Online Appendix

A. Solving the optimization problem from section 4.2

First, notice that rebates for products targeted to type P consumers will never be larger than c.
To see this, suppose that the product targeted to consumer-segment HP was offered with a rebate
xgp > ¢ (the argument for type LP is similar). Then, this consumer-segment would redeem the
rebate; the cost incurred by type HP to purchase the product would be pyp — xgp + c. Instead, the
firm could set price plyp = pyp —xup + c and set 2, p = 0. These new prices do not change the cost
incurred by type P consumers to purchase the product, and they make the products less appealing
to type Z consumers, i.e. the new prices relax the incentive compatibility constraints. Moreover, the
profit of the firm is larger with the new prices, because the cost incurred by type P consumers is
entirely transferred to the firm (whereas if the rebate is larger than ¢, part of the cost incurred by
type P consumers is wasted as a redemption cost). Because zyp < ¢ and zp < ¢ we can write the

profit function as follows.

=) :u(t)(pt_xt_%t2>+ > ,u(t)(pt—%?)
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The firm chooses products {(q, ps, 1) }ie7 to maximize 7 subject to the constraints below.



IC(HP;HZ)
[C(HP;LP)
IC(HP;LZ)
[R(HP)
IC(HZ; HP)
IC(HZ; LP)
IC(HZ;LZ)
IR(HZ)
[C(LP;HZ)
IC(LP; HP)
[C(LP;LZ)
[R(LP)
IC(LZ,HZ)
IC(LZ;HP)
IC(LZ;LP)

IR(LZ)

Lemma A1l The only individual rationality constraint that binds is that for type LP, (C12).

Onqup — pupr 2 Ouquz — puz

Owqup — pup 2 Ouqrr — PP

Onqup —pep = O5qLZ — PLZ

Ouqup — pup > 0

Onwquz —prz +Trz = Ouqupr — PaP + THP
Onquz —prz +Trz = OnqLp — pLp + TP
Onquz —prz +Trz 2 Onqrz — prLz + iz
Onqrz — paz +xnz 20

0rqrp — prp = 0rquz — PHz

0rqrp — pp = 0Lqup — paP

0rqrp — prp 2 0LqLz — PLz

Orqrr —pLp =0

0091z — Prz + 7Lz > 0Lquz — Pz + THz
009z — Prz + 7Lz 2> 0Lqup — pup + Tup
0091z — Lz +Trz = 0LqLp — PP + TLP

0rqrz — prz + vz >0

(C10)
(C11)
(C12)
(C13)
(C14)
(C15)

(C16)

Proof. For t € {LZ HZ, HP}, IC(t,LP) and IR(LP) imply IR(t). It follows that IR(LZ), IR(HZ)

and IR(HP) are not binding.

It then follows that IR(LP) must bind, otherwise the firm could increase all prices by the same

(small) amount, which would leave the ICs unaffected and increase profits.

* _ * _
Lemma A2 2z}, =a}p =0

]



Proof. First suppose that xpp > 0. Reducing x;p relaxes constraints C6 and C15 and leaves the
remaining constraints unaffected. Similarly, if xyp > 0 then reducing xyp relaxes constraints CH

and C14, while leaving the remaining constraints unaffected. H
Lemma A3 ¢}, = ¢p = 0n

Proof. Suppose, by contradiction, that qgz < 6. The firm can increase qgz by € and increase pyyz

by €fy. This leaves (C1), (C5), (C6), (C7) unaffected, relaxes (C9) and (C13), and increases profits.

Similarly, if gz < 0y, the firm can increase gy p by € and increase pyp by €dy. This leaves (C1),

(C2), (C3), (C5) unaffected, relaxes (C10) and (C14), and increases profits. O

I now denote qg = 0p.
Claim A1 (C14) is not binding.
Proof. (C13) and (C5) together with the result from Lemmas A2 and A3 imply (C14). O
Claim A2 (C6) is not binding.
Proof. (C2) and (C5) together with the result from Lemma A2 directly imply (C6). O
Claim A3 (C9) is not binding.
Proof. (C1) and (C10) together with the results from Lemmas A2 and A3 directly imply (C9). [

Claim A4 qrLp S QL.

Proof. Suppose, by contradiction, that qpp > 6y. The firm can decrease q.p by € and decrease prp

by €f. This leaves (C10) and (C11) unaffected, relaxes (C2), and increases profits. O
Claim A5 If (C2) is not binding then (C15) is binding.

Proof. Tf both (C2) and (C15) are not binding, the firm can increase pyp, pyz and pry by e.
This leaves (C1), (C5), (C7), and (C13) unaffected, relaxes (C3), (C10), and (C11) and increases

profits. [



Claim A6 If (C5) is not binding then (C15) is binding.

Proof. 1f both (C5) and (C15) are not binding, the firm can increase pyz and prz by €. This leaves
(C7), and (C13) unaffected, relaxes (C1), (C3), and (C11) and increases profits. O

Claim A7 If (C13) is not binding then (C15) is binding.

Proof. 1f both (C13) and (C15) are not binding, the firm can increase prz by e. This relaxes (C3),

(CT7), and (C11), leaves the remaining constraints unaffected and increases profits. O
Claim A8 One of the following constraints is not binding: (C2), (C5), (C13).

Proof. Suppose all the constraints are binding. Then

0rqrz — prz + 21z = 0rqn — paz + THz
= 0rqn — pup
=0rqn — prp — Oulqn — qup)
= 0rlgn — qup] — Oulqgn — qup
= (0 — Ou)lam — qrp]

<0

The first equality follows from (C13) binding, the second equality follows from (C5) binding, and
the third equality follows from (C2) binding. The fourth equality follows from Lemma A1, the fifth
equality follows from Lemma A3. Finally, the strict inequality follows from Lemma A3 and Claim

A4. T find that if (C2), (C5), and (C13) are binding, then (C15) is violated, a contradiction. O
Corollary Al (C15) is binding.
Proof. Follows directly from Claims A5, A6, A7 and AS. O

Claim A9 (C10) is not binding.



Proof. Using the result from Lemma Al, I can write (C10) as pyp > Opqy. 1 will show that this

result is implied by constraints (C5) and (C13).
Using the results from Lemmas A2 and A3, one can write (C5) as pyp > pyz — Thz.
Using the results from Lemma A3 and Corollary A1, one can write (C13) as pyz > 0rqu + xhz.

Combining the above two expressions, one obtains pyp > 01qy, which is (C10). ]

Claim A10 (C11) is not binding.

Proof. Using the results from Lemmas A2, A1, and Corollary Al, one can write (C11) as 7 > 0,

which always holds. O

The maximization problem can be written as follows.

2 2
max m=up(LZ) {HLqLZ — qLTZ] + u(LP) l@LqLP — qL_P}

PHPPHZXHZXLZ:9LZ 4L P 2
2

+ n(HZ) [sz — THz — Q—H] + u(HP) [pHP - @]

2 2
s.t.
IC(HP;HZ) : puz > pup (C17)
]C(HP; LZ) . pap < xrz+O0pqg — (QH—QL)QLZ (Clg)
IC(HZ;LZ) : puz <Oyqu — 0y —01)qrz + xnz (C21)

Claim A1l qrz S QL-

Proof. 1f qrz > 0, the firm can reduce qrz, which relaxes the constraints and increases profit. [
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Claim A12 One of the following constraints is binding: (C19), (C21).

Proof. 1 consider two cases.

Case 1: (C18) is not binding.

In this case, the firm can increase both pyp and pyz by €. Such increase relaxes (C22), leaves
the remaining constraints unaffected and leads to higher profit.

Case 2: (C18) is binding.

Suppose, by contradiction, that neither (C19) nor (C21) bind. It follows that (C20) must bind
(otherwise the firm could increase pyz which would lead to higher profit). Because both (C18) and

(C20) bind, the maximization problem becomes:

2 2
max ™= /'L(LZ) [QLQLZ - QL_Z:| + ,U(LP) |:9LQLP — qL—P:|

THZXLZ,9LZ9LP 2 2
0%
+ {M(HZ) + M(HP)} [HHC]H — (O —O1)qLp — 71
It then follows that it is optimal to set ¢z = 01, and qrp = 0, — (0 — 9”%
This violates the constraints. Indeed, (C18), (C20) and (C21) imply that ¢z < qrp. O

Claim A13 If (C19) is binding, then (C21) is also binding.

Proof. 1f (C19) binds, then (C20) becomes prz < 0xqy — (0 —01)qrz + Tz + 17, which is implied
by (C21). Hence, (C20) is not binding. If (C21) is also not binding, the firm can increase pyz, which

relaxes the remaining constraints and increases profits. ]
Corollary A2 (C21) is binding.
Proof. Follows directly from Claims A12 and A13. O

Corollary A3 (C22) is not binding.



Proof. Using the result from Corollary A2, one can write (C22) as qg > qrz. It follows from Claim

A1l and the definition of gy that this always holds. m

Using the result above, one can write the monopolist’s problem as follows.

2 2
max ™= w(LZ)|0Lqrz — Iz + pu(LP)|Orqrpr — e
PHPXHZXLZ4LZ4LP 2 2
0 0
+u(HZ)\Oqe — (O — 01)qrz — o +u(HP) | pup — o
subject to

]O(HP,HZ) . pHp§9HqH—(9H—9L)qLZ—I—xHZ (C23)
IC(HP; LZ) : pyp <0yqyg — (QH—QL)QL2+$LZ (025)
IC(HZ;HP) : pup > 0uqu — Oy —01)q12 (C26)

Lemma A4 z;;, = xy5.

Proof. Suppose that xz > xyz (the proof for the other case is identical). Then (C25) is not binding,.

The firm can then reduce z;z which leaves the constraints unaffected. O]

Using the result from Lemma A4, I find that constraints (C23) and (C25) are equivalent, so I can

drop one of them.
Claim A14 (C24) is binding.
Proof. 1f (C24) is not binding, then it is optimal to have q.p = 0. Moreover, combining (C26) with

the fact that (C24) is not binding I obtain that q.z > qrp, which then implies that .z > 6, which

is a contradiction to Claim A11. ]

Using the results from Lemma A4 and Claim Al4, one can write the monopolist’s problem as

follows.



2 2
max 7 = p(LZ) |:9LQLZ — qL—Z} + u(LP) [GLqu — qL—P]

qL7,9LP>T 2 2

02 62
+u(HZ) |:9HQH — (O —01)qrz — 7}1] + u(HP) |:9HCIH — (O —01)qLp — 7H
subject to
]C(HP,LZ) : (GH_QL)(QLZ_QLP) SJI (CQ?)
IC(HZ;HP) : qrz > qup (C28)

Notice that it was already shown that = < c.

Let ¢, and ¢l , denote the solutions to the unconstrained maximization problem, which are
characterized in (19) and (18). If ¢ < (0 — 01)(qL, — ¢l p), then (C27) is binding and the firm sets

x = c. The solution to the above maximization problem is characterized in Lemma 7.



B. Details regarding the example in Section 6.2

Let 7' denote the set of consumer types and let Gg and G denote, respectively, the cumulative

distribution of redemption costs of types S and B.

= > H(t)<1’t—¢'3t—q§t2)+ > ﬂ(t)(pt_GS(xt)It_%?)‘F > u(t)(pt—GB(xt)xt—%t2>

te{LZ,HZ} te{LS,HS} te{LB,HB}

The firm chooses products {(q, pt, 2¢) }ie to maximize 7 subject to the individual rationality

and incentive compatibility constraints.

Let us consider a relaxed problem, in which we do not consider the incentive compatibility
constraints between redemption-segments. In this case, the firm chooses a product-line for each
redemption-segment independently. It follows from Lemma 5 that the firm offers qualities qgz =

qus = qup = 0y = 30 and qr; = 0, — 1;;\2 (O —0p) =228, qus = 0, — 1;:‘9 (0 —0r) = 21.5, and

e =01 — 1;? (0 — 01) = 20. The prices paid by each consumer type are

Prz = rqrz = 570

Pirz = Ouquz — (Ou — 01)qrz = 786
Prs = 0rqrs = 537.5

Pirs = Onqus — (0n — 01)qrs = 792.5
e = 0rqre = 500

P = Ouqus — (0g — 01)qre = 800

Now let us consider the general problem (in which all IC constraints are included). Consider the

following products offered by the firm

(quz.puz,7HZ) = (30,pY, + THZ — T.57%, %

(qrz,pLz,702) = (22.8,p} 7 + TLz — 751, GTS 1«

)

(qrs,pLs,vrs) = (21.5,p5s + (1 — €)zrs, )

(qus.pus, Tus) = (30, pys + (1 — €)zps, 1=



(quB,puB; THB) = (30,D})5,0)
(qrB,pLB,TLB) = (20,p]5,0)
It can be verified that the above products satisfy all the incentive compatibility and individual

rationality constraints. Let us now inspect the effective prices that consumers pay when the firm

offers the products above.

It is straightforward to see that the prices paid by consumers of type B are the same as the prices
they pay in the relaxed problem, since the products targeted to them have no rebate. It is shown
below that consumers of type S also pay the same effective price as in the relaxed problem. Notice

that a consumer of type S redeems a rebate of size smaller than ¢ with probability 1 — e.
Price paid by type LS: prs — (1 — €)zps = pi g
Price paid by type HS: pys — (1 — €)xys = piig
Finally, the prices paid by consumers of type Z are:

Price paid by type LZ: prz — xpz = p, — 7.57=

Price paid by type HZ: pyz — xnz = py, — 7.57%

As e converges to zero, the prices paid by consumers of type Z converge to the prices they pay in
the relaxed problem. Therefore, as € approaches zero, the profit that the firm obtains when offering
the above products converges to the profit in the relaxed problem. It follows by continuity that, for
small enough ¢, the firm benefits from segmenting the market in three redemption-segments. By an
argument similar to the one presented in Lemma A3, it follows that high valuation consumers are all
served with the efficient quality, i.e. gz = qus = qup = 0. Therefore, segmenting the market in

three redemption-segments is achieved by offering products of 4 different qualities and using different

rebate sizes for products targeted to type Z and type S consumers.
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C. Nonzero redemption costs

In this section, I consider an extension in which type Z consumers face redemption cost
cz > 0, but still lower than the redemption cost faced by type P, i.e. ¢z < ¢. Similar to the
analysis in online appendix A, only products targeted to type Z consumers will offer rebates.

Hence, we can write the profit function as follows.
q; a;
= ¥ wn(p-a-L)e Y u0(n-%)

te{LZ,HZ} te{LP,HP}

The firm chooses products {(q;, pt, ©¢) }re7 to maximize 7w subject to the constraints below.
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IC(HP;HZ)
[C(HP; LP)
IC(HP;LZ)
IR(HP)
IC(HZ;HP)
IC(HZ;LP)
IC(HZ;LZ)
IR(HZ)
IC(LP;HZ)
IC(LP; HP)
IC(LP; LZ)
IR(LP)
IC(LZ;HZ)
IC(LZ; HP)
IC(LZ;LP)

IR(LZ)

Onqup — pap > Onquz — Prz

Ouqup — pap > Ouqrp — pLp

Onqup — pap > Onqrz — prz

Ouqap — pap > 0

Onquz —puz +xuz — ¢z 2 Ouqup — pup
Onquz —puz +xTuz — ¢z 2 Ouqrr — prLp
Onqunz — puz + a2z 2 O5qLz — PLz + 71z
Onquz — Pz +Tuz —cz 20

Orqrr —prp = 0rquz — PHZ

Orqrr —prp = O0rqup — PEP

Orqrr —prp = 0rqLz — pLz

Orqrp —prLp =0

0r4rz —prz +*rz 2> 0Lquz — paz + Thz
0rqrz — prLz +Trz — ¢z =2 0Lqup — pup
0rqrz — prLz + vz —cz 2 0qLp — PP

019z — prz +xrz —cz >0

(D10)
(D11)
(D12)
(D13)
(D14)
(D15)

(D16)

Lemmas Al and A3, and Claims A1-A10 are still valid in this setting. The maximization

problem can then be written as follows.

max

PHPsPHZXHZXLZ9LZ 4L P

2

+u(H2) [sz — Tz — H—H} + u(HP) [pHP - %}

2

12

2
™ = /L(LZ) |:0LQLZ — Cgz — qLTZ:| + ,u(LP) |:0LQL



s.t.

IC(HP;HZ) : puz 2 pup (D17)
IC(HP;LP) : pup <0uqu — 0y —01)qp (D18)
IC(HP;LZ) : pup<wpz—cz+0uqu — 0y —01)q12 (D19)
IC(HZ;HP) : pup>paz—Tuz+cz (D20)
IC(HZ;LZ) : puz <Opqu — Ouw —01)qrz + 2z — cz (D21)
IC(LZ;HZ) : puz > 01qu + 2z —cz (D22)

Claims A11, A12 and A13 still hold, so we can write the maximization problem as follows

2 2
max T = p(LZ) {QLQLZ —Cz — qLTZ} + u(LP) |:(9LQLP - qL—P}

PHPsPHZYHZXLZ-9LZ>9LP 2
2

0 02
+u(HZ) {QHQH — (0n —0L)qrz — cz — TH} + u(HP) |:pHp — —H}

2
S.t.
IC(HP,HZ) : pHpSGHqH—<0H—(9L)QLZ+5UHZ_CZ (D23)
IC(HP;LZ) : pup<wpz—cz+0uqu — Oy —01)q12 (D25)
IC(HZ,HP) . PHP ZQHQH_<9H_6L)QLZ (D26)

Lemma A4 and Claim A14 still hold. Hence, we can write the maximization problem as

follows.
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2 2
max m™=u(LZ) {QLQLZ —Cz — qL—Z} + u(LP) |:‘9LQLP — qL—P}

PHP\PHZ,X*HZ,*LZ,4LZ,4LP 2 2
92
+u(HZ) {QHQH — Oy —01)qrz — cz — TH}
92
+ pu(HP) {QHQH — (0g —0r)qrp — TH}
s.t.

IC(HP,LZ) : (QH—GL)(QLz—qLP) S.’L’—CZ (DZ?)
[C(HZ,HP) . ququp (D28)

Moreover, it was already shown that x < ¢, so that type P consumers do not redeem the
rebate. Notice that if ¢ is large enough, the firm can choose a large value of x so that (D27)
is not binding. The firm’s problem in this case is similar to the maximization problem in the
main setting: notice that ¢z only impacts the profit function by a reduction of fixed amount.
Moreover, even if ¢ is not large, although the optimal qualities offered by the firm will be
different from those offered in the setting of zero redemption costs, the role of rebates is still

the same.

14



