Online Appendix to
“On the Value of Coalition Loyalty Programs”
The online appendices provide supplemental materials for the paper, including the full version
of lemmas and propositions, as well as additional details. The appendices are organized into five
sections:

e Section A provides proofs of lemmas and propositions in the base model.

Section B provides a detailed analysis of the model extension without customer discounting.

Section C provides the proof of Proposition 4 in the case with asymmetric firms.

Section D provides a detailed analysis in which no new reward is earned upon redemption.

Section E provides a detailed analysis of the discrete-time approximation.

Appendix A: Proofs of Lemmas and Propositions in the Base Model

We first provide a detailed analysis of the customers’ decision-making process, including explicit
solutions to the optimality equations (1)—(2) and technical derivations. For equations (1)—(2), we
consider the discrete-time Markov chain embedded in the continuous-time semi-Markov process
and apply the uniformization technique by setting the maximum transition rate to be v =9 +
nA+ p (Puterman 1994). Uniformization is a well-known technique used to formulate continuous-
time dynamic programs that simplify the analysis of the resulting dynamic programming model.
The transition rates in different states under a continuous-time Markov chain usually differ. For
example, in our continuous-time semi-Markov chain, there are two possible transitions in state 1:
the customer visits the coalition (with rate n\) and decides whether or not to make a purchase,
and the reward expires (with rate p). Hence, the total transition rate in state 1 is v =nA+pu+9
(where ¢ is the customer’s discount rate). However, there is only one possible transition in state 0:
the customer visits the coalition (with rate nA) and decides whether or not to make a purchase.
Hence, the total transition rate in state 0 is nA+J, which is less than that in state 1. The key idea
of uniformization is to add fictitious transitions such that the transition rates in all states are the
same. Here, we add a fictitious transition with rate p in state 0 to make the total transition rates
in the two states the same. Note that the fictitious transition returns to the same state.

Next, we establish the condition under which the customer always makes a purchase in state 0
when she visits a firm in the coalition. Otherwise, the customer will not stay in the market over

the long run and therefore does not contribute to the per-firm profit.

LEmMA Al. If

A
v—p+n7r20, (1)



then it is optimal for a (v,\)-customer to make a purchase whenever she wvisits a firm in the
coalition, and the solution to the optimality equations (1)—(2) is given by

u(O):%)\ (v—p—i— Tr), u(l):n—A <v—p+5+yn)\r>.
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Figure A.1 State Transition Diagram

The state of a customer who makes a purchase whenever she visits a firm in the coalition follows

a Markov chain, as illustrated in Figure A.1. In state 1, there is a probability of % that the

customer arrives and makes a purchase before reward expiration, in which case she receives a new

reward and remains in state 1. Conversely, there is a probability of that the reward expires

B
S+nA+p

before the customer’s arrival, in which case she transits to state 0. The interpretation for state 0 is

similar. Let gq and ¢g; denote the stationary probabilities of states 0 and 1, respectively. By solving

the balance equations, we find that ¢y = M’jm and ¢, = n;’iu; that is, on average, there is a M’jm
fraction of time that the customer stays in state 0 when purchasing, and a n;j\m fraction of time

that she stays in state 1 when purchasing. Recall that when a customer makes a purchase, she pays
a price of p—r in state 1 and a price of p in state 0. Accordingly, when condition (1) is satisfied,

the customer contributes a profit to the coalition at rate

nA
n)\( —r)znA( — r). 2
qop+aqi(p—7) PNt h (2)
Since there is a nf\bj\m fraction of time that the customer stays in state 1 when purchasing, the profit

contribution from each purchase is equal to the price p minus the average value of the redeemed
reward, which is the reward amount r times the fraction of purchases for which the customer uses

a reward.

Proof of Lemma Al

We first show if v —p+wu(1) > u(0), then v —p+r+u(1l) > u(1l). Suppose for a contradiction that
v—p+r+u(l) <u(l). Then,



from which we obtain v < p. It follows immediately that

A 5
v=p+u(l) —u(0) =v—p+ = (~v+p) = L

(v—p) <0,

contradicting our supposition. Hence, it must be the case that v — p+ 7+ u(1) > u(1). Suppose
v—p+u(l) >u(0). Then, equations (1) and (2) reduce to

u(l) = %[v —p+r+u(l)]+ %U(O), and u(0) = %[v —ptu(l)]+ %U(O).

Solving the above set of equations yields that

u(l) = %(vquL 5+n)\r), and u(0) = Tg—)\(vprr %T)

Plugging u(1) and u(0) back to the supposition v —p+ (1) > u(0) yields that
nA
v—p+—r>0,
v
under which the customer makes a purchase whenever she visits a firm in the coalition. This
completes the proof. [ |

LEMMA 1. A CLP with size n improves the per-firm profit relative to no reward program only if
(o= (et = M (64 1) ) (nAr + 1) > BALS(nAs + ), (3)

When condition (3) holds, the optimal price, reward amount, and per-firm profit in the CLP are,

respectively,
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profit from HF and LF customers profit from HI customers

Proof of Lemma 1

To derive the per-firm profit in the CLP collected from the four customer segments, we analyze
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n\p

the relationship between price p, vy + T—FFT, vy + pp

T, vp + r, and v, + %7’ to determine the
customer’s purchase behavior in each segment. Recall that vp =0+ nAr+p and vy =95 +nA;r + p.
One can check that
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Then, depending on the magnitude of price p, we have the following six cases:
Case 1: pSUL+%T<miH{UL+%T,UH+%T} §max{vL+ F?” VH —i— }<UH+7Z\—FFT

All customers make a purchase. The optimization problem becomes

7’L)\F n)\I
)+
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st.p<w +n7)\lr
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Clearly,

(p*,’r*) = (UL70)7

7 (n) = BApvr + (1 = B)A v =,

Hence, it is never optimal to adopt the CLP in this case.

Case 2: vL+”’\I7“<p<m1n{vL—|— FrvH—f—”’\’ }gmax{vL—F FTUH+"’\I }<UH+TLV);?F’I“.

All customers except LI segment make a purchase. The optimization problem becomes

max BAF( _&7)"‘(05_7))\1( _ 7“)
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Clearly, p* = min {v .+ %r v + m } We then have the following two subcases.

Subcase 1: Suppose
TL)\F 7’L>\]

v+ ——F <yt ——T
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< (vg—vp)(0+nAp+p)(6+nAr+p)

It follows that p* = vy + n(p—X7)(0+5)

mr Reorganizing the supposition yields r

Moreover, p > r gives r < ‘ng\rﬂvb So, the optimization problem can be rewritten as
HAF HAF n)\F n)\I
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s.t. r <min

Note that if and only if
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the coefficient for r above is non-negative. Therefore, at optimality, we have

r* =min

{(’UH—UL)(6+H)\F+N)(5+H)\]+M) 6“"/1)\1?‘1‘# }
n(Ap — Ap)(6+ 1) ST TR &

Reorganizing inequality (4) gives condition (3) in Lemma 1.



Subcase 2: Suppose
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It follows that p* = vy + vp) (F+nAp+u) (StnAr i)

r. Reorganizing the supposition yields r > (op =

n)\]+/t+5 n(Ap—A7)(+n)

Moreover, p > r gives r < WUH. So, the optimization problem can be rewritten as
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Hence, the profit in Subcase 2 is dominated by that in Subcase 1.
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Case 3: vL—l—"’\1r<U +"AFr<p<vH+"’\1r<U +"’\F

Only high-valuation customers make a purchase. The optimization problem becomes
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Clearly,
(p*,r") = (vu,0),
7 (n) = YApvg + (0 =Y)Aoy = 72,

Hence, it is never optimal to adopt the CLP in this case.

L)\I

Case 4: v, + ™ r<v +oir<p<v+ L)\FT<U —i—mF

Only frequent customers make a purchase. The optimization problem becomes
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7T*(TL>:B)\F[’UL+( )T*} <B)\F’UL<7T1.

Hence, it is never optimal to adopt the CLP in this case.

. n)\l . ’I‘LAF n)\] TL)\F n)\I n)\p
Case 5: UL—l——VI r<m1n{vL+—VF r,vH—i——UI rr < max UL—I—TF r,vH—i——VI r <p§UH+TF .

Only high-valuation frequent customers make a purchase. The optimization problem becomes

N \ ( nAp )
max -7
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Hence, it is never optimal to adopt the CLP in this case.

Case 6: vy, + %r < min {vL + "V’\FF r, g + "V—’\I’r} < max {vL + "V’\FF r, Vg + "V—’\I’r} <vg+ "y’:fr <p.
No customers make a purchase. Clearly, it is not optimal to adopt the CLP in this case.
Taking the above six cases into consideration, we can obtain that only Subcase 1 in Case 2 is

possibly optimal. This completes the proof. [ |

PROPOSITION 1. By comparing a CLP and no reward programs, we have the following results:
(a) When customers’ product valuation and shopping intensity are positively correlated, i.e.,
v > af, a CLP, regardless of its size, always yields a lower profit for the firm than no reward
programs; that is, 7" (n) < max{m,m} for any coalition size n.
(b) The aggregate customer surplus increases when firms switch from a partial market coverage
strategy with price vy to forming a CLP, while the aggregate customer surplus decreases when firms

switch from a full market coverage strategy with price vy, to forming a CLP.

Proof of Proposition 1

Part (a): The profit 7*(n) in (4) consists of the profit collected from frequent customers and HI

customers. Note that +Z;§ 7 < n:;iu, so the effective price paid by HF and LF customers is

. A A
smaller than vy, (i.e., v + 5L —r* — 2L

Py n/\er* <wr). In contrast, the effective price paid by HI

. A A
customers can be greater than vy but smaller than vy (i.e., vy + 6+Z,\§+,/“* _ nfliur* <ovg +

6+Z;\f+ur* — nfl)‘frur* < vg). This leads to the upper bound on the per-firm profit that 7*(n) <

,BAFUL + (Oé — ’Y)AIUH.

Now, we show 7*(n) < max{m, 72} when v > /5. We can show that

7 (n) —m <BArvr + (@ —y)Avg — [BAr + (1 = B)Ar|or = [(a = v)vg — (1 = B)ur]A;



<la(1=B)vg — (1= Bvc] ;= (1 = B)(avy —vr)As.

We can also show that

7 (n) —my < BApvL + (0 — Y)Arvg — [YAFR + (o — y)AfJog = [Bvr, — yvu|Ar < B(vr — avy) Ap.

Observe that if avy > vy, then 7*(n) < my; otherwise, 7*(n) < m;. Hence, 7*(n) < max{m,m}.

Part (b): Table 1 presents customer welfare in each segment under CLPs in both the VD market

and the ID market, and compares them with that under the full market coverage strategy with

price vy,.
CLP (VD market) | vs. | Full Market Coverage | vs. CLP (ID Market)
w(S+nAp+up) S+nAr+up Apd
HE vy = s o O | > VH — UL < | (vn —vi) [1 Ny <s+u><AF—AI>J
_ _p+nAptp) _ dtnArtp ARd
LE | v = e v Grm U | > 0 < (o =) S w e
_ p(+nAptp) _ _ _ 0+nArtp App—Ar(d+p)
AL on = G snGrm UL | < vH UL > | (v —ve) [1 ERvEwn (5+u><AF—AI>]
Table 1 Customer Welfare Comparison in Each Customer Segment Between CLP and Full Market Coverage

with No Reward

When the firm adopts the partial market coverage strategy with price vy, the aggregate customer
surplus is 0. Note that customer surplus of each purchased segment in CLPs is nonnegative, because
otherwise, customers will not make a purchase. Indeed, Table 1 shows that the aggregate customer
surplus in CLPs is strictly positive. Therefore, CLPs lead to a higher aggregate customer surplus
than the partial market coverage strategy with price vy. Below, we focus on the comparison of
the aggregate customer surplus associated with CLPs and that associated with the full market

coverage strategy with price v;,. We have the following two cases.

. VH > AF
Case 1: Suppose o > e
By Table 1, the aggregate customer surplus associated with CLPs in a VD market minus that

associated with the full market coverage strategy with price v; equals

w(§+nip+p)

’YAF{UH - (

e 1)+ 1)
w(d+nAp+p)

+ (a— V))\I{UH -

(nAr+p) (0 + p)

vy — (vy *UL)} +(B8— V)AF{UL -

w(§+nip+p)

vp — (UH - UL)}

_ ~ p(0+nAp +p) B ~ p(0+nAp+p)
_ﬁ)\F{UL (n)\p+u)(6+u)vL}+(a W)AI{UL (nA; +M)(5+M)UL}
_ nyg )\F(S AF/,L—)\[((S—FM)

_5+,u{5)\Fn)\F+,u (= nA; + }

(WAr+ @) (5 +p) "



<0,

where the last inequality holds because of condition (3).
. VH AR
Case 2: Suppose o <5

By Table 1, the aggregate customer surplus associated with CLPs in an ID market minus that

associated with the full market coverage strategy with price v;, equals

§+n);+p Apd
’Y)\F{(UH_UL)[1+ nAp + [ (5+M)()‘F_)‘I)]_(UH_UL)}
d+ni+p A0
(8= Ae] (v ) N\ + gt (5+N)(/\F_A’)}

+(a— ’Y))\[{(UH —vr) {1 _ 4 j;)rfl)\i:u ():;Fﬁ;)?\/(iéj)\/j))] — (vg — UL)}

J+nhp+p Apd d+nAr+p App— A0+ p)
b F{(UH 2 nAp + 1 (5+,u)()\F—)\I)} (a=7) I{(UH or) nAr + [ (5+,LL)()\F—)\I)}
6+TL)\[+,U )\F(; )\F,U,—)\[((5+/L)
=(vg — —(a—7v)A
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where the last inequality holds because of condition (3). This completes the proof. [ |

Before presenting the proof of Proposition 2, we define the following critical threshold on size:

_ AL =) App—Ar(6+p)]
(v —vp)(0+ p) < Ap B R (5+1)—Aru] )M

UL>\F — Vg As ’ A (a=V)App=Ar(6+u)] 1
I BINF(0+1) =]

7 1= max

PROPOSITION 2.
(a) [VD Market] When Z—’Lf > ’/\\—f, the optimal price, reward amount, and per-firm profit in the
CLP are
P = O+ p+nAp
O+ p
" (n) = BArvL + (@ —y)Ajvp — BAr

vL;
TL)\F(5 VL

n[)\pﬂ — /\](5+M)] VL

+ (=) As

The profit m*(n) increases in the coalition size n; that is, larger CLPs lead to a higher per-firm

profit. Therefore, an optimally sized CLP always leads to a higher per-firm profit than a PLP.
(b) [ID Market] When Z—f < AE ifp < LEvL)ON) Cupen the optimal price p*, reward r*, and

Ar’ VLAR—UHAT
per-firm profit m*(n) are the same as those stated above; otherwise, we have

p* . )\F(6+/.L+’fl)\[)’UH — /\1((5+u+n)\p)vL
(Ar = Ar)(0+p) ’
«  (vg —vp)(0+nAp+p)(d+nAp+ )
n(AF—)\I)((H-u) ’




d+nAr+u Apd(vg —vr)
nAp+p (04 p)(Ar—Ar)
Arp—Ar(0 4+ pw)](vg —on) §+nAr+u
(6 +p)(AF — A1) nAr+p

(a=NApp—=Ar(0+p)]
BIAF(6+p)—Arp]

larger CLPs lead to a higher per-firm profit. Otherwise, the profit @ (n) first increases in n for

m*(n) = BArpvr + (a —y)A\jvp — BAr

+ (OL*’)/))\]

The 7*(n) monotonically increases in the coalition size n if < 1; consequently,

n <n and then decreases in n; the optimal size n* = |n| or [n], where |-] and [-] are the floor and
ceiling functions, respectively. In this case, a PLP yields a higher per-firm profit than an optimally
sized CLP when either of the following conditions holds:

(0= pp=Ar(5+p)]
(¥ B[’;‘F(gﬁu) IA,M]“ >1andn<1;

(ii) LRl Al > 11 < 7 <2, and 7(1) > 7(2).

Proof of Proposition 2

Part (a): One can show that when either % > ’;—F or 4 < AF but n < @=Ll polds,
— I vy, VLAR—VHAT

5—|—n/\F+uU - (vg —vr)(0+nAp+ p)(§ +nAr+p)
T n(Ap — Ar)(6+p) .

Hence, according to Lemma 1,

o (5+n)\p+,uL
S+ p ’
nA\p 5+n)\p—|—uv 0+ pt+nAp
nA\p+0+pu  o+p © b+p
. nA\p nAF O +NAp+
”(”>:/BAF[”L+(MF+M+5_nAFw) S+ ”L}
nAp nA; \0+nAp+u
e At mvtn) otn UL}
nAgpd UL
NAp 4+ 1o+

p*:UL—|— V=T,

+ (=) [vL+ (

n[App—Ar(0+p)] v

:/BAFUL+(OZ—’Y))\IUL—IB)\F +(O[—’}/)A[

Taking the derivative of 7*(n) with respect to n yields

dr*(n Apd Appt— Ar(0
dr(L - 5+u{6 " (mjfu)? ~(e- 7))\[”[ F(ZAI ;L)j " }
_vop BARS(nAL 4 p)® — (= V) Ar[Arp — Ar(6 + )] (nAp + p)?
O+p (nAF + p)*(nAr + p)?

_vpp (@ =AM Arp = Ar(6 + )] (nAp + p)? — BALI(nAr + p)?
I+ p (nAp + )2 (nA; + p)?

o (@ =DM = Ar(8 + )] (g + ) = BARS (A + ) iR
S+u (nAF + @) (nA; + p)?

S VLH (=N App = A (64 )] (nAp + p) — BAZS(nAr + 1)
S+ p (nAp + p)(nAr + p)?
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>0,

where the last inequality holds because of condition (3). Hence, the profit 7*(n) increases in the
coalition size n in this case. To facilitate the discussion, let 7, denote the optimal profit of a PLP.
Note that 7, =7*(1). It follows immediately that 7*(n*) > .

Part (b): One can show that when 72 < Af and n > La—vL)OHn |l

UL)\F UHX

5+n>\p+[tv > (UH —’L)L)((S‘l'n)\F—F,U)((S—FTL)\[‘I‘/i)
S+p 7 n(Ar —Ar)(6 + p)

Hence, according to Lemma 1,

o (v —vr) (0 +nAp + 1) (6 +nAr+ )
n(Ar = Ar)(0+ p) ’
’I’Z)\F (’UH —UL)(5+HAF+H)((5+H>\]+,U/) o )\F((5+H+n)\[)UH —>\](5+M+TL}\F)’UL

e vy O — A1)(8+ 1) - Ovr — )6+ 1)

nAp _ nAp )(vH—vL)(é—l—n)\F—l—,u)((S—i-n)q—i-u)]
nAF+p+0  nAp+p n(Ap— A1) (0 + p)

nAr  nA; )(vH—UL)((S—i-n/\F—i-u)((H—n)\]—i-u)}
nAF+u+0 nA\+p n(Ar —Ar) (0 + )
S+nAr+p Apd(vg —vr)

nAp+p (0+up)(Ap— A1)
Arpe— A1 (0 + p)](vg —vL) 0 +nXj+p

(6 + 1)(Ar — Ar) nAr+p

7 (n) = BAr {vL + (

+ (=) [vL+(

= BArvr + (@ —7)Avp — BAr

+ (=) Ar

Taking the derivative of 7*(n) with respect to n yields

dr*(n) vy — )\I,u—)\p(5+,u)

dn __(AF—A,)(M ){5 PO e+ )2

(v —wr)d F(04p) = Arp 2 Arp — Ar(d+ p)
w—m«wm{“ Erven il Gl e v g

— (=) Ar[Arp— AI(5+M)](TL)\_I/\‘£)2}

Let

( A \/(a—v)[xw—mwn)
Y B (o+m)—rul P
A ( (a= DA ppu=Ar(6+w)] _1) ’
1 BN (6+1)—Ar]

ﬁ:

; (e=V)App=A1(6+p)]
(i) Suppose Bl p (§+u) Aru] <1. Then,

(a=7)[Arn—Ar(6+ p)] < BArR(S + 1) — Arpl.

Note that
A7 B A% _20ApA (A = Ar) + (AF = AR)p® <0
(TL)\]—F}L)Q (n)\F—l—,u)Q B (n)\1+u)2(n)\p+u)2 7
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so,
Arp— Ar(6+p)

2 AF(0+p) = Arp
(TL)\[‘F,U)Q .

A
<h F (’I’L)\F+,U)2

(a—7)A7

Hence, d’T > 0 for any n. Recall from Part (a) that 7*(n) increases in n when z—’z < ’/\\—f and

n< (vg— UL)(5+#

. Therefore, in an intensity-driven (ID) market, 7*(n) always increases in n in this
UL)‘F UHA ) )

case.

(ii) Suppose 1 < (o g\)l[m’\(g J‘:H)AIA(‘;:]“ I < (AF ) , then the definition of n implies that 7 is positive.

One can check that ddin =0if n=mn; W >0 if n <n; and % < 0 if n > n. Therefore, the profit
7*(n) first increases in the coalition size n when n <7 and then decreases in n in an ID market

when n > w Recall from Part (a) that 7%(n) increases in n when n < Qz=vL)(0tm)
UL)‘F UH v )‘F UHA[

s
summarize, in an ID market, 7*(n) first increases when n < max{n, %} =7 and then

decreases in this case.

(=N Eu—Ar(5+p)] Ar)2
(iii) Suppose ﬂ[/\F(gw)ﬂ\m] > (/\f) . Then,

(@ =N PArp = A0+ )] > BAL AR (8 + ) — Arpl.

Note that

1 1
g+ = w2 S0

App—Ar(0+ p)
(TL)\] + M)2

Arp(0+p) — Arp

(a— 'Y))é (nAp + )2

> B

Hence, % < 0 for any n. That is, the profit 7*(n) decreases in the coalition size n when n >

L 0L )01 Recall from Part (a) that 7*(n) increases in n when n < 220 "6 symmarize,
’UL>\F7UH)\I v AF ’UH)\I
(v —vp)(5+p)

and then decreases in this case.
’UL)\F ’UHAI

in an ID market, 7*(n) first increases when n <

Note that in this case, WL ~ 7 56 it can be rewritten as *(n) first increases when n <

VLA —VHAT
(v —vp)(6+p)
max{n

, } =n and then decreases.
UL)\F 'UH)\I

In short, if = W/\)Fk(g JI:M)AIA((,;:]IL <1, the profit 7*(n) monotonically increases in the coalition size
n. Then, the optimal size n* is as large as possible; otherwise, 7*(n) first increases in n for n <n
and then decreases in n. Therefore, the optimal size n* = [n] or [n], where |-| and [-] are the
floor and ceiling functions, respectively. It follows immediately that m, > 7*(n*) if either n <1 or
1<n<2and 7*(1) >7*(2). This completes the proof. |

After analyzing the optimal sizing decision, we also compare CLPs (with either endogenous or

exogenous coalition size) to no reward programs. The results are summarized in the following

lemma.
LEMMA A2. By comparing a CLP and no reward programs, we have the following results:

! For the detailed expression of the threshold 7 and the range of v in Parts (b-i) and Part (b-ii), please refer to the
proof of Lemma A2.
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(a) There is a threshold 4 such that under the optimal coalition size n*, m*(n*) > max{m, 7}
when v < 4.
(b) For a given coalition size n,
(i) there exists a range of v within [0,7] such that 7*(n) < max{m,m} when n <n' and vice
versa for some threshold n';
(i) moreover, in an ID market, there exists a range of v within [0,%] such that 7*(n) >

max{my,mo} only when n; <n <ny for some thresholds n; and ny, with ny < n,.

Lemma A2(a) shows that if 7 is sufficiently small (which implies a strong negative correlation),
the CLP with the optimal size n* is more profitable than that with no reward programs, i.e.,
7 (n*) > max{m,me}. To understand Lemma A2(b-i), in a VD market, recall that the per-firm
profit increases in n for CLPs. Under certain conditions, there exists a threshold size n’ such that
the per-firm profit in a CLP “crosses” the profit of no reward programs. In an ID market, recall
that the per-firm profit may first increase and then decrease in n, so there are two possibilities.
First, the per-firm profit may stay above that of no reward program once n is above a threshold as
shown by Figures 4(a)—(b). Second, Lemma A2(b-ii) shows that the per-firm profit may only stay
above that of no reward program when n falls within a range as illustrated by Figure 4(c). These

results highlight the importance of choosing an appropriate size for the coalition.

Proof of Lemma A2

Before presenting the proof, we first introduce the following notations:

Ard+p (ot B)uvgAe — a(5+u)vH)q}

_ . 5
%—mm{a—ﬁ;—(l—ﬂ)“ " ’;wLAF+(6+u)vH(AF—A1)

7}/1 :min{a— ,B)\F—f— (1 —5))\[ (UH —’UL)(s)\]—F/,LUL()\F _)\I) /B— ( (%24 —UL)(S)\I—’—M’UL()\F —>\])
)\[ ,u’UH(AF—)\[) )\[ (UH_UL)(S)\F‘{'/“}H()\F_)\I)
SEBAF + (1= B)A1] — ks o )\F((S—I—u)—)\lu}
Ar—Ar ’ Appt— Ar(6+ M)
51 =min{a (17B)UL+/8>\F)\F /\1@ SIL{[B)‘F+(176)>‘I]7Q)‘I o 5)\F(5+,“)_)\1M}
I,1— - " " 9 s &
v+ 7&11‘“) A/\I;‘SJC\‘I)) (vg —wvg) AR — Ar Arp—Ar(6+ )
B BARSRERLI 4 (1= B) (11 +6) (Ar + 1) @Ay (v At — yy 120) - B oy 2ekE
7, = max {a Y 5 ) L&-é _ Ap+ptd
p(AF + p+9) v (Ar )\1)+UL)\I Y=
o :max{a—ﬁA 6%_’_(1 6)(M+6)()\I+M) o — (1_B)UL+B>\F)\F A]éiﬂ}
12 e+ 1550) Tt R 1)

Part (a): First, we expect to show that in a VD market, if v <#,, then 7*(n*) > max{m, m}.
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Recall that 7*(n) increases in n in this market, so it suffices to show lim,, ., 7*(n) > max{m, 72 }.

One can check that

T}Lr{}oﬂ*(n) = (a+ﬁ—’y)/\FvL5+M.

AL

Comparing lim,, ., 7*(n) with 7; yields that if v <a — ﬁ% —(1-0) e “7”, then lim,, ., 7*(n) >

(atB)pvpAp—aldtmvgAr ],
en
popAR+(0+p)vg (Ap—Ar) ?

. Similarly, comparing lim, ., 7*(n) with 7y yields that if v <
lim,, o, 7*(n) > my. Therefore, if v <#,, then 7*(n*) > max{m, s }.

Second, we expect to show that in an ID market, if v <#;, then 7*(n*) > max{m;, 7 }. Note that

AR(S+pu)—Arp

Y <o— Bm is equiv&lent to (a=)Apn—Ar(3+4)

BAF(6+p)—Arp]

in n when n <n and decreases in n otherwise. Recall that

L > 1, under which the profit 7*(n) increases

_Ar [ (a=y)App—Ar(3+p)]
(vg —vp)(d+ 1) ( Ap BAp(5+m)=Ar4] ),u

VAR — Vg Ar ’ A\ (\/(a—v)[/\pu—/\f(éﬂb)] _ 1)

BAF(6+u)—Arp]

Given 7*(n*) > 7*(n = %), in order to show 7*(n*) > max{m,m}, it suffices to show
(vg—vr)(6+p)

n = WH=vL)(0+K)
VLAR—UH AL

) is greater than max{m;,m}. One can check when
’ VLAFR—VHAT

W*(n: )

BAr (@ —7)A
+ .
UH—UL)(5AF+/,L’UH<)\F—)\[) (’UH—’UL)(S)\[—F/J/UL()\F—)\I)

7 (n) = pvLvg (Ar — A1) ( (5)

Comparing the profit in (5) with m; yields that if

. ﬂ)\F =+ (1 — /B))\I (’UH — ’UL)(SAI +,LLUL()\F — )\])
Ar por (Ar — Ar)

)\l (UH — UL)é)\] +,LL7)L()\F — )\I)

+ ;
6 )\I (’UH — UL)6>\F +/“)H()\F — )\[)

TS«

then 7*(n) > m;. Moreover, if

_ B+ (1= BN o
1= Ar— Ar ’

then m; > m,, and thus 7*(n) > m; > my. Therefore, if v <7, then 7*(n*) > max{m, m}.

Part (b-1): First, we expect to show that in a VD market, if v € (lv,%), then there exists a
threshold n! such that 7*(n) < max{m, T} when n <n! and vice versa. Note that 7*(n) increases
in n and we have shown lim,, ., 7*(n) > max{m, m} if v <%, in Part (a). It thus suffices to show

7 (1) <max{m, T} if > . One can check

(a2 }

(1) = a UL()\F+N+5){5 N+

,u‘l'(s )\F—F,UJ

Comparing 7*(1) with m; yields that if

BARGREREL 4 (1 — B)(pu+8) (A + )

Ar(AF+mw)

p(Ap + p+0)

v>a—

)



14

then 7%(1) < ;. Comparing 7*(1) with m, yields that if

arr(vg 7’\§+f:” )—l—ﬁ)\ v, ’\eriZ“
> 5 X 3 ,
“+ (Ar — )\1) +UL>\I ijﬁ:

then 77(1) < my. Therefore, if v € (v ,%,), then 7*(1) < max{m, 7o} <lim, . 7*(n). Given that
7m*(n) increases in n, there must exist a threshold n! such that 7*(n) < max{m;,m} when n <n!
and vice versa.

Second, we expect to show in an ID market, if v € (1v7 71.1), then there exists a threshold n; such

AR (6+p)—Arp
App—Ar(6+p)

> 1, under which the profit 7*(n) increases in the coalition size n when n <n

that 7*(n) < max{m,m2} when n <n/ and vice versa. Note that v < a—f3 is equivalent

(a=y)Ppp=Ar(6+p)]
BAR(6+u)—Aru]

and decreases in n otherwise. Similar to the VD market, it suffices to show 7*(1) < max{m,m} <

to

lim,, ,o, 7*(n). One can check

TR —" }

Ap+p+0 a
v (Ap +p ){ﬁ/\F‘FH M+

Ar(vg —vp) 0 Aept = rl0+ 1)
J+ (@ =7)Ar[vr + (0 +p)(Ar = Ar)

1y= M
()= p+ 6
lim 7" (n) = BAr[vL

n—00 o )\F_)\I 5+N (vH_vL)}'

Comparing 7*(1) with m; yields that if

BARSIERLEY 1 (1 — BY (i +8) (A + )

Ar(AFp+n)
p(Ar + p+9)

> a—

i

then 7%(1) < ;. Comparing 7*(1) with m, yields that if
a)\l(vLiAi:f:“ vy ’““ )+ BArvL Af;ﬁ“

+4 Ap+up+d )
UHLu ()\F_)\I)+UL)\17§I+;L

v >

then 7*(1) < ma.

On the other hand, if
(1= B)vg + BApFE=E 52

)‘Ff)‘l 6"1’#

App—A1(64p)
L+ G nOp oA (VH VL)

y<a—

Y

then lim,, ., 7*(n) > m;. Moreover, if

EBAR+ (1= B)Ar] — A
A — Af ’

v <

then m; > m,, and thus lim, ., 7*(n) > 7 > 7. Combining the above yields that if vy € (lv,’_ym),
then 7*(1) < max{m,m} <lim, .. 7*(n), and thus there exists a threshold n/ such that 7*(n) <
max{m, 72} when n <n/ and vice versa.

Part (b-ii): We expect to show that in an ID market, if v € (y o 2,71) then there exists a range

[n1,ns] such that 7*(n) > max{m, 7} only when n € [n,ny].
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Note that v < a — ﬁ% is equivalent to (O‘gg\)l[w’\(? J’r‘;)ifg::}“ I > 1, under which the profit

7*(n) increases in the coalition size n when n < 7 and decreases in n otherwise. Therefore, it suffices

to show
(1) < max{m,m}, lim 7" (n) < max{m,m}, and 7*(n*) > max{m,m}.
n—oo
One can check

(1) =

A
UL(AF_{_M_I_(S){ﬂ)\FiM+(a_7)>\1‘ij‘ﬂ}’

A(on—v) 8 Appe— (0 + )
I+ (=Ml + oo =)

n
[+ 6
lim 7*(n) = BAp[vy —
JMim 7*(n) = BArlve = = 5+ 1

(vir —vr) (6 + p)
’UL)\F — ’UH)\]

(vg —vr)l,

7 (n*) > " (n=

BAr (a=7)As
= A — A\ .
MULUH( F I) (UH_UL)(S)\F"i_/JfUH()\F_)\I) + (’UH—’UL)5)\I +MUL(>\F_>\I):|

We can show that m; > my if
%[5)\]7‘ + (]. — /B))\I] — a>\[
Ap— A7 '
Comparing 7*(1) with m; yields that 7*(1) <y if
BARORERLE. 4+ (1= B)(p+ ) (Ar + 1)
p(Ap 4 1+ 0) '
Comparing lim,, ., 7*(n) with m; yields that lim,, ., 7*(n) <m if
(1= Byvs + A 3ss 2

App—Ar(6+p) _
UL+ GO (v —vL)

v <

v > a—

v>a—

We can further show that 7*(n = %) > if
VLAF—VHAT

ﬁ)\p + (1 — B))\I (’UH — 'UL)($>\[ +,U/UL()\F — )\]) )\l (’UH — UL)5)\[ +/1/UL()\F — )\1)
)\I ILLUH()\F—)\I) )\I (UH_UL)(S)\F—F/'“)H()\F_)\I).

Combining the above establishes the result. [ |

y<a—

Appendix B: No Customer Discounting

Note that the solution for h(-) is not unique. By fixing h(0) =0, we solve the customer’s dynamic
programming equations (5)—(6) and derive a solution for the optimal average customer surplus g*

and the bias function A(1). We summarize the results as follows. If

n
r>
nA+p

then it is optimal for a (v, A)-customer to make a purchase whenever she visits a firm in the

v—p+

I

coalition, and a solution to the optimality equations (5)—(6) is given by

nA nA nA
n/\—i—u(v p+n)\+,ur)’ (1) n)\—l-ur’ h0)=0

*_
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PROPOSITION 3. Suppose that customers do not discount the future surplus. For any fized coalition

size n, the optimal per-firm profit in the CLP is

" n)\p «
p :UL+n>\F+/lT )
 — min { (vir —vi) (RAF + 1) (RAs +H)? (N"i_n)\F)UL}’
np(Ap — Az) %
Tr*(n):BAFUL+(a—v))\lmin{vH,va}.
n)\[+ﬂ

Moreover, in a VD market, the per-firm profit 7*(n) monotonically increases in the coalition size

> w(vg—vr)

n, while in an ID market, 7*(n) first increases in n and then remains constant for n
’ ’ VLAF—VHAL

Proof of Proposition 3

To derive the per-firm profit in the CLP collected from the four customer segments, we analyze the

’I’L)\I

syl to determine

r,and vy +

relationship between price p, vy + T, Vg + T, v+

n/\ +;1, n/\ -‘r[b A +

the customer’s purchase behavior in each segment. The analysis is very similar to the proof of
Lemma 1. Therefore, to avoid repetition, we omit the analysis of the non-optimal cases (one can
verify that the profits in the non-optimal cases are dominated by those with not offering reward
programs). Below, we just present the details of the optimal case.

Suppose

+ TL)\F < + ’I’L)\[
v Ere— v Ee— A
L n)\p+ = n)\1+,u

r. Reorganizing the supposition gives r < (LH=tL)nAptm)nArtp)

It follows that p* = vy +

n>\ + np(Ap—Ar)
Moreover, p > r yields r < "AFTJ”‘UL. Hence,
— A A A
rgmin{(vH vr)(nAp +p)(n 1+N)7”l F+MUL}. (6)
np(Ar — Ar) I

The profit in this case becomes

TL)\F TL)\[
A — A — .
BApvL + (@ =7) I{UL+(n)\F+,u n)\1+,u)r}

Note that

TL)\F . 7’L>\]
7’L/\F+M n>\[+M

>0,

so, by inequality (6), we have

r* = min

{(UH—UL)(n)\F—i—u)(n)\I—l—u) n)\F+uv }
nu(Ar — A7) A

Plugging r* into the profit function yields

nAp + p L}.

7 (n) = BArvr + (@ —y)Ar min {UH, —



17

In a VD market (3£ > i—f), one can check that
7 (n) = BApv a—Y) A\ —vr.
(n) = BArvr +( ’Y)In)\I+ML
Taking the derivative of 7*(n) with respect to n yields
dm* w(Ap — Ar)
—=(a—Y)A\vp "=
dn ( 7) ! L(nz\l—i-,u)Q
Therefore, the profit increases in the coalition size n.
In an ID market (2 < 3£),
vL I
nAp+ . (v —vp)
o P B (o= AR v, i n < SREIRT (7)
BArvL + (a0 — ) A\jvg, otherwise.
Clearly, the profit first increases in the coalition size n and then remains a constant for n >
wvg —vr) ;
P yar This completes the proof. [ |

Appendix C: Proof of Proposition 4
A generic customer visits firms 1 and 2 with shopping intensities ni A and nyA, where n, # ny are
positive integers, respectively. Since firms 1 and 2 are independent, the total shopping intensity for

the two firms in the coalition is thus ni A 4+ nsA. Hence, the optimality equations can be written as

A+ noA v
1) = — 1 1
u(l) 5+n1)\+n2)\+umax{v pAr+u(l)ul )}+5+n1A+n2A+u“(O)’ ®
A+ noA 7]
= — 1 .
w(0) 5+n1)\+n2)\+umaX{U ptul )’“(0)}+5+m+nzx+u“(0) ©)

Following the same procedure as that for the base model, we can obtain the explicit solution to

the above optimality equations. We then have that if

(tm)d o (10)

—-p+
vop (5+(n1+n2))\+ur_

then it is optimal for a customer to make a purchase whenever she visits a firm in the coalition,

and a solution to the optimality equations (8)—(9) is given by

u(l) =

(n1+n2))\{v_ n d+ (ng+n9)A }’ (0):(n1+n2))\

- (n1+n2))\ }
) d+ (ny+ng) A+ p ) '

{v—p+ 5+(n1+n2))\+ur
Based on the customer’s purchase behavior, we derive the optimal price, reward amount, and

coalition’s total profit as follows. Let 7{* and 75" denote the respective optimal profits of firm 1 and

firm 2. Given any exogenous expiration rate u, offering a CLP makes the two asymmetric firms

better off only if

(o= )s (he = M (54 1) ) (1 + 1o)X+ 1) > BARS(( + 1) + ),
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under which the optimal price, reward amount, and the coalition’s profit are

(n1+n2))\p "

= 11
b UL+5+(TL1+H2)>\F+Mr 7 (1
r*:min{(vH_vL)(é—i_(nl +12)Ap + p)(6 4 (ny +1n2)Ap + 1) (5+M+(n1+n2))\p)v }

((n1+n2)Ap — (n1+n12)A1)(6 + 1) ’ O+ p L

(12)

+n2)Ap (n1+n2)Ap
N N _ )\ (nl * *
ity = B0+ ) F<UL+5+(n1 S P (T Y )

(N1 +n2)Ap (n1 +n2)A;
_ A - ")
+(a=7)(n+n2) I(UL+5+(TL1+R2))\F+MT (n1+n2))‘l+ﬂr )

Otherwise, a CLP should not be offered.
According to Lemma 1, for a CLP consisting of n; 4+ ny symmetric firms, the price and reward

are the same as those stated in (11) and (12), and the per-firm profit is

(n1 +n2))\F (nl +n2))\F
(i n2) =5 F<UL 5+ (ny +n9)Ap +,U«r (ny 4+ n2)Ap +MT )

(n1 4+ n2)Ap (ny +n9)As
— A\ - )
+la=v) I(UL+(5+(TL1+TL2))‘F+MT (nﬁnz)&ﬂf)

A A
Clearly, 7*(n, +n,) = ©5"2 This completes the proof. [ ]

ni+no
Appendix D: No New Reward upon Redemption

Following a similar process as in the base model, we first derive the customer’s optimal purchas-
ing decision and then analyze the coalition’s pricing and reward decisions, by assuming that the

coalition size n is given.

LEmMA D1. If

nA

— ——7r>0 13
p+(5+2n)\+ur_ ’ (13)

v

then it is optimal for a (v,\)-customer to make a purchase whenever she wvisits a firm in the

coalition, and the solution to the optimality equations (8)—(9) is given by

u(O)—n—)\ v— —i—Lr u(l)—n—)\ v— —i—MT
= P S o) B LA Sy WL

Proof of Lemma D1

We first show if v —p+wu(1) > u(0), then v —p+r+u(0) > u(1). Suppose for a contradiction that
v—p+7r+u(0) <wu(l). Then,
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from which we obtain v < p. It follows immediately that

A 1)
v=ptu(l) —u(0) =v—p+ 2 (—v+p) = L w—p) <0,

contradicting our supposition. Hence, it must be the case that v — p 4+ r + u(0) > u(1). Suppose
v—p+u(l) >u(0). Then, equations (8) and (9) reduce to

u(1) = "Xo—p+r +u(0)] + Lu(0), and u(0) = "o —p+ u(1)] + Lu(0)

Solving the above set of equations yields that

n d+nA nA nA
N="2(ppy 202 du(0)="2
ul) =3 (“ p+5+2m+ur>’ and u(0) = ( s 2 >
Plugging u(1) and u(0) back to the supposition v —p+ (1) > u(0) yields that
v— +n7>\r>0
b S+2nA+pu —

under which the customer makes a purchase whenever she visits a firm in the coalition. This

completes the proof. [ |

By solving the balance equations qoM = qlw and gy + ¢ = 1, we find that ¢y = 2"’\;;’; and

Q=35 A ot Accordingly, when condition (13) is satisfied, the customer contributes a profit to the

coalition at rate

m\(qop—i—ql(p—r)) :n)\(p—QnZi\Lur). (14)

To derive the per-firm profit in the CLP collected from the four customer segments, we ana-

nAp nAr nAp
lyze the relationship between price p, vy + 75+2n/\p+#r vy + 76+2n>\1+#7“ UL+ St and vy +
A . . .
H;;ﬁr to determine the customer’s purchase behavior in each segment. Lemma D2 summarizes

the optimal price, reward amount, and per-firm profit.

LEMMA D2. A CLP with size n improves the per-firm profit relative to no reward program only if

(a—7)As ()\Fu (6 u)) (2np + 1) > BAZS(2nA; + p). (15)

When condition(15) is satisfied, the optimal price, reward amount, and per-firm profit in the CLP

are as follows:

(a) When (6+nAr+p) (5+2nAp+p) <

(e ) G aanar i) ”H , the optimal price, reward amount, and per-firm profit in the

CLP are

=T7Tr :—’l};
b 0+ nAr+ i v

n[)\F,u—)\](5+u)] vr,
2nAr + p (5+TLAF+M

TL)\F(S VL

7y = BApvr + (. —y)A\jvp — BAp + (a—7)A;



20

(b) When Egiﬁiﬁ’ﬁfffﬂxiﬁi > Z—f, then the optimal price, reward amount, and per-firm profit

are
«  AFR(0+2nA1r + p)vg — Ar(0+2nAp + p)ur
(Ar—=A1)(0+p) 7
«  (vg —vp)(6+2nAp + 1) (6 +2nA1 + 1)
n(Arp —Ar)(d+ ) ’
042nA\r+p Apd(vg —ovr)
2nAp+p (64 1)(Ar— A1)

[)\Fp, — )\[((54‘#)](0}[ —vr) 0+ 2nAr+pu
(6 +p)(Ap — A1) 2nAr+p

Ty = BArvL + (@ —y)Arvp — BAp

+ (Oé —’y))\]

The proof of Lemma D2 is very similar to that of Lemma 1. To avoid repetition, we omit the
analysis of the non-optimal cases (one can verify that the profits in the non-optimal cases are
dominated by those with not offering reward programs). Below, we just present the details of the

optimal case. Suppose
T 7'L>\F < 4 TL)\[
v+ ————r<vg+—-7——r.
r O0+2nAp+p — m O+2nA;+p

(g —vp)(6+2nAp+p) (6+2nA 1 +41)
n(Ap—Ar)(6+p) )

It follows that p* = v, + Mz"n’\ﬁr. Reorganizing condition (13) gives r <
O+2nip+p

et VL So,

Moreover, p > r yields r <

. ((vg—vp)(0+2nAp +p)(0+2n A+ 1) 0+2nAp+p }
< . 16
r_mln{ n(Ar — Ar) (6 + ) ’ 6+n)\p+,uUL (16)
The profit in this case becomes
nA\p nA\p nAp nAr
A — —v)A — . 17
A s v wernriat oy wrnrd Ll Il L] Rl S oy wesraon 2n/\1+,u)r} (17)
Note that if and only if
A A A A
Bre (55 s ECERICo s SLo)>0, (1)

S+2nAp+pu 2nAp+p S+2nhp+pu 20X+ p

r* # 0. Therefore, if condition (18) holds, by inequality (16),

. , {(vH—vL)((5+2n)\F—i—,u)(5+2n)\I+u) 5+ 2nAp + p }
r* = min ) UL (-
n(Ar —Ar)(0 +p) d+nAp+p
Reorganizing inequality (18) yields condition (15). Comparing the two terms within r* and plugging
the smaller one into p* and (17) lead to the two cases in Lemma D2.
We next compare CLPs with no reward programs in terms of per-firm profit and customer

surplus. Lemma D3 shows that the comparison result between CLPs and no reward programs in

the base model still holds when no reward is earned upon redemption.

LEMMA D3. By comparing a CLP and no reward programs, we have the following:



21

(a) When customers’ product valuation and shopping intensity are positively correlated, i.e.,
v > af, a CLP, regardless of its size, always yields a lower profit for the firm than no reward
programs; that is, 7 (n) < max{m,m} for any coalition size n.

(b) The aggregate customer surplus increases when firms switch from a partial market coverage
strategy with price vy to forming a CLP, while the aggregate customer surplus decreases when firms

switch from a full market coverage strategy with price vy, to forming a CLP.

Proof of Lemma D3

Part (a): The profit 7*(n) in (17) consists of the profit collected from frequent customers and HI

customers. Note that —2E — < " g5 the effective price paid by HF and LF customers is

0+2nAp+p 2nip+p’
. nAgp * 2nip * . . .
smaller than vy (i.e., vy + Tt T et < vr). In contrast, the effective price paid by HI
. A A
customers can be greater than vy but smaller than vy (i.e., vy + ~oE—7r* — s~ L—r* < vy +

O+2nAp+p 2nAr+p
n)\I r* _ TL)\]
O+2nAr+p 2nAr+p

r* < wvg). This leads to an upper bound on the per-firm profit, 7*(n) < SA\pvr +
(o —)Ajvg, which is the same as that in the base model. Similar to the proof of Proposition 1(a),
one can show that 7*(n) < max{m, 7o} when v > af.

Part (b): Table 2 presents customer welfare in each segment under CLPs, and compares them

with that under the full market coverage strategy with price vy,.

(O+nAr+p)(0+2nAp+p) v (O+nAr+p)(0+2nAp+p) v
CLP ((5+n>\;+ﬂ)(5+2n;;+u) < ﬁ) vs. | Full Market Coverage | vs. | CLP ((6+n/\;+u)(6+2n/\i+u) > ﬁ)
(PAp+p)(6+2nAp+p) S+2nAr+p Apd
HE | v — Gt imar ) VL > UH — UL < | (vm —wr) P T apia (5+u><§F—AI>J

_ (nAp+p)(6+2nAp+p) o S+2nAr+p Apd
LF UL = Gaxptu)Gtnap i) UL > 0 < (v = Vi) s G Gr =)
_ (mAr+p)(6+2nAp+p) _ _ _042nAr+p App—Ar(d+p)
HI VH = @nx+u) (6+nrptn) UL < VU = VL > (UH vr) |1 2nAr+p (6+p)(Ap—2Ar)

Table 2 Customer Welfare Comparison in Each Customer Segment Between CLP and Full Market Coverage

when No New Reward upon Redemption

When the firm adopts the partial market coverage strategy with price vy, the aggregate customer
surplus is 0. Note that customer surplus of each purchased segment in CLPs is nonnegative, because
otherwise, customers will not make a purchase. Indeed, Table 2 shows that the aggregate customer
surplus in CLPs is strictly positive. Therefore, CLPs lead to a higher aggregate customer surplus
than the partial market coverage strategy with price vg. Below, we focus on the comparison between

CLPs and full market coverage strategy with price vy. We have the following two cases.

(OnA b (O 2ndptin) 22 By Table 2, the aggregate customer surplus associated

Case 1: Suppose o) G rana o) £,
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with CLPs in this case minus that associated with the full market coverage strategy with price vy,

equals
R e e ) Y8 (OOt e e vt 8
oA A )
B v v RCRRIAY O o vesr e vaer 1)
o ::i +p {ﬁ)‘F 2ni§i— no (@ =2 )\FMQn)\)\IIJ(f: g }
<0,

where the last inequality holds because of condition (15).

(0+nAr+p)(0+2nAp+p) > vH

Case 2: Suppose (z 32 Gram g+ = op -

Similarly, we have

§+2nA; + Ard
’y)\F{(UH_vL)[1+ 2Ar + 11 (5+M)()\F—)\I)}_(UH—'UL)}
5+ 20 + Ard
+(6—’7>AF{(”H_”L) 2MAp + 11 (5+M)(AF_AI)}

5+2n)\1+u/\pp,—)\1(6+u)]_( _v)}
2n/\1+,u (5+M)()\F—)\]) a L
S+2nA;+p A0 } (- )\ {<v . )5+2n)\1+,u Arpt— (64 p)
- - I H — UL
2nAr+p (04 1) (Ar — A1) 2nAr+p (6+p)(Ar— A1)

+ (a—'y))\l{(vH —vp) [1 —

:5)\F{(UH - UL)

——

:(U —1}) (5+2’ﬂ)\]+u { )\F(S —(Oé—"y))\ AFM_)\I((s"i‘/J)}
BT S+ 1) (A = A0 U 20 p + 4 oA+
<0,
where the last inequality holds because of condition (15). This completes the proof. [ |

PROPOSITION 5. Suppose that customers do not earn a new reward upon redeeming an existing

one. The following results hold:

(a) When SHmAtmE2nAp i)

Gt p ) Grzm ) < Z—i’, the profit 7 (n) does not monotonically increase in the coali-

tion size n. In particular, the profit decreases in n when n is sufficiently large.

(0+nAr+p)(0+2nAp+p) VH
(b) When (GrsmimGranm = v

a—y)Arpp—Ar(6+p)]
BAF(8+u) = 1]

p (a=Y)[App=Ar(0+p)]
f BAF(6+p)—Arp] =

Similar to the base model, there exist conditions under which a PLP yields a higher per-firm profit

the profit 7 (n) monotonically increases in the coalition

size n if ( < 1. The profit 7 (n) monotonically decreases in the coalition size n

(’}\—‘;)2 Otherwise, the profit @ (n) first increases and then decreases in n.

than an optimally sized CLP.
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Proof of Proposition 5

Part (a): Taking the derivative of 7 with respect to n yields

dr’ n !
a _ _ A2 )
dn A UL((Qn)\F+,u)(5—|—n)\F+,u)>

+ (a_ry))\l[)\pu—>\1(5+M)]UL((2TL)\I+M)(Z+n>\p—l—#))/

ICH N (2nAp + ) (6 + nAp + ) = n2Ap (0 +1Ap + 1) + Ar(2nAr + p)]
(2nAp + p)2(6 + nAp + p)?
+ (@ =Y)A[Arp— Ar(6+ p)lvg
(2nA; + p) (0 +nXp + ) — n2A1(0 +nXp + 1) + Ap(2nA; + p)]
(2nAr + )2 (0 +nAp + p)?

(0 +n g+ p) —nAr(2nAp + p1)

(2nAp + 1)2(8 + nAp + p)?
(0 +nAp+p) —nAp(2nA; + p)

(2nAr + )2 (0 + nAp + p)?

X

= —BALéu;

+ (= VAr[Arp = Ar(6 + p)or

(0 +nAr + p)?

" ((04 = NAArp = A0+ @) [0 + 1A + p) —nAe(2nAr + )] (2nAr + p1)?
(2nAp 4+ p)?2(2nA; + p)?

_ BARO[(6 + 1A + 1) — nAR(2nAR + )] (21N + M)Q)
(2nAp 4+ p)2(2nA; + p)?

>U—L
(5+n/\p+u)2

" ((a — NA[Arp = A1(0 + p)][(6 + nAr + p) — nAR(2nAp + 1) (2nAF + 1)
(2nAp + 1) (2nAr + p)?

~ BARO[M(S +ndp + 1) = nAr(20Ar + )] (2001 + mj::;m)
(2nAp + p)(2nA; + p)?

> U—L
(6 +nAp+ p)?
o (=DM Arp = A (0 + )] (20Ar + 1) = BAES (201 + 1)

>0,

where the first inequality holds because 2nA; + pu < 2nAp 4 i, the second inequality holds because

222;‘;1’; <1 and p(d + nAp + 1) — nAp(2nAp + @) > 0, and the last inequality holds because of

condition (15) and pu(6 +nAp + 1) —nAp(2nAp + p) >0 when n < ¥ 2:;6;”). This establishes that

. : : /20 - S
when n is relatively small (i.e., n < ;A(Fﬂ)), the profit 7} is increasing in size n.

On the other hand, by (19), we have

dm VL x ((a —VAArp = A (04 )] [1(6 + nAr + p) — nAp(2nA1 + )] (2RAF + p)?

dn (0 +nAp+ p)? (2nAF + 1) (2nA; + p)?
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_ BARS (0 4+ 1A + p) = nAR(2nAr + )] (20Ar + M)2>

(2nAp 4+ p)?2(2nA; + p)?
— UL « ((Q—WI[AFM—Az(5+u)][u(5+nAF+u) —nAp(2nA; 4 )]
(0 +nAp + p)? (2nA; + p)?
_ BARS (0 +nAp +p) —nAp(2nAr + u)])
(2nAp +p)?
(% )\p 2 1
— m X ((a — YA App— )\1(5+u)}(—2—/\1) — 5)\F5(—§)) [as 7 — oo

T 200+ nAp + )2 X (‘ (=) Ar[App— A1(0 + p)] +ﬂ)\%5>

<0,
where the last inequality holds because as n — oo, condition (15) becomes

(o =) (At = M (64 12) ) (20 A + ) > BALS (20 + 1)

2nAp + p

2
SO

(=1 (Aru = A0+ )
(@ =\ (e = M0+ ) 32 > B2
(a=7)Ar ()\F,u —Ar(0+ M)) > BA%0

This implies that when n is sufficiently large, the profit 7} decreases in n.

Part (b): Taking the derivative of 7; with respect to n yields

dry Vg — UL o 0+ 2nA + 1y, 0+2n\r+ p.,
M _ _ AZS[ZTERATT Y~ ) A g — Ar (6 OTANAITH
P v i an (AT s et (e GO AR VI o s §
Vg — U o A —Ap(d+p) —A10
=— 2650 —2(a—Y) A A — A0+ p)]——
2(vg —vr)d 2 AR(0+p) = A 2 Arp— Ar(6+ p)
- A ~(a— )\
()\F—)\])(é—i-,u) {B F (2n/\F+u)2 (a 7) I (QTL)\] +M)2 }
Let
A [a—)Dpu—Ag (0tm)]
A (1_ﬁ ARG+l )“ _1.
- () DA (0+)] 2
2A1< Blas (5 Aral _1>
(i) Suppose (o‘g&)&gj_‘;)’\_fi‘;:]"” < 1. Then,
(=) Arp = Ar(6+p)] < BAr(6+ 1) — Arpl.
Note that

2nAr+p)?  2nAp+p)? (2nA + 1) (2nAFp + p)?
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S0,

App— Ar(6+ )
(2nA; + p)?

o AR(04+p) — Arp
(2nAp +p)?

(a—7)A7 <BAE

drny
Hence, —% >0 for any n.

(=) pp=Ar(6+p)] Ap)2
FINp (6 =Ar4] <(A,)

One can check that ﬂb =0if n=mn; dﬂb >0if n<n; and b <0 if n > . Therefore, the profit 7}

(ii) Suppose 1 < then the definition of 7 implies that 7 is positive.

first increases in the coalition size n when n <7 and then decreases in n.

(iii) Suppose -VRrn=Ar0tw] > (%)2 Then,

BAF(0+m)=Arp]

(@ =) st = Ar(8+ )] > BN AR (8 + 1) — Al

Note that ! 7z >

(2nAr+p 2> SO

1
@2nAp+p

Arp— Ar(6+p)

A3+ ) = Arp
(2nA; + p)? ‘

> A2
PAF (2nAp +p)?

(@ —=7)A7

Hence, % < 0 for any n. That is, the profit 7} decreases in the coalition size n.

(a=V)Ppp—=A1(5+up)]
BAF(6+u)—Arp]
(a=y)App—Ar(6+p)]
size n; if BIAF(5-+u)—Arp]

Otherwise, m; first increases in n for n <n and then decreases in n, implying that the optimal size

To summarize, if

<1, the profit 7/ monotonically increases in the coalition

> (i—F)?, the profit m; monotonically decreases in the coalition size n.
I

*

n* = |n| or [n]. Thus, a PLP yields a higher per-firm profit than an optimally sized CLP when
either of the following conditions holds:

: (a=y)[App—=A1(6+p)] AF N2
(1) 1< 55 oo <(GE ) and 1 < 1;

(i) 1< O‘m})&gfu)’\fgj]")] < (%)2, 1<n<2,and 7*(1) > 7*(2);

s (@=y)App—Ar(6+p)] AR )2
(iii) BIAF(0+1)—Aru] >(>‘ )"

This completes the proof. [ |

Appendix E: A Discrete-Time Approximation

In the base model, the reward expiration term is assumed to be exponentially distributed for
analytical tractability. In practice, reward expiration terms are usually deterministic. This section
considers such a case and constructs a discrete-time model in which the expiration term is a
constant. Consider a market with n “small” and independent firms, where the customer composition
in the market remains the same as that in the base model. In each period, a customer visits firm j
(7 €4{1,2,...,n}) with probability A. We assume that A is sufficiently small, i.e., A < 1. Even though
there is a positive probability that a customer visits more than one firm in a period, the probability
is quite small and will be ignored in our analysis. Such an arrival process can be the binomial

approximation to the Poisson process, which is quite common in the literature (Lautenbacher



26

and Stidham Jr 1999). Specifically, let X denote the number of firms that the customer visits in
a period. Then, X follows a Binomial distribution with parameters (n,\). We assume that \ is
sufficiently small (A < 1) such that the probability that X > 2 is negligible. According to Poisson
limit theorem in probability theory, the binomial distribution can be approximated by a Poisson
distribution with parameter nA. Then, the probability that a customer doesn’t visit any firm in

0
the coalition is P(X =0) = e‘”’\% = e~ ™. Performing a Taylor expansion at X =0 gives

(cnN? ()

P(X=0)=1+(-n))+ "

+o((—nA\)") = 1—nA.

That is, the probability that the customer visits at least one firm in the coalition can be approx-
imated by nA, and the probability of not visiting any firm can be approximated by 1 — nA. We
note here that such an approximation is common in the revenue management literature (see, e.g.,
Adelman 2007).

Suppose that these n firms form a CLP, where each purchase earns the customer a reward r that
will expire in K periods and can be used at any of the n firms before its expiration. Customers’
future surplus is discounted by a constant per-period factor of § € (0,1). Consider a generic customer
with product valuation v and shopping probability nA. The customer’s purchase decision problem
can be formulated as an infinite-horizon discounted-reward dynamic program, and her objective
is to maximize the total discounted surplus. Let ¢ € {0,1,..., K} denote the state, where i > 1
denotes that a customer’s reward will expire in ¢ periods, and ¢ = 0 denotes that the customer does
not have a valid reward on hand when she visits a firm in the coalition. Let u(-) denote the value
function.

Then, the optimality equations can be written as

ui) = { nAmax{v —p+r+du(K),ou(i—1)} + (1 —nA)ou(i—1), ifi=1,2,..K, (20)
nAmax{v —p+ ou(K),éu(0)} + (1 —nA)du(0), ifi=0.

Following a similar process as in the base model, we first derive the customer’s optimal purchas-
ing decision and then analyze the coalition’s pricing and reward decisions, by assuming that the
coalition size n is given. Next, we solve a generic customer’s decision problem. We first introduce

several preliminary results.
LEMMA E1. The value function u(z) is increasing in x.
Proof of Lemma E1

We show this result by induction. Note that

u(0) =nAmax{v — p+ ou(K),ou(0)} + (1 — nA)du(0),
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u(1) =nAmax{v —p+r+ou(K),ou(0)} + (1 —nX)du(0).
Clearly, u(1) > u(0). Suppose u(i — 1) > u(i —2). We now show (i) > u(i —1). One can show that

u(i) =nAmax{v —p+r+du(K),du(i —1)} + (1 —nA)du(i — 1),

u(i—1) =n max{v —p+r+ou(K),du(i —2)} + (1 — nA\)ou(i — 2).
Then,

u(i) —u(i—1) = n)\{ max{v —p+7r+ou(K),ou(i—1)} —max{v —p+r+ou(K),du(i — 2)}}
+ (1 =nA)du(i—1) —u(i —2)]

>0

)

where the last inequality holds because u(i — 1) > u(i — 2). This completes the proof. ]

LEMMA E2. Suppose v —p+ 0[u(K) —u(0)] >0, then for each i€ {1,2,..., K},
v—p+7r+ou(K)>du(i—1).

Proof of Lemma E2

Suppose for a contradiction that v —p+r+ du(K) < du(i — 1) for some i. Then,

u(i) =nAmax{v —p+r+ou(K),ou(i — 1)} + (1 —nA)ou(i — 1)
=nAou(i — 1)+ (1 —nX)du(i—1)

=6u(i—1) <u(i—1),

which contradicts Lemma E1. This completes the proof. [ |

Now, we are ready to introduce a generic customer’s optimal purchasing behavior for a given

CLP.

LEmMA E3. Let G(i,\) :6n)\%, where i =1,2,..., K. If v—p+ G(K,\)r >0, then it is

optimal for a (v, \)-customer to make a purchase whenever she visits a firm in the coalition, and

a solution to the optimality equations (20) is given by

u(i) = 1”_A6{v P GE N+

w(0) = 1’L_A5{v P+ GE N}

G(i,\)
5

T,
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Proof of Lemma E3
Suppose v —p+ 6[u(K) —u(0)] > 0, then according to Lemma E2, v —p+r+ du(K) > du(i — 1) for
each i € {1,2,..., K}. Hence, equation (20) reduces to

u(i) =nAv—p+r+ou(K)]+ (1 —nN\)ou(i—1), ifi=1,2,...,K,

w(0) =nA[v —p+ du(K)] + (1 — nX)du(0). (21)
Thus,

u(@) =nAv—p+r+du(K)]+ (1 —n\)du(i —1)
= nAfu —p 47+ 6u(K)] + (1 —nA)é{n)\[U—p+r+5u(K)] el —n)\)éu(i—2)}
=1+ (1—=n\)dnA[v—p+r+du(K)] +[(1 —n\)d*u(i —2)

= {1+ (1 =nN)6+-+ 1=\ A — p+ 7+ 6u(K)] + [(1 — nA)d)u(0)
1 [(1—nA))

T (s "M~ oI+ (1 =02 u(0). (22)
Therefore,
uw(K)= 1 1—_[((11—_72\;;5(];( nAv—p+r+du(K)]+[(1— n)\)(S]Ku(O)_ (23)

Solving the set of equations (23) and (21) yields

. nA G(K,\) . nA
u(K)—l_(s{v—p—i-G(K,)\)r}—i— 5 " andu(())—1_5{v—p+G(K,)\)r}.
Plugging u(K) and u(0) into (22) yields
N A G(i,N)
u(i) = 75 {v—p+ GUE N p+ T2

Plugging u(K') and u(0) back to our supposition v — p+ §[u(K) —u(0)] > 0 leads to the condition
v—p+G(K,\)r>0.

This completes the proof. [ |

Let ¢o and ¢; denote the stationary probabilities of states 0 and ¢. We can obtain that ¢, =
(1 —n\)¥ and ¢; = nA(1 — nA\)X =% Therefore, if p < v+ G(K,\)r, a generic customer’s profit
contribution is nA (q0p+ (1—qo)(p— r)) =nA (p —-1-01- n)\)K}r).

The following lemma summarizes the equilibrium outcomes.
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LEMMA E4. For any given exogenous expiration term K, a CLP with size n improves the per-firm

profit, compared to no reward programs, only if
(a— A |1 = nA)E — 1+ G(K, AF)} > BAp [1 C (1 —nAe)K — QKA. (24)

When condition(24) is satisfied, the optimal price, reward amount, and per-firm profit in the CLP

are as follows:
(a) If vgG(K, p) — v G(K, ;) <vyg —vg, then

* * UL

D=l T TG )
(b) Otherwise, we have

* G(K, )\F)UH — G(K, /\])UL
G(K,\p)—G(K, ;)
Vg — UL,

G(K,\p)—G(K, A1)’

*

r =

[1—(1—n\p)X]—G(K,\r)
G(K, r) —G(K, )

G(K, p) —[1 = (1 —nA)¥]
G(K, \r)— G(K,\)) (vg —vg). (25)

7" = BApvr + (@ —Y)Arvr — BAr (v —vr)

+ (= 7)As

Lemma E4 shows that the general structure of the optimal policy in the discrete-time approx-
imation is very similar to the one in the base model (see Lemma 1 and Proposition 2). This is
very encouraging, as it indicates that our base model not only allows a tractable analysis but also

preserves the essence of the problem in a continuous-time framework.
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Figure E.1  The Optimal Per-firm Profit of the Coalition vs. Size n under the Discrete-time Model; The
Parameters (a, 8,7, vu,vL, Ar, A1,0) = (0.6,0.2,0.06,1,0.45,0.04,0.01,0.98).
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Unfortunately, we cannot derive any analytical results regarding the relationship between the
per-firm profit 7* stated in (25) (whose expression becomes very complicated) and the coalition
size n. We thus have to rely on numerical experiments to examine their relationship. When the
expiration term is short, Figure 1(a) shows that the per-firm profit keeps increasing as the coalition
size n increases, due to the strong positive effect of reducing the breakage rate and alleviating
customer discounting. By contrast, when the expiration term is long, Figure 1(b) shows that the
per-firm profit starts to decrease when the coalition expands beyond a certain threshold size. These
observations are consistent with those observed in Figure 4 under the base model. Again, Figure E.1
shows that a CLP may be dominated by no reward programs if an inappropriate size is chosen.
Our numerical results demonstrate that the main findings in the base model still hold under the

discrete-time approximation.

Proof of Lemma E4

To derive the per-firm profit in the CLP collected from the four customer segments, we analyze the
relationship between price p, vy +G(K,A\p)r, vy + G(K, A\[)r, v, + G(K, A\p)r, and v, + G(K, \;)r
to determine the customer’s purchase behavior in each segment. The analysis is very similar to the
proof of Lemma 1. Therefore, to avoid repetition, we omit the analysis of the non-optimal cases
(one can verify that the profits in the non-optimal cases are dominated by those with not offering

reward programs). Below, we just present the details of the optimal case. Suppose

v + G(K,Ap)r <vyg + G(K, A\p)r.

It follows that p* = vy + G(K, Ar)r. Reorganizing the supposition gives r < m More-
over, p > r yields r < #IL”F) So,
. Vg — VL UL
< { , } 26
P IIGIE )~ G ) T GUK A 20

The profit in this case becomes
Be [ow+ (GO Ae) = [1 = (L= nde) ] )] + (@ =)Ao+ (GO AR) = [1= (1= nA) " ])r].
Note that if and only if
BAR (GO Ar) = [1= (1=12p)¥]) + (@ =) (G(KAr) = 1= (1=nA)"]) >0, (27)

r* # 0. Therefore, if condition (27) holds, by inequality (26),

" . Vg — VL (%
rT =min .

G(K, \r) —G(K, A1) 1—-G(K,\r)
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Reorganizing inequality (27) yields condition (24) in Lemma E4.
Part (a): One can show that if vy G(K,\r) —v,G(K, ;) <vyg — vy, holds,

(%9 Vg — VL

T G(K ) = GE ) —GE )

Hence,
. UL
=
1—G(K, \rp)
v v
p*:UL+G(Ka>\F) L — L :T*a

1-G(K,\p) 1-G(K,\p)

= e o+ (GUR )~ (L= (1)) e
+ (a—)A; |:UL + (G(K> Ap)—[1—(1- ”)‘I)K]) %]

1—nX)¥
UL+(OZ—’)/))\11( n 1)

(1 — TL)\F)K
—G(K,\r)

1-G(K, \r)

vr,.

= B)\F

Part (b): One can show that if vgG(K,\r) — v G(K,\;) >vg — v holds,

Uy — VL v

GE ) =GN S 1-G(K, )

Hence,
. Vg — VL
" T GE ) —GE N
_ Vg — Ur, o G(K,)\F)’UH—G(K,A[)’UL
P =t G AR G S TG R — GE A —GEN)
_ M1 Vg — UL
™ =B [”” (G(K’AF) 1-a ”AF)K]) G(K,)\F)—G(K,)\I)}
Vg — Vg,
+ (o= 7)Ao + (G(K,AF)—[1—(1—nAI)K])G(K7AF)_G(KW)}
1—(1—n )X -G(K, )\
= BAF'UL + (Oé — ’7))\]UL — B)\F [ G((K77;F§)— ](;(K7()\I’) F) (’UH — UL)
G(K,\p) —[1— (1 —nAp)¥]
+ (05_7))\[ G(K, )\F) . G(K, /\1) (UH _UL)'
This completes the proof. [ |
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