solving

Having obtained the optimal responses of both E and R, we now solve these decisions simultane-
ously to obtain the equilibrium decisions. Solving the above equation and (37) simultaneously for

egr and eg,., we get
« N (N, +N,) (N, + Nyag,)

_ , 40
= (N, (@ +ang) TN, (@ + an,))? (40)
o ay N, (Nyagy + Noag,) ‘ (a1)
fir (NP (aE+aRp) + N, (aE+aRT))2
Substituting the value of e%_ in (34), we get
ot apN, (Npyag, + Nyag,)? . (42)
P (N, (ap + agy) + N, (g + agy)) 2
Using e, = %’em from (28), we get
a2N, (N, + N,) (N,ag, + N,ag,
et = p( p ) ( pQrp ar) (43)

- (Np (aE + Osz) + N, (OCE + aRr))Q
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Having obtained the optimal decisions of advertisers, we can now write the platform’s profit.

LB * * * *
T =€, +eh, e, +egy,

o (N, + N,.) (Nyag, + N,.ag,)
N, (a; + agy) + N, (ap + ag,)

(44)

We now proceed to show that under the equal exposure with equal treatment policy, both adver-
tisers allocate their bidding expenses proportional to the population size of user groups. That is,

EET EET
eEp . eRp o NP

EET  _EET .
€r, en’ N,

From the equilibrium ad-budgets under the equal exposure with equal treatment policy, we can

EET EET

. . €p, N, .
easily obtain that —# = & = J2. Next, we compare the ad budget between the two advertisers:
Er “Rr T
EET EET
€r, — Cpp

B ay(Np+ N,.) (appN, + o N,) N,
[(aE + aRp) Np + (aE + OéRr) Nr]2

EET EET
e — €

Rr Er

_ay(N, + N,) (agy N, + ag,N,) N,
[(ay + apy) Ny + (v + gy ) N, ]2

[(arpNy + ap-N,) —a, (N, + N,.)]

[(aRpr +apN,) — o (Np + N,)]

We can see that these two comparisons share the main term. Therefore, to have e}’ < e}’ and
e’ <er", we require o, satisfies:

app Ny + ag, N,
N, + N,

Qp < Qp =

A.4 Proof of Theorem 1
(i) EET vs. NR: We first compare the profits of the platform under the equal exposure with equal

EET

treatment (EET) and the no restriction (NR) policies. Using the values of m,"" and 7" from (44)
and (19), we obtain:

EET __ _NR

T T

oy (Ny+ N,) (apy Ny + g, N,) B < gy N, N o N,
[(as + amp) Ny + (p + ape) No] " N+ oy i+ gy

(Np + N’r) (OCRpr + OéRrNr) (aE + OéRp) (OlE + OZRT)
- [aRpr (aE + OZRT) + arr Ny (OlE + CVRp)] [(aE + OéRp) Np + (OZE + OZRr) Nr]

[(avp + app) Ny + (o + ) Ni] (e + agyp) (0 + agy)
[arpN; + (arp + arr) NpNr + are N7 | (g + arp) (a5 + arr) — arpNy (ap + arp) (s + otry)
— arpNp Ny (ag + ozRT)2 —arrNp Ny (ap + aRp)2 — agrN2 (ar + arp) (g + arr)
[(as + Osz) N, + (g + ag.) N] (o + aRp) (ap + ag,)

=Qy

N,N, [(aRp + ag,) (ap + agy) (ap + ag,) — ag, (ap + osz)2 — gy (0 + am)2]
:aE

[(ap + agp) Ny + (0 + age) Ny (0 + agy) (0 + agy)
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NN, (agp — ozm)2 oy

=y =0
[(as + aRp) N, + (as 4+ age) Ny ] (o + O‘Rp) (s + ag,)

Thus, 7" =",

(ii) EET vs. ET: Now we compare the platform’s profits under the equal exposure with equal
treatment (EET) and the equal treatment (ET) policies. Using the values of 7,"" and 7" from (44)
and (23), we obtain:

e _ er _ Y (Np + N (@gpNp + e Ny) Qe (N7 + N72) + /0y O N N (i + gy
r r [(ap + arp) Np + (ap + gy ) Ny (g + app)ag, Ny + gy + ag. )N,

The sign of the above equation is determined by the numerators; thus, we focus on:

(N, + N,) (ppNp + g N, [(0p + gy ) 0 Ny + gy (0t + 0ty )N, |

— [rprrr (N2 4+ N7?) + \/Crp@rr Np Ny (0t + g ) | [(0 + @rp) Np + (0 + vy ) Ny ]
:aENer(\/ aRp Y/ aRr)Q [aE (aRp + ARy + \ aRpaRr) (Np + Nr) YA aRpaRr (aRpr + aRrNr)]

Therefore, when «, satisfies the following condition, equal exposure with equal treatment strategy

dominates equal treatment for the platform’s profit (7" > 7."):

TP _ V QrpQRr (aRpr + aRrNr) '
" (aRp + aRr + \/aRpaRr) (Np + Nr)

ap=Q

Thus, 2”7 = 7" when o, = &5°.

(tit) NR vs. ET: We now compare the profits of the platform under the no restriction (NR) and

the equal treatment (ET) policies. Using the values of 7" and 7" from (19) and (23), we obtain:
R app N, " g N, _ CVEO‘RPO‘RT(N;? +N7) + Qpy/ Qe Np Ny (0t + Q)
r r r ap+Qp,  p+ag, (g + app)ap. Ny + gy + age )N,

NN (O — /)2 (0 — /@p Q) [ Qp e + (O + /Oy + ) |

(ap + agp) (a4 agy) [(ap + agp) g, Ny + gy (0 + gy )N,

It is easy see that 7, = 7", when o, = | /0g,0n,. [ |

A.5 Proof of Proposition 1

We compare the ad-exposure gap between NR and ET. Let Af" = |f, — for["" and
Af* = |fsp — for|"". Then, we can write

aE(aRp - Oer) _ (\/ Qrp — 4/ aRr) (\/ aRer + \/aRer)
(o + app)(ap+an) (g + agp)ar. Ny + agp(ag + ag. )N,

_ s (y/Orp = /rr) (\/@rpOir — 1)

(ap + arp)(ap + agy) (a0 + agp) g, Ny + gy + g )N,)

|pr _fm“’NR - ’frp _fE7'|ET =

)

Thus, |fop — for|™ < |fep — for|”" when ay = \/&gpap,.. Therefore, the equal treatment (ET) policy

results in a lower level of fairness than the baseline no restriction (NR) policy. [
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A.6 Proof of Proposition 2

To compare the total number of ads E exposure, we first compare the ads E’s share (fy, and f;,)

among three policies.

(i) EET vs. NR: We compare E’s market share between no restriction (NR) and equal exposure
with equal treatment (EET) policies in each user group. For the protected group, we check the sign

BET NR
of pr —Jep ¢

EET __ £NR
Ep Ep
ag (N, +N,) oy

(o, + agp) Np + (o + age) N, Ca, + Qrp
(N, + N,) (op + agp) — (0 + aigp) Ny — (00 + gy ) Ny
[(ap + app) Np + (ap + apr) N (0 + tgp)
(o + agp) Ny — (a + agy) N,
[(cs + arp) Np + (g + ag,) Np] (o + )
o (pp — gy ) N,

= > 0;
[(os + app) Ny + (o + age) No | (ap + agy)

E

:aE

Similarly, for the regular users, we check:

EET __ £NR
ET ET
a, (N, + N,) oy

(o + agp) Ny + (ap + agr) N, oy + Qg
(N, + N,) (o + agy) — (o + agp) Ny — (p + ) N,
[(ap + arp) Ny + (ap + ) N (o + tgy)
o (Qrr — agp) Ny

= < 0.
[(ap+ arp) Np + (0 + age) Ny | (0 + agy)

- E

Thus, we see that

NR EET NR

EET > >

Ep Ep ) ET ET *

Next, we compare the overall consumer surplus in terms of the total number of users who saw ads

E:

Np( EET __ ;;R)_i_NT( EET __ NR)

Ep ET ET
_ o (g, — gy ) NN, N oy (Qgy — augp) NN,
[(ovp + agp) Np + (g + age) N (0 + agp)  [(0p + agp) Np + (0 + ) Ny (0 + gy
o (agp — agr) N, N, < 1 1 >
= — < 0.
[(ap+ app) Np + (ap + ap) N ] \ g +anp  ap+ gy

(ii) EET vs. ET: Following the same process as above, we compare E’s market share between
equal exposure with equal treatment (EET) and equal treatment (ET) policies. Among the protected

users, we calculate:
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E];ET B E]?
a,(N, + N,) B apBy
[(ap+ agy) Ny + (0 + ) N | /QrpBo
_ Qp (\/aRp AV aR7‘) N’r [(aF + aRr)(Np + NT)'\/ Qpp — vV aRer(aRp - aRr)]

[(ap+ arp) N, + (0 + ag,) N, | Bs
NP(aRp_aRr)\/aRr

EET ET

In the above, we can see that f;,” > f;,, when o, > NN e Qnr
For the regular users, we check:
EET __ £ET
ET ET
az(N,+ N,) apB;

a [(cvs + aRp) N, + (g + gy ) Ny a Vg By
o (\/oT?p— \/@) N, [(aE + app) (N + Ny )y/Qrr + /Oy N, (g — am)] .

[(avr + agp) Np + (ap + agy) N, | Bo

EET ET

We observe that under the normal parameter condition of o, > ag,, we have f,,”" < f5 .

Next, the overall consumer comparison N,(fz " — fip ) + Ni(for - — fir ) is equivalent to:

[(O‘E + age ) (N + Nr)\/aiRpf Vg Np(agy — aRT)]
- [(aE + aRp)(Np + NT)\/@+ \/@NT(QRP - aRr)]
= (0w — VOmpare) (Np + N,) (v/@p — Vrr) = (Vare Ny + /0Ny ) (ap — Qe

Thus, the equal exposure with equal treatment policy leads to lower overall exposure to ads E when
C"RTNP+O‘RPNT

A CS
Op < Oy = 2,/QppQp, + N+ Ny

(iit) NR vs. ET: Following the same process as above, we compare E’s market share between the

no restriction (NR) and equal treatment (ET) policies. Among the protected users, we calculate:

NR __ f£ET
Ep Ep
ap aEBl

B ap + aRp a \/aRpBQ
(g + app)ag: Ny + gy, + g )N, — (ozRTNp + 4 /aRpaRTNT) (g + agp)

- (atp + atgp) Ba e
. ap Ny (g — \/W)(%p - \/O‘RPTRT)
B (o + agp)Bs '
For the regular users, we check:
S =1
Ap aEBl
Tt an o B
_ (ap+agp)og Ny + agpop + o )Ny — (orp Ny + /Cp0ie Ny ) (s + Q) N
- E

(ap + gy )Bo

aENp(\/ aRpaRr - a}?)(\/ aRpaRr - aRT')

(ap + gy ) Bo
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We can observe that f," > f;, and f;" < f;,/ when a, > ,/&p,0p,.

Next, the overall consumer comparison N,(fz," — fip ) + No(for” — for ) is equivalent to:

(Qp — /QRpQiy) [(aRp — Q) (0 + Qpr) = (\/QrpQipy — pr) (atp + osz)]
= (O — ) (y g — ) > 0.



	Introduction
	Model Setup
	Ad-auctions
	No Restriction (NR)
	Equal Treatment (ET)
	Equal Exposure with Equal Treatment (EET)

	Comparison of Fairness Policies
	Effect on the Platform's Profit
	Impact on Platform Users
	Impact on Advertisers' Profit
	Cost of Fair Advertising

	Discussion & Conclusion
	Declarations
	Funding and Competing Interests

	Proofs of Results
	Proof of Equilibrium Under No Restriction Policy
	Proof of Equilibrium Under Equal Treatment Policy
	Proof of Equilibrium Under Equal Exposure with Equal Treatment Policy
	Proof of Theorem 1
	Proof of Proposition 1
	Proof of Proposition 2


