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Appendix

Proof of Theorem 4.2

Proof: We prove the theorem for an inequality of type (13) Ye—6,rr + Yerr < Zc—g,,. We recall that c
corresponds to a Saturday and ¢ — 6 to the previous Sunday. As in the proof of Theorem 4.1 we consider a
facet inducing inequality ay + 8z < ag containing all the tight solutions for (13). Then we choose, for each
week p, a cell &(p) different from ¢ — 6, and fix the coefficients Bz,) = 0.

First, let 1, ca # ¢ — 6 be two cells and (y!,z!), (y?,2?) two tight solutions for (13) such that
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b yz—G,rr = ygrr = mé—G,r =0 for: € {17 2};
e (y!, ') and (y?,z?%) are equal for all other indices.

Then ay! + fr! = ay? + Br? = ay, so B., = B., and, as ¢; and ¢z can be chosen equal to &(p) for a p € P,
it follows 3., = f., = 0. Moreover, in the previous solutions it is possible that y* = y? = 0, and therefore
ap = Bzt =0.

Second, let ¢’ # ¢, ¢—6; we can select a tight solution with yerpr = 1, .—g,» = 0, and all other y variables
equal to zero, and then have a. = ag = 0.

Finally, consider a solution with y. ¢, = Zc—6,r = 1, then a.¢ + Bc—6 = a9 = 0, i.e., ac—6 = —Bc_sp.
In a similar way we obtain a, = —f._¢ (it is sufficient to consider a solution with yerr = Zc—6, = 1).
Therefore, we have shown that the facet inducing inequality ay + Sz < ap is equivalent to (13). The proof
for inequalities of type (14) is similar. m|

Proof of Theorem 4.3

Proof: As in the proof of Theorem 4.1 we consider an inequality a y + S < agp inducing a facet of P that
contains all tight solutions of inequality (11); moreover, we choose indices &(p) different from ¢ and ¢+ 1, so
the coefficients 3z,) can again be assumed to be zero. Now we determine all the other coefficients.

First, let ¢1,c2 & {c,c+ 1} and consider two solutions for RRSS such that
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i mir = ]-7 xzi:+1,r =0forie {1)2};
e (y!, ') and (y?,z?%) are equal for all other indices.

Since they are both tight for (11), then ay! + fz' = ay? + Bz? = ap, and therefore 3., = B.,. As in
Theorem 4.1, ¢; or ¢, may be chosen equal to one of the indices &(p), so 8., = B¢, = 0.

Moreover, the solutions (y',z') and (y2,z?) can be chosen with y' = 2 = 0, so that Bz' = ag. As all
the coefficients in vector 3 are equal to zero for the cells different from c and ¢+ 1, 2., = 1, and 2,41, =0,
we also have 8. = ay = p. The same applies if (yl, a:l) is chosen such that z., = 0 and z.4;, = 1, deriving
that Bey1 = ap = p.

Second, let ¢’ &€ {¢, c+ 1, ..., ¢+ 5}; we can choose a tight solution with y.,.,. = 1, 2. = 1, and
Zet1,r = 0, and all other y variables equal to zero; thus a. + 8. = ay, i.e., ar = 0.

Third, let ¢/ = ¢+ 1; we can choose a tight solution with yc+1,» = 1 and all other y variables equal to
zero. Then .41, = Zey2, = 1, and thus acq1 + Bey1 = ao, i.e., acy1 = 0 since Bey1 = ap = p.

Fourth, let ¢’ € {c+2, ..., c+5}; we can choose a tight solution with y./,.. = 1; since the other variables
in the considered inequality must be equal to zero and we have determined that the other coefficients are
equal to zero, we obtain a. = ag = pu.

Finally, consider a tight solution with y.,, =1 and z¢p = Zeq1,» = 1, then ay+ Sz = ac+ e+ Setr1 = ao.
As we have seen that 8, = B.41 = ap = u, then a. + 2 = pu, i.e., @, = —pu, and therefore we have shown
that the facet inducing inequality ay + Sz < «ap is proportional to (11). O



The proofs of validity and of facet inducing with respect to RRSS for the inequalities (15) is very similar
to those for inequalities (11). In particular, in the proof of Theorem 4.3, one only has to pay attention to the
coefficient of the y variable preceding the pair of x variables, applying the third step also in a backward sense.
For instance, for the second inequality in (15) the steps of the proof must be “shifted” forward considering
cell ¢+ 1 instead of cell ¢ and so on. In order to find the coefficient «, associated with the variables preceding
the pair of x variables, we can choose a solution with y.,» =1 and all other y variables equal to zero. Then
ZTer = Zeg1,r = 1 and thus aer + fet1,r = o, i.e., ae = 0 since in this case the first step establishes that
Be+1 = Bet2 = ap = p and all other involved coefficients are equal to zero.
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