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B Proofs of Results in the Main Text

For convenience, we expand the labels for elements in Q to Z such that, for ny,n, € Z, the two

labels represent the same element in Q if and only if n; — n, = aN for some a € Z.

B.1 Proof of Theorem 1

By Assumption 3(a), when the entrepreneur’s type is low, the payoff from the final product is
always less than K. Therefore, it is optimal for the low-type entrepreneur to abort the venture.
For the sake of generality, let s € Q be the realized signal received by the high-type en-
trepreneur. We let Vj;(4, p), where i,j € {0, 1}, be the high-type entrepreneur’s expected payoff
(including the investment cost K) from the venture by the following strategy: 1. The test prod-
uct is (4, p); 2. When the test product sells, the optimal final product is launched if and only if
i = 1; 3. When the test product does not sell, the optimal final product is launched if and only if
j = 1. Given these definitions, the optimal test product can be characterized as the solution to

the following problem:

max Vi (A, p). B.1
2€Q,pe[0,V],jef0,1} 4 p) B.1)

We analyze the high-type entrepreneur’s expected payoft for each possible choice of 1.
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As there is no information asymmetry between the entrepreneur and the “investor”, the ex-
pected payment to the “investor” from the entrepreneur is always exactly K if the venture is
funded. Moreover, since the high-type entrepreneur’s belief is always supported on {s,s + 1},
whenever the final product is launched, the high-type entrepreneur always chooses A € {s,s+ 1}.
Consequently, there are only two possible payoffs for the entrepreneur from the final product:
PP — K when W = A and PP — K when [W — A| = 1.

Case A =s.

If the final product is launched regardless of the test outcome, then the high-type entrepreneur’s
payoff would be P'? — K with probability r f/?(p) + max{r(1 — f**(p)),(1 — r)(1 — ffp(p))} and
PfP—K with the remaining probability. If r(1— fP(p)) > (1-r)(1— f/P(p)), then A = sregardless
of the test outcome, and the high-type entrepreneur’s expected payoff is equivalent to launching
the final product optimal with respect to the high-type entrepreneur’s prior belief, which we later
show is strictly dominated. Assume r(1 — f'P(p)) < (1 —r)(1 — ff P(p)), which means that the
high-type entrepreneur chooses A = s when the test product sells and A = s + 1 when it does

not. In this case, the high-type entrepreneur’s expected payoff is
Via(s p) := [rf? + (1 =11 = fIOIPP ~ K) + [r(1 = fP) + 1 =) fIPIPIP - K).  (B2)
By the definitions of f'? and f/?, we obtain that

%(P”’ —PfPy  pefo,V—e)
(PP —PIP) pe(V-eV-1+e)
—g(PfP—PfP) pe(V-1+¢V]

dVi1(s, p) _
dp

Since P'? > PfP by Assumption 1 and r > 1/2, V;;(s, p) is maximized at p* = V —e to V1 (s, p*) =
Lryptr — =r)@e-1) pfp _
(r+ o )PP —K) + ” (P K).
We show that V;(s, p*) > uy. Observe that by Assumption 2 and that r € (1/2, 1), we have

d >max{ 1-r 7’(26—1)/(26)}
(1-r)(2e —1)/(2¢) r(2e —1)/(2¢)’ 1—r '

That is, in V{;(s, p*), the weight on PP _K is larger than that in Assumption 3(b). Thus, we have
Vi1(s, p*) > up. Never launching the final product is therefore strictly dominated.

If the entrepreneur launches the final product only if the test product sells, the entrepreneur’s
payoff is PP — K with probability r f, PfP — K with probability (1 — r)f/P, and uy with the

il



remaining probability. In this case, overall, the high-type entrepreneur’s expected payoff is
Vio(s, p) 1= rf'P - (PP = K) + (1 =) fIP - (PIP — K) + [r(1 = ') + (1 = 1)1 — fIP)] upy.

If p < V —e¢, then in comparison to Vy1(s, p), V1o(s, p) takes away weight from P'? — K to pfr—_g
and ug. Thus, V;o(s, p) < V11(s, p). Assume p >V — . Since V;((S, p) is linear in p € (V —¢, V],
it suffices to compare Vio(s, p**) and Vy;(s, p*), where p** = V — 1 + e. If Pf? > K + upy, then
clearly Vio(s, p**) < Vio(s, p*), and therefore Vio(s, p**) < Vi1(s, p*). If PP < K + up, then we

observe that

r(2e — 1) (1-r)(2e 1)

2€

Vii(s, p*)=Vio(s, p™) = + 12_r] (P'P—K —ug)+ (PTP—K—upy). (B3)
€

By Assumption 2 and that r € (1/2, 1), we have

2re—1)+(1-r) S max{ 1-r r(2e — 1)/(25)}' (B.4)

1-r)2e-1) r(2e —1)/(2¢)’ 1—r

That is, the relative weight on P'? — K — uy; is larger and that on P/? — K — uyy is smaller in (B.3)
than in Assumption 3(b). Thus, we have Vi;(s, p*) > Vio(s, p*), and hence V;(s, p*) > Vi((s, p)
for p € [0,V].

If the final product is launched only when the test product does not sell, the entrepreneur’s
payoffis P’P—K with probability max{r(1— f'?), (1-r)(1— f fey}, pfP—K with probability min{r(1—
2,1 - - ff P)}, and uy with the remaining probability. The high-type entrepreneur’s
expected payoft is

Voi(s, p) = max{r(1 — f'),(1 - r)(1 — f/O}(P'P - K)
+min{r(1 - f'7),(1 = r)(1 = fIPUPIP —K) + [rfP + (1= 1) f/P] up.

If p > V — ¢, when the test product sells, the conditional expected payoff of launching the
optimal final product is more than ug by Assumption 3(b). Thus, Vy;(s, p) < Vi1(s, p). Assume
p <V —e. Since Vi (s, p) is linear in p € [0,V — ¢€), it suffices to compare V;(s, 0) and V;;(s, p*).
We have

1—r (1-N1+e-V)
2€ 2e

Vii(s, p*) = Vor(s,0) = [r + (PP — K —upy)

N (1-r)2e—1)

(PP —K —uy). (B.5)
2€

il



By Assumptions 1, 2, and that r € (1/2,1), we have

2re+ (1 —r)V —¢)
(1-r)2e—1)

1-r r(2e - 1)/(26)} ‘ (B.6)

> max{r(Ze /ey 1-r

That is, the relative weight on P'P — K — uy; is larger and that on P/? — K — uyy is smaller in (B.5)
than in Assumption 3(b). Thus, we have V;;(s, p*) > V;;(s,0) and thus V;;(s, p*) > Vi (s, p) for
pelo,V].

We have shown that conditional A = s, the high-type entrepreneur’s optimal test product is

(s,V — €) and the optimal final product is launched regardless of the test outcome.

Case A =s+1.

If the final product is launched regardless of the test outcome, then the high-type entrepreneur’s
expected payoff is P'P — K with probability max{(1—r) f*?, rffp}+ max{(1-r)(1— f'P),r(1- ffp)}
and P/P — K with the remaining probability. By Assumption 2 and r > 1/2, we have r + 12—_; >
max{(1 — r) f1,r f/P} + max{(1 — r)(1 — f*),r(1 — f7P)}. Thus, V;;(s, p*) > Vi1(s + 1, p) for
pelo,V].

If the final product is launched only if the test product sells, then the high-type entrepreneur’s
expected payoffis PP —K with probability max{(1—r) f*, r f/?}, PfP—K with probability min{(1—
rfiPr ff P} and upy with the remaining probability. We observe that the probability of the test
product selling is strictly higher for test product (s, p) than for (s + 1, p). Moreover, the posterior
belief of the test product (s, p) when the test product sells is always more informative than the
posterior belief of the test product (s + 1, p), for every p € [0,V]. Thus, we have Vio(s + 1, p) <
Vio(s, p), and hence V(s + 1, p) < Vy1(s, p*).

Lastly, if the final product is launched only if the test product does not sell, then the high-
type entrepreneur’s expected payoff is P/ — K with probability max{(1 —r)(1 — f),r(1— f/P)},
PfP—K with probability min{(1—r)(1— f*?),r(1- f fP)} and uy with the remaining probability. If
p > V—¢, then by Assumption 3(b), the high-type entrepreneur’s expected payoff of launching the
final product conditional on the test product selling is strictly above ug. That is, Vio(s + 1, p) <
Vii(s + 1, p) < Vi1(s, p*). Assume p < V —e. Since Vjy;(s + 1, p) is linear in p € [0,V —¢), it
suffices to look at Vj;(s + 1,0) for p € [0,V —¢). As the posterior belief of the entrepreneur when
the test product does not sell is the same as the posterior belief for test product (s + 1, p*), and
the probability of the test product not selling is strictly higher with test product (s + 1, p*), we
therefore have Vj;(s + 1,0) < V1;(s, p™).

We have shown that every test product with A = s + 1 is not optimal.
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Case A& {s—1,...,s+2}

If A & {s—1,...,s + 2}, then the test product never sells by Assumption 1. When the test product
does not sell, the high-type entrepreneur’s posterior belief is the same as his prior. The expected
payoff in this case is equal to either V;;(s, V) or Vi((s, V), both of which are strictly smaller than
V11(s, p*). We have shown that every test product with A & {s — 1, ..., s + 2} is not optimal.

CaseA=s—1.

If A =s—1and p >V — 1 +¢, then the test product never sells. For this case, we have shown in
the case A ¢ {s — 1,s,s + 1} that the expected payoff is strictly smaller than V;(s, p*).

Assume p < V —1+e. If the final product is launched regardless of the test outcome, then the
high-type entrepreneur’s expected payoff is PP — K with probability r ff P+ max{r(1- ff P),1-r}
and Pf? — K with the remaining probability. As r + 12—: > rff? + max{r(1 — f/),1 - r} by
Assumption 1, we have Vi;(s — 1, p) < V11(s, p*) for every p € [0, V].

If the final product is launched only if the test product sells, then the high-type entrepreneur’s
expected payoff is PP — K with probability r ff P(p) and uy with the remaining probability. Thus,
in this case, the high-type entrepreneur’s expected payoff is maximized at p = 0. By Assump-
tion 2, we have V-olte % That is, Vio(s,V — 1 + €) puts more weight on P'? — K. Thus,
Vip(s = 1,0) < Vio(s,V =1 +¢).

If the final product is launched only if the test product does not sell, then the high-type en-
trepreneur’s expected payoff is clearly dominated by the payoff when the final product is launched
regardless of the test outcome since the posterior belief is the most informative when the test
product sells.

We have shown that every test product with A = s — 1 is not optimal.

Case A =s+ 2.

If A =s+2and p >V —1+e¢, then the test product never sells, and the expected payoft is strictly
smaller than V;;(s, p*) as we have shown in the case A = s — 1.

Assume p < V —1+e. If the final product is launched regardless of the test outcome, then the
high-type entrepreneur’s expected payoff is P!? — K with probability (1 —r)f/? + r and P/? — K
with the remaining probability. Thus, V1;(s + 2, p) is maximized at p = 0, and

Vii(s+2,0) = r+(1_r)(‘2/€_1+6) (PP — K) +

1-ra+ e—V)(pr _K).
2€

AsV —1+€ < 1by Assumption 1, the weight on P'P — K is larger in V;;(s, p*) than in V(s +2, 0).
Thus, we have V;;(s + 2,0) < V;;(s, p*).



If the final product is launched only if the test product sells, the high-type entrepreneur’s
expected payoff is P’ — K with probability (1 —r) ff P and ug with the remaining probability. As
r > 1/2, the probability of the test product selling is strictly lower than that of (s — 1, p). Thus,
we have Vio(s + 2, p) < Vio(s — 1, p).

If the final product is launched only if the test product does not sell, then the high-type en-
trepreneur’s expected payoff is clearly dominated by the payoff when the final product is launched
regardless of the test outcome since the posterior belief is the most informative when the test
product sells. We have shown that every test product with A = s + 2 is not optimal.

To summarize, we have shown that solution to (B.1) is unique and the objective function’s
maximum is V;;(s, V—¢). Therefore, the high-type entrepreneur’s optimal test product is (s, V—¢),
and the optimal final product is launched regardless of the test outcome. When the test product

sells, the high-type entrepreneur chooses A = s, and chooses A = s + 1 otherwise.

B.2 Proof of Theorem 2

Fix a pure-strategy label-independent equilibrium where the high-type entrepreneur’s expected
payoffis strictly above uy. Assume that the equilibrium is not pooling. There are two cases where
the equilibrium is not pooling: the two types differ in their choice of test product conditional on
some realized signal, or they give different equity share offers conditional on some test outcome.

First assume that the two types of entrepreneurs choose different test products for some re-
alized signal S. By the definition of label independence, their test product choices must be dif-
ferent for every signal. As the investor rejects any equity share a € [0, 1] offered by a low-type
entrepreneur by Assumption 3(a), the low-type entrepreneur’s payoff is 0. As the high-type en-
trepreneur’s expected payoft is strictly above uy, he must offer some equity share o < 1 for some
test outcome that happens with a positive probability. Moreover, by Assumption 1 and the type-
dependent signal structure, for every finite N, the probability of this test outcome is also positive
for the low type. Thus, if the low-type entrepreneur imitates the high-type entrepreneur’s strat-
egy, then by the strict positivity of II* in (2), the low-type entrepreneur’s expected payoff is
strictly above 0, contradicting the equilibrium definition.

Now assume that the two types of entrepreneurs offer different equity shares for some test
outcome on a supported path. In this case, the low-type entrepreneur’s offer is rejected since
mP'P? < K by Assumption 3(a). If the high-type entrepreneur’s offer is also rejected on this
equilibrium path where the two types offer different equity shares, then by assumption, they
both offer & = 0, a contradiction. If the high-type entrepreneur’s offer is accepted, then the high-
type entrepreneur’s expected payoff conditional on the test outcome must be strictly above uy

by the tie-breaking assumption. Thus, the high-type entrepreneur must offer some a € (0, 1).
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By imitating the high-type entrepreneur’s strategy, the low-type entrepreneur obtains a positive
expected payoff, contradicting the equilibrium definition.
Therefore, every pure-strategy label-independent equilibrium must be pooling. The proof is

complete.

B.3 Proof of Theorem 3

For the sake of generality, let s € Q be the realized signal received by the high-type entrepreneur.
The following lemma is useful for the proof of the theorem. To aid its presentation, we make
a new definition: a strategy profile is individually rational if every player obtains at least the

player’s reservation payoff on every supported path.

Lemma B.1. Every pooling and individually rational strategy profile where the investor’s belief
mapping is consistent with Bayes’ rule on very supported path and assigns zero probability to the

entrepreneur’s type being high for every off-path strategy of the entrepreneur is a pooling equilibrium.

Proof. Proof of Lemma B.1. Fix a pooling and individually rational strategy profile where the
test product is (4, p) and the investor’s belief mapping assigns to every off-path strategy of the
entrepreneur the probability of the entrepreneur’s type being high to 0.

If the investor rejects an equity share offer @ > 0 when it is on some support path, then the
investor’s expected payoff is 0. Since the strategy profile is individually rational, accepting the
equity share offer gives the investor at least her reservation payoff. Hence, there is no profitable
deviation for the investor.

If the entrepreneur deviates to a different test product or chooses a different equity share
offer after some test outcome that happens with a positive probability, then by the assumption
about the investor’s belief mapping, the investor believes the entrepreneur’s type to be low with
probability 1. In this case, by Assumption 3(a), the investor rejects any equity share offer ¢ €
[0,1], and the entrepreneur obtains his reservation payoff. Again, since the strategy profile is
individually rational, the deviation is not profitable for the entrepreneur.

We have shown that no player has an incentive to deviate. Lastly, by assumption, the in-
vestor’s belief mapping is consistent with Bayes’ rule on every supported path. Therefore, the

pooling strategy profile is a pooling equilibrium. The proof of the lemma is complete. O

Let Vij(/l, p; N) be the high-type entrepreneur’s expected payoff of the following strategy:
1. The test product is (4, p); 2. When the final product is launched, A is optimized with respect to
the high-type entrepreneur’s posterior belief conditional on the test outcome; 3. When the test
product sells, the final product is launched if and only if i = 1; 4. When the test product does not

sell, the final product is launched if and only if j = 1; 5. The investor’s belief mapping is the same
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as the belief mapping in a pooling equilibrium; 6. When the optimal final product is launched, the
entrepreneur pays the investor just enough for the investor to accept the equity share offer. With
these definitions, the optimal test product can be characterized as the solution to the following
problem:

max Vi, A, p;N), B.7
A€Q,pel0,V]i,jef0,1} (4 piN) B.7)

provided that in the strategy profile characterized by its solution, every player obtains at least
their reservation payoffs. To see that such a strategy profile characterizes the high-type-optimal
pooling equilibrium, it is sufficient to show that this strategy profile is a pooling equilibrium,
which is implied by Lemma B.1 in the proof of Theorem 2.

There are two parts to the rest of the proof. In the first part, we will show that given the fixed
parameter set, the equilibrium test product converges after some finite N. Based on the first part,

we then proceed to characterize the equilibrium test product in the asymptotic case.

Finite Convergence of Equilibrium Test Product.

In this part, we show that V; j is uniformly convergent to some piecewise linear function for p €
[0,V]. Moreover, its first-order derivative (where it exists) is also uniformly convergent except
on some set which we will show does not contain the optimal test product for large enough N.
Let 7 denote the random variable for the payoff of the optimal final product launched by the

entrepreneur. We first analyze the minimum equity share the investor would demand.

Expected payoff when test product sells. If the entrepreneur’s type is low, the test product
sells with probability %( ftP+2£7P), which is piecewise linear in p. If the entrepreneur is to launch
the optimal final product by solving (2), he will choose A = A, and the unconditional expected
payoff of the final product is %( ftPptP 4+ 2 ffPPfP). When the entrepreneur’s type is high, the
test product sells with probability of the form ra; +(1—r)c;, where aj, ¢; € {0, ff?, f'P}. Since the
high-type entrepreneur’s belief is always between s and s + 1, the unconditional expected payoft
of the optimal final product launched by the high-type entrepreneur is of the form E(x 1(0 =
DIX = 1,4, p) = ra;h; + (1 — r)eyd;, where by, d; € {Pf?, P'P}. Therefore, using Bayes’ rule, the

investor’s assessment of the optimal final product’s total expected payoff is

glraby + (1 = reydy] + L2121 2 fIPPIP)

E(z|X =1,A,p) = -
glray + (1 =r)e)] + L(f1P + 2f/P)
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Thus, the maximum equity share the entrepreneur can keep to himself is

K
1—af (A i=
(4. p) EGIX = 1, A, p)

glra;(by — K) + (1 = r)ey(dy — K)] + I;Nq(ftp(mPtp — K) + 2mffP(pfP — K))

qlraiby + (1 —r)eid; ] + %(ftpptp +2ffPpfp)

If a high-type entrepreneur launches the optimal final product given the entrepreneur’s posterior
belief, then the entrepreneur’s expected payoff joint with the test product selling is E(z 1(X =
DIA, p,0 = 1) = rayb; + (1 — r)eydy, which is 0 if a; = ¢; = 0. If a; # 0 or ¢; # 0, the expected
payoff of the high-type entrepreneur joint with the event of the test product selling is

Ui(4, p) :=E(x (X = D[4, p,0 = D[1 — a5 (A, p)]
glra;(by — K) + (1 = r)e(dy — K)] + 1;Nq( FIP(mP'P — K) + 2ffP(mP/P — K))

(1—g)m f'PP'P+2ffPpP/P
N rabi+(1-r)ed;

q+

Let A;, By, and C; be such that the following holds as an identity:

1—
qu + Tqu

Uy (4 p) = (B.9)

q+ (l—l\tlz)m C

Note that A;, By, and C; are all nonnegative; A; and B; are piecewise linear in p; C; is the ratio of
two piecewise linear functions in p. As for every p € (0,V], we have B; = o(N) and C; = o(N).
Thus, we have

which is piecewise linear in p. As is the high-type entrepreneur’s expected payoff

FROESITL5D
conditional on the test product selling in the benchmark case with self-funding, in the limiting
case of N — oo, the investor becomes certain that the entrepreneur’s type is high, and from the
high-type entrepreneur’s perspective, the entrepreneur expects to pay the investor exactly K to
obtain the funding.

We claim that the convergence of U; (4, p) to Ay is uniform for every fixed test product (4, p).
Let D be the set of test products such that a; = ¢; = 0.! For every test product (1, p) € D, we have
Ui(A, p) = Ay = 0. The claim holds immediately. Given § > 0, let (D, &) be the set of products

such that for every (4, p) in the set, (4, p) € D and there exists (i, p) € D such that A = A and

Specifically, the set D consists of (A, p) for A € {s—1,s+2}and p >V — 1 +¢; (1, V) for every 1 € Q; and (1, p)
forevery A ¢ {s—1,s,s+ 1,s+ 2} and p € [0,V].
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|p— p| < 8. The uniform convergence of Uj is clear on the set of test products not in B(D, §). For
test products in (D, §), we first observe that

1—gq
U (A, p) <A+
1( P) 1 gN

By,

where limpy_, o0 :—Nqu = O uniformly. Moreover, as A; isinvariantin N and lims_, sup NeB(DS) A1 =
0 uniformly, we have lims_,o sup(; ,e%(p,5) U1 (A, p) — A;| = 0 uniformly. We have shown that
limp_,0 Ui (4, p) = A; uniformly for every test product (4, p).

If (4, p) is in the interior of D, then U; has zero first-order derivative as it is locally constant
at 0. Assume (A, p) € D. In this case, note that U;(4, p) is differentiable in p on (0,V — ¢),
V-6V —-1+¢€),and (V —1+¢,V). If we differentiate U; (4, p) with respect to p, we get

94, , 1998, 1=9p 1 1299G
dUi(A,p)  Tap TN ap [qA1+ N Bl] N a9p
d B (1-@)m 1— 2 .
p g+ C [q+( ]g)mcl]
Given our earlier analysis of A, B, and C;, we see that %ﬁ,p) converges to limy_, e dU;(j’p ) —

‘2—'21 pointwise in p on [0,V —¢€), (V — €,V — 1 +¢€), and (V — 1 +¢,V), respectively. Moreover,
for every § > 0, if we restrict the set of test products to those not in ZB(D, §), the convergence is
uniform on [0,V —€), (V — €,V —1+¢€),and (V — 1 + ¢,V — §), respectively.

Expected payoff when test product does not sell. If the entrepreneur’s type is low, the test
—ftr—2ffp
N

product does sell with probability N . If the entrepreneur is to launch the optimal final

product by solving (2), he will choose A = A — 3, and the unconditional expected payoff of the
final product is %ZPM

probability of the form ray + (1 — r)cy, where ag, ¢y € {0,1 — f,1 — ff? 1}. Since the high-type

. If the entrepreneur’s type is high, the test product does not sell with

entrepreneur’s belief is always between s and s + 1, the unconditional expected payoff of the
optimal final product launched by the high-type entrepreneur is of the form E(x 1(0 = 1)|X =
0, A, p) = ragby + (1 —r)cody, where by, dy € {PfP, PtP}. Therefore, using Bayes’ rule, the investor’s

assessment of the optimal final product’s total expected payoff is

qlraghy + (1 —r)cydy] + %(Ptp +2PfP)

E(r|X =0,A,p) = )
glrag + (1 = )] + 2N - fip — 2ffp)



Thus, the maximum equity share the entrepreneur can keep to himself is

K
1—oay(A 1=
W p) =g = 0,1, p)

qlrag(by — K) + (1 = Peg(dy — K)] + =2 [mP'P + 2mPfP — K(N — P — 2f7)]

glraghy + (1 = egdy] + L2 (PiP + 2PSP)

If a high-type entrepreneur launches the optimal final product given the entrepreneur’s posterior
belief, then the entrepreneur’s expected payoff joint with the test product not selling is E(r 1(X =
0)|A, p,0 = 1) = raghy + (1 — r)cody. Thus, based on the calculations, the expected payoff of the

high-type entrepreneur joint with the event of the test product not selling is

Uo(A, p) :=E(r 1(X = 0)|A, p,0 = D[1 - a5 (A, p)]
qlrag(by — K) + (1 — r)ep(dy — K)] + lN;q[mPtP +2mPfP — K(N - P — 2ffp)]

(1-¢ym  ptr42pfp
N ra0b0+(l_r)C0d0

q+
Let A, By, and Cy be such that the following holds as an identity:

1—
QAO + TqBO

Uy( p) = (B.10)

A-gm ~ -
A !
Note that A, and C, are nonnegative; A, and B are piecewise linear in p; C is the ratio of two
piecewise linear functions in p. By Assumptions 1 and 2, there exists some > 0 such that
ray + (1 — r)cy > n for every test product. As limy_,o By/N = —K and Cy = o(N) for every

p € (0,V], we have

(1-gK

]\}lm Uo(ﬂ., p) = AO - (Bll)

which is piecewise linear in p. The convergence is uniform for test product (4, p) since the denom-
inator in (B.10) is bounded away from zero. We also observe that, in the benchmark case with

self-funding, is the high-type entrepreneur’s expected payoff conditional on the

Ao
Pr(X=0[A,p.0=1)
test product not selling. Thus, in the limiting case of N — oo, from the high-type entrepreneur’s

-9 K to obtain

perspective, the high-type entrepreneur expects to pay the investor K+ TR0l 0=T)

the funding, which is strictly more than K.
Note that Uy(4, p) is differentiable in p on [0,V —¢€), (V —€,V —1+€),and (V —1+¢,V]. If

pel



we differentiate Uy(A, p) with respect to p, we get

94 | 1-q95, 1=9p 11299
dUpg(Lp)  Top TN 9p 940 + N By | N op
dp B (1-g)m 1— 2 ’
As Ag and By are both linear in p and G is uniformly bounded in p, we have that %ﬁ’p) converges
to limp_, 0 %;Lp) = % uniformly on [0,V —¢), (V —¢,V —1+¢), and (V — 1 +¢, V], respectively.

Convergence of Maximizer. Note that for each Vij(/l, p; N), it can be written as

V(4 p3 N) =10 = DU (4, p) + [1 = 1 = D] Pr(X = 1|4, p,0 = Duy
+1( = DUp(A, p) + [1 = 1( = D] Pr(X = 0|4, p, 6 = Dug.

Through some abuse of notation, we define \7ij(/1, p) = limy_ e \7ij(/1, p; N). Consider the maxi-

mization problem for the asymptotic case below:

max Vi, A, B.12
1eQ,pe[0,V]i,jef0,1} 4. p) (B.12)

As limp_, o \717()[, p;N) = \71-]-(/1, p) uniformly, if there is no solution to (B.12) in &(D, §) for
some § > 0, then there is no solution to (B.7) after some finite N. Moreover, by our analysis
so far, \7,~j(/1, p) is piecewise linear in p, and the first-order derivative of Vij(/l, p; N) converges to
that of V;(4, p) uniformly in p except for test products in 9B(D, §). Thus, on condition that every
solution to (B.12) is not in AB(D, §), each solution to (B.7) converges to that to (B.12). Moreover,
in this case, the piecewise linearity of \7,-]- ensures that the solution to (B.7) stabilizes at that to
(B.12) after some finite N.

Asymptotic Equilibrium Test Product.

On condition that the solution to (B.7) stabilizes after some finite N, we characterize the optimal
test product for large enough N by analyzing the maximization problem in the asymptotic case
as in (B.12). To characterize the solution to (B.12), we first show the optimality of A = s, and then
we will analyze the optimal test product for different values of uy and q.

To show that A # s is always suboptimal, there are three groups of cases to consider: A = s—1,
A=s+2,and A ¢ {s—1,...,s+2}. Moreover, as V;;(4, p) = Vil(/l, p)—(1—q)K/q by (B.11), which
is a constant, Theorem 1 implies that it suffices to show the suboptimality of A # s when the final

product is launched only if the test product sells. Another observation that will be useful in the
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rest of the proof is Vig(A, p) = Vip(4, p).

Suboptimality of case A & {s—1,...,s+2}. In this case, the test product never sells. If the final
product is not launched when the test product does not sell, then the expected payoff to the high-
type entrepreneur is ugy, which is strictly dominated by V;o(s,V — 1 + €) by Assumption 3(b) and
the observation Vlo(s, V—1+¢€) = Vio(s,V—1+¢€). Thus, every test product with A ¢ {s—1,...,s+2}

is not optimal.

Suboptimality of case A = s — 1. If the final product is launched only if the test product sells,
the expected payoff to the high-type entrepreneur is Vio(s — 1, p) = Vio(s — 1, p). As Vi(s,V —
1+¢€) = Vip(s,V — 1 + €) and we have shown in the proof of Theorem 1 (case A = s — 1) that
Vio(s — 1, p) < Vio(s,V — 1 + €), every test product with A = s — 1 is not optimal.

Suboptimality of case A = s+ 2. If the final product is launched only if the test product sells,
the expected payoff to the high-type entrepreneur is Vio(s+2, p) = Vio(s+2, p). As Vio(s—1, p) =
Vio(s — 1, p) and we have shown in the proof of Theorem 1 (case A = s + 2) that Vio(s + 2, p) <
Vio(s — 1, p), every test product with A = s + 2 is not optimal.

Suboptimality of case A = s+1. Ifthe final product is launched only if the test product sells, the
expected payoff to the high-type entrepreneur is V;o(s+1, p) = Vio(s+1, p). As Vio(s, p) = Vio(s, p)
and we have shown in the proof of Theorem 1 (case A = s+ 1) that Vi5(s + 1, p) < Vi(s, p), every
test product with A = s + 1 is not optimal. To summarize, every test product with A # s is not

optimal. That is, the optimal test product must have A = s.

Optimal test product with A = s. Assume the final product is launched regardless of the
test outcome. As V;;(s, p) differs from V;(s, p) by a constant, V;;(A, p) is uniquely maximized at
(s,V — €) by the proof of Theorem 1. That is, the optimal test product is (s, V — €), and we have

(1-r)2e-1) (1- K
2€ .

(PfP—K)-

7 1- —
Vials, V=€) = Viy(s, V—€)— —K = [r + %] (P'P—K)+
q €

q
(B.13)
If the final product is launched only when the test product sells, the expected payoff to the

high-type entrepreneur is
Vig(s, p) = rf'P(P'P = K) + (1 = ) fIP(PIP = K) + [r(1 = f1P) + (1 = r)(1 = f7P)] uy,

which is piecewise linear and differentiable in p on [0,V —¢), (V —€,V —1+¢€],and (V —1+¢,V].
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Specifically, we have

A pfr _ K —uy) pE[0,V—e),

dVio(s, p) 126

4, T [2r(P'? =K —up) + A =)(PIP ~K —up)| pe(V-eV-1+e)
—%(PIP—K—uH) pe(V—-1+¢V]

Let u; be the unique solution of uy to pfr =K+ ug, and @iy the unique solution to 2r(P'? — K —
uy) + (1 = r)(PfP — K — u;) = 0. We observe that both u;; and @iy are invariant in . Moreover,
Vio(s, p) is maximized at p = 0 if uy < uy; the maximizer is p = V — e if uy; < uy < dp; the
maximizeris p =V — 1+ e ifuy > ay.

Therefore, the maximum of (B.12) is between V;;(s,V — €) and max ,c[o,v] V10(s, p), which

needs to be analyzed in each of the three cases above.

Case u < uy. In this case, V10(s, p) is maximized at p = 0. We have

1 1-nV-e

2e

_(0-¢K

Vir(s,V —€) = Vio(s,0) = (PFP — K —ug)

_er(Ptp—K—uH)— , (B.14)

2
which is positive for g close to 1 and negative for g close to 0. Thus, there exists g;(ug)* € (0,1)
such that if ¢ = g% (ug), then V;1(s,V — €) — V30(s,0) = 0. If ¢ > g% (ug), then the optimal test
product is (s, V — €), and the optimal final product is launched regardless of the test outcome. If
q < ¢i(up), then the optimal test product is (s, 0), and the final product is launched only if the

test product sells.

Case uy; <ug < iy. Inthis case, V10(s, p) is maximized at p = V — e. We have

1 (1-@K

q

‘711(3, V— 6) — Vlo(s, V- E) =

_er(Ptp—K—uH)— (B.15)

2
which is positive for g close to 1 and negative for g close to 0. Thus, there exists ¢;(ug) € (0, 1)
such that if ¢ = ¢ (ug), then V;1(s,V —€) = Vyo(s,V —€) = 0. If ¢ > g5 (up), then the optimal test
product is (s, V — €), and the optimal final product is launched regardless of the test outcome. If
q < ¢;(up), then the optimal test product is the same, but the final product is launched only if
the test product sells.
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Case uy > iy In this case, Vi (s, p) is maximized at p = V — 1 + e. We have

2r(2e—1)+1—
i 2) C(PP — K — up)
€

N (1-r)2e-1)
2€

V11(35V - 6) - vlo(S,V -1+ 6) =

(pfp_K_uH)_ﬂ

, (B.16)
which is positive for g close to 1 and negative for g close to 0. Thus, there exists g5 € (0, 1) such
that if ¢ = ¢5(ug), then Vi(s,V—e)—Vi(s,V—1+€)=0.Ifg > g3 (up), then the optimal test
product is (s, V — €), and the optimal final product is launched regardless of the test outcome. If
q < q3(up), then the optimal test product is (s, V — 1 + €), and the final product is launched only
if the test product does not sell.

We let q"(uy) = max{q;(ug), q;(ug), g5 (ug)}. Clearly, when g > q*(ug), the optimal test
product is (s,V — ¢€), and the optimal final product is launched regardless of the test outcome.
When q < q*(up), the optimal final product is launched only if the test product sells. Moreover,
if additionally uy < u e then the optimal test product is (s, 0); if u o < ug < g, then the optimal
test product is (s,V — €); if uy > iy, then the optimal test product is (s,V — 1 + €). Lastly, as
none of the possible solutions to (B.12) is in (D, §) for some § > 0, the solution to (B.7) becomes

invariant in N and stays at the solution to (B.12) after some finite N. The proof is complete.

B.4 Proof of Proposition 2

Let s be the realized signal received by the entrepreneur.

Proof of part (a)

Assume q > ¢q*(uy). By letting N — oo in (B.8) of the proof of Theorem 3, we see that only the
high-type entrepreneur’s test product sells in the asymptotic case. Therefore, conditional on the
test product seeling, the investor and the high-type entrepreneur have the same belief about W.
Thus, from the high-type entrepreneur’s perspective, the investor’s expected payoft is K.

When the test product does not sell, by letting N — oo in (B.10) of the proof of Theorem 3,
the investor’s expected payoff joint with the test product not selling from the high-type en-
trepreneur’s perspective is Pr(X = 0[|A, p,0 = 1)K + lq;qK . Thus, the investor’s expected payoff

conditional on the test product not selling from the high-type entrepreneur’s perspective in the
1—9

asymptotic case is K + ZPrX=0lp0=1)

K, which is strictly larger than K.
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Proof of part (b)

By Theorem 3, the final product is launched only if the test product sells when g < g*(ug). For the
same reasoning about the investor’s payoff when the test product sell in the case of ¢ > ¢ (ug),
from the high-type entrepreneur’s perspective, the investor’s expected payoft conditional on the
test product selling when q < g*(up) is exactly K. As the demand of the final product conditional
on funding is an increasing step function in uy by Proposition 4, the equity share is therefore a

decreasing step function.

B.5 Proof of Proposition 3
Proof for Part (a)

Assume q > q”(up). By Theorem 3, the venture is always funded.

Proof for Part (b)

Assume q < ¢*(up). By Theorem 3, the venture is funded only if the test product sells. Moreover,
by our analysis of (B.8) in the proof of Theorem 3, only the high-type entrepreneur’s test product
sells in the asymptotic case. Thus, given (4, p), the funding probability is Pr(X = 1|4, p,0 = 1),
which is strictly less than 1 by Assumption 1.
As there are only three possible equilibrium test products for the three cases of uy, the funding
probability is a step function in uy. It remains to show that the probability is decreasing in uy.
For the sake of generality, let s be the realized signal received by the entrepreneur. When

ug < Uy, the optimal test product is (s,0). Conditional on W = s, the test product sells with
V—1+€

. Therefore,
2e

probability 1; conditional on W = s + 1, the test product sells with probability
the funding probability is

—1+e€

Pr(X =1[5,0,0 =1) = r + (1 — 1)~ ; (B.17)
€

When Uy <ug <ug, the optimal test product is (s, V —€). In this case, conditional on W = s,
the test product sells with probability 1; conditional on W = s + 1, the test product sells with
probability 22—;1 Therefore, the funding probability is

Pr(X =1|s,V —¢,0 = 1):r+(1—r)262_1. (B.18)
€

When uy > ap, the optimal test product is (s,V — 1 + €). In this case, conditional on W = s,
the test product sells with probability 16;6; conditional on W = s + 1, the test product sells with
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probability 0. Therefore, the funding probability is

Pr(X = 1|5,V —1+6,60 = 1) = r—<. (B.19)
€

By comparing (B.18) and (B.19), we have Pr(X = 1|s,V—¢€,0 = 1) > r > Pr(X = 1|s,V—1+¢,0 =
1). By Assumption 1, we compare (B.17) and (B.18) to get Pr(X = 1]5,0,0 = 1) > Pr(X =
1|s,V —€,0 = 1). Therefore, the funding probability is a decreasing step function in uy. Lastly,
we have shown that Pr(X = 15,0,0 = 1) < 1.

B.6 Proof of Proposition 4

For the sake of generality, let s be the realized signal received by the entrepreneur.

Proof of Part (a)

Assume q > q*(up). By Theorem 3, the venture is always funded. As the entrepreneur chooses
(s,V — €) as the test product in this case, when the test product does not sell, the high-type
entrepreneur will know W = s + 1 as the test product sells with probability 1 conditional on

W = s. In this case, the expected demand of the final product is the maximum demand P'?.

Proof of Part (b)

Assume g < q"(upy). By Theorem 3, in equilibrium, the venture is funded only if the test product
sells, and the equilibrium test product is fixed for uy < uy, uy < uy < uy, and uy > dy. As
the high-type entrepreneur’s posterior belief is completely determined by the choice of the test
product and the test outcome, the expected demand of the final product conditional on funding
is constant in uy in each interval of uy < uy, uy; <upy < iy, and uy > uy. That is, the expected
demand of the final product conditional on funding is a step function in uy.

It remains to show that the expected demand of the final product conditional on funding is
increasing in uy and has maximum PP, When uy < Uy, the optimal test product is (s, 0). In this
case, when the test product sells, to the high-type entrepreneur, the posterior belief of the event

r V—-1+e

W =sisy := o Moreover, as 0 < —— <1 by Assumption 1 and r > 1 —r, we have
r —-r)—]—
2€

Y1 > 1/2
When u g <upg <ug, the optimal test product is (s, V —¢€). In this case, when the test product

sells, to the high-type entrepreneur, the posterior belief of the event W = sisy, := w
2€

When uy > ap, the optimal test product is (s,V — 1 + €). In this case, when the test product
sells, to the high-type entrepreneur, the posterior belief of the event W = sisy3 := 1.
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By Assumption 1, we have 1/2 < y; < y5 < y3. Thus, when the test product sells, if uy > iy,
the high-type entrepreneur’s posterior belief, which is characterized by y3, is more informative
than the posterior belief if uy; < uy;, which is characterized by ys; if u,; < ugy < @iy, the posterior
belief is more informative than the posterior belief if uy < uy, which is characterized by y;.
Therefore, the expected demand of the final product conditional on funding is increasing in uy.
Lastly, as y3 characterizes the most informative belief, the expected demand of the final product

conditional on funding is PP,

B.7 Proof of Proposition 5

For the sake of generality, let s be the realized signal received by the entrepreneur. In the bench-
mark case with self-funding, the final product is launched regardless of the test outcome. Thus,
the expected demand generated by the venture is at least IT*(r).

In the case with external funding, when q < ¢*(up), the final product is launched only if
the test product sells, and the product launch always has A = s. If the high-type entrepreneur
launches the final product with A = s when the test product does not sell, the expected demand
of the final product is strictly positive and the venture generates expected demand IT*(r). Thus,
the expected demand generated by the venture when g < ¢"(uy) in the external-funding case is
strictly less than that in the benchmark case with self-funding.

As the final product launched always has A = s when g < ¢*(ug), the expected demand
generated by the venture is proportional to the funding probability. As the funding probability
is a decreasing step function in uy by Proposition 3, the expected demand of the final product is

also a decreasing step function in ug.

B.8 Proof of Proposition 6

Let s be the realized signal received by the entrepreneur. In the benchmark case with sef-funding,
only the high-type entrepreneur launches the final product, and by Theorem 1, the test product
is (s,V — €) and the final product is launched regardless of the test outcome. Thus, the venture’s

expected total payoff is

q [(V + %) pir 4 %pr] +(1-¢K (B.20)

In the case with external funding, when g > ¢*(ug), by Theorem 3, the venture is always

funded, and the equilibrium test product is (s,V — €). Thus, the venture’s expected payoff is

q [(r + %) ppy U021 r)z(je _ 1)pr] : (B.21)
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By comparing (B.20) and (B.21), we see that the equilibrium inefficiency is
(1-9)K, (B.22)

which is strictly positive, invariant in uy, and linear and decreasing in gq.
When q < q"(uy) and uy < uy;, by Theorem 3, the equilibrium test product is (s, 0), and the

venture is funded only if the test product sells. Thus, the venture’s expected payoff is

q[rptp+ (1—7”)(V—1+6)pr+ 1-rN1+e-V)
2e

(K + uH)] +(1-¢)K. (B.23)
2€

By comparing (B.20) and (B.23), we see that the equilibrium inefficiency is

q[l_r(pr_K_uH)_w

> » (PP —K - uH)] , (B.24)

which is strictly positive as P'P > PfPandv-e<1 by Assumption 1 and 2. Thus, (B.24) is linear
and increasing in g. By the same reasoning about V — € < 1, we have that (B.24) is decreasing in
uy.

When ¢ < ¢"(upy) and uy <ug < iy, by Theorem 3, the equilibrium test product is (s, V —¢),

and the venture is funded only if the test product sells. Thus, the venture’s expected payoft is

(1-n)e=1) ¢,

rpPtP +
1 2€

I E(KJruH)] + (1 - 9)K. (B.25)
2€

By comparing (B.20) and (B.25), we see that the equilibrium inefficiency is

q [%(Ptp -K - uH)] , (B.26)
which is strictly positive, and linear and increasing in q. We also observe that (B.26) is decreasing
in ugy.

When q < q"(uy) and uy > @y, by Theorem 3, the equilibrium test product is (s,V — 1 + ¢),
and the venture is funded only if the test product sells. Thus, the venture’s expected payoft is

. [r(l——e)Ptp N (r(26 —1)

. . +1-— r) (K + uH)] . (B.27)

By comparing (B.20) and (B.27), we see that the equilibrium inefficiency is

q[2r(26—212+ 1_r(Ptp—K—uH)+ (1 —r)2(€26— 1)

(PfP—K - uH)] , (B.28)
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which is strictly positive by our analysis around (B.3) in the proof of Theorem 1. Thus, (B.28) is
linear increasing in q. Lastly, clearly (B.28) is decreasing in uy.

We have shown that the equilibrium inefficiency is decreasing in g for ¢ > ¢*(ugy) and in-
creasing in q for ¢ < ¢*(uy). Moreover, the inefficiency is invariant in uy for ¢ > ¢*(uy) and

decreasing in uy for q < ¢*(upy).

B.9 Proof of Proposition 7

To compare different efficiency, we will rely on our inefficiency calculations in (B.22), (B.24),
(B.26), and (B.28). Specifically, we observe that (B.24) subtracted by (B.22) is equal to (B.14) mul-
tiplied by ¢; (B.26) subtracted by (B.22) is equal to (B.15) multiplied by g; (B.28) subtracted by
(B.22) is equal to (B.16) multiplied by q. Moreover, by the definition of g, each of the calculations
is positive if and only if ¢ > g™ (ug).

Proof of part (a).

First assume that uy; < u;. In this case, the equilibrium outcome is changed from the case with
q > q"(ug) to the case with ¢ < q"(uy) and ug < uy. The change in inefficiency is (B.24)
subtracted by (B.22), which is positive since g > g*(ug).

Assume that u,; < ug < dy. In this case, the equilibrium outcome is changed from the case
with ¢ > ¢*(up) to the case with ¢ < ¢"(uy) and uy; < uy < @iy. The change in inefficiency is
(B.26) subtracted by (B.22), which is positive since g > q*(ug).

Assume that uyg > #iy. In this case, the equilibrium outcome is changed from the case with
q > q*(up) to the case with ¢ < ¢*(uy) and uy > @y. The change in inefficiency is (B.28)
subtracted by (B.22), which is positive since g > g*(ug).

We have shown that the negative stereotype makes the inefficiency higher.

When q > g*(up), the expected payoff of the investor is g(K + 19K) = K. When q < q*(up),
the expected payoff of the investor is also K since only the high-ty}l)e entrepreneur gets funded.
Moreover, as the inefficiency becomes higher and the low-type entrepreneurs’ payoff is always

0, the increased inefficiency must come from a decrease to the high-type entrepreneurs’ payoff.

Proof of part (b).

First assume that uyy < u;. In this case, the equilibrium outcome is changed from the case with
q < q"(ug) and upy < uy, to the case with ¢ > q"(uy). Thus, by the proof of Proposition 6, the
change in inefficiency is (B.22) subtracted by (B.24) with g changed to gy, which is positive since
q0 < g (upp).
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Assume that u,; < uy < dp. In this case, the equilibrium outcome is changed from the case
with ¢ < ¢*(up) and uy; < ug < iy to the case with ¢ > ¢*(ug). The change in inefficiency is
(B.22) subtracted by (B.26), with g changed to gy, which is positive since gq < g*(ug).

Assume that uy > dy. In this case, the equilibrium outcome is changed from the case with
q < q*(ug) and uy > ay to the case with ¢ > q"(uy). The change in inefficiency is (B.22)
subtracted by (B.28), with g changed to gy, which is positive since gy < g*(ug).

We have shown that the positive stereotype makes the inefficiency higher.

When g > ¢*(up), the total payoff to the high-type entrepreneurs must become higher as
the extra payoff to the investor to launch the final product when the test product does not sell
becomes lower. As the high-type entrepreneurs’ payoff is higher and the low-type entrepreneurs’
payoff is always 0, the increased inefficiency must come from a decrease in the investor’s payoft.

The proof is complete.

C Proofs of Results in Appendix A

We show the proofs of the results in Appendix A, which is about the case where Assumption 3(a)
does not hold. Towards this objective, a few intermediate results are needed.

Firstly, to establish whether a given strategy profile is a separating equilibrium, we need to
characterize the low-type entrepreneur’s strategic consideration. The following result shows the

product launch pattern by the low-type entrepreneur in a separating equilibrium.

Lemma C.1 (Low-type funding in separating equilibrium). For large enough N, in every separat-

ing equilibrium, the low-type entrepreneur gets funded if and only if the test product sells.

Proof. Proof of Lemma C.1. Fix a separating equilibrium and let (4, p) denote the low-type en-
trepreneur’s test product choice in the equilibrium. If the low-type entrepreneur does not get
funded regardless of the test outcome, then by imitating the high-type entrepreneur’s strategy,
he is guaranteed a strictly positive payoff and thus a profitable deviation since the high-type en-
trepreneur gets funded with a positive probability. Therefore, the low-type entrepreneur must
get funded after some test outcome.

Moreover, the low-type entrepreneur’s posterior belief is more informative when the test
product sells than when it does not. To see this, note that, by Assumption 1, conditional on W,

the probability of the test product selling is f*? if W = A, f/P if [W — A| = 1, and 0 if otherV}/ise.
tp »

ftp{rszp for W = 4, fip42fIP

for [W —A| = 1, and 0 otherwise. When the test product does not sell, the posterior belief about W

: 1-fi? 1—ffp

1S m for W = )L, W

belief about W is more informative when the test product sells than when it does not. Hence,

Hence, when the test product sells, the posterior belief about W is

for [W — A| = 1, and 1 otherwise. For large N, the posterior
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if there exists an equity share offer that is acceptable to both the low-type entrepreneur and the
investor when the test product does not sell, then such an offer must also exist when the test
product sells. That is, the low-type entrepreneur must get funded when the test product sells.

It remains to show that the low-type entrepreneur does not get funded when the test prod-
uct does not sell. Based on our analysis of the low-type entrepreneur’s posterior belief in the
previous paragraph, if the final product is launched after a negative test outcome, the low-type

entrepreneur solves (2) by choosing A = A — 3.2 Thus, the expected demand of the final product
piP42pfP

N—ftr—2f/p>

finity. Hence, for large enough N, there exists no equity share contract that is acceptable to both

conditional on the negative test outcome is which converges to 0 as N tends to in-
the low-type entrepreneur and the investor.

The proof of the lemma is complete. [

When N is large and the test product does not sell, the low-type entrepreneur’s posterior
belief improves little from his prior belief because of his very diffuse prior. Moreover, as his
type is revealed in a separating equilibrium, the investor will reject any equity share offer a €
[0, 1] by the low-type entrepreneur after a negative test outcome. On the other hand, if the test
product sells, then the low-type entrepreneur’s posterior belief can become very informative. For
example, if he chooses test product (0,V — 1 + €), then he knows that W = 1 with certainty if
the test product sells, in which case there exists an equity share offer a € [0, 1] that is mutually
acceptable to the investor and the low-type entrepreneur.

Now that the low-type entrepreneur gets funded when the test product sells, his payoft is also
affected by the demand of the final product. Therefore, the low-type entrepreneur also faces the
learning-funding tradeoff in separating equilibria. The following result fully characterizes the

low-type entrepreneur’s strategic tradeoff in his experimentation strategy.

Lemma C.2 (Low-type entrepreneur’s strategy). Let p; be the low-type entrepreneur’s test prod-
uct’s vertical attribute. For large enough N, we have the following characterizations of py in every

separating equilibrium:
(a) IfmPfP > K, then p = 0.
(b) IfmPfP < K and m(P'P + PfP) > 2K, then p, =V —e.
(©) Ifm(P'P + PIP) < 2K, then py =V — 1 + €.

Proof. Proof of Lemma C.2. By Lemma C.1, the low-type entrepreneur gets funded if and only if

the test product sells. In this case, by our analysis of the low-type entrepreneur’s posterior belief

?Recall that we have two integers A, and A, denote the same product location on Q if A, — A, = aN for some
a€E”Z.
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in the proof of Lemma C.1, the low-type entrepreneur’s (unconditional) expected payoff is

fIP(mPP — K) + 2ffP(mPfP - K)
~ .

(C.29)

Recall that f'? is linear and decreasing in p € (V —¢,V) (with derivative —%) and constant for
pe(0,V—e) ffp is constant for p € (V —1+¢,V) and linear and decreasing in p € (0,V —1+¢€)
(with derivative —é).

For p € (V—1+¢,V), since mP'? > K, (C.29) is linear and decreasing in p. For p € (V —¢,V —
1+ €), (C.29) is linear in p, with the derivative having the opposite sign as m(P? + PfP) — 2K.
For p € (0,V —e¢), (C.29) is linear in p, with the derivative having the opposite sign as mPf? — K.

Hence, we have shown that (C.29) is decreasing in p € (V — 1 + ¢,V); decreasing in p €
(V—€,V —1+¢) if and only if m(P*? + PfP) > 2K; and decreasing in p € (0,V — €) if and only if
mP/P > K.

Therefore, if mP/? > K, then (C.29) is maximized at p; = 0; if mPfP < K and m(P'P + pfr) >
2K, then (C.29) is maximized at p; = V — e; if m(P'P + PfP) < 2K, then (C.29) is maximized at
pr=V-—-1+e.

The proof of lemma is complete. [

The intuition is quite similar to that in the low investor confidence case (i.e., ¢ < g*(ug))
where the final product is launched only if the test product sells. When the value of K is small
such that Pf? > K, the low-type entrepreneur prioritizes funding over learning, since the low
investment cost affords him a large share of the pie if the final product is launched. Hence, he sets
pr = 0 to maximize the probability of the test product selling, and therefore the probability of
funding. When the value of K is moderate such that Pf? < K but m(P!?+P/P) > 2K, the low-type
entrepreneur trades off learning about the product-market fit and his chances of getting funded,
which leads him to set p; to the intermediate level V —e. Lastly, when the value of K is large such
that m(P'P + PfP) < 2K (but mP'P > K still holds), the low-type entrepreneur prioritizes making
his posterior belief after a positive test outcome as informative as possible, which is achieved by

setting p; =V — 1 + € since he would know W = 1 with certainty after a positive test outcome.

Remark C.1. Lemma C.2 also characterizes the low-type entrepreneur’s optimal strategy in the
case with self-funding: when deviating to an off-path strategy leads the investor to believe the
entrepreneur’s type to be low with probability one, the low-type entrepreneur’s payoff from each
off-path strategy is the same as that in the case with self-funding. With the same reasoning, we
see that Lemma C.1 also holds for the low-type entrepreneur in the benchmark case with self-

funding.

With the intermediate results we have established, we are ready to show the proofs of the
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results in Appendix A.

C.1 Proof of Proposition A1

Let 7 denote the random variable denoting the demand of the final product. Based on our deriva-

tion for the value of E(x|X = 1, A, p) in the proof of Theorem 3, we have
Uip) = Jim EGrI(X = DIA=0,0.6 = 1) = rfP(p)P? + (1) T P(p)PS?.

Similarly, based on our discussion in the proof of Theorem 3 regarding the (unconditional) ex-
pected demand of the final product launched by the low-type entrepreneur when the test product

sells, we have
Up(p) := NE(x1(X = 1,1 = 0,p,6 = 0) = f'P(p)P'? + 2f/P(p)PIP,

where the multiplication by N allows us to compare the expected demand of the final product for
different values of p.

The following technical lemma shows that the proportional growth of U;(p) is less than that
of Up(p)-

Lemma C.3. log ()

Y
Up(p)

is non-decreasing in p € (0,V).

dlogU;(p) > dlogl,
7]

2= ) Towards this objective,

Proof. Proof of Lemma C.3. We need to show that

9logUy(p) _ dlog Ul(p)|
ap ap r=

we observe that 1/3- Since r > 1/2 by assumption, it suffices to show that

al%(pjl(p) is non-decreasing in r at every p € (0,V) (except for p € {V —¢€,V — 1 + €}, where U;(p)
is not differentiable).
When p >V —1+e¢, ffP(p) = 0 and log % = logr, which is constant in p.
0

When p € (V—¢,V —1+¢), both f*?(p) and f/?(p) are linear in p, with 3 f'? /dp = —1/e and
affP/ap = —1/(2¢). Hence, we have oU;(p)/dp = — [ZrPtP +(1- r)pr] /(2¢) and therefore

*logUi(p) 1 9 2rP!P + (1 — r)PfP
arap 20 | rftP(p)PP + (1 —r) f/P(p)PIP
B (2P'P — pfp)(rftpptp +(1- ,-)fprfP) —(2rP'? + (1 — r)pfp)(ftpptp — fprfP)
o 2e(r f1PP'P + (1 — r) ffPPIP)?

(ftP -2 ffp) ptopfp
 2e(rftPPP + (1 —r)ffPPfP)2’

which is positive since 2¢(ff — 2ffP) =1—¢e > 0for p € (V — €,V — 1 + €) by Assumption 2.
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When p € (0,V — ¢€), we have f'P(p) = 1 and ff P(p) is linear and decreasing in p with the
WU(p) _ _(=r)Pi?
7]

and therefore
2€

rate of change being —1/(2¢). Hence, we have

dlogUi(p) (1-r)pf? pip

ap 2(rPP + (1= D) fIP(0)PI?) 2 (PP + fIp(p)PIP)

which is increasing in r.

We have shown that al%gl(p) is non-decreasing in r at every p € (0,V). Therefore, log Yilp)

is non-decreasing in p € (0, V). The proof of the lemma is complete. UO(p[)]

Let a*(p) be the optimal equity share offer to the investor when the test product (0, p) sells.
Since q < ¢*(uy) by assumption, it is without loss of generality to assume that the final product is
not launched after a negative test outcome. Thus, the high-type entrepreneur’s expected payoff
from pooling with the low-type entrepreneur with test product (0, p) is Vilp) := Up) —
a*(p)) + Pr(X = 0|A = 0,p,0 = 1)uy; for the low-type entrepreneur, it is Uy(p)(1 — a*(p)).
By Lemma C.3, for any p € (0,V), dlogU;(p)/dp < 0 implies that dlogUy(p)/dp < 0 holds.
Therefore, Uy(p)(1 — a*(p)) is decreasing at p if U;(p)(1 — a*(p)) is decreasing at p.

Let py;° be the minimum maximizer of V1(p) and pyy be the minimum maximizer of U; (p)(1 —
a*(p)). Let p; be the maximum maximizer of the low-type entrepreneur’s expected payoff in the
self-funding case, which is characterized by Lemma C.2 via Remark C.1.

We will show that neither types of entrepreneurs have an incentive to deviate from the pool-
ing strategy profile with test product (0, pj;’) for small enough uy. The high-type entrepreneur
has no incentive to deviate since pj; is the maximizer of V1(p) by definition. For the low-type en-
trepreneur, by the proof of Lemma C.2 and our choice of p;, the low-type entrepreneur’s expected
payoff is non-decreasing in p € (0, p;) and decreasing in p € (p;,V). Meanwhile, we observe
that V, (p) = Ui(p)(1 — a*(p)) if uy = 0. Hence, by our proof of Theorem 3, for large enough N,
we have that U;(p)(1 — a*(p)) is non-increasing in p € (py;, V). In this case, by Lemma C.3, if
prr < pr. then Uy(p)(1 —a”(p)) is decreasing in p € (py;, V). Thus, the low-type entrepreneur has
no incentive to deviate in a pooling strategy profile with test product (0, p) where p € [p;, pr;].

We now show that pj; < pj. Based on the derivations of u,; and # in the proof of Theorem 3,

for large enough N, we have

0 if PP — K —uy >0

*k

P =1V —¢€ if PfP — K —uy < 0and 2r(PP — K —ug) + (1 — )PP =K —ug) > 0
V—l+e if2r(P? —K—uyg)+Q—-r)(PP—K—-uy)<o.

The values of py; can be derived similarly by setting uy = 0. Since uy > 0, we immediately have
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pir < PE -
Meanwhile, by Lemma C.2, we have that

0 it mp/P > K
pL =1V —e¢ if mPfP < K and m(P'? + PfP) > 2K
V—1+e ifm(P?+P/P)<2K.

Since r > 1/2 and m < 1 by assumption, we have p;; < p; for large enough N.

To prove the proposition, it suffices to show that p;;” < p; for small enough uy > 0 and large
enough N.

Assume mP/P > K, in which case we have pz = 0. Since m < 1, we have pfr > K, and can
find a;;; > 0 such that pfr g — ug > 0 for uy < #zy,, in which case, for large enough N, we
have p;;’ = 0 and hence pij" = p;.

Assume mP/P < K and m(P'P + P/P) > 2K. In this case, p; =V —e€.Sincem<1landr>1/2
by assumption, we have 2r(P'? — K) + (1 — r)(PfP — K) > 0, and can thus find ify, > 0 such that
2r(P'? — K —ug) + (1 — r)(PFP — K —ug) > 0 for uy < iify5, in which case, for large enough N,
we have p;;" <V — € and hence pj; < pJ.

Assume m(P'P + P/P) < 2K. In this case, pj = V — 1 +e. Since p}; <V — 1+ € by Theorem 3
and its proof, we have py; < p; for large enough N.

Let @; = min{iyy, é57,} > 0. We have shown that for uy < @j; and large enough N, we have
pi; € lps, pr]- Hence, the low-type entrepreneur has no incentive to deviate from the pooling
strategy profile with test product (0, p5;).

The proof is complete.

C.2 Proof of Proposition A2

Assume the low-type entrepreneur sets the test product’s horizontal attribute to 0. Let p; denote
the low-type entrepreneur’s choice of his test product’s vertical attribute. By Lemma C.2, since
m(P'P + PfP) > 2K by assumption, we can focus on p; <V —e.

Let uj;, be the unique solution for u to

zr(26 -1)
max{——=

2¢ —1
,l—r}(Ptp—K—uH)+min{u,1—r}
€ €

(PP —K —uy) =0,
whose left-hand side is the expected payoff of the high-type entrepreneur if he offers the investor

just enough equity share to launch the final product when test product (0, V —1+¢) does not sell.
When uyy > uj;, and the test product is (0,V — 1 + €), the high-type entrepreneur aborts

XXV1



the venture after a negative test outcome even if his type is known to the investor. Let uj, =
max{g}‘ﬂ,ﬁH}, where up is as defined in Theorem 3. When uy > g};, conditional on launching
the final product only after a positive test outcome, by the proof of Theorem 3, the high-type
entrepreneur’s expected payoff is maximized at test product (0,V — 1 + ¢).

Consider the strategy profile where the high-type entrepreneur sets test product (0,V — 1 +
€) and the low-type entrepreneur sets test product (0, py), both types of entrepreneurs launch
the final product if and only if the test product sells. It remains to show that neither type of
entrepreneur has an incentive to deviate from this strategy profile.

For the high-type entrepreneur, his deviation payoff must be weakly lower than his payoff
from the separating strategy profile, since by Lemma C.1, he would not get funded after a negative
test outcome for any deviation. Thus, the high-type entrepreneur has no incentive to deviate.

For the low-type entrepreneur, if he mimics the high-type entrepreneur’s strategy with test
product (0,V — 1 + €), his payoff is the same as his payoff if m = 1 and his type is revealed to
the investor, since when m = 1 and the test product (0,V — 1 + ¢€) sells, the investor is indiffer-
ent between the two types of entrepreneurs. Moreover, when his type is known, the low-type
entrepreneur’s expected payoff from setting test product (0,V — 1 + €) is strictly dominated by
that from setting test product (0, p;) for p; < V — 1 + €. Thus, there exists m < 1 such that, if
m > m, then the low-type entrepreneur’s imitation payoff is strictly lower than his payoff from
choosing test product (0, py) for some p; <V — € and revealing his type to the investor. Hence,
the low-type entrepreneur has no incentive to deviate for large enough m.

We have shown that, for large enough N, there exists g}; and m such that, if uy > g}; and m >
m, then a separating equilibrium where the high-type entrepreneur sets test product (0, V —1+¢)

exists. The proof is complete.

C.3 Proof of Proposition A3

Fix a separating equilibrium where the high-type entrepreneur chooses test product (0, pg). Such
a separating equilibrium exists for some parameter values, e.g., the numerical example in Fig-
ure Al. We want to show that py; > V — €. Towards a contradiction, assume instead py <V —e.
Let (A7, pr) denote the low-type entrepreneur’s test product choice in equilibrium. Based on our
analysis of the low-type entrepreneur’s posterior belief in the proof of Lemma C.1, the expected

demand of the optimal final product joint with the test product selling is

fP(p)mP'P + 2 fP(p; ymP/P
~ .

(C.30)
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The expected demand of the optimal final product joint with the test product not selling is

m(P'P + 2PfP)

- (C.31)

Since f'?(p;) < 1and ffP(p;) < 1, (C.31) is (weakly) larger than (C.30).

Let a” be the minimum equity share offer acceptable to the investor when she knows that
the entrepreneur’s type is high and the entrepreneur knows W with certainty (i.e., his posterior
belief is degenerate). Hence, a” is the minimum equity share offer that could occur on every
equilibrium path. Since py <V — ¢, which leads to the most informative posterior belief about a
negative test outcome, the high-type entrepreneur offers ™ after a negative test outcome.

By Lemma C.1, for large enough N, the low-type entrepreneur is not funded when the test
product does not sell in every separating equilibrium. Hence, the low-type entrepreneur’s equi-

librium expected payoff is bounded above by

F1P(pp)mP'? + 2 fIP(p; ympIP
N 3

(1-a") (C.32)
since the equity share offered to the investor cannot be lower than a*.

If the low-type entrepreneur imitates the high-type entrepreneur’s test product choice, then
the low-type entrepreneur offers equity share offer a* to get funded after a negative test outcome.
Let ap; € (0, 1) denote the equity share the high-type entrepreneur offers when the test product
sells. If the low-type entrepreneur imitates the high-type entrepreneur’s strategy, by Theorem 1,

the low-type entrepreneur is always funded, and his expected payoff is

PV — mPP + 2 ffP(V — e)mp/P m(P'? + 2PIP)
~ -

(1-ag1) (C.33)

The difference between (C.33) and (C.32) is

(e P = mP'? + 2f AV - mP? +(1-a*) (m(P ' 4 2PIP)  fP(p)mP'P + 2 ffp(PL)Tnpr)

N N N

which is positive since the first term is positive and the second term is also positive by our analysis
of the difference between (C.31) and (C.30). Thus, the low-type entrepreneur becomes strictly
better off by imitating the high-type entrepreneur’s strategy, a contradiction. Therefore, for large
enough N, we must have py >V —e.

The proof is complete.
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