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WEB APPENDIX A

PROOF OF LEMMA 1. Consider the subgame where (Ry,R;) = (1,1). We solve the game by

backward induction using the guess-and-verify approach. Specifically, we start with a guess that in the
first period, the market is fully covered, and hence, no consumer chooses to wait till the second period
to buy a product (we will later verify our guess).! Mathematically, this is equivalent to

max{V —p;; —0d,V —py; —0(1 —d)} =2 max {§(V — pi; — 6d),6(V —p3, —6(1 —d))} (Al
for all d € [0,1], where p;, and p5, are the prices that first-period consumers expect firms 1 and 2 to
charge in the second period, respectively.

If the inequality (A1) is satisfied, then in the second period, the firms compete for the (1 — @)

measure of new consumers who enter the market. Given the firms’ second-period prices p;, and p,,, a

consumer located at a distance d from firm 1 will prefer firm 1’s product over firm 2’s if and only if

V—p1—0d >V —py, —0(1 —d), or equivalently, d < G_IJE%. Hence, firm i will choose its

0-p12+D22

second-period price p;; to maximize its profit, m;,, where m, = (1 — a) 0

P12 and 7y, =

1—a)(1 — LPaetPe 22. Solving the first-order conditions Mz — and 022 — , we find that
p g
20 op12 0p22

a1 _ 01 _ =08

1y _ _(1,1)
22 12 - 122 2

P, =D = 0. The corresponding second-period profits are given by
Rational-expectations condition requires that p7, = p5, = 0. Plugging these prices into (Al), the
inequality (A1) becomes
max{V —p;; —0d,V —p,; —0(1 —d)} =2 max {§(V -0 —0d),s5§(V—-60—-6(1—-d))} (A2)
Hence, if a given pair (p;11, p21) of first-period prices satisfies the inequality (A2), then a) pf, =
p5, = 6 are rational expectations about the second-period prices, and b) all first-period consumers

rationally choose to buy in the first period rather than wait till the second period.

In the first period, the firms choose their prices to maximize the sum of their profits over the two

periods. If prices p;1 and p,q satisfy (A2), then the firms’ profits are given by my = w1 + Tl.'g'l) =

!'In Web Appendix B, we show that there does not exist an alternative equilibrium in which some of the consumers
who enter the market in the first period prefer to wait till the second period to buy a product.
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a2ty | 5D ang my = gy + gy D = (L — SRRy, 4 8598 Solving the first-
> (11) _ (1) _ . . , ,

order conditions, we find that p,;;"” = p,;”” = 6. Firm i’s corresponding profits in each period are

given by r[l.(f’l) = %9 and rci(zi'l) = G—Ta)e'

Because § < 1, it is easy to see that the price pair (p11, p21) = (6, 6) indeed satisfies the inequality
(A2). Hence, our initial guess that first-period consumers will not wait till the second period is verified.

Finally, let us check that firm i does not have any non-local profitable deviations from its first-

period price pl(f ) = 9. Given firm 2’s first-period price p§11.1) = 0, suppose that firm 1 deviates to a
price p;;. Because 8 < 6 = V(Zl__;), one can show that the inequality (A2) is satisfied for any pair

(p11, 0). If first-period prices satisfy (A2), then as we discussed earlier, all first-period consumers would
rationally choose to purchase in the first period instead of waiting till the second period. It follows that
firm 1’s deviation to p;, affects firm 1’s first-period market share but does not induce any consumer to
wait till the second period instead of buying in the first period. If none of the first-period consumers
waits till the second period, then we know that firm 1’s second-period subgame equilibrium profits are

(1-a)6 0-p1.+6

20

. From earlier

_ (1-a)6
Ty = 2

. Hence, firm 1’s deviation profit is given by m; = « P11+

analysis, we know that 771 is maximized when p;; = 6. Therefore, firm 1’s deviation to a price p;; #
0 cannot be profitable.

The analysis for the subgame (R, R;) = (2,2) is provided in the main text. m

PROOF OF LEMMA 2. We solve the game using backward induction. In the second period, the firms

compete for (1 — @) new consumers entering the market, as well as those first-period consumers who
had decided not to buy in the first period but wait. Hence, to find the firms’ second-period subgame
equilibrium prices, we first need to characterize those first-period consumers who will prefer not to buy
in the first period but wait. Specifically, a consumer will choose to wait if and only if

max {§(V = pi, —0d),6(V —pz, —6(1 = d))} >V —p;y — 6d. (A3)

The left-hand-side of the inequality shows the utility that a consumer anticipates to receive if she

chooses to wait till the second period to buy. The right-hand-side is the utility that the consumer can



obtain by purchasing firm 1’s product in the first period. One can readily show that max {6(V — p{, —
0d),6(V —p5, —0(1 —d))} — (V — py1 — 84d) is increasing in d. Therefore, if the inequality (A3) is
satisfied for some d € [0,1], then there must exist a unique d such that the inequality holds if and only
if d € (d, 1]. Hence, to know which first-period consumers will still be shopping in the second period,

we need to find d. There are four possible situations that may happen in equilibrium.

i. No consumer chooses to wait. In this case, d = 1. Therefore, it must be that even the consumer
located furthest away from firm 1 prefers to buy firm 1’s product in the first period rather than
wait till the second period: V —py; —0 > max {§(V —p{, — 0),8(V — p5,)}. Because, in
equilibrium, firm 2 must have a positive market share in the second period and consumers’ price
expectations must be rational, we have V — pf, — 8 <V — p5,, i.e., the consumer withd = 1
would buy from firm 2 in the second period.? Hence, V —py; — 6 > max{6(V — p%, —

0),6(V —p5,)} = 6(V — p5,), which is equivalent to p;; < V(1 —8) + 6ps5, — 6.

il. A positive measure of consumers chooses to wait and all of them anticipate purchasing firm 2’s
product in the second period. Hence, the consumer with d = d must be indifferent between
buying firm 1’s product in the first period and buying firm 2’s product in the second period.
Solving the equality V —p;; —60d= 8§V —ps,—6(1—d)) , we obtain d=

V(1-8)-p11+8D5,+668
0(1+6)

Itmustbethat 0 <d < 1landV —p$, —0(1 —d) =V — p¢, — 0d. These

(2V-p5,—6)(1-8)+p§,(1+6)

inequalities hold when V(1 — §) + dp5, — 0 <p11 < 5

iii. A positive measure of consumers chooses to wait; some of these consumers anticipate purchasing

firm 1’s product in the second period, while others expect to buy firm 2’s product. In this case,
the marginal consumer with d = d must be indifferent between purchasing firm 1°s product in

the first period and purchasing it in the second period. Solving the equality V — p;; — 8d =

2 More formally, we know that both firms will have positive market share in the second period. Therefore, one

. . . . . 0-pi,+D5 0-Dpia4+D5s - .
can show that their second-period prices will satisfy 0 < TP1atPaz o 1, where Z7P12P2z ¢ the Jocation of the

26 20
marginal consumer who is indifferent between the two products. Rational expectations require that p{, = p, and

P52 = P32, Which implies that 0 < e_plz% < 1. Finally, the last inequality implies that V — pf, — 8 <V — p5,.



V(1-8)—p11+8p7,

SV —p$, — 6d), we obtain d = 503)

. It must be that 0 < d <1 and V —p$, —

(ZV—pfz—B)(1—8)+pfz(1+6)<
2

0d >V —pS, —60(1 —d). These inequalities are equivalent to
p11 <V(1-6) + 6pi,.

iv. All consumers choose to wait till the second period. In this case, d = 0. That is, the consumer
with d = 0 prefers to wait instead of buying firm 1’s product in the first period which implies
that all other consumers also prefer to wait. Mathematically, V — p;; < max{§(V — p5,),s(V —
ps, — 6)}. Because firm 1 will have positive market share in the second period and consumers’
price expectations are rational, it must be that V — pf, >V — p5, — 6, i.e., the consumer with
d = 0 would buy from firm 1 in the second period. Therefore, V — p;; < 6§(V — p{,), which is

equivalent to p;; = V(1 = 8) + 6p1,.

To summarize the above, we considered the four possible situations that may happen in equilibrium
and characterized d in each situation. Further, in each case, we obtained the conditions on p; 4, p$, and
p5 to ensure that consumers’ decisions to wait are optimal given their expectations about second-
period prices. Specifically, d is given by

1 if pjy <V —-06)+p5,—0

V(1-8)-p11+6p5,+68 < (2V-p5,-6)(1-8)+p$,(1+5)

~ 0(1+68) 2

d= (A4)
V(1-8)-p11+6DP%, o (2V-p5,-0)(1-8)+p5,(1+6) _ e
s if > < P11 <V(@A-96)+6pf,
0 if p11 =2 V(@1 —-6)+6p7,

Outline of solution steps. To find the second-period subgame equilibrium prices that satisfy the
rational expectations conditions, we will use the standard “guess and verify” approach. Step I: we start
by making a guess that p;; satisfies the conditions corresponding to one of the four possible cases
outlined above. Step 2: solving the first-order conditions, we obtain the firms’ second-period subgame
equilibrium prices p;, and p3, as a function of p7,, p5, and p,1. Step 3: because we are looking for a
rational-expectations equilibrium, we solve the equations pf, = p;i, and p5, = p5, to find the price
pair (p3,, p5,) that satisfies the condition for rational-expectations: (p5,, P52) = (P12, P32). Step 4: to
verify the guess that we started with, we plug the prices (pf2, p52) = (P12, P32) back into the condition

that we assumed to hold in Step 1. This allows us to find conditions on p;; under which the triplet



(P11, P12, P52) = (P11, P12, P32) satisfies the conditions of the case, verifying our initial guess. Step 5:
given the conditions on p;; that we obtained in Step 4, we check whether any firm has a profitable non-
local deviation. We repeat Steps 1-5 for each of the four possible cases.

Case i:py; < V(1 —8) + 6ps, — 6. In this case, d = 1, i.e., all first-period consumers buy firm

I’s product in the first period. Hence, in the second-period, firms compete for the new consumers

entering the market. Firms 1 and 2 choose prices to maximize (1 — «) G_I)E%plz and (1 —a)(1 —

0-p1 +P22)

0 D22, respectively. Solving the first-order conditions, we find that p7, = p3, = 6. Rational

expectations require that pf, = p;, = 6. Note that Case i assumes that p;; < V(1 —6) + Sps, — 6.
We need to check that this inequality is satisfied. Substituting p5, = 6 into the inequality py; <

V(1 —6) + 6p3, — 0, it follows that the condition for case i is satisfied when py; < p, where p = (1 -

6)(V — 0). It is straightforward to show that the firms’ profit functions are quasi-concave, and thus, the

firms do not have any profitable non-local deviations.

_ e __ (2V-pS5,—0)(1-8)+p$,(1+6)
Case ii: V(1 —08)+6p5, —0 <py; < .

. In this case, we have d =

V(1-8)—py,+8p5,+68

9(150) . In the first period, consumers with d < d bought firm 1’s product, while the

remaining consumers with d > d preferred to wait till the second period, anticipating to buy firm 2’s
product. Since we are solving for a rational-expectations equilibrium, the firms’ second-period subgame
equilibrium prices must indeed be such that consumers with d > d buy firm 2’s product. This happens
when firm 2’s second-period price is sufficiently low: p,, < pi, — 0 + 26d. In addition, to have a
positive market share, firm 1’s price must not be too high: p;, < p,, + 8, or equivalently, p,, > p1, —

6. When py, — 8 < pyy < p12 — 6 + 2604, the firms’ second-period profits are

0-p12+D22

T, = (1—a) 20 12

~ 90—
o2 = (@1 = d) + (1 - @) (1 - —22E2))p,,

. . d
Solving the first-order conditions (dn12

d . . e
= 0and —22 = 0), we obtain the candidate equilibrium
D12 apz2

2a(p11-V-05,6+V8)+0(3(1+8)—a—3ad)

_ 4a(p11-V-p5:6+V8)+0(3(1+8)+a(1-38)) T
3(1-a)(1+6) .To

and pz; = 3(1—-a)(1+6)

prices: pi, =



ensure that the rational-expectations condition is satisfied, we need that py, = pi, and p5, = p3,.

Solving these equations, we find that pf, = Za(p“_;Ei;(;)_);g(f;)a)(“a) and p5, =

4a(p11—-V(1-8))+6(3+a+36-3ad)
3(1+8)—a(3-6)

. Plugging p7, and p5, into the expressions for pi, and p;,, we verify

* 2a(p11—-V(1-6))+0(3-a)(1+5) % 4a(p11-V(1-8))+0(3+a+36-3ad)
Piz =Piz = - 3(1+68)-a(3-9) and pz, = Pz = = 3(1+8)-a(3-9) . For future

V(1-8)—p11+6p5,+08 _ 3V(1-a)(1-6)-3p1;(1-a)+260(3-a)6
6(1+68) - 6(3(1+8)—a(3-6))

reference, using pg,, we find that d =

Next, we need to verify the assumptions that we used in the analysis. First, case i7 assumes that p4

satisfies V(1 — 8) + 6ps, — 0 < pyp < (Zv_pzz_9)(12_6)+p12(1+6). Plugging in the expressions for p$,

2V-p5,-0)(1-8)+p§,(1+6) . .
< (2V-p5, )(2 )+p7,(1+6) .o equivalent to p <

and p5,, we find that V(1 — §) + 6p5, — 0 < p11

2V(3-2a)(1-6)+6(3—-a)(36—-1)
6—4«a

P11 = , Where p= (1 = 6)(V — 0). Second, recall that to ensure that both

firms have positive market shares and that consumers with d > d indeed buy firm 2’s product, we

assumed that the firms’ prices would satisfy p;, — 6 < pp, < p12 — 6 + 20d. One can readily show

0(3-a)(36-1)

that when p <p;; V(1 —=6) +———

, the equilibrium prices pj, and p;, indeed satisfy
Piz — 0 <3, SPIZ_Q*‘ZQ&

Firm 1’s profit function is not necessarily quasi-concave because firm 1 may potentially want to
make a non-local deviation to a much lower price in order to capture some of the consumers with d >
d. Hence, we need to rule out such deviations. To serve some of the consumers located on (d, 1], firm

1 will need to deviate to a price pj, < p3, + 8 — 26d, in which case firm 1’s deviation profit will be

9_ i * ~ 6— ! * . .
Ty = (a(% -d)+(1-a) %)p{z. Note that 7, is concave. Evaluating the left-

!
0_m;,

D1, |p£2:p;2+0—203 -

derivative of mj, at the point pj, = p3, + 08 —20d , we find that

V(6—7a+3a?)(1-8)—p11(6—7a+3a?)—0(3—a)(1-35+2ad)
0(3(1+8)—a(3-6))

a_mi, . .
. Next, o0, |p12:p;2+9_293 >0 if and only if

6(3—-a)((3-2a)6-1
6—a(7-3a)

P11 <P, where p= (1 -6V +

 satisfies p < 5 < V(1 — 8) + LD gince

9_mi,
> 0p1;

Ty, 1S concave |pt,=p3,+6-20a = 0 implies that 71, is increasing in py, at any p;, <ps, +6 —

26d. Since firm 1’s profit function is continuous at the point p}, + 8 — 264d, it follows that a deviation



to pj, < p3y + 6 — 20d cannot be profitable whenever p<pi1 <Pp. Because p <V(1-6)+

6(3-a)(36—-1)
6—4a

, our initial guess holds. Therefore, the prices pi, = pf, = 2a(p11—31€§1;(§)_);-(63(_3;)a)(1+5) and

4 -V(1-6))+6(3+a+35-3as . . . e
Diy = DSy = (P11 ;(Hgtai;g; ) constitute a rational-expectations subgame equilibrium for

any given py; € (p, 7]

(2V—pzez-9)(1—6)+pfz(1+6)<

V(1-8)-p11+6Dp§
- ( )=P11 p12'In

p11 < V(1 —68) + 6ps,. Inthis case, d = 55

Case iii:
the first period, consumers with d < d bought firm 1’s product. The marginal consumer with d = d
preferred to wait because the consumer anticipated that buying firm 1’s product in the second period
will give greater utility. So, in a rational-expectations equilibrium, firm 1 must have a positive market
share among consumers who are located on the interval (d, 1], which happens when firm 1’s second-
period price is low enough: p;, < py, + 68 — 20d. Also, firm 2 will have a positive market share only
if poo < P2 + 0, orequivalently, if pi1, > pyy — 6. Whenpyy — 0 < piy <oy +6 — 20d, the firms’
second-period profit functions are as follows:

0-P12+P22 d‘) +(1-a) 0-P12+P22

Ty = (af 20 20 P12

0-D22+P12 +(1-a) 0—D22+P12

Ty = (a 20 20 P22

Solving the first-order conditions (27;12 = 0 and gZzz = 0) and plugging ind = %,
12 22 -

4a(V-V8-p11+p7,6)
3(1-6)

we obtain the subgame equilibrium prices: pj, =6 — and p;, =6 —

2a(V-V8-p11+p7,95)
3(1-0)

. To ensure that the rational-expectations condition is satisfied, we need that py, =

pi2 and p5, = p3,. Solving these equations, we find that pj, = 4a(p11—3v_((13—_i)i;; 90179 and D5, =

2a(p11-V(1-8))+0(3—(3-2a)5)
3—(3-4a)8

. Plugging p{, and p5, back into the expressions for p;, and p3,, we verify

. 4a(py1-V(1-8))+30(1-5) . 2a(p11-V(1-8))+6(3—-(3-2a)8)
that pj, = p5, = 2 G4m0 and p3, = p5, = = O—ta) . For future

. . . 4 5 3(V-V&-pi1+606
reference, plugging py, into the expression for d, we find that d = 3V-Vo-p1. +69)
6(3-(3-4a)8)
Next, we need to verify the assumptions that we used in the analysis. First, case iii assumes that p;4

(2V—p§z-9)(1—6)+p52(1+6)<
2

satisfies p11 < V(1 —6) + 6p7,. Plugging in the expressions for pf, and



(2V—p§z-9)(1—6)+pfz(1+8)<
2

p52 , we find that p11 <V(1—6)+d6p7, is equivalent to

2V(3-a)(1-86)-0(3—(9-6a)F)
2(3-a)

< p11 <P, where p = (1 — §)V + 66. Second, recall that to ensure that

both firms have positive market shares and that firm 1 serves some of the consumers located on (d, 1]

we assumed that the firms’ prices would satisfy p,p; — 0 < p1p < Pap + 60 —260d . Using the

2V(3-a)(1-86)-0(3—(9-6a)5)
2(3-a)

expressions for p;, and p3,, one can readily show that when <p11 < p,we

indeed have p3, — 6 < pj, < p3, + 6 — 20d.

As in the previous case, firm 1’s profit function is not necessarily quasi-concave, and hence, we
need to check that there are no non-local deviations. It is easy to check that deviations to lower prices
will not be profitable. However, firm 1 may potentially deviate to a higher price to serve only the new
consumers who entered the market in the second period, giving up its market share in the segment of
first-period consumers who waited to buy a product in the second period. Specifically, if p1, > p3, +

6-p12+D32

55 Piz- Notice that 73, is concave. One

6 — 26d, then firm 1’s deviation profitis 7}, = (1 — a)

6+T[’12 | , . A=
ap), 'P12=P22+6-20d

can show that the right derivative of 7], at pj, = p3, + 6 — 260d is given by

(1-a)(V(6+a)(1-8)~p11 (6+2) =30 (1~(3-a)5)) 941,

93— (3-42)3) . Straightforward algebra shows that o0l |p;2:p;2+9_29a <
0 if and only if p;; = p, where p = (1 - 6)V + —39((36_+“a)5_1) satisfies 2V(3—a)(1—26()3—_0a()3—(9—6a)5) <

!
0473,
b !
op1,

A = ;o N ;o o
p < p. Since 1y, is concave |lp!,=p;,+6-20a < O implies that m;, is decreasing in p;; when

pia > P, + 6 — 26d. Hence, continuity of firm 1°s profit function at the point p3, + 6 — 26d implies

that deviations to p;, > p3, + 6 — 26d will not be profitable for firm 1 provided that § < p;; < .

2V(3-a)(1-8)—0(3—-(9-6a)8)

Because p > , our initial guess holds when p;1 € (p,p). Therefore, the

2(3-a)
: . 4a(p11-V(1-8))+30(1-5) . 2a(p11-V(1-8))+6(3—(3-2a)3) .
prices p1, = pf, = = Gt and p3, = p5, = = G20 constitute a

rational-expectations subgame equilibrium for any given p14 € (9, p).
Case iv: p1; = V(1 — 8) + 8p%,. In this case, d = 0, i.e., all first-period consumers decided not to

purchase a product in the first period but wait. In the second period, firm i will choose its second-period



0-p12+D22
260

0-D22+P12

price p;» to maximize its profit, ;,, where 1, = ”

P12 and my; = P22- Solving the

first-order conditions, we find that pj, = p3, = 6. Rational expectations imply that p, = p;, = 6.
Note that Case iv assumes that p;; = V(1 — §) + 8p7,. We need to check that this inequality is
satisfied. Substituting pf, = 6 into the inequality p;; = V(1 — §) + dp1,, it follows that the condition
for case iv is satisfied when p,, = p, where recall that p = (1 — §)V + 60. It is straightforward to show
that the firms’ profit functions are quasi-concave, and thus, the firms do not have any profitable non-
local deviations.

Since firm 1 chooses p;; = 0 in the first period to maximize the sum of its first- and second-period
profits, we need to know the second-period subgame equilibrium outcome corresponding to each p;; =

0. Our analysis in cases i, ii, iii and iv characterizes and shows the existence of the second-period
subgame equilibrium outcome for p;; contained in the intervals [0,p], (p,p], (B, p), and [P, =),
respectively. Notice that [0, p] U (p, 5] U (p,p) U [p, ) = [0, 0] if and only if p = p, where recall

8(3-a)((3-2a)5-1)
6—a(7-3a)

36((3—a)d6-1)
6+a

that p = (1 -8V +

and p=(1-8)V + . The inequality p = p is

18—-10a

satisfied if and only if§ < § < land 0 < a < @ where § = —————
— — 36—a(45—-11a)

and @ =~ 0.64. The shaded

region in Figure Al graphically illustrates the parameter conditions on § and «a.

Figure Al Parameter Region where§ <d <land0<a<a

6

1

0.75

0.5 a

Note that when p;; € (P, p), there are two possible second-period rational-expectations equilibria

corresponding to the cases ii and #ii that we analyzed earlier. The selection of which equilibrium occurs

10



will not have a qualitative impact on our results. Since both firms’ profits are higher when the

equilibrium from case ii is played (i.e., it is the focal equilibrium), we assume that when p;; € (9, p),

the subgame equilibrium prices will be the ones from case ii, i.e., p, = 2a(p11—31€§1;(§)_);-(63(_3;)a)(1+5) and

« _ 4a(p11-V(1-6))+60(3+a+36-3as)
b2z = 3(1+8)—a(3-6)

Hence, to summarize our analysis, it follows that when (R4, R,) = (1, 2), given any p;, = 0, the

firms’ second-period prices in a rational-expectations subgame equilibrium are as follows:

6 if p11 €[0,p) U [p, =)

(1P = pe, = | HAEDIC DD if pyy € [, ] (A5)
(T if puy € (5]
0 if p11 €[0,p) U [p, =)

PP = pg, = | UL ) if pus € [p, A (A6)
e o0y, e

8(3-a)((3-2a)8-1)
6—a(7-3a)

wherep = (1-8)(V —6), 5= (1 -8V + and p = (1 — 8)V + 56. This finishes

the proof of Lemma 2. For future reference, let us derive the firms’ equilibrium profits and sales.
Specifically, upon plugging the prices in (A5) and (A6) into the respective profit functions (explicitly
provided in earlier cases i—iv), we obtain the firms’ second-period subgame equilibrium profits when

(R1,R;) = (1,2):

(1-a)6

2 if p11 €[0,p)
(1-a)(2a(p11-V(1-8)+0(3—-a)(1+8))2 . ~
12) _ 20(3(1+8)—a(3-8))? if p11 € [p, ] A7
M2 T (damu-va-6)+36(1-6))? : 5 = (A7)
29(3—(3—46!)5)2 lf pll € (pﬁp]
) . _
\7 if p1; € [, =)
(1-a)6 .
= if pyy € [0,p)
(1-@)(4a(V(1-8)—p11)-0(3(1+8)+a(1-36))% . N
(12) _ | 20(3(1+8)—a(3-8))? if p11 € [p, 7] A%
T2z~ = Gamu-va-6)+0G3-3-20)8))? : ~ = (A3)
29(3—(3—4&)5)2 lf pll € (p' p]
) . _
\7 if p11 € [P, =)

Using the prices in (A5)-(A6), we can also find the firms’ second-period unit sales:

11



(1-a)

2 if p11 € [0, p)
(1-0)2a(p11-V(1-86)+0(B-a)(1+8)) . B
g2 _ 20(3(1+8)-a(3-8)) if p11 € [E, Al o
12 7 ) 4a(py,-V(1-6))+36(1-8) if € (5, 5] (A9)
20(3—(3—4)5) if p11 € (PP
1 _ )
\E lf pll € [,0: OO)
(1-a) _
2“ if p11 € [0, p)
(1-a)(0(3+a)+4a(p11-V(1-6))+360(1-a)b) . B
s(12) _ 26(3(1+8)-a(3-6)) if py; € [g, Pl AL
22 7 ) 2a(p11-V(1-8))+6(3-(3-2a)8) . € (5.5] (A10)
20(3-(3-4a)3) if p11 €(D,P
1 _ )
\2 if p11 € [P, )

To find firm 1°s first-period unit sales, Sﬁ'z), recall that consumers with d < d buy firm 1’s product
in the first period, where d is given in the equation (A4). Since consumers are uniformly distributed,

51(1,2) = ad. Plugging p$, = pg,z) and p5, = pg,z) into the expression for d, we find that

a if p11 € [0,p)
3V(1-a)(1-6)-3p11(1-a)+260(3—-a)6 . ~
f € [p,
§12) _ 6(3(1+6)-a(3-5)) if P11 € [p, 7] (ALD)
1 3(V(1-8)-p11+66) i c (N _]
8(3—-(3—-4a)8) b1 & P,p
0 if p11 € [P, )

PROOF OF LEMMA 3. In the first period, firm 1 chooses its price to maximize its overall profit over

the two periods: m; = Sl(i’z)pll + ng,z)’ where 51(1,2) is firm 1’s first-period unit sales as in equation

(All) and T[S’z) is firm 1’s second-period subgame equilibrium profit as in equation (A7).

(1-a)8 .
apit+ Za if p1, € [0,p)
3V(A-a)(1-6)-3p1,(1-a)+26(3-a) (1-a)Ra(p11-V(1-8)+0(B-a)(1+8)? . -
— 0(3(1+8)-a(3-9)) L 20(3(1+8)-a(3-6))? if p1, € [p. A]
L7 ) 3(r(1-8)-p11+68) (4a(p11 -V (1-6))+30(1-5))> . ~ =
0(3-3-4m)) 11 20(3-(3-4a)5)? if p, € (5, P]
0 . _
2 if p;, € [p,0)

(A12)

8(3-a)((3-2a)8-1)
6—a(7-3a)

wherep = (1-8)(V —6), 5= (1 -8V + and p = (1 — 8)V + 56.
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It is easy to see that 77, is increasing in py; at any pyq < p. Since 4 is continuous at p, it must be
that the optimal price is above p. Further, if p;; > p, then 7 is constant. Since 7, is continuous at p,
the optimal price will not be above p. Hence, the optimal price is either in [; = [B’ plorl, = (p,p].
Let py, denote the locally optimal price within the interval I, where k = 1,2. We will first find p;, and

p1,, after which we will compare the corresponding profits to determine the globally optimal price.

First, when p4 € I,, we have

3V(1-a)(1-6)-3p11(1-a)+20(3—-a)é
1= 0(3(1+8)-a(3-5))

(1-a)(2a(p11-V(1-8)+6(3-a)(1+4))?
20(3(1+6)—a(3-6))2

P11t

d?m,
d(p11)?

It is easy to show that < 0, i.e., m; is concave.

e If0 <6 < 6, then m; is decreasing in p;; at any p <p11 < p,where 6 = 32(_%()2(_1;)&. Hence,
the locally optimal price is at the left corner: p;, = p = (1 — §)(V — 6). The corresponding

2Va(1-8)+6(1-a(3-26))
5 .

profitis 1y (p,) =

e Iff < 6 < 6, then the local maximizer is in the interior of the interval I;, where 8 =

3V(1-a)(6—a(7-3a))(1-5)

2(3-a)(5-36—a(6-85-a(1-36)))’ 6}. Solving

min{ = 0, we find the interior

dmq
dp1

.. V(A-a)(1-8)(9-13a+3(3+a)8)+260 (3-a)((1+8)(1+38)—a(1+(4—8)8))
maximizer: p;, = (l-a)(0-1lat3(ta)d) . The
corresponding profit is

IW2(1-a)?a(1-6)?-46V(3-a)(1-a)a(1-86)(1-38)+20%2(3—-a)?(1+5—a(1-8)(1+26))
40(1-a)(9-11a+3(3+a)6) ’

Ty (Pll) =

e Iff < 6 < 0, then m, is increasing in py; at any p < p;; < j, and hence, the locally optimal

8(3-a)((3-2a)5-1)
6—a(7-3a)

price is at the right corner: p;, = p = (1-68)V + . The corresponding profit

) _ B-a)@Va(6-a(7-3a))(1-8)+0(3-a)(4—a(10-65-a(5-a—45))))
18 7T1(P11) = 2(6—a(7-3a))? '

Second, when p,, € I, we have

3(V(1-6)-p11169) (4a(p11-V(1-8))+36(1-6))?
0(3-(3-4a)8) 11 20(3—(3—4a)5)2

T[1=a

13



Because §<6<1, O0<a<a and <6 , one can readily show that ::1 =
11

a(V(1-8)(9-95—4a(4—38))—2p11(9(1—-8)—4a(2—38))+36 (4—5(1+35—4ad)))
0(3—(3—4a)8)2

< 0 for all p;; € I;. That is, ; is

decreasing in p;41 on I,. Since I, = (P, p], m; does not have a local maximizer on I, because the point
p is not included in I,. However, this does not create problems for the existence of a global maximizer

of ;. Specifically, one can readily show that m; () > lim LT i.e., the right limit of 7y atpyq = p
P11—pP

dmq

is strictly lower than 1 (§). In other words, m; discretely jumps down at the point §. Since o < 0

P11

for any py; € (B, p], it follows that 1 (p) > m;(p14) for any py; € (B, p]. Since 7y (py,) = m1(P), it

follows that 7ty (p;,) > 7, (p11) for any py4 € (P, p]. Hence, the optimal price within the interval Iy
yields greater profit than any price p;; € I,. Therefore, we conclude that the global maximizer of ;

is contained in the interval I;. That is, pﬁ'z) = py,- Hence,

(1-8)(V —-0) if 0 <6
V(1-a)(1-8)(9-13a+3(3+a)8)+20 B—a)((1+8)(1+38)—a(1+(4-86)8)) .. 4 »
Pﬁ'z) = 2(1-a)(9-11a+3(3+a)s) if 0 <6<0 (A13)
_ 0(3-a)((3—2a)6-1) o _
1-586V+ e (r—3a) ifo<6<6
s 3V(1-a)(1-98) s 3V(1-a)(6—a(7-3a))(1-8)
where 8 = ——————and 6 = mln{2(3—a)(5—36—a(6—88—a(1—36)))' 1.

8—4a(2—5)

For future reference, let us use the expression of pﬁ’z) in (A13) to obtain the firms’ profits and
second-period prices on the equilibrium path.
(1,2)

Upon plugging pﬁz) € [p, p] into p;;” and pg,z) from Lemma 2, we can find the firms’ second-

period prices on the equilibrium path.

6 ifo<6
60(3-a)(3(1+6)—a(3+6))-3Vv(l-a)a(1-6) .. =

pf;’z) =4 (1-a)(9-11a+3(3+a)d) ifo<6<8 (A14)
60(B-a)(2—a) e 5B A
0 if <6
90(1+6)-6V(1-a)a(1-6)—0a(4+5a(1-8)+66) .. =

pg'z) =< (1-a)(9-11a+3(3+a)s) ifg<6<6 (A15)
8(6-a(3+®)) ifod<0<
\ 6—a(7-3a)
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Using the equilibrium prices in (A13)-(A15), we obtain the firms’ equilibrium profits in each period.

12) _
1y

12) _
15

a2
21

(12) _
TTyy

where A =

symmetric, when (R, R;) = (2,1), the firms’ profits are reversed, i.e., 7,

a2

n;,, .1

a(1—8)(V — ) if <6
eIt io<o<s
Q?ﬁ if 6 <6
ety - Hf0<6<d

I N -

\6(;(:_)27_5:;;;) if6<0<86

=0
Q?ﬁ if <6
(0a(4+5a(12—013()1-I;66rt‘);)(;391(110[++63);6+I;a;?);a—5+a5))2 ifO<@<b
8(1-a)(6-a(3+a))’ if6<6<0

2(6—a(7-3a))?

40

(A16)

(A17)

(A18)

(A19)

V(1-a)(1-8)(9-13a+3(3+a)6)+20(3—a)((1+6)(1+38)—a(1+(4—8)6)) Note that since the firms are

(2 D _

PROOF OF PROPOSITION 1. We will first prove part b) of Proposition 1 and then proceed to the

proof of part a).

When (Rq, R;) = (1,1), Lemma 1 showed that the firms’ equilibrium prices will be p;,

When (Ry,R,) = (1, 2), the firms’ equilibrium second-period prices are given in (A14)-(A15).

Clearly, if 8 < 6, then pi(21,2) = pi(zl’l) = 0 for each firm i = 1, 2.

Next,

90(1+8)-6V(1-a)a(1-8)—-0a(4+5a(1-8)+66)

if 6<6<6, we have P1y

(12) _ 60(B-a)(3(1+8)—a3+8))-3V(l-a)a(1-6)

if and only if 8 >

1,2

(1-a)(9-11a+3(3+a)d)

8—4a(2-6) 8—4a(2-6)

128 ) > Gandp(lz) > 0.

15

(1-a)(9-11a+3(3+a)d)

D _ g

(1 2) _

. Straightforward algebra shows that p12 2> g and pz1 2 >0

—3V(1 ©)(1-9) Recall that 8 = w Hence, when 6 < 6 < 6, we have



w and p(l 2) _ — w Since (3 — a)(Z -

Finally, if 6 <6 <0, then p(l P = 6—a(7-3a) 6—a(7-3a)

a)>6—a(7—3a)and 6 —a(3+ a) > 6 —a(7 — 3a) for any a € [0, &), it readily follows that

p(1 ) > 9 and p(lz) > 0.

(1,2)

The above shows that p;,, p(1 A . Next, let us prove part a) of Proposition 1. For future reference,

recall that to ensure the existence of a rational-expectations equilibrium with full market coverage, we

are assuming that § <§<1,0<a <@, and § < 0, where § = %, @~ 0.64 and § =

V(1-8)
2-6 °

Firm i chooses its product release period R; € {1,2} to maximize its overall profit n(Rl Ra) —

l(f vR) o (Rl R2) The pair (R4, R;) is an equilibrium if no firm has any profitable deviations.

First, one can readily show that (R{, R,) = (2,2) is not an equilibrium because firm 1 will benefit

(1,2) > T[(Z ,2) (2, 2)

1 . To see this, notice that if firm 1 deviates

by deviatingto Ry = 1,1.e., 7 , Where m;

to Ry = 1 and sets an extremely large price (p11 = p), then its overall profit will be 1 (p) = Wthh

is given in equation (A12). However, we know from Lemma 3 that firm 1’s unique optimal price is

N

p11 ) < p with a corresponding profit of 1'[1 2 Hence, My 2> 1, (p). Since 1 (p) = n(z 2 =

2, it
follows that n§1 GBS 7'[52'2). Thus, in equilibrium, either one firm releases its product in the first period
and the other firm does so in the second period, or both firms release their products in the first period.

Next, let us demonstrate that a pure strategy equilibrium exists. If (R, R;) = (1,2) is an
equilibrium, then the proof is finished. If (R4, R;) = (1, 2) is not an equilibrium, then let us show that

(R4, Ry) = (1,1) must be an equilibrium. Since (R4, R;) = (1, 2) is not an equilibrium, one of the firms

12) § - (2 2

must have a profitable deviation. Firm 1 will not want to deviate to R; = 2 because 7,

Hence, it must be that firm 2 has a profitable deviation from R, = 2 to R, = 1, which means that

(1 RIPS n§1 2 . By symmetry between firms 1 and 2, we know that 1'[(1 2 = niz D and n(l D = nil’l).
Hence, (1 D> 7'[(1 2) implies that nil’l) > 7'[52‘1). Then, it must be (Rq, R;) = (1, 1) is an equilibrium
because we found that 1T§1’1) > 7'[52’1) and n(l D>n (1 2,
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Now, let us find conditions under which (R4, R,) = (1, 2) is an equilibrium. If R; = 1, then firm

2’s best response is R, = 2 if and only if n§1,2) - ngl’l) > 0, where ngl’l) = gand nél’z) = ng’z) +
ngé’z) is given in equations (A18)-(A19). Define Arr, = 7'[51’2) - 7_[51,1)'
a2 if <6
A, = (0a(4+5a(12—05()1-+-_6az$))(;391(11a++53);iv'ac;§);a—6+a5))2 8 ifO<@<i
a-apror s ti<0<0
where § = 200029 04 6 = min{ 3V1-a)(6-a(7-3a))1-4) 6}. Note that A, is a continuous.

8—4a(2-6) 2(3-a)(5-38-a(6-85—a(1-38)))’

When 6 < 6, clearly, Am, < 0. Hence, consider 8 > 6. The following two results about the sign

dA . .

of dgz are important for the analysis.
. . . . .. .. . dA .

First, when 6 < 68 < 6, the function Am, is increasing in 6, i.c., dgz > 0. To see this, note that
d?Am, _ 36Vi(1-a)a?(1-6)? . . dAm, - _ a(23-95-a(21-136))
dez ~ 03(9-11a+95+3ad)? >0, ie., Am, is convex. Further, de lo=6 = 2(9-11a+95+3as) >0,

. . . ... d?Am, dAm,

where the inequality follows because § > § = 0.5. The inequalities oz > 0 and T lg=p >0
. dA, . .
imply that >0 forany 8 <0 <86.

ae

dAm, _ (1-a)(6-a(3+a))*

Second, when 6 < 6 < 8, we have % > 0 if and only if @ < &, where

deo 2(6—a(7-3a))?
~ . . 1-®)(6-aB+a)* 1 _ . P .  aNa
a =~ 0.32 is the solution to 2(6-a(7—32))? = 0, or equivalently, 12 — @(52 — (3 — &@)a(17 +
a)) =0.

We will separately analyze the cases with ¢ < & and a > &. Specifically, we will show that if ¢ >

@, then Am, < 0,butif 0 < a < &, then Am, > 0 for 6 large enough.

3V(1-a)(6—a(7-3a))(1-8)
2(3—a)(5-35-a(6—85—a(1-36)))"

Case 1: @ > @ When a > &, one can show that § = 3 We showed

earlier that Am, is increasing when 6 < 6 < # and decreasing when 6 < 6 < 6. Since Am, is

3V(1-a)(6-a(7-3a))(1-8) V-a)(6-a(7-3a)(1-8) _ V(-5)

3 . ~ _ . .
To see this, note that 6 = = e es—aamsay 1 and only if o eeso—atisey) _ 2-5 = O
Using the fact that § > § = 0.5, one can show that the function 2(3i‘;()ts—:x;fg6_—atx((67_—836a_)()z((11—_i)6 - V(zl__;) is
VA-a)(6-a(7-3a)(1-8) _ V(1-8)

decreasing in «. Plugging in ¢ = 0.3, one can show that (2(3—a)(5—35—a(6—86—a(1—36))) s Na=o03 < 0.
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continuous, it follows that Am,|g_5 > Am, for any 6 <0 <6 and@ =+ 6. Straightforward algebra

3V(A-a)a(12—a(52-B3-a)a(17+a)))(1-5)
4(3-a)(6—a(7-3a))(5—-36—a(6—85—a(1-36)))’

shows that A, |g_5 = and Am,|g_5 < Oifand only if 12 —

a(52 — (3 —a)a(1l7 + @)) > 0. The last inequality is equivalent to @ > @&, where recall that @ =~ 0.32
satisfies 12 — @(52 — (3 — @)@ (17 + @)) = 0. Hence, when a > &, we have Am, < Am,|g_p <0
forany < 6 < 6.

Case 2: @ < @ When a < @&, we showed earlier that Arm, is increasing in 6 at any § < 6 < 6.

3V(1-a)(6—a(7-3a))(1-8) }
2(3-a)(5-36-a(6-85—-a(1-36)))" 7°

Further, we can show that Am,|,_5 > 0, where recall that 6 = min{

3V(1-a)(6—a(7-3a))(1-8)
2(3-a)(5-36-a(6-85—-a(1-36)))’

Specifically, if § = then we already know from Case 1 that Am,|4_y =

3V(A1-a)a(12—a(52-(3-a)a(17+a)))(1-95) ~ .o a4 _V(A=98) o

2G-a)(6—a(7—3a) (530 —a(6—80—a(1-35)) >0 when a < &. Next, if 8 = 5 then Am,|g_p =

Va(1-8)((3+a)36%2+2(1-a)(3+a)(3+7a)6-9+63a—-103a?+49a3)
2(1-a)(2-6)(9-11a+3(3+a)8)2

> 0, where the inequality follows because

6 > 6 ==. Because Am, is increasing in 8, Am,|,_; > 0 implies that Am, > 0 for all 6<6<8.

N |-

. 3V(1-a)a(1-96)

Further, because Amz|g_g = —— —a@-5)

<0, Amz|g_5 > 0 and Am, is a continuous increasing

function, it follows that there exists a unique § < 6 < 6, such that Amylg-g = 0 and Am, < 0 if 6 <

6 <BandAm, >0iff <6 < 6. Solving A, = 0, we find that

_ 6(V(A-a)3¥/2(1-8)(9-11a+3(3+a)8) +V (1-a)(1-8)(9(1+8) ~a(4+5a(1-8)+68)))
- 25a3(1-8)2+9(1+68)(23-98)+a2(161-5(46+518))—3a(131+8(10-576))

0 (A20)
To summarize the above, we found that if 0 < a < @ and 6 > 8, then Am, > 0. Thus, in this

1,

parameter region, firm 2 will not deviate from R, = 2. Since m; 2> niz’z), firm 1 also has no

incentives to deviate from R; = 1. It follows that (R, R;) = (1, 2) is a Nash equilibrium. m

3V(-a)(6-a(7-3a))(1-8)  V(1-9)

Hence, 2(3-a)(5-36—-a(6-88—a(1-36))) 2-8
3V(1-a)(6—a(7-3a))(1-5)

2(3-a)(5-38—a(6-85—a(1-36)))

<0 for all @>0.3. Since @ > 0.3, it follows that 6 =

when a > @.
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PROOF OF PROPOSITION 2. First, let us show that firm 2’s equilibrium unit sales, 52(1’2), are

decreasing in a. Note that 52(1’2) = 52(;,2), where SZ(;’Z) is given in the equation (A10). Upon plugging

in firm 1’s first-period equilibrium price pﬁ'z), we find firm 2’s sales on the equilibrium path:

L if <6
(12) _ | 90(1+8)-0a(4+5a(1-8)+68)-6Va(1-8)(1-a) .. ; j
S§,7 = 20(9-11a+3(3+a)d) fo<6<6 (a21)
(-0 E-aG+a) if6<6<8

2(6—a(7-3a))

3V(1-a)(1-5)
8—4a(2-5)

3V(1-a)(6-a(7-3a))(1-6)
2(3—a)(5—38—a(6—86—a(1—36)))

where 6 = and 6 = min{ ,0). Note that S s

(1,2)
. . A das
continuous. We first need to show that if 0 < a < @, then ;a <0.

(1,2)

When 6 < 6, we have % _ 1.
da 2
. . as(?) w
When 6 < 0 < 6, we have 4o = 8O 1iar3Grm0) where
_ _ _ 2(1_ _ _ _ 2 (1,2)
p = SV(1-8)(@(18-11a+3(6+a)d) 9(1+5))+6(52a (1-8)(11-38)+9(1+8)(7-98)—90a(1-8 ) Clearly. diza <

0 if and only if ¥ < 0. Hence, we need to show that ¥ < 0. First, note that ¥ is concave in a because

2 —
20;’ = —2(1-38)(6V —56(1 —68))(11 —38) < 0. Second, because & < 8, one can show that
T p—— 9(6V(1-6)-60(7-96))(1+8) <0 and ¥|p_gs = — 6V (1-6)(11-38)-0(127-8(142+1296)) < 0.

2 8

Concavity of ¥, together with ¥|,—o < 0 and ¥|,-¢5 < 0, implies that ¥ < 0 for any 0 < a < 0.5.

(1,2)

Since @ = 0.32 < 0.5, it follows that ¥ < 0 forany 0 < a < &. Thus, ds;a < Owhenf <6 <86.

.. _ (1.2) —a(31-a(14—
When 8 < 6 < 0, we have 25~ _1re(2-aBl-a(is-3a)) Straightforward algebra shows
da 2(6—a(7-3a))?

(12)

ds A
that ;a <Oforany0 < a <a.

v(1-8)

2 -
4To seethatZTqu< 0, note that 11 — 38§ > 0 and 6V — 56(1 — §) > 0 because 8 < 8 = e
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To prove the second part of the proposition, we will show that there exists & < &, such that if ¢ <

Tl.'gl'z)
Jda

a, then > 0. Since we are focusing on 8 > § and since § < 8 < 6, it follows from the equation

(A19) that 7'[(1 2 = ng ) is given by

(Ba(4+5a(1-8)+65)—90(1+8)+6Va(1—a—5+ad))?
12) _ 20(1-a)(9—-11a+3(3+a)s)?
2 T ) e@-a)(6-a(3+a))?

2(6—a(7-3a))?

ifo<0< @

if6<0<@

(1 2)
2 with respect to a and evaluating at @ = 0, we find that

Upon differentiating 7" la=0 =

N (12)
8(23-96)712V(A=8) (1o B < 6 < 6, and 2=
18(1+6)

la=0 = —Whené <0 < 0. Clearly, when § < 6 < 6,

(1 2) (1 2)

then lg=0 > 0. Further, when @ < 6 < 6, it is easy to show that |@=0 > 0 if and only if
12V (1-86) 12V (1-8) st C A
0> o5 Note that |4—o = = 395 - By continuity of , it follows that there exists & €

(1 2)
(0, @] such that 2

>0ifa<d@and 6 > 0. m

PROOF_OF PROPOSITION 3. For a given 0 < a < &, the cutoff A satisfies 7'[21 2)|(9 2~

1 1) dm{t? aln(1 2) ap
lo=g = 0. Totally differentiating with respect to a, we find that log—g + —=lo=23 T
1) 1) 5 1) 1) 5
damy dmy _ ﬁ _ (1,1) _ g dm dmy _1 Q _
lo=g — —5—lo=a 5, = 0. Because ;""" = —, we have = 0and = 5. Hence, — =
(1,2) 12) -1 12)
am 1 dm, d
dza lo=a (E ——2— = 9) . To show that — < 0, we will demonstrate that —= lg=g > 0 and
(a2 s > 1
ag '0=0 7 2’

As we showed in the proof of Proposition 1, 8 is given by

5~ 6(V(1-a)3/2(1-8)(9-11a+3(3+a)8)+V(1-a)(1-86)(9(1+8)—a(4+5a(1-8)+60))) . : P
0= 25a3(1-8)2+9(1+6)(23-98)+a2(161-5(46+518))—3a(131+8(10-576)) and satisfies § <6 < 0.

(12) _ (Ba(4+5a(1-8)+68)—90(1+8)+6Va(l—a—5+ad))?
20(1-a)(9—-11a+3(3+a)s)?

Further, 7_[51,2) is given by m, . One can readily

show that
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an®  (6V(1-@)a(1-8)-0a(4+5a(1-5)+68)+90(1+8))(90(1+8) —Oa(4+5a(1-8)+65)—6Va(1-a—5+as))

de 202(1-a)(9-11a+3(3+a)é)? , and
ant® 1. . 6V(1—a)(1-8)Va .
29 > - if and only if 8 > . Using
a 2 J25a3(1—6)2+9(1+6)(23—96)+a2(161—6(46+515))—30:(131+6(10—576))
a < @ = 0.32, one can show that Va-a)a-o)Va <.
J25a3(1—6)2+9(1+8)(23—96)+a2(161—8(46+516))—3a(131+6(10—576))
Py L dn(l'z) 1 A
Because 8 > 6, it follows that dZH > 5 when 6 = 6.
Next,
dngl'z) _ (6a(4+5a(1-6)+68)-90(1+8)+6Va(l-a—5+ad)) (6V(1—a)(1—8)(18(1+5)—a(27—11a+3(9+a)6)) n
da (1-a)2 20(9-11a+3(3+a)8)3
(5a3(1-6)(11-38)+63a(1+8)(7-58)—9(1+68)(23-98)—a?(289—5(86+1235))) _
2(9-11a+3(3+a)8)3 ) Denote A=

(6a(4+5a(1-8)+68)-90(1+8)+6Va(1—a—5+as))

6V (1-a)(1-8)(18(1+8)—a(27-11a+3(9+a)d))
(1-a)? and B = 20(9-11a+3(3+a)8)3 +
301 — _ _ _ _ 2 _ 1,2)
(5a®(1-9)(11-38)+63a(1+8)(7=58)=9(1+8) (23-98)~a’ (289-5(86-+1238))) Hence, a5 _ AR We will
2(9-11a+3(3+a)8)3
. A . o - anS? .
show that if 6 = 0, then A < 0 and B < 0, which will imply that dza lg=g > 0. First, one can show
. . 6V(1-a)a(1-6) ~ . 6V(1—-a)a(1-6) .
that A < 0 if and only if 6 > 5(178)—a(4t5a(1-6)160)" Because 6 > 0 > 5(178)—a(4t5a(1-5)160)" it

follows that A|4_z < 0. Second, B < 0 if'and only if

6V(1-a)(1-8)(-18(1+8)+a(27-11a+3(9+a)s))
5a3(1-6)(11-368)+63a(1+6)(7-56)—9(1+6)(23-98) -2 (289—5(86+1236))

0 >

6V(1-a)(1-8)(—18(1+8)+a(27-11a+3(9+a)8))
5a3(1-6)(11-38)+63a(1+8)(7—58)—9(1+6)(23-98) —a2(289-5(86+1235))

Because 6 > when a<d& , it

(1,2)
follows that Blg_z < 0. The inequalities A|,_5 <0 and B|y_g <0 imply that dT;za lo=p =

(4B)lg-g > 0.

(1,2) (1,2) A (1,2)
am dm 1 df _dm
—~—lg=p > 0 and —>— >~ Hence, — = —

We showed that o el

-1
1 dngl'z) 0
2" ag lo=8) <0
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WEB APPENDIX B

1. UNIQUENESS OF EQUILIBRIUM IN LEMMA 1

Lemma 1 shows the existence of a rational-expectations equilibrium in which the market is fully
covered in the first period, i.e., in equilibrium, first-period consumers buy a product in the first period
instead of waiting. In this section, we consider the possibility that other equilibria may exist where, on
the equilibrium path, some first-period consumers prefer not to purchase in the first period but wait. We
will show that such equilibria do not exist when the differentiation level between the firms is not too
high (i.e., 8 < 6). Hence, the equilibrium from Lemma 1 is unique.

Given the firms’ first-period prices, a consumer located at d € [0,1] will prefer to wait till the

second period to buy a product if and only if the following inequality holds:
max{V —py; — 0d,V —py1 — 6(1 — d)} <max{§(V — pi; — 0d),8(V — p3; — 6(1 — d))}, (BI)

where p7, and p5, are the second-period prices that the consumer expects the firms to charge. One can
readily show that if the above inequality is satisfied for some d € [0,1], then the set of such d’s must
constitute a connected set, i.e., an interval [dy, d,].” There are three possible cases.

i) 8V —pf,—0d)> 8V —ps, —60(1—dy)) and 5V —pf, — 0dy) < 8V —ps, — (1 -
d,)), i.e., some of the consumers who prefer not to buy in the first period expect to purchase
firm 1’s product in the second period, while others expect to purchase firm 2’s product.

ii) §(V —pf,—0d;) <8V —ps,—60(1—dy)) and 8V —pf, — 0dy) < 8V —ps, — (1 -
d,)), i.e., all consumers who prefer not to buy in the first period expect to purchase firm 2’s

product in the second period.

5 This can be shown using a proof by contradiction. Specifically, if the set of d’s satisfying inequality (B1) is not
connected, then there must exist d; < d, < d3 such that d; and d; satisfy (B1) but d, does not. There are two

. 0-pii+ 0—pis+ : . 0-pig+
possible cases: d, < % ord, = %. Without loss of generality, assume that d, < %. Then,

max{V —p;; —60d,V —p,; —0(1 —d)} =V —p,;; —0d ford = d,, d,. Because § < 1, notice that V — p,; —
0d — max{6(V —pi, — 0d),6(V —p5, —0(1 —d))} is decreasing in d . Therefore, if V —p;; —0d, >
max{s(V — pf, — 6d,),8(V — p5, — 6(1 —d;))}, then it must be that V —p,; —0d; > max{§(V — p{, —
0d,),6(V —ps, — (1 — d,))}. This contradicts the assumption that d, satisfies (B1).
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iii) 8(V = pf, —0dy) > (V — ps, — 6(1 — dy)) and 8V —pf, — 0dy) > §(V —p5, — (1 -
d;)), i.e., all consumers who prefer not to buy in the first period expect to purchase firm 1°s

product in the second period.

We will search for an equilibrium using the guess-and-verify approach. Specifically, we start by
guessing that the inequalities characterizing one of the above three cases are satisfied. Then, using first-
order conditions, we will find the firms’ second- and first-period prices. Using these prices, we will
check whether our initial guess is indeed satisfied, as well as other necessary and sufficient conditions
for the prices to constitute an equilibrium.

Case i). We guess that the following inequalities will be satisfied in equilibrium:

§(V = pf, — 6dy) > 8(V —p5, — 6(1 — dy)) (B2)
§(V = pf, — 6dy) <8V —ps, — 0(1 — dy)) (B3)

The above inequalities imply that among first-period consumers who choose to wait till the second
period to buy, some expect to purchase from firm 1 in the second period, while others expect to purchase
from firm 2. In a rational-expectations equilibrium, the decision that a consumer expects to make in the
second period must be consistent with the consumer’s equilibrium choice. Figure B1 graphically
illustrates first-period consumers’ decisions.

Figure B1 Purchase Decisions of Consumers Entering the Market in the 1** Period

Buy from firm 1 Buy from firm 2
in the 2™ period  in the 2" period

(211 4 ] . ‘622

() I e e |

L )\ J\ J
Y Y T

Buy from firm 1 Do not buy Buy from firm 2
in the 1 period in the 1*' period in the 1 period

Note that the consumer located at d; must be indifferent between buying firm 1’s product in the

first period and buying it in the second period. Mathematically, V — p;; — 8d, = 8(V — p%, — 6d,),

. . . ~ -5)V-— 5p§ S 5 T
which implies that d; = %. Similarly, the consumer located at d, must be indifferent
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between buying firm 2’s product in the first period and doing so in the second period. Mathematically,

V = pgr — 0(1 —dy) = 8V — pSy — 8(1 — dy)), which implies dy = 222 5’”292(1("6)9)“ )

In the second period, the firms compete for the (1 — @) new consumers entering the market, as well
as first-period consumers located on [d;, d,] who did not buy a product in the first period. If a rational-
expectations equilibrium exists, then the firms’ second-period prices, p;, and p,,, must be such that
the consumer with d = d; prefers to buy firm 1’s product, whereas the consumer with d = d, prefers

to buy firm 2’s product.® Therefore, the firms’ second-period profit functions are as follows:

6-pia+ 6 +
mip = (@ (FRE2 - 4, ) + (1 - @) 22 ), (B4)

A O—piat 0—pia+
Ty = (a (dz —plzzg pzz) +(1-a) ( —pzze pzz)) P12, (BS)

(1-8)V—p11+6p%, dd P21—5P22 (v-6)(1-9)

where recall that d, = 0(1-0) 6(1-5)

. Using the first-order conditions,

we find the firms’ profit-maximizing second-period prices: piz =0 —

2a(3V(1-8)+(2pT2+p52)8—2P11—D21)
3(1-6)

22(3V(1-8)+(pf2+2p52)8—P11-2p21)
3(1-6)

and p3, =6 — Rational-

expectations condition requires that p;, = pi, and p3, = p5,. Solving these equalities, we find that

e _ 08(1-6)(3-(3-2a)8)+2a(2p11(1—-(1-a)8)—(1-6)(3V-V(3-2a)6—p21))

1z — (3-(3-2a)8)(1—(1-2a)8) and
e _ 0(1-6)(B-(B-2a)8)+2a(p11(1-6)+2p,1(1-(1-a)8)-V(1-8)(3—-36+2ad)) . e e

back into p;, and p3,, one can verify that

« _ e _ 9(1-6)(B-(B-2a)8)+2a(2p11(1-(1-a)8)—(1-6)(BV-V(3—-2a)8—p21))

P12 = P12 = (3-(3-2a)8)(1-(1-2a)8) ’ (B6)

« _ e 0(1-8)(3—-(3—2a)8)+2a(p11(1-8)+2p,1 (1-(1—a)8)-V(1-8)(3— 36+2a6))

P22 = P22 = (3-(3-2a)8)(1-(1-2a)8) (B7)

The firms’ corresponding second-period profits are given by

(0(1-8)(3-(B-2a)8)+2a(2p11(1-(1-a)8)-(1-8) (3V-V(3-2a) §-p21)))? BS

iy = 20(3—(3-2a)8)2(1—-(1-2a)5)2 ’ (B8)

- _(6(1-8)(3-(3-2a)8)+2a(p11(1-8)+2p,, (1-(1-a)§) -V (1-6)(3— 36+20(6)))2 (B9)

22 — 20(3—(3-2a)8)2(1—-(1-2a)8)?

8 If otherwise, then the prices p;, and p,, would violate either the conditions (B2)-(B3) or the rational-
expectations condition p,, = py, and p,, = p5,.
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Next, let us obtain the conditions under which our initial guess is satisfied. Upon plugging p7, and

p5, into the inequalities (B2) and (B3), these inequalities reduce to the following conditions,

respectively:
0(1-(3-2a)8)(3—(3—-2a)8)+2(p21a(1-38+2a8)-V(1-8)(3—-35+2ad))
P11 > 2(a—3+(1-a)(3-2a)6) (B10)
0(1-(3-2a)8)(3—(3—-2a)8)+2(p11a(1-38+2a8)-V(1-8)(3—-35+2ad))
P21 > 2(a—3+(1-a)(3-2a)6) (B11)

Hence, after finding the firms’ first-period equilibrium prices p7; and p3;, we will need to verify
that they satisfy (W10) and (W11). In the first period, the firms maximize the sum of their profits over
the two periods:

Ty =Ty + 71y,
Ty =Ty + M3y,

(1-8)V-p11+6p%,
0(1-6)

1=8p5,-(V-6)(1-9)

and d, =22 S0

where 7, = a lepn , Ty = a(l— 622)2921 > le =

Upon plugging in the expressions for p§, and p5, , we have d;=

3V-P11(3-B-4))+8BO-6V+2(Dp +V)a+(V-0)3-20)8) | 4
0(3-(3-2a)8)(1-(1-2a)é) an

5 (6V=2(p11+V)a—p1(3—4a)-0(9-8a))§-3(V—pp1-0)—(V-20(1-a))(3—-2a) &> . 5 A
d, = 8G-G 208 (1-(1-2a)3) . Plugging d; and d, into

dmq
dpi1

. . . d .
the profit functions and solving the first-order conditions ( =0 and dpﬂ = 0), we obtain the firms’
21

first-period prices:

« _ V(A-8)(3(1-6)?-8a(1-6)?-4a%(2-6)8)+0(4+8(4a—5-286+4a6+(3-4(2—a)a)§%))

P11 = P21 = 2(1-(1-a)8)(3-35—-a(4—68)) - (B12)
Using the expression for p7; and p3,, we find that

5 (1-8)(3V-46—-(V—-0)(3—-4a))

dy = 20(1-(1-a)8)(3-38-a(4—668)) ° (B13)

5 _ 4 (1-8)(3V-46-(V-6)(3-4a)5)

d; = 20(1-(1-a)8)(3-38-a(4—668)) ° (B14)

Tiy =Ty =

a(1-8)(3V—-460—-(V-0)(3—4a)8)(V(1-8)(3(1-8)?-8a(1-8)?-4a?(2—6)8)+0 (4+8(4a—5-28+4ad+(3—-4(2—a)a)52)))
46(1-(1-a)8)2(3-36—a(4—68))?

b

(B15)
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s« _x _ (Va(1-8)(3-(3-4a)8)-0(3-6(1-a)§+(3-2(3-a) @) §2))?
Ty =Ty = 20(1+(1-a)8)2(3—-35—-a(4—66))2

(B16)

The firms’ overall profits are m] = my; + 7y, and 5 = M5 + W55,
The prices p7; and p3; in (B12) must satisfy the inequalities (B10) and (B11) because otherwise,
our initial guess would be violated. Moreover, a necessary condition for the existence of this

equilibrium is that 0 < d; < d, < 1. We find that the inequalities (B10), (B11)and 0 < d; < d, < 1

V(1-6)(3-(3-4a)d)

V(1-8)
7-4a-138+(17-4a)ad+(6—a(13-6a))52 :

< 6 < 0, where recall that = —

are satisfied if and only if

V(1-6)(3-(3-4a)6)

T—4a-136+(17—4a)a6+ (6-a(13-62))5%" Note that the inequality & <  can hold if and only

Denote 8 =

9(1-6)6-4+/16—(1-8)5(56—9(1-5)J)
45(2-306) ’

if0<5<§and0<0(<

Because our main analysis focuseson § > § > > it follows that the equilibrium from Case 7) cannot
exist as an alternative equilibrium on the parameter region that we analyze. Furthermore, as we
demonstrate below, even when 0 < § < > the equilibrium from Case i) still fails to exist due to the

existence of non-local profitable price deviations in the first period.

Let us show that when § < 8 < @, firm 2 has a profitable non-local deviation in the first period.
Specifically, suppose that firm 2 deviates to a lower price: p;, = 6. Under the price pair (pi4, 0), first-
period consumers rationally choose to buy a product in the first period instead of waiting.” Hence, after
its deviation to p;, = @, firm 2’s first-period sales are given by a(1 — d), where d satisfies V — pj; —

6d = V — 60 — 6(1 — d) and is given by

d= V(1-8)(3(1-6)?-8a(1-8)2-4a?(2-8)8)+0(4—8(5—-4a+26—4ad—(3-4(2—a)a)5?))
- 40(1-(1-a)8)(3—-35-a(4—66)) ’
Because none of the first-period consumers waits till the second period to buy, in the second-period,

s . . . 1-a)0
the firms’ equilibrium prices are py; = p,2 = 6, with corresponding profits of i, = 1y, = ( Za)

7 We showed this in the proof of Lemma 1. Namely, for a given pair of first-period prices (p;1,6), consumers’
rational beliefs about second-period prices are p;, = p5, = 6. Given these beliefs, buying in the first period is
preferable because max{V —p;; —0d,V -0 —0(1 —d)} = max {§(V —pi, — 6d),6(V —p5, —0(1 —d))},
where the inequality holds because 8 < § = %_;). If all consumers buy in the first period, then we know that

the equilibrium second-period prices are p;, = p;, = 8. Hence, consumers’ price expectations and purchase
decisions are indeed rational.
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(see the proof of Lemma 1). Therefore, by deviating to p;, = 6, firm 2 obtains a profit of 73 = a(1 —

~ 1-a)6 : . .
d)6 + (Ta) It remains to demonstrate that w5 >, = w5, + m,,, where w5, and 75, are given in

2
equations (B15) and (B16), respectively. Denote Aw = w5 — m;. Then, A is concave because Lam _

a2
2 _ 2 _ — — _ — — —_ 2
_ V2a(1-6)*(3-(3 40)8)(3—2a-2(3-5a)8+(3 24(2 a)a)s?) < 0. Further,
203(1-(1-a)8)%(3-36-a(4-68))
o V(1-a)a(1-86)(3—(3—4a)8)
Amlo_g = 2(7-4a-138+(17—-4a)as+(6—a(13—6a))52) > 0and
Amt|p_g = Va(1-8)(2(1-8)3(4-38)+4a*(2-8)5%(2-38)+8a3(1-6)8(4—-5(13-68)) —a(1-8)?(24-5(65-3365) ) +Q)
0=6 —

2(2-8)(1-(1-a)8)2(3-36—a(4—65))2

where Q = a?(1 — §)(16 — §(108 — §(163 — 636))). Recall that we must have 0 < § < é, O0<a<

9(1-8)6-4+/16—(1-8)5(56—9(1-8)3)
45(2-36)

and § < 6 <O to ensure that the necessary condition for the

existence of the equilibrium is satisfied. Using the conditions 0 <§ <§ and 0<a<

9(1-8)6-4+/16—(1-8)5(56—9(1-8)3)
45(2-36)

, one can show that Am|y_z > 0. Given the concavity of Am at any

6 € (0,0) and Art|,_gz > 0 and Ar|,_5 > 0, it follows that A > 0 for any 6 € (8,8). Hence, this
implies that firm 2’s deviation to p3; = 6 is profitable, which, in turn, implies that p;, and p3, in (B12)

cannot constitute an equilibrium.

Case ii). We guess that the following inequalities will be satisfied in equilibrium:
§(V = pf, —60dy) <8V —ps, —6(1 —dy)), (B17)
S(V = pf, —0dy) <S8V —ps, — (1 — do)). (B18)
In words, first-period consumers who do not buy in the first period expect to purchase firm 2’s product
in the second period. In a rational-expectations equilibrium, the decision that a consumer expects to
make in the second period must be consistent with the consumer’s equilibrium choice. Figure B2
illustrates first-period consumers’ decisions.

Figure B2 Purchase Decisions of Consumers Entering the Market in the 1** Period
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Buy from firm 2
in the 2" period

d——d,

() 1 I I |

\ Y J\ Y “_Y_,

Buy from Donot  Buy from
firm 1 buy firm 2
in the 1% in the 1%*  in the 1%
period period period

The consumer located at d; is indifferent between purchasing firm 1’°s product in the first period
and purchasing firm 2’s product in the second period, whereas the consumer located at d = d is
indifferent between purchasing firm 2’s product in the first period and purchasing it in the second period.
Mathematically, V —py; —0d; =8V —p5, —0(1—d;)) and V —py —0(1—d,) =6V —

ps, —6(1—d,)) . Solving these equations, we find d1:(1—6)v—6p(111+6()pzz+9)8 and d, =

P21—(1-8)(V-0)-Dp3,6
0(1-5)

. In a rational-expectations equilibrium, the firms’ second-period prices must be

such that all consumers located on [d;, d] purchase firm 2’s product because otherwise the inequalities

(B17) and (B18) will be violated. The firms’ second-period profit functions are as follows:

T, =(1- a)g_p;% 125 (B19)
Myy = (a(dz — dl) +(1—-a) (1 — 9_1);%)) D22, (B20)
where d; = (1_6)V;p(i+5(;) AL d, = p21—(1—96()1(K;)0)—p§26' Solving the first-order conditions, we
obtain pi = 0 + TSR + EPLCPEE and pi, = 0 + SEASHES + AREELTI0C, The

rational-expectations condition requires that p1, = p{, and p3, = p5,. Solving these equalities using

the expressions for p;, and p3,, we find that p§, = za(p“(1+6)_(22:5;21(;;363;(91(_125))(3_a_3(1_a)6)

and p$, = 4“(p21(1+6)_(ZZ:S;)_(;:R;Z(};;))(3+a+3(1_a)6). Upon plugging the expression for p;, and

p5, back into pi, and p3,, we verify that

« _ e _ 2a(pz21(1+48)—(2V—p11)(1-6))+6(1+5)(3-a—3(1-a)J)

P12 = P12 = 3-35%2-a(3+6)(1-36) ’ (B21)
« _ e _ 4a®21(1+6)-(2V-p11)(1-6))+6(1-6)(3+a+3(1-a)s)

P22 = P22 = 3-352—q(3+68)(1-35) : (B22)
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The firms’ second-period profits are given by

L (1-a)(2a(p21(1+8)—(2V-p11)(1-8))+6(1+8)(3—a-3(1-a)$))?

2 20(3-362—a(3+6)(1-35))2 ) (B23)
v _ (1—)(a(@21(1+8)-(2V-p11)(1-8)+0(1-8) B+a+3(1-a)$§))?
a2 = 20(3-36%—a(3+6)(1-30))?2 - (B24)
Using the expressions for p¢, and pg,, we obtain the cutoffs d; = A0V Pt @500 g 4, =

0(1+6)

P21—(1-8)(V-0)-Dp3,6
0(1-5)

as functions of the first-period prices:

5 3V(1-a)(1-68)2+4abpy1+208(3-a-3(1-a)8)—p11(3—3a—35+7ad)
dy = 0(3-382—a(3+8)(1-38)) > (B25)

Cz _ 3(p21+0-V)(1-a)+8(p21 (3+a)—4p11a—0(3—7a))+3(V-20)(1-a) 5>
2= 8(3-382—a(3+8)(1-36)) :

(B26)

A necessary condition for the existence of the equilibrium is that d; < d. Further, p§, and p$,
must satisfy the inequalities (B17) and (B18). We find that these conditions can be satisfied only if the

firms’ first-period prices satisfy the following inequality:

3(v=-0)(1-a)6%2-3(V-pz1)[1-—)+(p21—-0)B+a)§ (1-8)(2V-36+p31)—2(p21—6)
4as ’ 1-8 }<pu <

max {

v(1-8)-6(1-38))(3-a—3(1-a)8)—2p,,a(1-38)
6(1-8)—4a(1-36)

(B27)
After finding the firms’ first-period prices, we will need to verify that these prices satisfy the
inequality (B27).
In the first-period, consumers with d < d; buy firm 1’s product, whereas consumers with d > d,

buy firm 2’s product. The firms’ equilibrium first-period prices must maximize the sum of their profits

over the two periods:
My = adipyy + 715, (B28)
m, = a(1 = dy)pz1 + 5. (B29)

1 . .
We assume that § > 5 to ensure that the profit functions are concave. Solving the first-order

. d d .
conditions (——= = 0 and —% = 0), we obtain
dapi11 dpz1
. 0(9-(16-7a)a+a(17-5a)8-9(1-a)562)((1-8) (1+8)(1+38) —a(1+38(1-8(3+8))))+Z4

P11 = 3(1—a)?2(9-19a)+6(1-a)a(21-31a)6-6(1—-a)(9—a(23+16a))5%2—-2a(63—a(116—5a))53+9(1—a)(3—a(6+a))s*

0(9—a(4+5a)+2a(5+72)5-9(1-a)?8%)((1-8) (1+8) (4+38)—a(4+38(1-8(4+8)))) |, 5

+22

P21 = :

T 3(1—a)2(9-19a)+6(1-a)a(21-31a)6—6(1—-a)(9-a(23+16a))62-2a(63—-a(116-5a))53+9(1—a) (3—a(6+a))5*
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_ V(A-a)(1-8)(27(1-6%)%-12a(1-6)(1+6)(8—38(3+6))+a?(69-5(204-5(34+605+952%))))
2

where X, and X, =

V(1-a)(1-8)(27(1-6%)2-12a(1-8)(1+6)(11-956 -652)+a?(105-85(252+8(118—368(52+156)))))
2 .

A necessary condition for the prices p;; and p3; to constitute an equilibrium is that the inequality
(B27) is a satisfied. Upon plugging the prices p;; and p3, into the inequality (B27) and simplifying the

(1-8)(2V—-36+p31)—2(P31—6)
1-8

expressions, one can show that > pi, for any § > %and 6 < 6. Therefore,

the prices p7; and p3; cannot satisfy (B27). It follows that the necessary conditions for p;; and p3, to
be an equilibrium fail to hold. Intuitively, to induce some of the first-period consumers to wait till the
second period, the firms’ first-period prices need to be high. However, if firm 1 sets a high first-period
price, then firm 2 gains more profit by reducing its first-period price and capturing more customers in
the first period. As a result, our initial guess that some of the first-period consumers would wait till the
second period to buy fails to hold on the “equilibrium” path.

Case iii). The analysis of Case iii) is similar to that in Case ii) because of the symmetry between

the firms.

The above analysis suggests that on the parameter region that our analysis focus on, the equilibrium
in Lemma 1 is unique. However, for very large values of 8, there can also exist an equilibrium where
the firms avoid competitive friction and stay as local monopolists. In this situation, the firms would
want to enter the market early instead of delaying. Thus, high level of differentiation between the firms

acts as a boundary condition for our results; we discuss this in the Conclusion section in the main paper.
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2. PROFIT COMPARISON WHEN (R{,R;) = (1,2)

As we point out in the main text, when (Ry, R;) = (1, 2), firm 1’s equilibrium profit exceeds firm 2’s

profit: 7'[(1 2 > 7'[(1 %) Below we prove this.

1,2)

Using firm 1’s first-period equilibrium price p;,”” in Lemma 3, we can plug it into the equations

(A9), (A10), (A11), (A14) and (A15) to obtain the firms’ first- and second-period sales and prices on

S-*(LZ)

the equilibrium path. To simplify notation, we will write S;, " to denote firm i’s sales in period t on

*(1,2) _ 5(1,2) |
it

the equilibrium path, i.e., S;, _p(t2)- Similarly, we will write plsz(l’z) to denote firm i’s
—FP11

second-period price on the equilibrium path: p;, (12) Pl(zl 2) |

Using the above notation, the firms’ equilibrium profits can be written as follows: Tril’z) =

§i2 12 4 g2 (1D ang (M) = 53D prD Note that S;32 + 57 4 5502 =1

1,2 1,2
because the measure of consumers entering the market is one. Then, we can write rc( ) g ) =

*(1 2).(1,2) (a *(1 2)) ;gl ,2) + S*(l 2)p*(1 ,2) (1 —q— S;gl,z)) *(1,2)

2% . One can readily show

12
that S;gl 2) and S*(1 2> 1e Z. Further, p(1 PN p;gl 2) 8 Hence, we must have .S'*(1 z)pﬂ 2 s (a—
*(1 2)) +(1,2) . Now, given firm 1’s first-period price p(1 2 we know that pl(1 ) and p;gl'z) are the

firms’ second-period prices on the equilibrium path. Suppose that in the second-period, firm 1 deviates

to pd, = ngl 2) , 1.e., charges the same price as firm 2. Then, firm 1 will capture exactly half of the new

consumers entering the market in the second period, obtaining a second-period profit of =2 p;gl 2

This deviation profit must be less than what firm 1 earns by charging its equilibrium price pl(1 2), ie.,

2 p;gl < S*(l Z)P*(l ) Because S*(1 2 > a, it follows that Slgl Z)pigl 2 5 1a p*(1 D> (1-

a— Sl*gl 2)) 2;1 2) . The inequalities .S'*(1 z)pﬂ 2) > (a— S*(1 2))p;gl 2) and S*(1 Z)p*(1 2) > (1-

(1,2) _ 4a(p11-V(1-98))+0(3+a+36—-3ad)
- 3(1+68)-a(3-5)

8 To see this, note that for a given p;; € [p p], Lemma 2 shows that p,,

4a(p11-V(1-6))+0(3+a+36-3ad)
3(1+6)-a(3-6)

(1,2) (1,2) *(1,2)

Lemma 3, we know that p;;" € [p, p]. Hence, on the equilibrium path, p;;™" > p,,"".

Because 6 < 8, straightforward algebra shows < pq, for all p;; € [p,p]. From
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S*(1,2) *(1,2) impl (1,2) 1,2) *(1
12 P22 ply that m, " —m, = 51& '2)171(1'2) —(a— Sﬁl'Z))P;S'Z) + ngl'Z)p*(l'Z) -
12 -

*(1,2) *(1,
a—S5;,; ))ngl P>0.m

32



1S9y

3. EFFECT OF VERTICAL DIFFERENTIATION

We will first obtain the firms’ equilibrium pricing strategies and profits in each subgame (R, R,) €
{(1,1),(2,2),(1,2),(2,1)}. Then, we will characterize market conditions under which (R, R3) =
(1,2) and/or (R}, R3) = (2,1) constitute an equilibrium. We assume that 4 < 36 to ensure that, in

equilibrium, firm 1 has a positive market share.

Subgame with (R{,R;) = (1,2)

The analysis follows similar steps as in the proof of Lemma 2. We solve the game by backward
induction. In the second period, the firms compete for the new consumers entering the market, as well
as consumers who entered the market in the first period but did not buy a product in that period.
Therefore, to obtain the firms’ second-period prices, we first characterize those first-period consumers
who would still be shopping in the second period. Namely, in the first period, a consumer prefers to
wait till the second period to buy if and only if

V—py1 —0d <max{§(V —pi, —0d),6(V+u—p5,—0(1—-d))} (B30)

Similar analysis as in the main model shows that (B30) reduces to

~

d>d. (B31)
The cutoff d is given by
1 if p1 SV(A=8)+6805—1w)—0
V(1—6)—p91(11++(g;232+9—u)6 if V(1—68) + 5(2952 W) -0 <py < (2V+u—p§2—9)(21—6)+p;32(1+5) .
V(1—66)(—110_161;6;752 if (2V+u—p§2—9);1—6)+p§2(1+6) <Dy < V(1—6)+ 5Pf2 ( )
0 if p11 =2V —-98) + 6piz

As in the proof of Lemma 2, we separately analyze the four possible cases. We find that the second

period equilibrium prices are as follows:

0—7% if P11 € [0,p) U [, =)
12 2a(p11-V(1-8)+0(B-a)(1+8)—pu(1-a)(1+68) . ~
P§2 )= Pz = 3(1+8)—-a(3-6) if P11 € [p, 7] (B33)
4a(p11-V(1-8))+30(1-8)—u(1-8) . ~
= 3—(3—4a)8 if P11 € (P»P]
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6 +§ if p11 €[0,p) U [p, =)

1,2 4a(p11-V(1-8)+0(B+a+35(1-a))+u(1+5-a(1-36)) . ~
pSy” =15 = 3(1+8)-a(3-3) if p11 € [p, 7] (B34)

30+u+2a(p11—V)+@2O+V+p)a—-30-u)s . ~ —

= 3—(3-4a)s if P11 € (.0: p]

V(e—a(7-3a))(1-8)+u(1—-a)(1-356+2ad8)-0(3—a)(1-(3—-2a)d)
6—a(7-3a)

and

where £=(1—6)(V—9)—%, p=

p=V(A-6)+65— %5. Consistent with the main model, to ensure the existence of the second-period

subgame equilibrium for any given first-period price p;; = 0, we assume that « < @ and § > §, where

18-10a
36—a(45-11a)’

a=0.64 6=
For future reference, we use the prices in (B33) and (B34) to obtain the firms’ second-period

subgame equilibrium profits when (R4, R;) = (1, 2):

(1-a)(36-p)?

18 if p11 € [0, p)
(1-a)(2a@1:-V(1-8)+6(3-a)(1+8)—u(1-a)(1+8))* . ~
12) _ 20(3(1+8)—a(3-5))2 if p; € [Q: p] (B35
M2 = (hamay-v(1-6))+36(1-6)-u(1-6))? . o )
260(3—(3-4a)5)? if p11 € (P, ]
(360-p)? . _
T if P11 € [5, =)
1-a)(30+u)? )
( 0018 . if p11 € [0, p)
(1-a)(4a(p11-V(1-8))+0(B+a+35-3ad)+u(l—-a+5+3a8))> . ~
(12) _ 20(3(1+68)-a(3-6))2 if p11 € [B, Pl (36
T2 " =\ GO+p+2a(prs—V)+2(0+V+1)a-36-11)5)2 _ o )
20(3-(3-4a)5)2 if p11 € (B, P]
(30+p)? . _
18u if p11 € [P, =)

Firm 1’s first-period sales are given by 51(1’2) = ad. Plugging p¢, = pg,z) and p5, = pg;z) into

the expression for d, we find that

a if p11 € [O»B)
3(V-p11)1-a)+20(3-a)6-BV+2u)(1-a)é . ~
ca _J° 6(3(1+6)-a(3-5)) if P11 € [p, 7] 837
12 = 3V-3p11—-(3V-360+u)é if € (5 _] ( )
0 if p11 € [p, ©°)

In the first period, firm 1 chooses its price to maximize its overall profit over the two periods: m; =

Sﬁ’z)pn + 1'[1;’2). One can show that the price pﬂ’z) maximizing 7, is contained in the interval [p, p].
co_ e (1202-a(2-6))+9V(—1+a+b—-ad) | .o 6(3-a)
Define flg = min { P oa)(1-30) ; 36} and i, = min {max {0, . T
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3v(6—a(7-3a))(1-5)
66+2a(6-85-a(1-38))-10

3V(1-a)(1-6)
8—4a(2-5)

1, 30}. Further, let Z,; = {(6,u)| 0< 0 < and u < iy}, Zgp =

3V(1-a)(1-6) 3V(1-a)(1-6)

{6, )| o—4a(2-5) <O <0 and u<jiz}and 3 ={(6,n)|0<6 < 6 ta2_0) and i, Su<
30} U {(0, )| 3‘;{%()2(_1;)‘” <0 < @ and i, < p < 36). Then, we find that
12) _
11 -
2usé .
(1—5)(‘/—9)—7 if (0,u) €2g4
V(6—a(7—3a))(1—6)+u(1—6(i)0(lt;_3:‘;-)2a6)—0(3—a)(1—(3—2a)5) if (9: [,l) € Zaz

20(3-a)(1+46+36%—a(1+486-6%)+(1-a)(V(1-6)(9-13a+95+3ad)—2u(1+45+38%2—a(1+46-52)))
2(1—a)(9-11a+95+3ad)

if (6,n) €ZLg3

(B38)
Upon plugging pﬁz) € [B’ p] into pg’z) and pg‘z), we find the firms’ second-period prices on the
equilibrium path.
9—% if (6,u) €24y
p(y? = | et if (6, 1) € Zay (B39)
\0(3—a)(3(1+6)—a(3(-:6_‘)(1)—((91_—;;){:_!;0(:51;;2—)!-3;1(1+5)—ua(3+6)) if (6, 10) € 3,5
9+§ if (6,u) €24y
pt? =3 9(6_“(36+ﬁ)(;f;;(1_am) if (6,1) € Zgz (B40)
\(1_a)(3u(1+8)_6Vd(12163;!);5;1(111_;3);(-304(.2()15;6)_a(4+5a(1_8)+66)) if (0, 10) € 3,5

Using the equilibrium prices in (B38)-(B40), we obtain the firms’ equilibrium profits in each period.

a(1-6)(V —0) - 22 if (6,10) € Tqy

12) _ a(0@B-a)+ua—w)(V(1-8)(6—a(7-3a))+u(l—-a)(1-35+2a8)-0(3—a)(1-(3—-2a)J))
Ty~ = 0(6-a(7—-3a))?
a((1-a)(v(1-6)+2u—6ub)—20(3-a)(1-36))A
(1-a)(9-11a+3(3+a)s)?

if (6,n) €ZLg2

if (95 .U) € Z(1,3

(B41)
% if (6,1) €24y

R T FERNERs @)
((1—a)(3Va(1—6)+32;;((11+_i))—(g_ozﬁ:i);;(§);§2(3(“5)‘“(3*‘””2 if (6,1) € Zq3

732 — (B43)
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1-a)(30+u)? .
(a)lTﬂ if (6,p) €Zgy

_ _ _ 2112
12) _ | A-0@6-a@+a)+u@-ata?) if (0,w) EXez  (B44)

T22 20(6—a(7-3a))?
(A-a)(6Va(1-8)+5ua(1-8)-3u(1+8))-0(9(1+8)—a(4+5a(1-8)+648)))?
20(1-a)(9—-11a+3(3+a)b)?

if (9' IJ') € Z61.3

— (1-a)(V(1-6)(9-13a+3(B+a)8)—2u(1-a+4(1-a)5+(3+a)52))+20 (3—a) ((1+8) (1+38)—a(1+(4—5)8))

where A
46

Using the profits obtained in each period in equations (B41)-(B44), we can readily find firm i’s overall

profit in the subgame with (Ry, R;) = (1,2): T[i(l'z) = Tcl.(;’z) + ni(sz)'

Subgame with (R{,R;) = (2,1)
The analysis is very similar to that in the subgame with (R,, R,) = (1, 2). Therefore, we will directly

provide the equilibrium prices and profits to avoid repetitiveness.

1260(2-a(2-6))-9V(1—a-5+ad)
(1-a)(7-36)

Define [p = max{ ; 0} and fip, =

20(3-a)(5-36—a(6—-85—a(1-38)))—-3V(1-a)(1-8)(6—a(7-3a))
(1-a)(8—1286—a(9-58—a(7—35)))

max {0, }. Further, letX,; = {(6,0)| 0 <0 <

3V(1-a)(1-6)
1+386+a(6-26—-a(7-35))

3V(1-a)(1-6)
1+38+a(6-26—-a(7-35))

<f6<Band30(1—a) <

and fi, < <36} U{(6,)]

3V(1-a)(1-6)
1+386+a(6—-25—-a(7-35))

u<360}, Ty, ={06,w] <6< and fi, <u<36(1—a)} and I3

3V(1-a)(1-6) 3V(1-a)(1-5)

(CHDIDRSE 1435 +a(6-25—a(7-36)) and 0 =< p < fip} U{(0, 1)l 1438+ (6—28—a(7-35)) <8<¥
and 0 < u < jip}. We find that firm 2’s optimal first-period price is given by
21 _
P21 " =
3-8 .
(V-0)1-68)+—u if (6,1) € Zpy
V(6-a(7-3a))(1-8)+u(5-a(2-a)(3-8)—38)—0(3—a)(1-(3-2a)8)

if (91 /.l) € ZbZ

if (6,1) € Zp3

6—a(7-3a)
20(3-a)(1+46+368%—a(1+486-6%)+(1—-a)(V(1-6)(9—-13a+95+3a8) +u(11+85-38%2—a(15-85+62)))
2(1-a)(9-11a+95+3ad)

(B45)

The firms’ second-period prices on the equilibrium path are given by
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o-= if (6,1) € Zp,

3
pan = e L ODE RN
\0(9(1+6)_a(4+Sa(l_fijf();:ﬁ;ﬂ(é(:)?)Jr6va(1_6)+H(3_a)a) if (8,1) € Zps
9+§ if (6,1) € Zpy
= ONT: e
\0(3_“)(3(“6)_“(3:fz)a_)g:ﬁff;(33+_§a+)3m(l_5)_3ﬂ(1+6)) if (0,1) € 23

Using the equilibrium prices, we obtain the firms’ equilibrium profits in each period.

iyt =0 (B48)
(1-a)(36-p)? )
a186 s if (6,u) € %py
@1 _ | A-0)@6-a@+a)-pe-(1-a)a)> _
T2 = 20(6-a(7-3a))? if (6,1) € Zpy (B49)

(A-a)(6Va(1-8)+uB+a)+u(3—a)s)—0(9(1+8)—a(4+5a(1-5)+68)))?
20(1-a)(9-11a+3(3+a)b)?

if (85 ‘Ll) € Zb3

@1) _

T

a(V - 0)(1—6) + ap™" if (6,p) € Zp,
a(0(B3—a)—ua+w)(V(1-6)(6—a(7-3a))+u(5-36—-(2—a)a(3-6))-0(3-a)(1-(3—-2a)9))
6(6—a(7-3a))?
a((1-a)(9V(1-8)+u(7-368))—-26(3—a)(1-36))B
(1-a)(9-11a+3(3+a)8)?

if (6,) € Zp2 (B50)

if (9' M) € Z173

_ 2
(-0 GO+’ if (6, 1) € Zpy

180
21) _ | @-a)*(1-a)(0(3-a)—pa+u)? )
T2 = 20(6—a(7-3a))? if (6,1) € Zpy (B51)

(1-a)(BVa(1-8)-3u(1+8)+2ua(3-6))—-0(3—-a)(3(1+8)—a(3+6)))?
20(1-a)(9—-11a+3(3+a)6)?

if (91 /.l) € Zb3

— (1-a)(V(1-6)(9—-13a+3(3+a)8)+u(11-15a+8(1+a)5—(3+a)62)+20 (3—a) ((1+8)(1+38)—a(1+(4—5)5))
= 20 .

where B
Using the profits obtained in each period in the equations (B48)-(B51), we can readily obtain firm i’s
overall profit in the subgame with (R, R,) = (2,1): nl.(z’l) = ni(12,1) + nl.(zz’l).

Subgame with (R{,R;) = (1,1)

We solve the game by backward induction, following similar steps as in the main model. Specifically,

we start with a guess that in the first period, the market is fully covered, and hence, no consumer will
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choose to wait till the second period to buy a product (we will later verify our guess).” Mathematically,

this is equivalent to
max{V —p;1 —0d,V+u—p,y —0(1—-d)} =dmax{V —pf, —0d,V+u—ps5,—0(1—-d)} (B52)

for all d € [0,1], where p;, and p5, are the prices that first-period consumers expect firms 1 and 2 to
charge in the second period, respectively.

If the inequality (B52) is satisfied, then in the second period, the firms compete for the (1 — @)
measure of new consumers who enter the market. Given the firms’ second-period prices p;, and p,,, a

consumer located at a distance d from firm 1 will prefer firm 1’s product over firm 2’s if and only if

V—pip,—0d>V+u—py,—60(1—d), or equivalently, d < %. Hence, firm i will

choose its second-period price p;, to maximize its profit, i;,, where 11, = (1 — a) %pu

and mp; = (1 —a)(1 - W)pzz Solving the first-order conditions ( = 0and == an“ =0),
P12 22

CEVIN 1D _

we find that p ; and Py, =0+ g The corresponding second-period profits are given by

JCR (1-a)(30-p)? and (1L1) _ (1-a)(30+u)?

. . b e e _
Ty, 50 22 50 . Rational-expectations condition implies that p7, =

0 — g and p5, =0 + % Plugging these prices into (B52), the inequality (B52) becomes
max{V —p;1 —0d,V —p,; —0(1—d)} = dmax {(V -6 +§— 0d),s(V +§,u -0 —-6(1-4d))} (B53)

Hence, if a given pair (py1, p21) of first-period prices satisfies the inequality (B53), then a) pf, =
0 — g and p5, =0 + % are rational expectations about the second-period prices, and b) all first-period

consumers rationally choose to buy in the first period rather than wait till the second period.

In the first period, the firms choose their prices to maximize the sum of their profits over the two

periods. If prices p;1 and p,q satisfy (B53), then the firms’ profits are given by my = w1 + 1'[(1 D =

0—p—p11+P21 (1-a)(36-p)?

a
20 P11t 186

o P11+P21 (1-a)(36+u)?

P21 + 180

and m, =My + n(l D = a(l -

Solving the first-order conditions, we find that p(1 D=g-— and pgi =g +3 £ 1t follows that the

% Using a similar argument as in the main model, one can show that this equilibrium is unique when 6 < 8.
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(1,1) _ a(B38-w)? (1,1) _ a(30+p)?
=————andm,  =———

firms’ first-period profits are given by m;; 50 TR Their overall profits

(1) _ (36-pw)? 11 _ (36+p)?
1 = an d 2 - —

across the two periods are
186 186

Because § < 1, it is easy to see that the price pair (p11,p21) = (6 — %, 0+ g) indeed satisfies the

inequality (B53). Hence, our initial guess that first-period consumers will not wait till the second period

1s verified.

Subgame with (R{,R;) = (2,2)
The analysis is straightforward. One can show that pg,z) =0 - g and pg,z) =0+ %, and the firms’
22) _ BO-w? 4o 2) _ B0+’

=0 ) = 2

rofits are given by
profits are given by 1 1860 186

Having obtained the firms’ equilibrium profits in each subgame, we can find their equilibrium

product release times.

PROOF OF PROPOSITION 4. First, let us characterize market conditions under which the high-

quality firm (firm 2) releases its product later than firm 1.
Equilibrium where (R7,R5) = (1,2)

(1,2) (2,2) (1,2) (1,1)
1 > 1y 2 >,

(Ri,R3) = (1,2) is an equilibrium if and only if and . Using a

similar argument as in the proof of Proposition 1, one can easily show that T[£1,2) > niz,z)' It remains

to check whether ngl’z) > T[gl’l). Define Ar, = 7'[;1'2) - 7'[51'1).

3V (1-a)(1-8)
8—4a(2-5)

_ 2 2
and p < fig}, then Amr, = a a)l(sgw) _ (3?;1)

Clearly, A, < 0. Therefore, (Ry, R;) = (1, 2) cannot be an equilibrium.

3V(1-a)(1-5)

Next, consider (8,u) € {(6,w)|0< 6 < o t1a2-0)

and i, < u <360} € X,3. This subset of

3V(1-a)(1-6) 3V(1-a)(1-6)

6(1+6)—2a(3+6) - 8-4a(2-6) Assurnlng o

X,3 1s non-empty (i.e., fi, < 30) if and only if

satisfies these conditions, Am, is given by
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_ (@-a)(6Va(1-8)+5ua(1-8)-3u(1+8)-60(9(1+8)-a(4+5a(1-8)+66)))*  (30+w)*
- 20(1-a)(9-11a+3(3+a)5)2 186

Am, . We find that A, <

3V (1-a)(1-6) 3V(1-a)(1-6)

; 10
6(1+6)—2a(3+8) = Tg—4a(2-6) and /i, < p < 36.

0 when

3V(1-a)(1-6)

8—2a(2-8) then A, < 0 forall 4 < 36. Hence, we may

The above analysis suggests that if 8 <

3V(1-a)(1-5)

have A, > 0 only if 8 > . Denote 0, = w. Conditional on 4, < 0 < 8, the

8—4a(2-5) 8—4a(2-5)
expression for Arm, is as follows:
(1-a)(0(6—aB+a)+u-a+a®)®  (36+w)? . ..
Arr, = 260(6—a(7-3a))2 1860 if0 <u = i
T2 = ((1-a)(6Va(1-8)+5ua(1-8)-3u(1+8))-0(9(1+8)-a(4+5a(1-86)+68)))*  (36+w)? ifii <y <36 ’
20(1-a)(9-11a+3(3+a)8)? 186 Hhe = 1

Note that A, is a continuous function. Using the expression of [i,, one can readily show that

. JeBE-m 3V(6-a(7-3a))(1-6) . i
a7 ) 1-a = 65+2a(6-85-a(1-35))-10 ifO, <6 <6,
36 if 9a3 <0<0

3v(1-a)(6—a(7-3a))(1-6) ;0} and 6,3 = min {
a3 —

3V(-a)(6—a(7-3a))(1-8) . —}
2(3-a)(5-36-a(6—85—a(1-36)))’ ’

4a(5-36—a(6-85—-a(1-36)))’

where 6,, = min {

We will separately analyze the cases with @) 5 < 0 < 642, b) 8g2 < 60 < 043, and ¢) B3 < 6 < 8.

a) Consider ,; < 6 < 6,4,. On this parameter range,

_ _ _8)— _ _ _ 2 2
_ ((1-a)(6Va(1-8)+5ua(1-8)—-3u(1+6))-0(9(1+8)—a(4+5a(1-6)+66)))*  (30+p) forall,u c [0,39).

Am, 20(1-a)(9-11a+3(3+a)8)2 186
— d2A . . . .
Because a < @ and § > §, one can show that dlgz <0, i.e., Am, is concave in u. Further, if
dA . .
Aty |u=0 < 0, then one can show that dZZ |u=0 < 0, which implies—due to concavity of Am,—that

Am, < 0 for all u € [0,368). Therefore, we may have Am, > 0 only if Am,|,—9 = 0. The latter

inequality is equivalent to 6 > 8, where

_ 6(V(1-a)3/2(1-8)(9-11a+3(3+a)8)+V (1-a)(1-8)(9(1+8) —a(4+5a(1-8)+68)))
2= 25a3(1-8)2+9(1+68)(23-98)+a2(161-5(46+5168))—3a(131+85(10—578))

. On a side note, notice

D)y

that éz is the same as 8 in Proposition 1. One can readily show that Am, | p—oo < 0. Therefore, when

d?Am,
du?

ZZ < 0 for all u > fi,. Finally,

10 To demonstrate this, first note that Am, is concave as a function of g, i.c., < 0. Further, we find that

dAm, . I d?Am, dAm,
a lﬂ:#a < 0. The inequalities v < 0 and an | =

because Am,| u=it, <0, it follows that Am, < 0 for all u > 1.

dA
da

L < 0 imply that
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8, < 0 < 0,,, the inequalities A, | u=0 = 0 and A1, |, < 0, together with the concavity of Am,,
imply that there exists a unique fi,, > 0, such that Am, > 0 if and only if u € [0, fi;,]. Solving
Am, = 0, we find that

Uzq =

3(-6V(1-a)(1-8)(9(1+VI—a)(1+8)+a(38+15VI—ad-11-15vV1—a))+6 (9(1+8)(20+3Vi—a—3(4—1- a)6)+F1+F2))
Vi—a(153-374a+225a2(1-8)2+9(2—158)5+6ab(64+95))

where F; = 5a%(1 — 8)(44 + 15V1 —a — 3(4 + 5V1 — a)6) and F, = 2a(—200 — 53vV1 —a +
48(2 + V1 —a)8 +9(8 — 3v1 — a)8?). Because we are focusing on p < 36, it follows that when
6, <0 < 0,, and u < min{fi,4, 30}, we have Am, > 0. Note that the interval (85, 8,,] is non-
empty (i.e., 0, < 6,;) if and only if @ < &, where recall from the proof of Proposition 1 that & ~
0.32 is the solution to the equality 12 — &(52 — (3 — &@)a(17 + &)) = 0.

b) Consider 8,, < 6 < 3. Let @ be the solution to the equality 6 — 11 + (3 - ZM)&Z =0.
One can show that & = 0.6. We will separately analyze three subcases: a < &, & < a < & and & <

a<a.

First, if @ < @&, then Am,|,—¢ > 0 an

2> 0 at any

u € [0, i), the 1nequahty | u=o0 > 0 implies that Am, is increasing in u on the interval [0, fi,).

> 0 for all u € [0, ji,). Next,

for u € [fig, 30), Am, takes the same functional form as in a). Using the same argument, we can show
that A, > 0 if fi, < p < min{f,,, 36}, and Am, < 0 if min{f,,, 360} < pu < 36. Note that i, <

f54. To summarize, when a < &, we have Am, > 0 if and only if u € [0, min{fi,,; 36}).

3V(A1-a)(6—a(5-6vV1i-a+(3+6Vi-a)a))(1-95)
4(3—4a)(5-35-a(6—-86—a(1-34)))

Second, if @ < a < @&, then Am,|,—o < 0. Define 6 =

One can show that if §,, < 6 < 8, then Am,| u=ii, < 0. Convexity of Am, on the interval [0, fi)

implies that Am, < 0 forall u € [0, ji,). Moreover, because 222 < 0 on (fiq, <

[iiq,36). Hence, Amt, < Amty|y=j, < 0 forall u € (fiq, 36). In

sum, when 0,, < 6 < 8, we have Am, < 0 for any u € [0,36). Next, if § < 8 < 6,3, then
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Am,|u=ji, > 0. Hence, because A, is a strictly convex function on [0, fig), there must exist a unique
i, € (0, fiy) such that Am, > 0 if u € (fiy, fiy) and Am, < 0 if u € [0, fi;). Solving Am, = 0, we
find that

~ _ 36(-124+4V1-aa(6—a(7-3a))—a(-28+3a(5—-(2—a)a)))
Ha = 12—a(4+3a(7-3(2-a)a)) :

On the interval ({fiy, 360), we know that A, is concave. Because A, |, -, > 0, it follows that A, >
0if u € [fiy, min{fi,,, 36}) and A, < 0 if u € [min{fl,,, 30}; 368), where recall that fi,, satisfies

Amy|u=p,, = 0. In sum, when 6 < 6 < 0,3, we have Amr, > 0 ifand only if u € (fip, min{fi,q, 36}).

Third, if @ < a < @, then Am,|,—¢ < 0 and Amy|,—j;, < 0. Convexity of Am, on the interval
[0, fiy) implies that Am, < 0 forall u € [0, fi ). Moreover, Am, is decreasing on the interval [fi,, 36).
Therefore, A, |,=;, < 0 implies that A, < Amy|,—;, < 0 for all u € (fig, 36). In sum, Am, <0

for any u € [0, 36).

. : = .. _ (1-a)(6(6—a@+a)+u2-a+a®))®  (30+p)*
¢) Consider 6,3 < 8 < 6. On this interval, we have A, = 20(6—a(7—3a))? 50

for all p€[0,36) . Similar analysis as in ») shows that Am, > 0 provided that pu€
(min{f,, 36}, 30). Note that the interval (min{fi,, 36}, 30) is non-empty (i.e., fi, < 30)if and only

if @ < @&, where recall that @ = 0.6.

Define i, = min {{i,,, 36}. The analyses in a), b), and ¢) can be summarized as follows: Ar, > 0
(and thus, (R7, R3) = (1,2) is an equilibrium) if and only if
i.0<a<@ f,<0<Bfand0<yu<fp,or

ia<a<abf<0<Bandfi, <pu<p,

where @ =~ 0.32 is the same as in Proposition 1, & = 0.6 is the solution to the equality 6 — 11& +

oA \A2 _ & 6(V(1-a)¥/?2(1-8)(9-11a+3(3+a)8)+V(1-a)(1-8)(9(1+8)—a(4+5a(1-8)+68)))
(3 1 a)oc =0,0;= 25a3(1-8)2+9(1+68)(23-98)+a2(161-5(46+518))—3a(131+5(10-576)) ’

A _ 3V(A-a)(6—a(5—-6V1-a+(3+6vV1-a)a))(1-6) .~ . ~
0= 4(3-4a)(5-36—-a(6—85—a(1-35))) , Az = min {{ly4, 36},
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Uzq =

3(=6V(1-a)(1-8)(9(1+VI—a)(1+8)+a (36 +15VI—a6—11-15v1—a))+6 (9(1+8)(20+3vVI—a—3(4—vI— a)6)+F1+F2))
Vi—a(153-374a+225a2(1-6)2+9(2—158)5+6as(64+95))

30(—-12+4V1-aa(6—a(7-3a))—a(—28+3a(5—(2— a)a')))
12—a(4+3a(7-3(2-a)a))

iy =

Equilibrium where (R1,R5) = (2,1)
The analysis follows similar steps as for (Rj,R3) = (1,2). Therefore, we directly provide the
conditions under which (Ry, R;) = (2,1) is an equilibrium. Namely, (R],R;) = (2, 1) if and only if

the following conditions are satisfied:0 < @ < & 0 < u < fi; and §; < 0 < 0, where

§1={éb1 if 0 <p<flp
Op2  if Apr <u<fh

3V(12 4avi-a(6—a(7-3a))—a(28-3a(5—-(2-a)a)))(1—- 6)
(12-a(4+3a(7-3(2-a)a)))(2-96)

Up1 =

WV (1-a)(-1+8)(12-9a>(1-8)+368—a?(315-184V1-a—(203-216V1-a)§)—a*(81-8Vi—a—(9-24V1—a)8)+C,)
81a6(1-8)2—12(1+38)2—4a(1+38)(59-518)+a2(153+(926—3758)8)+4a5(97+33(2—38)8) +8a3(125-5(18+918))—C;

C, = 2a4(687 +6(154—-4896)) , (C; =4a(23-30v1—a—-9(55—-2Vv1—a)d) + a3(301 —
72N1 —a — (93 — 136V1 — a)d),
9171 =

uI—a(166a+9a2(1-8)2—6a8(8+98)—9(1+68)(19-218))+18V (1—a)(1-8) (—9(1+Vi—a)(1+8)+a(11-3vVI—a+3(—1+Vi—a)s))
3(a(40+178VI—a—68((6+9vV1I—a)6—10(1—vVi—a)))—9(1+8)(2+21Vi—a+3(2-5Vi-a)8)—a?(1-8)(22—-15V1i—a—3(2-5Vi-a)s))’

é u(12—a(4+3a(7-3(2—-a)a)))
b2 = 36+3a(—4(7+6vVI—a)+a(15+28Vi—a+3a(-2-4Vi—a+a)))
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4. PRODUCT IMPROVEMENT OVER TIME

We extend our main model to study situations in which a firm can improve its product to deliver a
greater value, but this necessitates a delayed entry.!' To capture such product improvement effects in
this extension we assume that by delaying its product release till the second period, a firm can increase
the valuation of its product to V + u, where u = 0 represents the product improvement effect. We
assume that u < 36 to ensure that each firm has a positive market share regardless of its product release
time. To keep the model as simple as possible, without loss of generality, the product improvement is
assumed to be costless for the firm. For example, the firm may have a technology that is already
developed but requires additional time to be finalized and integrated into the product. By contrast, if
the firm releases its product in the first period, then consumers’ product valuation stays constant at the
level V, i.e., the firm is unable to sell an improved version of the product in the second period (Bayus
et al. 1997). This is reasonable because, in practice, modifying a product that is already released to the
market is likely to require substantial time and resources to change the product design, manufacturing
process, supply chain, and marketing strategy. Finally, for a more interesting analysis, we assume that
the product improvement effect is not excessively high (¢ < 1) to avoid both firms choosing to wait till
the second period in order to improve their products.

We provide the technical analysis below. We find that, as expected, the ability to improve its
product over time gives a firm even more incentives to release it in the second period because by doing
so a) the firm can gain a competitive advantage in the second period due to its improved product, b) the
firm does not lose so many sales because, in the first period, consumers anticipate the firm’s product
improvement, becoming more willing to wait for it, and c¢) the increased number of consumers who wait
for the firm’s product tends to reinforce the price-competition alleviation effect, providing an additional
benefit to the firm. Thus, the possibility of product improvement over time expands the parameter region
where, in equilibrium, one firm prefers to wait till the second period to release its product whereas the

competitor releases in the first period.

! Note that even if there is no improvement in the product’s functionality, a product that is released later may be
perceived by consumers as newer or more state-of-the-art, and such perceptions may increase consumers’
willingness to pay for the product.
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We will first obtain the firms’ equilibrium pricing strategies and profits in each subgame (R4, R,) €
{(1,1),(2,2),(1,2),(2,1)}. Then, we will characterize market conditions under which (R, R;) = (1,2)

is an equilibrium.

Subgame with (R{,R;) = (1,2)
In this subgame, firm 2 is able to improve its product, increasing consumers’ valuation for the product
to V + u. The analysis of this subgame is identical to that in the previous section with vertically

differentiated firms. Hence, we will directly provide the equilibrium prices and profits.

0(3-a)
1-«a

1260(2-a(2-68))+9V(-1+a+8—-ad)
2(1-a)(1-36) ’

Recall that i, = min { 30} and ji, = min {max {0, +

3v(6—a(7-3a))(1-5)
66+2a(6-85-a(1-38))-10

3V(1-a)(1-8)
8—4a(2-5)

}; 30} . Further, 2, = {(6,0)|0< 6 < and u < g}, Loz =

3V(1-a)(1-8)
8—4a(2-5)

3V(1-a)(1-6)

<0<0and p<ijig}and T3 ={(6,W]|0<0 < 5—aa2=5)

{6, wl and p;, < u<

3V(1-a)(1-8)

6—ta2_5) <6 <0 and ji, <p<36}. Then, from (B38), we know that firm 1’s

363 U {(6, )]

equilibrium first-period price is given by

12) _
P11 =
-6V -6)-% if (6, € Zax
V(e—a(7-3a))(1-8)+u(1—-a)(1-35+2ad)-0(3-a)(1-(3-2a)d) .
6—a(7-3a) if (95 .u') € Zaz

20(3-a)(1+46+36%—a(1+486-6%)+(1-a)(V(1-6)(9-13a+95+3ad)—2u(1+45+38%2—a(1+46—-52)))
2(1—a)(9-11a+95+3ad)

if (6,n) €ZLg3

The firms’ second-period prices on the equilibrium path are given in (B39)-(B40):

6-3 if (8, 1) € Ty
pbd) = (O if (6,1) € 5,

\‘9(3—“)(3(1+5)—05(3(':5;)(1)—(21:10;)(51‘;0(!;1;§;;-3u(1+5)—ua(3+6)) if (0, 1) € Ty

0+3 if (6, 1) € Ty
I e if (6,1) €

(1-a)Bu(+86)-6Va(1-8)-5ua(1-56))+0(9(1+86)—a(4+5a(1-6)+66))
(1-a)(9-11a+3(3+a)d)

if (6,n) €ZLa3

The firms’ equilibrium profits in each period are given in (B41)-(B44).
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a(1-8)(V - 6) — 242 if (6, 1) € T,
12) _ a(@B-a)+pa-p)(V(A-8)(6—a(7-3a))+u(1-a)(1-35+2a6)-0(3-a)(1-(3—-2a)s)) .
7T11 =9 6(6—a(7-3a))? if (9,#) € Zaz
a((1-a)(9v(1-6)+2u—6ud)—20(3-a)(1-36))A .
\ (1-a)(9-11a+3(3+a)5)? if (6,p) €243
(1-a)(36-u)? i
180 if (8,u) € Zgy
12) _ ] @-a)*(1-a)(0(3-a)+ua—p)? .
T2 " = 20(6-a(7-3a))? if (6,u) €Zgz
(1-a)(BVa(1-8)+3u(1+8)—ua(3+8)-0(3—-a)(3(1+8)—a(3+8)))? .
\ 20(1-a)(9-11a+3(3+a)8)? if (6,1) €Zg3
12) _
T, =0
(1-a)(36+u)? _
a186 : if (0,1) € Zgy
(12) _ | Q-o)(0(6-aB+a))+u(2-a+a®))? .
T2 = 20(6—a(7-3a))? if (6,u) € Zqp
(A-a)(6Va(1-8)+5ua(1-8)-3u(1+6))—0(9(1+8)—a(4+5a(1-8)+68)))% .
20(1-a)(9-11a+3(3+a)5)2 if (6,1) € Zg3
where 4 = (1—“)(V(1—5)(9—13“+3(3+6¥)5)—2#(1—fl+4(1—a)5+(3+a)62))+29(3—a)((1+6)(1+35)—a(1+(4—8)8)).
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Using the profits obtained in each period, we can readily find firm i’s overall profit in the subgame

with (Ry, Ry) = (1,2): 1" = n{0? + 102,

Subgame with (R{,R;) = (2,1)
Due to symmetry between the firms, the equilibrium profits in this subgame are the reverse of profits

in the subgame with (Ry, R,) = (1, 2). That is, rciz’l) = n§1,2) and n§2,1) = ﬂil'z).

Subgame where (R,R;) = (1,1)
Since both firms release their products in the first period, neither firm’s product is improved. Therefore,

the analysis of this subgame is identical to the one in the main model (see Lemma 1). Specifically, firm

i’s equilibrium price in period t is given by pl.(tl'l) =0, where i =12 and t =1,2. Firm i’s

corresponding profits in the first and second periods are given by b = az_e and Y = -6

i1l i2 2

respectively.
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Subgame where (Rq,R;) = (2,2)
Because both firms wait till the second period to release their products, each firm improves its product,
increasing consumers’ valuation to V + u. Since the firms are symmetric, one can easily show that

second-period equilibrium prices and profits are given by pg'z) = pgi'z) = 0 and T[S’Z) = 7'[;22'2) = g.

Because first-period profits are zero, it follows that the firms’ overall profits are the same as what they

o : 2,2 22) _ 0
receive in the second period: ni ) = Tl.'é ) = >

Equilibrium Product Release Times
(Ri,R3) = (1,2) is an equilibrium if and only ifﬂil’z) > n_iz,z) and n§1,2) > T[gl’l). (RL,Ry) = (1,1

is an equilibrium if and only if ngl’l) > T[iz'l) and 7_[51,1) = T[él’z). Using the subgame equilibrium

profits that we characterized in the earlier analysis, we graphically illustrate the firms’ equilibrium
product release times in Figure B3.

Figure B3 Firms’ Equilibrium Product Release Times (R}, R}) 2

u
u> 360
0.6 1+
[ Jeirn=a2
0.4+
| Jwirn =)
0.2t
0 ‘ ; ; ‘ 6
0 0.2 0.4 0.6 0.8

Notice from Figure B3 that as y increases above zero, in equilibrium, firm 2 releases its product
later than firm 1 (i.e., (R], R3) = (1, 2)) not only when the level of horizontal differentiation between

the firms is high (i.e., 6 is large) but also when the differentiation level is low. Intuitively, when 8 is

12 Figure 5 is drawn using the following parameter values: V = 10, @ = 0.3 and § = 0.9. Under these values, y <
[t = 0.73 ensures that, in equilibrium, at least one of the firms releases its product in the first period. Further, we
focus on u < 36 to guarantee that each firm has a positive market share regardless of product release times.
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small, consumers tend to care more about vertical attributes (value differences) than horizontal ones
(distance from the firm). Therefore, in such a situation, the increase in product value that firm 2 obtains
due to its late product release allows firm 2 to significantly increase its market share, as well as its price.
In other words, even a small value of u can make a big difference when there is not much horizontal
differentiation between the firms. For this reason, even when 0 is very small, firm 2 may optimally
choose to release its product in the second period in order to improve its product and gain an advantage
over firm 1. However, it is important to note that when 6 is in the lower region, firm 2’s late product
release is more driven by the direct benefit from product improvement than by the strategic benefit from
alleviated price competition. This is because when 6 is small, in the first period, firm 1 exploits the lack
of horizontal differentiation between the firms and captures a very large fraction of the marker. Hence,
very few first-period consumers choose to wait till the second period to buy firm 2’s product, which
dampens firm 2’s incentives to charge a high price, thus weakening the competition-alleviation effect.
By contrast, when 6 is large, the competition-alleviation-effect is much stronger and plays an important
role in inducing firm 2 to release its product later than firm 1 even when the product improvement effect
is very weak (i.e., u is small). Hence, we can make the following distinction: in markets where
horizontal differentiation between the firms is low, product improvement effect has a stronger influence
on product release timing decisions than price competition alleviation effect. By contrast, when the
differentiation level is high, the price competition alleviation effect tends to play a more important role,

making late product release preferable even in the absence of any product improvement effects.
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5. CONSUMER PREFERENCE UNCERTAINTY

In practice, firms often provide detailed information about their products before launching them. For
example, tech companies typically present the products at special events and tech conventions (e.g., the
International Consumer Electronics Show). Popular magazines, bloggers and other media outlets
closely follow such events, providing consumers with detailed information about the firms’ products.
However, in some other markets (especially for new product categories), consumers may still lack full
knowledge about their tastes or preferences prior to purchasing a product (e.g., Gu and Xie 2013,
Shulman et al. 2015). So, we extend our core model by assuming that consumers’ knowledge about
their own preferences is “noisy.” In particular, at the aggregate level, consumers’ true preferences are
assumed to be uniformly distributed on the unit line [0,1], which is consistent with our core model.
However, a randomly chosen consumer does not know her exact location on the line. Instead, each
consumer receives a signal s € [0,1] about her location. Provided that the consumer’s true location is
[ € [0,1], the distribution of s is as follows: s = [ with probability y, and with probability 1 — y, the
signal s is randomly drawn from uniform distribution on [0,1]. The parameter y captures the level of
uncertainty that a given consumer faces.

Proposition WAS.1 shows the robustness of our main results in the presence of consumers’

preference uncertainty and discusses how such uncertainty affects the firms’ decisions and profits.

PROPOSITION WAS.1.

a) There exist 0 <a<a, 0<0 <0 and0<9<1such that if 0 <a <@, 8 <6<8 and
7 <y <1, then, in equilibrium, firm 2 will release its product later than firm 1. (Ri,R;) =
(1,2).

b) Consumers’ preference uncertainty reduces firm 2’s gains from releasing its product later, i.e.,

d(ﬂg,z)_ng,l))

= 0.
ay

¢) Both firms’ equilibrium profits are increasing in y.

The first part of the proposition shows that firm 2 may prefer to release its product late even if

consumers face some uncertainty about their preferences. However, as the second part of the proposition
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suggests, consumers’ preference uncertainty makes it less likely that firm 2 will choose to release its
product in the second period rather than in the first period. Put differently, preference uncertainty makes
the parameter region where (R7, R;) = (1, 2) smaller. To see the intuition, note that if consumers face
preference uncertainty, then fewer consumers will be inclined to wait for firm 2’s product. For example,
even if a consumer receives a signal s = 1, there is still some chance that firm 2’s product is not a good
fit with the consumer’s true preference. The existence of such uncertainty makes the consumer less
willing to wait for firm 2’s product. Fewer consumers waiting for firm 2’s product has two negative
effects on firm 2’s profits. First, firm 2’s equilibrium sales decrease. Second, price competition becomes
more intense in the second period because firm 2 gains more incentives to compete for the segment of
new consumers entering the market rather than focus on the consumers who have been waiting for its
product release. For these reasons, consumers’ preference uncertainty makes it less attractive for firm
2 to release its product in the second period. Finally, the third part of Proposition WAS5.1 shows that a
reduction in consumers’ preference uncertainty will benefit not only firm 2 but also firm 1. One reason
is that an increase in y can induce firm 2 to release its product in the second period instead of the first
period, which will alleviate price competition and allow firm 1 to capture a bigger market share. Another
reason is that an increase in y makes consumers less price sensitive as consumers become more certain
in their preferences for one or the other firm — this makes price competition less intense, allowing both
firms to charge higher prices. Therefore, our results suggest that well before releasing their products to
the market, the firms would benefit from revealing information about their planned products and
provide opportunities to different media outlets to try early samples and share information about these

products with consumers, allowing them to better understand their needs and preferences.

PROOF OF PROPOSITION WAS.1. We will first solve for the firms’ subgame equilibrium profits

for each (le RZ) € {(11 1), (Zl 2): (17 2): (21 1)}
Subgame with (R{,R;) = (1,2)
We solve the game by backward induction, starting with the second period. In the second period, the

firms compete for the (1 — a) new consumers entering the market, as well as any first-period
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consumers who decided not to buy a product in the first period. Hence, to find the firms’ second-period
subgame equilibrium prices, we first need to characterize the segment of first-period consumers who
wait till the second period to buy. In the first period, a consumer who received a signal s € [0,1] will
prefer to wait till the second period to purchase a product if and only if the following condition holds:

§ max{V —pf, — 0E(d|s)),V — p5, — 6(1 — E(d|s))} > V — p1, — OE(dls) (B54)

Using E(d|s) =ys+ (1 —y) %, one can readily show that (B54) is equivalent to

s>S (B55)

where

1 if it < 2((1—6)V+p226)2—9(1+y—(1—y)6)

V(1-8)-p11+8D5,4608 .. 2((1-8)V+p5,8)-0(1+y—(1-y)8) (2V-p5,-0)(1-8)+ps,(1+6)

lf < pll S
3= B(1+6) 2 2
| v(1-8)-p11+6p%, if QV-p5,—6)(1-8)+p5,(1+5) 2((1-8)V+p7,8)+6(5(A-y)—1+y)
6(1-6) 2 2
\0 if Py > 2((1—5)V+p125);9(5(1—1/)—1+V)

Having characterized the first-period consumers who wait till the second period to buy a product,
we can now solve for the second-period subgame equilibrium prices that satisfy the rational-
expectations condition. The analysis is very similar to the cases i-iv in the proof of Lemma 2. To avoid

repetitiveness, we directly provide the second-period rational-expectations subgame equilibrium prices:

Oy if p11 € [0,p) U [p, ]
pg,Z) — e, = | 2P11a—ZVa(lgg)::)(_SZgJ_rg+a(1—2y—6)) if pq € [B' 5] (B56)
E e
By if p11 €[0,p) U [p, 0]
Py =Sy = 4pna_m(1_63)(135;3){(;:36_);)“(2_Ha_m) if p11 € [p, A] (B57)
\ana—ZVa(l—&)+39_(?3+_34ya—)¢;y—a8—3y6+3ay5) if pyy € (‘5’ ﬁ]
where p = @v-6-6p)a-8)

2

~ _ 2V(6-a(7-3a))(1-8)+6(a(7-3a(1-y)-5y)-6(1-5)+(12y—a(7+11y—a(3+y)))d)
p= 2(6—a(7-3a)) i
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2V(6+a)(1-6)-0(a(1-y—86+7y8)+6(1-8-2y6)) and ﬁ = 2V(1—8)—9(1—y—6—)/6). Note that similar to the

p 2(6+a) 2

main model, we assume that § <6 <1 and 0 < a < a to ensure the existence of a subgame

18—-10a

m and a = 0.64.

equilibrium for every p;; = 0, where § =

Using the second-period subgame equilibrium prices in (B56)-(B57), we obtain the firms’ second-

period subgame equilibrium profits:

oy(1-a) _
) 2 - if p11 € [0, p)
(1_“)(ZV“(l—a)—ana—30y(1+6)—9a(1_2y_5))2 . B
(L2) _ 20y (3(1+8)—a(3-§))2 if p11 € [p, D] sk
Tz = (4p11a—(1-8)(4Va—0(2a(1-y)+3y)))? if c (35 ( )
20y (3-(3—4a)8)? if p11 € (D, P]
oy - B
‘2 if p11 € [P, )
oy(1-a) .
- 2 - if p11 €[0,p)
(1-a)(4Va(1-8)—4p,1a—30y(1+8)—0a(2-y—-(2+y)8))? . ~
(1L2) _ 20y(3(1+8)—-a(3-8))2 if p11 € [p, P] -
T2 = (2p11a-2Va(1-8)+6(a+3y(1-8)—ad—-ay(1-35)))? if c (35 ( )
20y (3—(3-4a)5)? if p11 € (P, 0]
oy . )
‘2 if py1 € [P, =)

Firm 1’s first-period profit is given by m1; = a § p11. Plugging the prices from (B56)-(B57) into

the expression for §, we can obtain 14:

@ P11 if p11 € [0, p)
6V(1—a)(1-6)-6p11(1—a)+6(a(3-3y—-38-y8)+3(y+6+3y6-1)) . ~
_ a 20y (3(1+8)—a(3-96)) P11 if P11 € [B’ ,0]
T11 =\  32V(1-8)—2py,+0(y+8+y5-1)) o (55 (B60)
20y (3—(3—4a)8) b1 if p11 € (P, P]
0 if p1; € [P, =)

In the first period, firm 1 chooses its price to maximize its overall profit m; = mq4 + ng’z). Similar

analysis as in the proof of Lemma 3 shows that firm 1’s optimal price belongs to the interval [p, §] and

is given by:
@Qr=0ona9) ifo<y<y
(12) _ | @-a)(2v-6)(9-13a)+6(21-17a)y)+16(1-a) 2Va+36y—6a)s—(3+a)(3(2V-6) (1-a)-6(9-a)y)5? ify <y <
1 4(1—a)(9-11a+3(3+a)8) tys<vs=
2V(6—a(7-3a))(1-8)+0(a(7-3a(1-y)-5y)—6(1-8)+(12y—a(7+11y—a(3+y)))F) e =
2(6—a(7-3a)) if y<vs 1
(B61)

3(2V-6)(1-a)(1-6)
" 6(13+36-a(13-56))

32V-6)(1-a)(6—a(7—3a))(1-5) )
' 6(42-185+a(696—-53+a(6—385+a(5+36))))”"

where y = min {1 }and ¥ = min{1
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Upon plugging pﬁ'z) into equations (B58)-(B60), we find the firms’ profits on the equilibrium path.

12) _
Ty~ =
a(ZV—G—ZO)/)(l—S) if 0 < v < v
a((1-a)(16(8a—2Va—360y)6—(2V—-60)(9-13a)-0(21-17a)y)+(3+a)(3(2V-0)(1—-a)—B8(9—a)y)5%)E if y<y < )7
(1-a)y(9—-11a+3(3+a)8)? L
— — 2Y(1=8)— 2(3-3y—-38— —5— — —5y—785—
B-a)a(V(6—-7a+3a)(1-8)-0(a*(3-3y—-38-y6)+6(1-6—-2y8)—a(7-5y—-75-11y§))) if)7<]/S 1
2(6—7a+3a?)2
(B62)
gy ifo<y<y
(1,2) _ ) v(a-a)a(1-8§)+8(a?(3-y(9-8)-38)—-18y(1+8)-3a(1-8§-3y(3+8))* . _
T2 = = 80(1-a)y(9-11a+3(3+a)s)? if )4 <vsvy (B63)
0(1-a)(6—5a+a?)%y e =
2(6—7a+3a?)? ify<y<i
732 — (B64)
oty ifo<y<y
2) _ (6V(1—a)a(1-8)-0(1-a)(9y +a(3+2y))—-08(9y—a(3-3a+3y—2ay)))? . —
Ty " = 20(1-a)y(9-11a+3(3+a)é)? if Y <vYsvy (B65)
_ 2y— 232
f(1-a)(6—3a—a“)“y if]7<}/S1

2(6—7a+3a?%)2

where E = _18V(1_a)(l_a)+9(9_9a1r:;/+5ay_3(3+9y_a(3+y))8). The firms’ overall profits in the subgame

(R,Ry) =(1,2) are rril’z) = T[ﬁ’z) + ng‘z) and 7'[;1'2) = 7'[%11’2) + néé’z) = ng’z). Note that since the

firms are symmetric, their profits in the subgame (R, R,) = (2,1) are given by Triz’l) = ﬂ§1,2) and
ngz,n _ n§1,2).
Subgame with (R{,R;) = (1,1) or (R, R3) = (2,2)
The analysis of the subgames with (R, R;) = (1,1) or (R, R;) = (2, 2) follows similar steps as in the
main model. Namely, if (R, R,) = (2, 2), then consumers who enter the market in the first period wait
till the second period to buy a product. Hence, in the second period, firms compete for a unit measure
of consumers. A consumer who received a signal s € [0,1] will prefer to buy firm 1’s product if and
only if

V —p1z — OE(d|s) >V — pyy — 6(1 — E(dls)) (B66)
where E(d|s) is the consumer’s expected location on the Hotelling line conditional on the signal s.

Since the consumer does not know the actual value of [/, she makes her purchase decision to maximize
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expected utility. Note that E(d|s) = ys + (1 —y) % Using this expression in (B66), it follows that the

consumer will buy from firm 1 ifand only if s < 9Y=P12*P22 Note that the probability of s < Y P12tz

20y 20y
is —ey_zlez;pzz. Hence, firms’ profits are given by 1,5, = —9]/—127192]/+p22 p1z and my, = (1 — —Hy_21621/+p22)p22.
Solving the first-order conditions, we find the firms’ second-period equilibrium prices: pg’z) =
pg,z) = @y. The firms’ equilibrium profits are

7T§2,2) — n§2.2) — 92_V (B67)

The analysis of the subgame with (R, R,) = (1, 1) follows similar steps as in the main model.

Specifically, one can show that firm i’s equilibrium price are given by pi(f’l) = pl(z1 D = 0y, with

(1,1) 4

11
) =a— and rc( )
i1 2

corresponding profits of o =0-= a)% in the first and second periods,

respectively. Thus, the firms’ overall profits in the (Ry, R;) = (1, 1) subgame are given by

ﬂgm) — ngm) — 92_V (B68)

Having characterized the firms’ subgame equilibrium profits, we proceed to finding the firms’
equilibrium product release times. A similar proof as in Proposition 1 shows that a pure strategy
equilibrium in product release times exists and in equilibrium, at least one of the firms will release its

product in the first period. Hence, in equilibrium, either (R, R,) = (1,1) or (R, R,) = (1, 2).

(R1,R2)

Let us first demonstrate that dnidy > 0 for all (R, Ry). If (R4, R;) = (1,1), then ﬂi(l’l) = 02—1/,

[CEN I @2

and it is clear that d%y =5 > 0. Similarly, if (R1,Ry) = (2,2), then dii’y =5 >0. Next, if

(Ry,Rz) = (1,2), then we will analyze each of the possible intervals to which y can belong: (0,y],

(v, 7] and (7, 1].

(12) (12)
d 0(1-a(2-6 d -
7;1)/ = (1-a2-9) >0 and —2— = 9a-a) > 0, where the first

First, if y € (0,y], then . & 5

inequality follows because § < § < 1and 0 < a < @.

54



a2 92v-6)2(1-a)a(1-5)>? am{+?

Second, if y € (K,y] , then note that e 60730 11at3(31m)0) >0 and ” IV:Z =
8(1-a(2-9)) L dar{? _ a2n(?
-y > 0 , which implies that ” >0 for all ye(y,y] . Next, =
9(2V-0)2(1-a)a?(1-5)2 am{? _ 0(9(1+8)+a(6—-a(15-75))) L dm{t?
0y3(9-11a+3(3+a)s)2 > 0 and dy IV:Z o 18-22a+6(3+a)s > 0, which implies that dy >

0 forally € (y,7].

(1.2)
D _ ani®  9@B-a)(12+a(4(~7+38)+a(18-116—a(5-a—4))))
Third, if y € (y,1], then o P 6—a(7—3m))

> 0, where the

2(12)

— _ — 2
inequality follows because § < § < 1and 0 < a < &. Similarly, dzy = 9(;(5326(7fgi;;))

> 0.

(12)

Hence, the above three cases all indicate that 7;‘)/ > 0. Since T[i(1,2)

1s a continuous function that

(1,2)

is differentiable at all but a finite number of points, it follows that 7z; " is increasing in y. The proof

for the subgame (R;, R;) = (2,1) is identical to the one for (R4, R,) = (1, 2).
Next, we will show that if @ < & and @ > 8, then there exists 7 € (0,1) such that (R;,R;) = (1,2)
is an equilibrium if and only if y > ¥. As we discussed earlier, firm 1 will not want to deviate from

Ry = 1. Hence, we need to show that firm 2 will not want to deviate from R, = 2, which is the case

when T[§1,2) > T[;l'l). Note that if y € [0,y], then ﬂgl’z) < rrél’l). Hence, let us focus ony € (y,1].

d@$t? -l a2(mP 7"y 9(2v-0)2(1-a)a?(1-6)?

dy? 0y3(9-11a+3(3+a)d)? >0 and

When y € (y, y], then > 0 because

d(ri? -ty _ 9a(17-36-a(15-76))

& IV:Z 18- 72a16(310)0 > 0, where the last inequality holds since § < § < 1and 0 <

d(”gl'z)—”gl'l)) _ 6 (1-a)(6-a(3+a))®
dy = ( (6-a(7-3a))?

a < a. Wheny € (¥, 1], we have —1)>0if and only ifa < &,

where & =~ 0.32 satisfies 12 — @(52 — (3 — @)a@(17 + @)) = 0. Note that this cutoff is the same as in
Proposition 1 (see the proof). Let us analyze the two possible cases: a < @ and @ < a < @.
If ¢ < &, then we showed in the previous paragraph that 7_[;1,2) - ngl‘l) is increasing in y at any

Y €, 1]. Hence, the maximal value is obtained at y = 1. We find that (n§1,2) - n§1,1))y:1 > (0 ifand

only if 6 > 8, where

55



6(V(1-a)3/2(1-8)(9-11a+3(3+a)8)+V(1-a)(1-8)(9(1+8)—a(4+5a(1-8)+66)))

6= 25a3(1-6)2+9(1+6)(23-98) +a2(161-5(46+518))~3a(131+5(10-575)) the same as in
Proposition 1. Assuming that 8 > 8, it is straightforward to show that 7'[(1 2 _ (1 Y > 0ifand only if
y > 7, where

9= 32V-0)(1-8)((1—-a)3/2(9-11a+3B+a)8)+(1-a) (a(-7—2a(1-86)—-38)+9(1+6))) (B69)

6(4a3(1-8)2+9(1+68)(17-38)+a?(149—5(82+38))+18a(—17+8(-2+56)))
Note that ¥ < 1.

Ifad <a < a, then n(l D _ (1 s increasing iny aty € (y, ¥] and decreasing at (y, 1]. Hence,

the maximal value is obtained when y = y. One can show that (7'c(1 2 ngl’l))y:]—, <0Owhena > a.

Therefore, it follows that 1'[(1 2 _ (1 D < 0 forall y € [0,1].

d(ngl 2)_7[21 1))

Finally, let us prove that > 0. We already proved that (R, R3) = (1, 2) if and only if

a < a,0 >0andy > 7. Further, we showed that if & < @&, then 7'[(1 2 (1 Y is increasing in y at

any point y € (y, 1]. Since y € 62 1], it follows that 7'[(1 2 _ (1 s increasing at any y > 7. Hence,

when (R], R;) = (1, 2), firm 2 is better off as y increases. m
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6. FIRMS’ DISCOUNT FACTOR

To simplify the analysis, in our main model, we assumed that the firms’ discount factor is one. We will
demonstrate that our qualitative results can still hold even if the firms’ discount factor is below one. Let
us denote the firms’ discount factor by & € (0,1). To make the algebra less cumbersome, we consider
a numerical example with V' = 10, § = 0.95 and @ = 0.2. To find the equilibrium outcome, we need

to find the firms’ equilibrium profits in each subgame corresponding to the firms’ product release times

(R, R,) €{(1,1),(2,2),(1,2),(2,2)}. Let ' F1R2) represent the discounted sum of firm i’s first- and
i p

(R1,R2)
i2 .

second-period profits in the subgame with (R, R,), i.c., ﬂi(Rl’RZ) = rci(f vR2) Ofm

First, let us analyze the subgame where (R, R;) = (1, 2). The discount factor 5 clearly does not
affect the firms’ second-period pricing decisions, and the analysis for finding the second-period
subgame equilibrium prices is the same as in our core model. More specifically, the firms’ second-
period prices and profits in a rational-expectations subgame equilibrium are the same as in Lemma 2 in

the main paper. The corresponding second-period profits are provided in the equations (A7) and (A8)

in the Web Appendix A, which we reproduce below for convenience:

(1-a)6

> if p11 €[0,p)
(1-a)2a(p11-V(1-8)+0(3-a)(1+8))? . ~
L2 _ 20(3(1+8)—a(3-8))? if p11 € [p, ]
12 7 )@ —V(1-6))+36(1-6))? . =
( a(p1219(3(_(3_4a)5)2 if P11 € (p' ,0]
0 . _
> if p11 € [P, =)
(1-a)6 .
— if p11 €[0,p)
(1-a)(4a(V(1-8)-p11)-0(B(1+8)+a(1-38)))% . ~
1.2 20(3(1+8)—a(3-8))? if p11 € [p, 7]
212 _
22 2 —V(1-68))+6(3—-(3-2a)5))? . ~ =
( a(pll 22(3_2:);_42:)8)2 - lf p11 e (p' p]
0 . _
> if p11 € [p, =)

8(3-a)((3-2a)5-1)
6—a(7-3a)

where recall thatp = (1 -8)(V—-6), p= (1 - 8)V + andp = (1 —8)V + 6.

In the first period, firm 1 chooses its first-period price p;; to maximize the discounted sum of its

(12) _ ¢(12)
11

first- and second-period profits, 7, P11+ (Sfrc_g‘z), where SS'Z) is firm 1’s first-period unit

sales as in the equation (A11) in the Web Appendix A.
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7T§1,2) _

(1-a)8 .
ap, +6 —: if p11 € [0, p)
3V(1-a)(1-6)-3p11(1—a)+20(3-a)é (1-a)2a(p11-V(1-8))+6(3-a)(1+8))% . ~
60(3(1+6)—a(3-6)) Py, + 6f 26(3(1+8)-a(3-6))2 if P11 € [B: P]
3(V(1-6)—p11+69) (2a(p11-V(1-8))+6(3-(3-2a)$))*

93-(3-4a)5) Pha +0r 20(3—(3—4a)5)? if P11 € (5, P]
9 . _
(i if p11 € [p, )
After plugging in the numerical values for the parameters, n_§1,2) becomes
1 3 . 10-6
JPut 5f§9 if p11 € [0»7)
3p11(10-20p;1+196) (10-20p1,-30)% . 10-6 71+12180
712 _ ) 886 P11+ 65 968 0 if pyg € [ 20 142 ]
1 7 ) 45-90p;,+2096 3(20-40p,;—-4290)2 | 7141216 10+19 6
854 0 i1t O 1458632 0 if p1a € ( 142 ’ 20 ]
1 . 10+19 6
\Jr 50 if p1q € [—5—, %)

Firm 1 chooses its first-period price p;4 to maximize nil'z). Consistent with the main model, we

V(1-6 10 . .
focus on 0 < —(2_ 5 ) = P One can show that the optimal p; is as follows:
10-6 : 45
—_— if 0 €(0,———)
20 218+60 &5
427(45+209 0)-60(20—-429 0)S¢ . 45 ) 3195 10
pikl = 76860—2400 & : if 6 € [218+606 'mln{394—9+46205 ’H})
f f f
71+1216 . . 3195 104 10
_ if 8 € [min{——-———,—},—)
142 3949+4620 55’ 217" 21
. . 1,2 1,2 1,2 , ey .
Upon plugging pi; into Tl.'i ) and Tl.'g ) = 6f7'c§2 ), we find the firms’ subgame equilibrium
profits:
10-6(1-306 ) 45
107601730 95) if e 0,——)
80 218+60 &5
45+20960)2-3300(20—42960)8 . 5 . 3195 10
a2 = : ) ( s if 0 € [———, min{—————,—})
1 2406(1281-40 &) 218+60 &5 3949+4620 8¢ 21
11(284+116(44+147 & i . 3195 10, 10
( ( 1) if 8 € [min{————,—},—)
\ 40328 3949+4620 57’ 217" 21
306 . 45
s § if e 0,——)
8 218+60 §f
258 (36—60(943+24 67))% . 45 ) 3195 10
a2 — it ( ) if 0 € [———, min{—————,—})
2 246(1281-405)2 218+60 §f 3949+4620 57 21
206670 6 . : 3195 10, 10
=27 if 8 € [min{—""—F—,—},—)
\ 40328 3949+4620 87’ 217 21

@1 - n§1,2) and 7

When (Ry, R;) = (2, 1), the symmetry between the firms implies that 7, §2,1) =

nf’z).
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When (R, R;) = (1, 1), given our focus on 6 not too high, a similar argument as in the main model
can show that, in equilibrium, consumers who enter the market in the first period will buy a product in

that period instead of waiting till the second period to buy. In this situation, the firms’ subgame

equilibrium profits are given by nﬂ’l) = ng’l) = ag and ng'l) = 7'[2’1) =1-a) g. The discounted

sum of the profits is given by rril’l) = T[;l’l) = ag +6r(1—a) g.
Finally, when (R, Ry) = (2, 2), clearly, the firms’ discount factor does not influence their pricing
decisions in the second period. Therefore, the subgame equilibrium prices are the same as in the main

model. The corresponding profits are given by n§2’2) = 7'[;2'2) = & g.

Now, let us find the firms’ equilibrium product release times. (R, R;) = (1, 2) is an equilibrium if
and only if nil‘z) > n§2,2) and 7_[%1,2) = Tcgl‘l). Because rtil’z) = T[F’Z), firm 1 will not benefit by

deviating from R; = 1 to R, = 2. It remains to check whether 7_[;1,2) > Ttgl’l). Straightforward algebra

shows that ngl’z) > ngl,l) holds when 6} <& <1 and <6< % , where 0=
1805 & _ 5041 _
—1281,/38(1+38)+58(943+2487+8V3,[6(1+35)) and 65 = a® 0.91.

Recall that we assumed the consumers’ discount factor is & = 0.95. Since Sf < 6, the above
analysis shows that late product release can be optimal for firm 2 even if the firms’ discount factor is

less than that of consumers. m
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7. ALTERNATIVE MODELING OF CONSUMPTION VALUE

As a robustness check, we show that our main results continue to hold when we explicitly model the
stream of consumption values that a durable product provides to consumers. Specifically, in section
7.A., we assume that upon purchasing the firm’s product in period t, the cosumer obtains a value v in
each period up to some period T > 2. Thus, the utility from purchasing the firm’s product is given by
Vit — pir — 0d;, where V;, = Z]T-:t 5/7ty. In section 7.B., we show that our results will hold if the

consumer receives v — 8d; in each period, i.e., horizontal preferences influence the consumer’s

consumption value in each period. All remaining assumption are the same as in our main model. Further,
V. . . S
we focus on 8 < ?2 to ensure that the market is fully covered so that, in equilibrium, each consumer

makes a purchase either in the first or in the second period.

TA V=Y, 68"
Subgame with (R{,R;) = (1,1) or (R, R3) = (2,2)
The analyses of these subgames is very similar to those in the main model. One can show that the

D= n_i(z,z) = gfor each firmi =1, 2.

firms’ subgame equilibrium profits are given by ni(l’
Subgame with (R{,R;) = (1,2)

We solve the game using backward induction. In the second period, the firms compete for (1 — )
new consumers entering the market, as well as those first-period consumers who had decided not to buy
in the first period but wait. Hence, to find the firms’ second-period subgame equilibrium prices, we first
need to characterize those first-period consumers who will prefer not to buy in the first period but wait.

In the main text, we showed that a consumer will choose to wait if

max {§(V, — pi, — 0d),6(V, —p3, —6(1 —d))} >V, —p1q — 0d,
which reduces to

d>d (B69)

The cutoff d is given by
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1 if pj, <v+p5,—0

v—p11+6p5,+56 2v—(1-8)(p5,+6)+(1+8)p%,

if v+6ps, —60<pg, <

A 6(1+9) 2

d= e e e (B7O)
V-Pp11+P126 o 20=(1-6)(pz2+6)+(1+8)p1, e
o) if 2 <pi1 <v+6psg,
0 if p11 = v+ 6p5,

Note that d depends on the prices p¢, and p$, that consumers expect the firms to charge in the
second period, and it takes a different functional form depending on p;,. We will separately analyze
each of the four intervals into which p;4 can fall. In each case, we will first find the firms’ second-
period subgame equilibrium prices p;, and p;, as a function of p7,, p5, and p;;. Since we are looking
for a rational-expectations equilibrium, we will solve the equations py, = pi, and p5, = p3, to find
the price pair (pf5, p5,) that satisfies the condition for rational-expectations: (p5,, P52) = (P12, P32)-

Case i: py, <V + 6pS, — 6. In this case, d = 1, i.e., all first-period consumers buy firm 1’s

product in the first period. Hence, in the second-period, firms compete for the new consumers entering

the market. Firms 1 and 2 choose prices to maximize (1 —a)e_p;%plz and (1 —a)(1—

0-p12+D22

D22, respectively. Solving the first-order conditions, we find that p;, = p3, = 6. Rational
20 P12 = P22

expectations require that p, = p;, = 8. Substituting p, = 0 into inequality p;; < v + Sps, — 0, it

follows that the condition for case i is satisfied when p;; < p, where p = v — 6(1 - 6).

.. 2v—(1-8)(p5,+0)+(1+8)pé . v—p11+6p5,+66
Caseii: v + 8p3, — 6 <p;, < ( )(pzzz )*A+0)P12 1 thig case, we have x = —plgl(lf;)z

In the first period, consumers with d < d bought firm 1’s product, while the remaining consumers with
d > d preferred to wait till the second period in order to buy firm 2’s product. Since we are solving for
a rational-expectations equilibrium, the firms’ second-period subgame equilibrium prices must indeed
be such that consumers with d > d actually buy firm 2’s product. This happens when firm 2’s second-
period price is sufficiently low: p,, < p1, — 0 + 260d. In addition, to have a positive market share, firm
1’s price must not be too high: p1, < p,, + 6, or equivalently, p,, > p1, — 6. Whenp, — 0 < p,, <

P12 — 6 + 20d, the firms’ second-period profits are

0-p12+D22

T, = (1—a) 20 12

~ 90—
o2 = (@1 —d) + (1 - @) (1 - —22E22y)p,,
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. .- d dam . e .
Solving the first-order conditions (dz“ =0and dez = 0), we obtain the equilibrium prices: p;, =
12 2,
0(3(1+8)—a-3ad)—2a(v— £28 003 30(1-a)6+4 —v—p5,8 .
(B(+6)—a-3ad)—2a(v—p11+D326) and p>2s<2 — (B+a)+30(1—a)b+4a(P11—v—P3> )' Solving sz — pfz and

3(1-a)(1+8) 3(1—a)(1+6)

« 2(p11-v)a+0(3—a)(1+5) 4(p11-v)a+0(3+a+35-3ad)
p5. = P35 together, we find that pf, = 1;(1+6)_a(3_6) and p§, = — 12 0)—a(—5)

Plugging p;, and p5, into the expressions for p;,, p3, and d, we verify that pj, = pi, =

2(p11—v)a+0B-a)(1+8) 4« o _ 4(p11—v)a+0(3+a+35-3af) dd _ 3v(1-a)+20(3-a)6—3p11(1-a)
3(1+8)—a(3-8) P22 = P22 = 3(1+8)—a(3-8) and a = 0(3(1+8)—a(3-6))
We need to check that case ii’s condition v+ 8p5, — 6 <p;, < 2v—(1—5)(p22;6)+(1+6)p12 is

satisfied. Using the expressions for pf, and p3,, one can readily show that v + 6p3, — 6 <p;, <

2v-(1-8) (P52 +6)+(1+8)pT,
2

6v—4va—6(3—-a)(1-395)
6—4a

is equivalent to p < pyq < , where recall that p = v —

6v—4va—60(3—-a)(1-39)
6—4a

6(1 — 6). Note that when p<p1u1= , one can show that the prices p;, and p3,

satisfy pj, — 0 < p3, < pi, — 6 + 26d, which ensures that both firms have positive market shares and
that consumers with d > d indeed buy firm 2’s product.

Firm 1’s profit function is not necessarily quasi-concave because firm 1 may potentially want to
decrease its price to capture some of the consumers with d > d. Specifically, to capture some of the
consumers located on (d, 1], firm 1 will need to deviate to a price pj, < p3, + 8 — 26d, in which case

6-Di2+D32 _ d‘) + (1 _ a) 6-Dpi2+D32

v o5 )P12. Note that 7, is

firm 1’s deviation profit will be 71, = (a(

concave. Evaluating the left-derivative of mj, at the point pj, = p3, + 6 — 20d, we find that

a_mi, v(6=7a+3a?)-p,1(6—7a+3a?)-0(3-a)(1-38+2ad) .
oL, |t =p3,+0-20d4 = G 0)—a—0)) . One can readily show that

6(3-a)((3-2a)6-1)
6—a(7-3a)

9_m1, I
! *
ap!, 'P12=P22+0-26

g > 0if and only if p;; < p, where p = v + satisfies p < p <

!
9_m,

6v—4va—6(3—-a)(1-38 . .
B-0)1=39) Since 1, is concave

p—y » o0, |p£2:p;2+9_29a > 0 implies that iy, is increasing in

pi, at any pi, < p3, + 6 — 20d. Since firm 1’s profit function is continuous at the point p;, + 6 —

204d, it follows that a deviation to pj, < p3, + 8 — 26d cannot be profitable as long as p;; < .

2v-(1-8) (P52 +6)+(1+8)pT,
2

VP11 +P758
0(1-6)

Case iii: < p11 <V +6pf,. In this case, d = . In the first

period, consumers with d < d bought firm 1’s product. The marginal consumer with d = d preferred
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to wait till the second period to buy firm 1’s product. So, in a rational-expectations equilibrium, firm 1
must have a positive market share among consumers who are located on the interval (d, 1], which
happens when firm 1’s second-period price is low enough: p;, < pyy + 6 — 26d. Also, firm 2 will
have a positive market share only if p,, < p;5 + 8, or equivalently, if p;, > py; — 0. When py, — 0 <

P12 S Py + 60— 20d, the firms’ second-period profit functions are as follows:

0-p12+D 5 0-pi2+D
My = (@, = —d)+ (1 —a)— )12

0-D22+P12 +(1-a) 0—D22+P12

Ty = (a 20 20 P22

V—P11+D728

12 0Tty
0 and b8

Solving the first-order conditions (Z = = 0) and plugging in d =

P12 D22

_ 4a(v—p11+P526)
3(1-6)

2a(v-p11+p5296)

obtain the subgame equilibrium prices: pj, =6 301-3)

and p3, =0 —

Solving pf, =pj, and p5, = p;, together, we find that p{, = 36(1;:32;*:5));1_1]) and p3, =

2(p11-v)a+6(3—-(3-2a)9)
3-(3-4a)6

. Plugging p¢, and p$, back into the expressions for p;,, ps, and d, we verify

« 360(1-8)+4a(p11—v) " 2(p11-v)a+6(3—-(3-2a)9d) 5
that p1, = pf, = 3_(3_40[);1 and p3, = p3, = =+ 3—(3—4a)3 andd =

3(v—p11+69)
6(3—(3-4a)6)’

2v-(1-8) (P52 +6)+(1+8)pT,
2

Using the expressions for p7, and p5,, we find that case iii’s condition <

2(3—-a)v-3(6-6(3—-2a)6)
2(3-a)

p11 < v + 8pg, is satisfied if and only if < p11 < p, where p = v + §6. Note

2(3—a)v-3(0-0(3-2a)8)

that when
2(3-a)

< p11 < P, the prices p;, and p3, indeed satisfy p;, — 6 < p1, <

p3, + 6 — 20d, which ensures that both firms have positive market shares and that the marginal first-

3(v—p11+69)

period consumer located at d = 03— (3—4m)0)

buys firm 1’s product in the second period.

As in the previous case, firm 1’°s profit function is not necessarily quasi-concave, and hence, we
need to check that there are no non-local deviations. It is easy to check that deviations to lower prices
will not be profitable. However, firm 1 may potentially deviate to a higher price to serve only the new
consumers who entered the market in the second period, giving up its market share in the segment of
first-period consumers who waited to buy a product in the second period. Specifically, if p1, > p3, +

6-p12+D32

6 — 26d, then firm 1’s deviation profitis 7}, = (1 — a) 0

p12- Notice that 17, is concave. One
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6+T[’12 | , . A=
ap), 'P12=P22+6-20d

can show that the right derivative of 7], at pj, = p3, + 6 — 260d is given by

_ (1-a)(p11(6+a)-v(6+a)+30(1-(3—a)d))
6(3—(3-4a)d)

. 04M1,
. Straightforward algebra shows that 0L, |p12:p;2 +9-20a <0

v(6+a)—-36(1-(3-a)d) satisfies 2(3—a)v-3(6-6(3-2a)d)
6+a 2(3-a)

if and only if py4 > p, where p = < p < p. Since

6+Tt£2| , B
> ap), 'P12=P22+0-20

Ty, 1S concave g < 0 implies that my, is decreasing in p;, when p1, > p3, + 6 —

20d. Hence, if p;; > p, then continuity of firm 1’s profit function at the point p3, + 6 — 20d implies
that deviations to pj, > p3, + 8 — 26d will not be profitable because firm 1 will gain by reducing its
price.

Case iv: p;1 = v + 6p,. In this case, d = 0, i.e., all first-period consumers will decide not to

purchase a product in the first period, but wait. In the second period, firm i will choose its second-period

0-p12+D22
260

0-D22+P12

price p;» to maximize its profit, ;,, where i, = ”

P12 and 1y, = P22- Solving the

first-order conditions, we find that p;, = p3, = 6. Rational expectations imply that p, = p;, = 6.
Substituting py, = 0 into the inequality p;; = v + 6p5,, it follows that the condition for case iv is
satisfied if and only if p11 = p, where recall that p = v + §6.

Our analysis in cases i, ii, iii and iv characterizes the second-period subgame equilibrium prices for
every p;1 contained in the intervals [0, B]’ (p, pl, (B, p), and [p, =], respectively. To find the first-
period equilibrium price, we need to know the second-period subgame equilibrium outcome for each
p11 = 0. That is, to have a full characterization of second-period subgame equilibria, we need that

[0, p] U (p, A1 U (B, p) U [P, 0] = [0, 0], which can happen only if p > p, where recall that p = v +

6(3-a)((3-2a)6-1) ~ _ v(6+a)—-360(1-(3-a)f) . o~ ~ - . . r g
6—a(7—32) and p = P . The inequality p > p is satisfied if and only if § <

18—-10a

m and a = 0.64.

§<1land0 < a < @ where § =

Note that when p1 € (P, p), there are two possible second-period rational-expectations equilibria
corresponding to the cases ii and #ii that we analyzed earlier. The selection of which equilibrium occurs
will not have a qualitative impact on our results. Since both firms’ profits are higher when the

equilibrium from case ii is played (i.e., it is the focal equilibrium), we assume that when p;; € (9, p),
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the subgame equilibrium prices will be the ones from case ii, i.e., pi,

+ _ 4(P11—v)a+0(3+a+35-3ad)
P22 = 3(1+8)—a(3-8)

_ 2(p11—v)a+6(3-a)(1+6)

3(1+8)—a(3-6)

and

Hence, to summarize our analysis, it follows that when (R4, R;) = (1, 2), the firms’ second-period

prices in a rational-expectations subgame equilibrium are as follows:

0 if p;; € [O’B) U [p, =)
(AP = pe, = {HPLDETELEID i pu € [p, A

(PODabus) if € (pp)

6 if p1; € [0,p) U [p, =)
sz) = P32 =1 4(p11_31]()1“++56)(_3:(a3jf_3a6) if p11 € [B' p]

\2@11_1]3)11:36—(:;)(; =299 if pyy € (5, 7]

6(3-a)((3-2a)6-1)
6—a(7-3a)

where p=v—-0(1-6), p=v+

(B71)

(B72)

and p = v + 6t. For future reference, let us

derive the firms’ equilibrium profits and sales. Specifically, upon plugging the prices in (B71) and (B72)

into the respective profit functions (explicitly provided in earlier cases i—iv), we obtain the firms’

second-period subgame equilibrium profits when (R4, R;) = (1,2):

(1-a)6 .
= if py1 € [0, )
(1-a)(2(p11-v)a+6(B-a)(1+5))? . ~
L2 _ 20(3(146)—a(3-8))? if p11 € [p, 7]
12 7 ) (4(pra—v)a+36(1-58))2 . L
( (21;(311(6{3_4“)5)2 lf pll € (p' p]
0 . _
\7 if p11 € [P, =)
(1-a)6 .
- if p11 € [0,p)
(1-a)(4(p11—v)a+6(3+a+36-3as))? . ~
L2 _ ] 20(3(146)—a(3-8))? if p11 € [p, ]
22 7 ) (2(p11-v)a+6(3—(3-2a)8))? . L
( (pllzgzg_(3_4a)6)2a lf pll € (p' p]
0 . _
\7 if p1; € [, =)

We can also find the firms’ second-period unit sales:
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(1-a)

> if p11 €[0,p)
1-a)(2(p11—v)a+6(B3-a)(1+5)) . ~
g12) _ 26(3(1+8)—a(3-6)) if p1y € [B' p] B75
12 7 ) 4a(py-v)+360(1-8) i € (5, p] ( )
60(1-5)+80as8 if p11 € (P, P
1 . —
> if p11 € [P, =)
(1-a) .
— if p1q €[0,p)
(1-a)(4(p11—v)a+30(1+8)+60a(1-38)) . ~
g(12) _ ) 260(3(1+68)—a(3-6)) if p1y € [E’ p] B76
22 7 ) 30(1-8)+2a(pi1—-v)+20as i € (5, ] ( )
60(1-5)+80as8 if p11 € (5,9
1 . —
> if p11 € [P, =)

To find firm 1°s first-period unit sales, Sﬁ'z), recall that consumers with d < d buy firm 1’s product
in the first period, where d is given in the equation (B70). Since consumers are uniformly distributed,

51(1,2) = ad. Plugging p$, = pg,z) and p5, = pg,z) into the expression for d, we find that

a if p11 € [0, p)
Brv(l-a)-3p11(1-a)+20(3-a)8) . ~
f €
g2 _ 0(3(1+8)-a(3-9)) if p11 € [p, 7] -
1 = 3(v—p11+66) if € (55 ( )
Y o G-(-12)0) if p11 € (5,9]
0 if p11 € [P, =)

In the first period, firm 1 chooses its price to maximize m; = Tl.'ﬁ'z) + ng’z), where Tl.'ﬁ'z) =

Sﬁ’z)pn. Note that ng’z) and SS'Z) are given in equations (B73) and (B77), respectively.
(1-a)6 .
app+ 2“ if p11 € [0,p)
(Bv(1-a)—-3p11 (1-a)+26(3-a)) A-a)2@11—M)a+6(B-a)(1+8)* . N
_ 0(3(1+8)-a(3-9)) 11 20(3(1+6)-a(3-6))? if p11 € [p, ] B78)
T[1 - 3(V_p11+96) (4(1711—17)(l+39(1—6))2 lf c (N _] 5
0(3-(3-4m)5)" 1 20(3—(3-4a)5)? P11 € (O,P
0 . -
\2 if p11 € [P, =)

6(3-a)((3-2a)6-1)
6—a(7-3a)

wherep =v—-0(1-6), p=v+ and p = v + §6.

Note that m; is continuous everywhere except at p;; = p, where m; jumps down. It is easy to see

that m, is increasing in py4 at any p;; < p, and hence, the optimal price will be above p. Further, if

P11 > P, then m4 is constant. Since 74 is continuous at p, the optimal price will not be above p either.
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(P, p]. Let py, denote the locally optimal price

Hence, the optimal price is either in I; = [p, 5] or I,
within the interval I,. We will first find p;, and p,,, after which we will compare the corresponding

profits to determine the globally optimal price.

First, consider p;; € I;. On this interval, we have

_ (Bv(1-a)-3py1(1-a)+260(3-a)b)

T =a pi1 + (1-a)(2(P11—v)a+8(3-a)(1+5))?

0(3(1+68)-a(3-6)) 20(3(1+8)-a(3-5))2
2
One can readily show that ; is concave because szl <0.
11
3v(l-a)

fo<o<

S Si-a)raas’ then m; is decreasing in py; at any p < p;; < p, and hence, the locally

2va+0(1+a(-3+26))
> .

optimal price is at the left corner: p;, = p. The corresponding profit is 71 (py,) =

3v(l-a)

3v(l-a)(6—a(7-3a)) V2
8(1-a)+4ad

2(3-a)(5-36—a(6-85—-a(1-36)))’ 2

< 6 < min{ }, then the local maximizer is in the

o . ~ . . d o
interior of the interval [p,p]. Using the fist-order condition (dpﬂ =0), we find the interior
_ 14

_ v(1-a)(9-13a+96+3a8)-20(4a(1+48)+a?(-1-46+562)-3(1+46+362))

imizer: = Th rofit 1
maximzer: - pr, 2(1-a)(9-11a+95+3as) ¢ pro s

_a(9v(1-a)-20(3-a)(1-38)) (w(1-a)(9-13a+95+3a6)—-260 (4a(1+46)—a? (1+46-6%)—-3(1+46+362)))
ﬂl(ph) - 40(1-a)(9—-11a+96+3ab)? '

If min Sv(1-a)(6-a(7-3)) 2y <p< ﬁ, then 7, is increasing in p,, at any p < p;. <
2 1 g p 1 yB p 1

2(3—-a)(5-36-a(6-85—a(1-38)))  2° —
p, and hence, the locally optimal price is at the right corner: p;, = p. The corresponding profit is

_ (B-a)(2va(6—a(7-3a))+0(3—a)(4—a(10-65—a(5—a—45))))
1 (p) = 2(6+a(-7+3a))? ’

Second, consider p;q € I,. On this interval, we have

_  3(w-p11+td) (4(P11-v)a+36(1-8))*
T = Ay 3_G-ame) P11 20(3—(3—4a)5)2
. daz . . .
It is easy to show that deZtl < 0, implying that 7, is concave.
11

If 6 < 0, then 1, is decreasing in py; at any py; € (B, p], where 8 =

3v(6—a(7-3a))(3—(3—4a)d)
2(63—-a(75-26a))—(234—a(417—(213-32a)a))6+3(3—4a) (12— (11-a)a) 62

Hence, a local maximum does not

exist.
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Ifd <6< %, then 7, has a local maximizer in the interior of the interval (9, p]. Using the first-

_ 30(4-6-(3-4a)6%)+v(9-96-4a(4-38))
2(9-986-4a(2-36))

order condition, we find that p;, = . The corresponding profit is

7, (pp) = w2a—60va(4—36)+902(2-26+as?)
1P) = 40(9-95—4a(2-36))

3v

I 4-36

V. . L - o
22, then 1, is decreasing in p,4 at any p;;, € (9, p]. Hence, the local maximizer is at

p1, = P, with a corresponding profit of 7, (p;,) = g
Next, let us find the globally optimal price, p(1 2

When 6 < 0, m; is decreasing at any p;; € (9,p]. Since m; jumps down at p;; = p (ie.,

lim m; > € (p,p], it follows that my(p) > my(p11) for any
P112p~ 1’)11—’10Jr
P11 € (P, p]. Since p € I; and 7y (py,) = 11 (P), it follows that p(1 2 = D1, -

w2a—60va(4—38)+96%(2—-26+as?)

When 6 < 6 < —, we have m;(p,) = 00995 —4a(2-35)

. One can show that

m1(p) > my (p,z).13 Since p € Iy, it must be that 4 (p;,) = 1, (p). Hence, by transitivity, it follows that
0y (pr,) > 71 (py,), which implies that p$;? = p;..
Finally, when % <0< %, we have m,(p;,) = g. Again, straightforward algebra shows that
(1.2)

71(P) > m1(py,), and by the same argument as in the previous paragraph, it follows that p; ;'™ = p;, .

Hence, we found that firm 1’s optimal first-period price belongs to the interval I, and is given by

p ifo<6
12) _ v(1-a)(9-13a+95+3a8)—260 (4a(1+48)—a?(1+45-6%)—3(1+45+352)) =
11 = 2(1-a)(9-11a+95+3ad) ifo<6<6 (B79
i ifg<0<2
— 3v(l-a) —: 3v(l-a)(6—a(7-3a)) o _
where § = 8(1-a)+4as’ 0= {2(3 —a)(5-36-a(6-85—-a(1-35)))’ 2} p=v 6(1—0d) and p=v+

6(3-a)((3-2a)6-1)
6—a(7-3a)

d?(m1(P)-m1(p1,)) _
dez -

<Oforany § <68 < 1land0 < a < @. Further, (7, (5) — 7, (p1,))|g—5 > 0 and (71 (P) —

" To see this, note that the function m,(p) —m;(p;) is concave in 6 because
_ w?a
2603(9-96-4a(2-398))
7y (P1,))|g__3v_ > 0. Hence, it must be that 771 (5) — T[l(plz) > 0 forany 8 < 0 < %.
T4-368 —
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For future reference, by plugging pﬂz) € [B’ p] into pg,z) and pg,z) from Lemma 2, we can find

the firms’ second-period prices on the equilibrium path:

6 if 0 <6

P = | ey 10<0<0 (B80)
==
6 if 0 <6

Py = e sy " if6<0 <8 (BS1)
g%%%? ifg<0<2

Using the equilibrium prices, we obtain the firm’s equilibrium profits in each period. Specifically,

a(v—0(1-96)) ife<o
a(v(1-a)-20(3-a)(1-36))(v(1-a)(9-13a+3(B+a)d)+4) . ~
) = 40(1-a)(9-11a+3(3+a)5)? ifg<0<9o (B82)
11
B-a)a(w(6—a(7-3a))—-0(3-a)(1-(3—-2a)6)) fo<@< v
\ (6—a(7-3a))? - 2
-t ifo<6
(12) _ | BU-9)(va-03B-a)-0B-a)?8)* . ~
T2 = 20(1-a)(9-11a+3(3+a)é)? ifg<0<9o (B83)
0 (1-a)(6—5a+a?)>? — V2
\ 2(6—a(7-3a))2 if<6<
5 =0 (B84)
v if6<9
(1,2) _ ) (ev(a-a)a+6(5a?(1-86)-9(1+8)+2a(2+38)))* . =
T2 = 20(1-a)(9-11a+95+3a8)? ifg<0<8o (B85)
8(1-a)(6—a(3+a))? e A vz
2(6—a(7-3a))? if 0 <6<-

where A =203 — a)((1 +8)(1 + 38) — a(1 + (4 — 6)9)). Note that since the firms are symmetric,

when (Rq, R;) = (2,1), the firms’ profits are reversed, i.e., nﬁ’l) = Tréi’z) and TES’D = nﬁ’z).

PROPOSITION 7.1. If firm 2 releases its product later than firm 1, then second-period price competition

is less intense than when firm 2 also releases its product in the first period, i.e., pg,z) = pg’l) and

(1,2) (1,1)
Dy " =Dy -
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PROOF OF PROPOSITION 7.1. Before we proceed to the proof, recall that to ensure the existence of

. . e . . V, =
a rational-expectations equilibrium with full market coverage, we are assuming that t < ?2, <6<l

18—-10a

m and a = 0.64.

and 0 < a < @, where § =

When (Ry,R,) = (1,1), Lemma 1 showed that the firms’ equilibrium prices will be p(1 D =g,

When (Ry, R,) = (1, 2), the firms’ equilibrium second-period prices are given in equations (B80)-
(B81). We need to show that p( 2 > p L1 . Clearly, if 8 < 0, then p(1 2 = pl.(zl’l) = @ for each firm

i=1,2.

. = (1,2) _ 8B-0)(B1+8)-a(3+8)-3v(1-a)a (12) _

Next, if §<6<6 , we have pg, (1—a) (9110190 +38) and p,,

8(9(1+6)-5a%(1-8)—a(4+68))—-6v(l—-a)a
(1-a)(9-11a+95+3ad)

. Straightforward algebra shows that p12 23 > 9 and p(1 A >0 if

. 3v(1—-a) — _3v(d-o (1,2) (1,2)
and only if 8 > S-a)raas’ Recall that 8 = Si-a)raas’ Hence, p;,”” > 6 and p,,”” > 6 when 8 <
6<86.
L3 12) _ 6G-0)2-a) (12) _ 0(6-a(3+a) . _ B
Finally, if 6 <6 < , then p);™ = a3 and p,,” = a0 Since (3 —a)(2

a)>6—a(7—3a)and 6 —a(3+a) > 6 —a(7 — 3a) for any a € [0, &), it readily follows that

paP >0andpli? > 6. m

PROPOSITION 7.2. There exist 0 < & < @ and 0 < 0 < % such that if a < & and 6 > 0, then in

equilibrium, firm 2 will release its product later than firm 1, i.e., (R{,R3) = (1, 2).

PROOF OF PROPOSITION 7.2. For future reference, recall that to ensure the existence of a rational-

. T . . V, =
expectations equilibrium with full market coverage, we are assuming that t < 72, 6<d<land0 <

18—-10a

m and a = 0.64.

a < @, where § =

Firm i chooses its product release period R; € {1,2} to maximize its overall profit n(R1 R2) —

l(f vRa) | ﬂ(Rl R2) The pair (R4, R;) is an equilibrium if no firm has any profitable deviations.
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First, one can readily show that (R{, R,) = (2,2) is not an equilibrium because firm 1 will benefit

22) _

F 2) > 1'[(2 2) , where 1;

by deviatingto Ry = 1,i.e., 7 . To see this, notice from (B78) that if firm

1 deviates to R; = 1 and sets an extremely large price (p11 = p), then its overall profit will be 1 (p) =

6 . . . _ .
> However, we know from Lemma 3 that firm 1’s unique optimal price is pl(i’z) < p with a

N

corresponding profit of 2 . Hence, RUPS m.(p). Since m;(p) = rc(z 2 =
1 1

5’ it follows that

(1 2> niz 2) . Therefore, in equilibrium, either one firm releases its product in the first period and the
other firm does so in the second period, or both firms release their products in the first period.
Next, let us demonstrate that a pure strategy equilibrium exists. If (R{,R,) = (1,2) is an
equilibrium, then the proof is finished. If (R{, R;) = (1,2) is not an equilibrium, then let us show that
(R4, R3) = (1,1) must be an equilibrium. Since (R4, R;) = (1,2) is not an equilibrium, one of the firms

must have a profitable deviation. Firm 1 will not want to deviate to R; = 2 because n(l D >n (2 2,

Hence, it must be that firm 2 has a profitable deviation from R, = 2 to R, = 1, which means that

12) _ _(21)

(1 D> n§1 2) . By symmetry between firms 1 and 2, we know that 7, "™ = ;""" and n(l D = nil’l).

Hence, (1 D> 7'[(1 2) implies that 7'[§1 D> niz D . Then, it must be (R4, R;) = (1,1) is an equilibrium

(1,1) > n§2,1)

because we found that 7, (1) > nél’z).

and 7,

Now, let us find conditions under which (R4, R;) = (1,2) is an equilibrium. If R; = 1, then firm

2’s best response is R, = 2 if and only 1f1'[(1 2 _ (1 RIS 0, where 7'[(1 D= =3 2 and n(l 2 = ng A 4
ngé’z) is given in equations (B84)-(B85). Define Am, = 7'[51 2 _ §1,1)'
“-T“)@ — g ifo<o
by - SO s 2 g <<,
oo’ g
where 8 = % and 6 = min{2(3 a)3(1;(13<;1)$(6a;75 3;()1) 359 2} Note that Amr, is a continuous

function. When 6 < 6, clearly, Am, < 0. Hence, consider 6 > 8.
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. = . . L . dA
First, let us show that when 8 < 8 < 6, the function Ar, is increasing in 9, i.e., dﬂz > 0. To see

d’Am, 36v%(1—-a)a?
de2 ~ 03(9-11a+95+3ad)?

. . . dA
this, note that >0, ie, Am, is convex. Further, 9=0 =

a(23-96-a(21-136)) . . = . ... d?Am,
29110195 13a5) > 0, where the inequality follows because § > § > 0.5. The inequalities o7

dAm dAm,
da

Oand#hgzg > 0 imply that —>= > 0 forany § < 6 < 6.

dAm, _ (1-a)(6—a(3+a))?
de ~  2(6-a(7-3a))?

Second, when 8 < 6 < %, we have —% > (0 if and only if & < &, where

1-@)(6-a(B+@)* 1 _ . s _  ANA ANY
2(6-a(7-33))?2 > = 0, orequivalently, 12 — @(52 — (3 — @)a(17 + @)) = 0.

@ =~ 0.32 satisfies (

We will separately analyze the cases with ¢ < & and a > &. Specifically, we will show that if ¢ >

@, then Am, < 0, butif @ < &, then A, > 0 for 6 large enough.

3v(1-a)(6—a(7-3a))

14
2(3-a)(5-36—a(6—-85—a(1-36)))" We showed

Case 1: a > @&. When a > @, one can show that =

earlier that Am, is increasing when 6 < 6 < 6 and decreasing when 8 < 6 < % Since Am, is

continuous, it follows that Am,|,_5 > Am, for any 8 < 6 < % and 8 # 6. Straightforward algebra

3v(l-a)a(12—a(52—-B-a)a(17+a)))
4(3-a)(6—a(7-3a))(5—-36—a(6—85—a(1-36)))’

shows that Am,|5_5 and Am,|g_g < O ifand only if 12 —

a(52 — (3 — a)a(1l7 + @)) > 0. The last inequality is equivalent to @ > &, where recall that @ =~ 0.32

satisfies 12 — @(52 — (3 —a)a(17 + @)) = 0. Hence, when a > @&, we have Am, < Amp|g_5 <0
V2

forany 8 < 0 < P

Case 2: a < @& When a < @, we showed that Ar, is increasing in 8 atany 6 < 8 < % Further, we

3v(l-a)(6—a(7-3a)) V2
2(3-a)(5-36-a(6—85—a(1-36)))’ 2

can show that Ar,|4_g > 0, where recall that & = min{ }. Specifically,

if 9— _ 3v(l-a)(6—a(7-3a))
! T 2(3-a)(5-36-a(6—86—a(1-36))) ’

then we already know from Case 1 that Am,|g_g =

3v(l-a)(6—a(7-3a)) . . 3v(1—-a)(6—a(7-3a)) _n
2(3-a)(5-36-a(6—-85—a(1-36))) if and only lf2(3—a)(5—36—(1(6—85—(1(1—38))) 2 < 0.
. s . 3v(1—-a)(6—a(7-3a)) . .
Using the fact that § > § > 0.5, one can show that the function o) G30-a(eso-a( 35y 2 S decreasing

3v(l-a)(6—a(7-3a)) _n
2(3—a)(5—-36—a(6—-85—a(1-35))) 2)|“=0-3 <0 . Hence,

3v(1-a)(6—a(7-3a)) _rn . ~ . 7 _
o) 30-a(e80-a(35)) 2 <0 for all a>03 . Since @>0.3 , it follows that 6=
3v(1-a)(6—a(7-3a)) ~
2(3-a)(5-38—a(6-85—a(1-36))) whena > .

14 To see this, note that 8 =

in @ . Plugging in @« = 0.3, one can show that (

72



3v(l-a)a(12—a(52-B3-a)a(17+a)))
4(3-a)(6—a(7-3a))(5-36—a(6—856—a(1-39)))

> 0 when a < @&. Next, if § = %, then first note that V, =

> _, 8% 2p isincreasing in T. Since T > 3, it follows that V, > V,|7—3 = v(1 + §). Since we already

.. . . . 146 .
showed that A, is increasing in 6 at any 6 > 8 and since % > 0, it follows that Am,| gz >
T2

v(9(1+8)*+a?(7+562)-2a(8+8(5+36)))*  v(1+5)

4(1-a)(1+8)(9-11a+3(3+a)6)? 4 and since § > 6> 0.5,

Amy|,_va+s . Ay, _vars) =
2 2

one can show that A, | ) _va+e) > 0. Hence, Am,|g_g = Amz|,_v, > Amr,|,_va+s) > 0.
Tz Tz 2

Since A, is increasing in 8, Am,|4_g > 0 implies that A, > 0 for all § < 0 < 2—2 Further, since

3v(l-a)a

Amzlo-6 = — 8(2—a(2-5))

< 0, Am,|g_g > 0 and Am, is a continuous increasing function, it follows

that there exists a unique < 8 < 0, such that Am;lg-g = 0and Am, < 0if8 <0 < 0 and A, > 0

if < 6 < 8. Solving Am, = 0, we find that

b = 6(v(1-a)3/2(9-11a+3(3+a)8)—-v(1-a)(a(4+5a(1-8)+68)—9(1+5))) (B86)
T 25a3(1-8)2+9(1+6)(23-98)+a?(161-8(46+518))-3a(131+5(10—-578))

To summarize the above, we found that if 0 < @ < & and 6 > 8, then A, > 0. Thus, in this

1,

parameter region, firm 2 will not deviate from R, = 2. Since m; 2> niz’z), firm 1 also has no

incentives to deviate from R; = 1. It follows that (R;, R,) = (1,2) is a Nash equilibrium. m

PROPOSITION 7.3. Suppose that « < & and 6 > 0, so that in equilibrium (R}, R3) = (1,2). Then, firm
2’s equilibrium sales are decreasing in a. However, firm 2’s profits are non-monotone in &, and an

increase in a can make firm 2 better off as long as « is not too high.

PROOF OF PROPOSITION 7.3. First, let us show that firm 2’s equilibrium unit sales, 52(1’2), are

decreasing in . Note that .5'2(1’2) = 52(;’2), where SZ(;’Z) is given in the equation (B76). Upon plugging

in firm 1’s first-period equilibrium price, we find firm 2’s sales on the equilibrium path:

1—Ta if 6 <6
(1) _ ] 800+8)-5e* (1-6)-2a@+30)-6v(i-a)a 4 g g < §
2 20(9-11a+95+3as) - 7
A-0)(6-aG+a) ifg<o<2
2(6—a(7-3a)) - z
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3v(l-a) 3v(l-a)(6—a(7-3a))

= -7 T i (1,2 1
where 6 = S(_a)r4a0 and 6 = m1n{2(3 ) (5-35-a(6-85-a(1-35)))’ 2} Note that S, ) is continuous.
12 1 _ 12) w
When 0 < 6, we have —2— = — = < 0. When § < 6 < 6, we have —2— = , Where
— da 2 - da 6(9-11a+3(3+a)8)?
— _ 201_ _ _ _ _s2 (1,2)
= SY(a(18-11a+43(6+@)8)-9(1+8)+6(5a*(1-6)(11-38) +9(1+6) (7-98)~90a(1-57)) . Clearly, 457 0 if

2
and only if ¥ < 0. Hence, we need to show that ¥ < 0. First, note that ¥ is concave in « because

d*y
da?

= —(6v—56(1—6))(11 —38) <0." Second, since 8 < %, one can show that ¥|,_o =

_ 9(1+8)(6v—6(7-95))
2

6v(11-38)—0(127-1426-12952)
4

<0 and Y|4—gs5 = — <0.'" Concavity of ¥,

together with ¥|,-0 < 0 and ¥|,—05 < 0, implies that ¥ < 0 for any 0 < a@ < 0.5. Since & =

(12)

0.32 < 0.5, it follows that ¥ < 0 forany 0 < a < &. Thus, < 0 when 6 < 6 < 6. Finally, when

~ as{? 12+a(12-a(31-a(14-3a))) . (1.2)
0<6 < % we have == 26— (7—3a))? . One can easily show that

< 0 for any

0 < a < @. This proves the first part of the proposition.

(1,2)

Next, let us show that there exists & < &, such thatif @ < @, then > 0. Since we are focusing

12) _ (12) .

on @ > A and since § < § < 6, it follows from the equation (B85) that m, " =m,,” is given by
(6v(1-a)a+0(5a?(1-8)-9(1+8)+2a(2+368)))?> .. A =
12) _ 20(1-a)(9—-11a+98+3ad)? ifo<6<8
2 T ) e@-a)(6-a(3+a))? e A V2
2(6—a(7-3a))? ifo=6< 2

(1,2)

. . 0
(12) with respect to a and evaluating at @« = 0, we find that L|a:0 =
oa

Differentiating 7,

P (2
23v-120-908 \hen® < 6 < @, and 2
18(1+6)

la=0 =—When9 <40 <— It is clear that if 8 < 6 <— then

an_(l 2) (1,2)

l¢=o > 0. It is also easy to see that if § < 6 < 6, then =z 12Y

23-96°

|@=0 > 0 if and only if 8 >

12 omt?)
By continuity of

Note that 8|y = , it follows that there exists & € (0, &] such that

23-95"

671(1 2)

>0ifa<d@andf >0. m
6a

15 To see that < 0, note that 11 — 3§ > 0 and 6v — 5t(1 — §) > 0 because 6 < —

16 This is easily shown using the fact that 6 < 2 < where the last inequality follows from taking T — oo.

2(1 8y
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Figure B4 shows the firms’ equilibrium product release times in the (8, ) parameter space.

Figure B4 Firms’ Equilibrium Product Release Times (R}, R3) "’

a
0.4 (R, R) = (1,2)
] @rp=a0
0.2
0
0 0.2

7.B.Vy =3[ & '(v—0d,)
In this subsection, we consider the scenario where consumers’ horizontal preferences influence the
consumption value of the durable product in each use period. Purchasing the firm i’s product in period
t gives the consumer a utility of V;; — p;;, where V;; = Z]T-:t 8/=t(v — 6d;). To ensure full market
coverage, we focus on 6 sufficiently small: 6 < Z
Subgame with (R{,R;) = (1,1) or (R, R3) = (2,2)

First, consider the subgame with (R, R,) = (2,2). Consumers who enter the market in the first
period wait till the second period to buy a product. Hence, in the second period, firms compete for a

unit measure of consumers. A consumer who is located at a distance d from firm 1 will buy firm 1’s

product if and only if

Viz =012 > Voz — P22 (B87)

17 Figure B4 is drawn using the following parameter values: v = 0.5, § = 0.95 and T = 4. To ensure full market
coverage, we focus on 8 < Vz—z =~ 0.71.
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Using the expression for V;, and V5, and simplifying the above inequality, we find that a consumer

0(8-8T)—p12(1-8)6+p22(1-8)8
20(6-08T)

will buy from firm 1 ifand only if d < . Hence, the firms’ profits are given

0(8—-8T)—p12(1-8)8+p3,(1-8)8 0(8-8T)—p12(1-8)6+p22(1-8)8

by m;; = P12z and Ty, = (1 — )P22. Solving

20(6-80) 26(5-68T)
the first-order conditions, we find the firms’ second-period equilibrium prices: pg,z) — pé;’Z) -
0(6-51) T,

REGTE The firms’ equilibrium profits are
s=oT
7?2 = (22 2 0650 (BS8)

T 2(1-6)8
The analysis of the subgame with (Ry, R,) = (1, 1) is similar. Specifically, one can show that firm

(1,1) (L) _ 0(6-6T)

., s . . _ . . a1 _
i’s equilibrium price are given by p;;"" = p;, 1-0)5 ° with corresponding profits of ;""" =
0(6-6T) (L) _ 4 006-87). . . R
2005 andm,”” = (1—a) 25y 1 the first and second periods, respectively. Thus, the firms

overall profits in the (R, R,) = (1, 1) subgame are given by

1) _ _(11) _ 8(6-8T)
7'L'1 = 7'l,'2 = m (B89)

Subgame with (R{,R;) = (1,2)

We solve the game by backward induction, starting with the second period. In the second period,
the firms compete for the (1 — a) new consumers entering the market, as well as any first-period
consumers who decided not to buy a product in the first period. Hence, to find the firms’ second-period
subgame equilibrium prices, we first need to characterize the segment of first-period consumers who
wait till the second period to buy. Namely, in the first period, a consumer who is located at a distance
d from firm 1 will prefer to wait till the second period to purchase a product if and only if

6 max{Vi, — pia, Voo — P22} > Vi1 — p1a (B90)
Using the expressions for V;4, V4, and V,,, we find that (B90) is equivalent to

d>d (B91)

where
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1S9y
1]

(1-8)(v+p§,8)-6(1-87)

1 if <
P11 -5
(0-P1)(1=8)4P5(5-81)+66-05T . (1-8)w+p§,6)-601=8T) _ _ (2v=0)(6=8T)-p,(1-6)5+pf,6(1+5-267)
J 9(1+6-258T) 1-§ P11 = 2(6-6T)
- e85 . -0)(6-6T)—p&,(1-8)5+p%,8(1+6-28T
v p110+p12 if (2v-0)( ) pzzz((;_(g;)"'pu (1+6-26 )< Py < U+5Pf2
\0 if p11 =v+6pi,

We can now solve for the second-period subgame equilibrium prices that satisfy the rational
expectations condition. Since d takes different functional forms depending on the interval to which p; 4
belongs, we will separately analysis each of the four possible cases. The analysis is very similar to the
cases i-iv in the proof of Lemma 2. To avoid repetitive analysis, we will directly provide the second-
period subgame equilibrium prices. Specifically, one can show that if the following condition holds,

0(3-a)(3-2a)6-1-2(1-a)8T) 0(3(3—a)6-3-3(2—a)sT)

v+ (6—7a+3a2)(1-6) Zv+ (6+a)(1-8) (B92)
then the prices in (B93) and (B94) constitute a rational-expectations subgame equilibrium:
6(5-687T) . _
(1-6)6 if P11 € [0' B) U [.0: OO]
(12) _ e _ ) 6-8N06B-0)1+6-28T)-2(w-pi)a(1-8)) . ~
Piz = = P12 = (1-8)8(3-3a+38+as-2(3-a)s7) if P11 € [p. 7] (B93)
(36-4w-p1)a)(6-8") , ~ =
\ 5§(3-(3-4a)6-4adT) if p1; € (P, p]
6(5-87) . _
(1-6)6 if P11 € [0, B) u [pr OO]
12) _ e _ )(6-8N(0(B+a+35-3a6-2(3-a)8T)-4(w-p11)a(1-8)) . ~
P2z = = P22 = (1-6)8(3-3a+38+ad+2(-3+a)sT) if p11 € [p, 7] (B94)
(6-6TY(6(3-(3-2a)6—2a8T)—2(v—p11)a(1-6)) . ~
\ (1-6)8(3—-(3—4a)5—4asT) if p11 € (P, P]

0(3-a)((3-2a)6-1-2(1-a)8T)
(6—7a+3a%)(1-6)

~ _ 0(5-8T) .. .
wherep=v—0,p=v+ ,andp =v + 5 The condition (B92) is

akin to the existence condition that we found in Lemma 3 in the main model. (B92) is equivalent to

456-10-358T—100-1086+44152-928T +43362T—77451+T
22(6-6T)

§<8§<1land0 < a<a, where @ = and § >

N | =

is implicitly defined from the equation & = 0.

Using the prices in (B93)-(B94), we obtain the firms’ second-period subgame equilibrium profits:
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(1-a)8(6-6T)

2(1-6)5 if p1; €[0,p)
(A-a)(6-6T)(0(3-a)(1+6-28T)~2(v-p1)a(1-8)* . ~
212 _ 20(1-6)8(3-3a+35+ad—2(3—a)8T)2 if p11 € [p, ]
12 7 ) (30+4(py1-v)a)2(1-8)(6-8T) ) Lo
208(3—-(3—4a)5—4a8T)?2 if p11 € (5,0]
0(5-8T) ) B
\2(1-8)8 if p11 € [p, =)

(1-a)8(6-6T)

2(1-6)8
(1-a)(6-6T)(B(B+a+386-3a6-2(3-a)sT)—4(w—p11)a(1-6))2
2) _ 20(1-6)6(3-3a+386+ad—-2(3—a)sT)2
Ty = (6-8T)(2(v-p11)a(1-8)-0(3—(3—2a)5—2a8T))?

20(1-8)6(3—-(3—-4a)6—4asT)?

0(6-6T)
\2(1-6)6

if p11 € [0, p)

if p11 € [p, 7]

if p11 € (P, 0]

if p11 € [D, )

(B9S)

(B96)

Firm 1°s first-period profit is given by m,; = a d p;;. Plugging the prices from (B93)-(B94) into

the expression for d, we can obtain 74:

@ P11 if p1; €10,p)
p11a(Bv(1-a—8+as)+20(3-a)(6—67)-3p11(1-a)(1-8))
e = 0(3-3a+36+ad-2(3-a)8T)
17 ) spua(@-pi)(1-8)+8(5-8T)
0(3-(3-4a)6—4adT)

0 if p11 € [p, )

if p11 € [p, P]

if p11 € (P, 0]

In the first period, firm 1 chooses its price to maximize its overall profit 7y = mq; + ng

(B97)

2). To

simplify the analysis, we assume that T = 5.'® Similar analysis as in the proof of Lemma 3 shows that

firm 1’s optimal price belongs to the interval [p, §] and given by:

v—~0 ifo<6<9
v(9-13a+188(1+6)(1+62)-2a8(5+5(5+8(5+368)))-G . _
'pﬁ'z) = 2(9-11a+188(1+8)(1+82)—2a8(4+5(4+8(4+36)))) ifo<6<6
0(3-a)((3-2a)6-1-2(1-a)8%) = v
vt (6—7a+3a?)(1-§) ifo <0< 2
— 2 - 2
where G = 203-a)(1+8)(1+6°)( (1+38)(1+25(11_-1-j)(1+6 ))+a6(5+26(2+6(2+6(2+8))))),
— 3v(1—-a)
0 = S o) zasroro o)) 20 earotarasy) A
9— _ 3v(l-a)(6—a(7-3a))

2(3—a)(5-6a+aZ(1+68)(1-368)(1+62)+28(1+6+62)+as(2+5(2+8(2+56))))”

18 We have conducted the analysis using different values of T = 3 and results have been very similar. We
provide the analysis for T = 5 as a representative case.
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By plugging p_ﬁz) € [p, p] into pl(;’z) and p%z) from (B93) and (B94), we can find the firms’

second-period prices on the equilibrium path. Specifically,

0(1+8)(1 +62) ifo<6=<8
(1+8)(1+6%3)(0(3-a)(3+68(1+8) (1+5%)—a(3+46(1+6)(1+6H))-3v(1-w)a) . 7]
1,2 =
piz ) = (1-a)(9-11a+188(1+8)(1+62)—2a8(4+8(4+5(4+35)))) fe<6=6 (B99)
_ 2 2 3 2)
6(6-5a+a )(1+52+5 +6%) ifg<g<?i
6-7a+3a 2
01+ 8)(1 + 62) ifo<6<9
(1+8)(1+8%)(8(9+188(1+8) (1+8%)—a? (5-26%)—2a(2+8(5+8(5+8(5+68)))-6v(1-ma) . ]
1,2 s
péz ) = (1-a)(9-11a+188(1+68)(1+62)—2a8(4+68(4+65(4+39)))) if Q <=0 (BIOO)
a2 2, 83 )
0(6-3a-a )(1+6:—6 +63) ifoe<o< v
6-7a+3a 2

Next, using the equilibrium prices, we can obtain the firm’s equilibrium profits in each period.

Specifically,
a(v —6) ifo<é@
a(9v(1-a)-20(3-a)(1+68)(1-38)(1+8%)) (K-L) : ]
T[SVZ) = | 46(9+188(1+8)(1+82)~a(11+28(4+8(4+5(4+39)))))? fo<b<6 (B10D)
- e e opq_ 2 —
(B-a)a(w(6—a(7-3a))-0(3-a)(1-2(1-a)5(1+8)(1+52))) ifo<9 < 4
(6—a(7-3a))? 2
_ 2
20-0)(1+9)(1+57) ifo<6
(12) _ ) 1+8)(A+85)Br(1-a)a-0(3-a)(3+65(1+8)(1+6%)—a(3+45(1+8)(1+62))? . 7]
T, " = 20(1-a)(9+188(1+68)(1+62)—a(11+25 (4+68(4+8(4+36)))))? ro<6<6 (B102)
—)2(2-a)2(1— 2 7]
0(3-0)2(2-0)?(1-0)(1+8)(1+62) ifg<6<2
2(6—a(7-3a))? 2
7T%Z) -0 (B103)
_ 2
20-0)(1+9)(1+57) ifo<6
(12) _ ) (1+8)(A+8*)(6v(1-a)a—0(9+185(1+8)(1+82%)—a?(5-26*)-2a(2+8(5+8(5+8(5+68))NN* . ]
T2 = = 20(1-a)(9+188(1+8)(1+8%)~a(11+28(4+8(4+8(4+36)))))? g<6<o (B109
6(1-a)(6-a(3+a))?(1+6)(1+6%) fo<o<<
2(6—a(7-3a))? 2
where K = v(1-a)(9-13a+185(1+68)(1+62)—2a8(5+8(5+8(5+395)))) and

1-a

- 2Y(q— 2
I = 20 3-a)(1+8)(1+6°)(a—(1+38)(1+26(1+86)(1+6 ))+a6(5+26(2+6(2+6(2+8)))))' Note that since the firms

1-«a
. , . 21 _ _(12) @1) _
are symmetric, when (Rq, R;) = (2,1), the firms’ profits are reversed, i.e., m,;” = m,,” and ;" =
(1,2)
[P

A similar proof as in Proposition 1 shows that a pure strategy equilibrium in product release times

exists and in equilibrium, at least one of the firms will release its product in the first period. Hence, in
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equilibrium, either (Ry, Ry) = (1,1) or (R, R;) = (1, 2). Let us show that there exist @ < @ and § <
g such that if « < & and 6 > 8, then (Ry, R,) = (1, 2) is an equilibrium.

To prove that (Ry,R;) = (1,2) is an equilibrium, we need to demonstrate that neither firm has a
profitable deviation. If R, = 2, then firm 1 will not want to deviate from R; = 1. Hence, we need to
show that firm 2 will not want to deviate from R, = 2, which is the case when 7'[21’2) > ﬂgl’l). The
technical analysis is very similar to that in the proof of Proposition 1. Specifically, one can show that if
a < @&and @ > 0, then n§1,2) > ngl’l), where & =~ 0.32 and
g =

6v((1-a)3/2(9+188(1+8) (1+82)—a(11+28 (4+8(4+8(4+38)))))+(1-a)(9+188(1+8) (1+62)—a?(5-286%)—2a(2+8(5+8(5+5(5+65)))))
a3(5-28%)249(1+25(1+6)(1+82))(23+28(7+8(7+6(7+36))))—3a(131+45(68+85(89+5(110+368(40+8(22+8(3+8)(5+8)))))+M

and M = a?(161 + 45(69 + 5(85 + 5(101 + 5(107 + 5(46 + 5(30 + (14 — 356)5))))))) . Note

(1+8)(1+62) (6v(1—a)a—0(9+188(1+8) (1+62)—a?(5-28*)—2a(2+85(5+8(5+8(5+68))))N? _

that 8 < 0 < 6 and satisfies
- 20(1-a)(9+188(1+8)(1+62)—a(11+25(4+6(4+5(4+36)))))?

5
;)g:g)?s (i.e., 7.[;1'2) = ngl'l)), Figure B5 graphically illustrates the region where (R7, R3) = (1, 2).
Figure B5 Firms’ Equilibrium Product Release Times (R}, R})
a
W * * —
0.34 &\\ (R{,R3) = (1,2)
[ ] wirn=an
0.1
0 ) . 0

0 0.2 0.4

1% To obtain Figure B3, the following numerical values are used: v =1, § = 0.95,and T = 5.
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