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Appendices

A. Technical and Implementation Details
LEMMA 1. (Exclusion Restriction): Let h; denote an non-parameteric estimator of the
optimal instrument function, constructed using a subset of the data D§ C D\ D; that

excludes observation i. Then the exclusion restriction holds:

~

By the law of iterated expectations and assumption (3), we have:
E[& hi(z)] =B [E[&- hulz0) | 2, D] |

since E[¢; | z;, D§] =0 by assumption (3). This concludes the proof. m
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Lemma 1 (Restated). If Assumption 1 holds, and for every k=1,2,..., K, E[b(w,0, ﬁk)] <
oo, where

b(wi, 0, hy) = &(ws, 0)" (h* (2:) — hu(z:))?
and 6 € © with © compact, then

~

£(0) B E[f(w;,0,h")]

where

= %ZZf(wz,Q,ﬁk)

k=1 icly
We first show that f(6) % %sz f(w;, 0, h*) where f(0) = %Zszl > ier, f(wi, 0, hi). Let
fik £ f(wzv 07 Bk) - f(wza 07 h*)

We first show that E [| D el I

= o rul o] < ¢ SR [

iel}, i€l

£ (w,0.0) = f(w,0, )| dPo ()
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Thus we have, f(6) %+ szf f(w;, 0,h*) Using law of large numbers we also know that,

n

LS .10) 2 Elf 0.7

=1

Thus, using triangle inequality we have,

This completes the proof m

Lemma 2 (Restated). If the instruments hy are mean square consistent for each k =

1,2,....K, ie.,
A 2 »
(o) = (=) | dBo(w) 50,

then for each k=1,2,... K,
~ 2
/ | (w, 00, ho) — f(w, 80, )| dPo(w) 5 0.

Using cauchy-schwarz inqequality and equation (2), we have:

/ [f(w,@o,h*)_ f(w,eo,fzk)rdPo(w): / £(a1,00)° [h*(zi)—ﬁk(zi)rd]?g(w)

IA

/ € 00)? [ 1) — ()| o)

< [ / f(wi,00)4[h*(zi)—ﬁk(zi)]QdIP’g(w)

/ [h*(zi) - ﬁk(zi)] QdIP’O(w)]

= 0p(1)0y(1)

1
2

which completes the proof m

Lemma 3 (Restated). If Assumption 2 is satisfied, then the estimation of hy, has no first-
order asymptotic effect on the moment conditions of the K-fold MLAOIV estimator, i.e.,

N % D Fluwibo, ko) +0,(1),
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where f is given as

K
F(80) = 5757 s, o, ),

k=1 i€cl},

and hy is the estimator for the k-th fold, trained using the data excluding fold k (i.e., Dy).

Consider (i 2 f (i, 2, 00, hie) — f (i, 25,00, R*)Vi € I
Further by construction of MLAOIV recipe and independence of data samples. E [éﬂD;} =

0. Also, due to independence of samples within the fold F [@kfjﬂD,‘g] =0 Vi, j € I;. First
we show that ]E[(\/Lﬁ > el Cin)?|DS] 2 0. Consider the following

El(—= 3" Ea1D8) = = [ STEIE) D5 + 3 El(Eadin) DS
Ny n

i€l i€l i#]
=[S Bl D]
icly,

_%[/ [f(w,eo,h*)—f(w,eo,ﬁk)rdlf”o(w)}

Thus from assumption 2 we have ]E[(\/Lﬁ D icl, Cin)?|DS] % 0. Using the conditional markov

inequality it follows

Thus,

i
>

Bl
bl

This completes the proof m

Lemma 4 (Restated). If the instrument estimators hy, are mean square consistent for each

k=1,2,....K, ie.,
“ 2 »
[ho(zi) _ hk(zi)] dPy(w) 0,

2
andE{<M> } < o0, then for each k=1,2,..., K,

00,

af(wa 607 hO)z B 8f(w, 007 ]Alk)z
90, 90,

dPo(w) 5 0.
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Using cauchy-schwarz inqequality and equation (2), we have:

df (w, 0, h*); 00, i) O (24, 00) ||, . )
/’ f(wae;) ) _f(wagj k) |dP0(U)):/‘§(;—0jO)H[h (25) — huo(2)];

This completes the proof m

Lemma 5 (Restated). If assumption 3 is satisfied and for any 0 5 0, f is differen-
tiable at 6 with probability approaching one, then G‘(@) = G, where G(é) 8— and G =
E[afwzaho 10 =6,

Let f(0) 2 1251216@ flw;,0,hy). Let G(0) & 910) when it exists. Gr &

90
- e T Shedeh wz 00 and let G, 21 oD el wwg—z‘)h’“) By law of large numbers:
k=K
Gr>E 0
ko Bl=—— ]
k=1
=K
G5 G
k=1
Also using triangle inequality we know,
a 9 ) i 79 ,iL 7
B[y - Gyipg] < f [Pt F el gy ) 50 )
J

Then by using conditional markov inequality
PG} - G} | > | D] <E[|GY - GY/|Dj] /e
P(IGY — G| > [ Df] < 0,(1)
Thus it directly follows,
GY-G7 50

Using the triangle inequality, we get

|2Gk—G| ék+ ék—G|
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k=K k=K k=K k=K
| ) GL—=G|<|) Gi— Gk!+|ZGk—G\
k=1 k=1 k=1 k=1
k=K k=K k=K
| > Gr—=G|< ) |G —Gil+| ) Gp—G]
k=1 k=1 k=1
k=K
| Gr— G| < o0p(1) +0,(1)
k=1
Thus,
k=K
G5 G (4)
k=1

Also, we know for any 6 = 6, and using triangle inequality we get

k= .
é(g)ij ] Z Haf wzae Mk )i f(wi(a;;‘,nk)i
k=1 J
< LS uw o sl
=n < W; 0
=0p(1)0p(1) =0
Thus, we have for any 0 % 6,
k=K
GO) 5 Gy (5)
k=1
Finally, using triangle inequality
o k=K k=K
HG(@)—GH: GO - S Gy + Gk—GH

k=1 k=1
k=K k=K

<[l ¢S
k=1 k=1
k=K k=K

<[|é@ - l|+]| > a-¢f
k=1 k=1

< 0p(1) +0p(1)

Thus, G(0) 5 G
This completes the proof m
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Theorem 3 (Restated). If assumption 3 and 2 are satisfied and G'W G is nonsingular then
SES and VL V.

To prove this we will closely follow Chernozhukov et al. (2022). Let f; £
fwi,0,hy) and f; & f(w;,00,ho). We first show that L3=7||f; — fi[|> % 0. Then
we use that to show € & Q and complete the proof. Consider fz — fi =
f(wi,é,fzk) (wZ,QO,hk) ;f(wi,eo,ﬁk)—f(wiﬁo,ho); Thus, it is suffice to show that

) B
w2t TP 50, and 377 ||Bil[P 5 0

1i:n ) ) 1i:n R R
il R | —— A+ B:ll?
=3I =Y A+ Bl
i=1 =1
2z:n - Qz:n -
<=3 IAIP+ S IB
i=1 i=1

We first show %Zi? |A;||2 5 0. Note, this is the same as showing %Zielk 1|42 2 0.
Using the mean value expansion it follows that
1 ~oA ~ 2 1 af(wzaéa }Alk) 2 2
[ B = f w0, B || = || PR (O - )
1€l 1€l
1 . 2
< E(Z d(w;)?) ‘ ‘ (0 —6o) ‘ )
i€l
< Op(1)0p(1)
Next, we show that 2 S°/=7||B;||> 2 0. Note, this is the same as showing LY er, |Bi|[> % 0.

Consider E [% 3 ||B1|P‘D,g] and if K < n, we have

i€l

ARSI / 70260 0) = Fw,0.0)] o)

i€l
20

Next using conditional markov inequality we have

1 A
=Y B[P 50
n

1€},
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Thus, we have

1 k=K

> lIBiI[* 20

k=1 i€y,

We finally, show that Q5 €, where Q = Eg, [fif;] and Q= %szf ﬁf; By law of large

numbers we know that L 37" f; f/ % Ep, [fi f;]. Next, consider
1 L, 2 IaRlss oo
Hﬁzfifi_ﬁzfifi SﬁZ’fifi_fifi

i=1 i=1 i=1

1z N 9 2i:n

i—n
i=1 i=1

2

fi

Thus O 5 Q.
This completes the proof m

B. MLAOIV Algorithm
Figures 1 and 2 provide a detailed overview of the MLAOIV algorithm, which is structured
into two main components: an outer loop for instrument generation and stacking, and an

inner loop for model selection and hyperparameter tuning via nested cross-validation.

C. The Colonial Origins of Comparative Development

We finally consider an application of our method to a real-world dataset. We consider
Acemoglu, Johnson and Robinson(2001) - henceforth AJR(2001), where the authors study
whether differences in economic development across countries can be explained by differ-
ences in the quality of their institutions (rule of law, property rights, etc). However, it is
possible that economic development leads to good institutions or that other unobservables
drive both institutional structure and economic development, leading to an endogeneity
issue in estimating the impact of institutions on economic performance. To address this
endogeneity issue, authors use the mortality rates expected by the first European settlers
in the colonies as an instrument for the quality of institutions. The argument is that the
settler mortality rates affected their colonization strategies which, in turn, affected their

path of institutional development that culminated in today’s institutions. The AJR paper
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Figure 1 MLAOIV Outer Loop: Instrument Generation and Stacking

serves as an excellent example to test our cross learner algorithm because it has come
under criticism recently due to the weakness of instruments across the various specifications
(Chernozhukov and Hansen (2008)). Another reason to consider applying our approach to

the AJR data is that their sample size is relatively small (n = 64), allowing us to investigate

whether the cross learner algorithm is beneficial with small datasets.

Authors report the 2SLS estimates from the following reduced form regression.

log(yi) = p+aR; + Xy + e
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Inner Loop: Nested Cross-Validation for ML Selection

Training Data D from outer loop

v
Partition Data Dy, into p sub-folds
1

1
Dgy ! Diz ' Dis : Di 4
Candidate Algorithm —
Hyperparameter combinations A = {a;,a,, ..., ay}

|

4 For each algorithm — hyperparameter combinationa € A \

For eachinnerfoldm =1, ...,p
Train combination a (or equivalently k) onp —1

folds (D,f'f;ai") to get parameters 9 , for a

Evaluate on validation fold D;:Zf”d i Ly m(a)

Calculate CVy(a) = ianzl Ly m(a)

P e e
e e e ot P D et Ul

[ Select a;, = argminCVy(a), ]
aeA

Retrain selected algorithm — hyperparameter combination a;, on entire Df,
Define transformation hj = h(az)with estimated parameters as 1y

Figure 2 Inner Loop: Nested Cross-Validation for ML-hyperparameter Selection

where y; is the income per capita in country ¢, R; is the protection against expropriation
(measure of institution quality) and X; is a vector of other covariates. To address the

endogeneity issue the authors use the following first stage.

where Z; is logarithm of the settler mortality rate in 1,000 mean strength.
We replicate the model specifications, from Table (3) of AJR(2001), which came under

criticism due to weak instruments. To contrast their results with ours, we learn the
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MLAOIVs H(-) by estimating a slightly different first stage.

For learning the MLAOIVs we employ a 3-fold sample splitting procedure. We employ
multiple machine learning methods and select the winning ML estimator (random forest)
based on cross-validation error.

We find that across all specifications, MLAOIVs seem much stronger than AJR instru-
ments, as measured by the F' value (see Stock and Yogo (2002)). A higher F' value, generally
indicates stronger instruments. Higher power of MLAOIVs leads to lower standard errors
across the board. AJR instruments are not able to identify the constant term, which could
potentially be due to weak instruments. On the other hand, MLAOIVs are able to identify
the constant term across all specifications. Further, the estimates of the impact of institu-
tion quality on per capita income generated using MLAOIVs are lower than corresponding
AJR estimates.

Interestingly, for specification (3),(4),(5) and (6) where the AJR instrument falls below
the commonly used F' value threshold of 10, we see a significant increase in estimated effect
of institutional structure, by as much as 36%. In contrast, MLAOIVs have higher F' value.
Further, for all other controls and robustness tests, we find MLAOIVs estimates to be

much more consistent across specifications, compared to estimates using AJR instruments.
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