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Appendix

Lemma A.1 If the manufacturer does not provide options, the optimal quantity of inventory

the retailer orders at time 0 is given by:

% Zf 0<So§ (aH—aL)eH

I = S if (ag —ap)em < So < Ag

0 if Sp > Ap.

Proof

In period 1 the retailer solves the problem:
Ri(q*|1,a) = Mazo<q<1q(a — 6q)

The optimal solution is:

q*_{% if & <I
I if &£>1

Now consider the retailer’s problem in period 0. We have:
Ro(I) = =150 + e, Ri(qp |I) + en Ra(qy 1)

There are two cases that need to be considered.
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For case 1 we have
Ro([ik) = Maxoglg‘;—g{_ISO + eLI(aL — (5[) + €HI(CLH — (5[)}

The optimal solution is

Aqg— .
I = { 2%B§O if (am —ap)em <So < A

% if So < (CLH — CLL)GH
For the second case, we have:

* ar ar
Ro(IQ) == MCLJ/‘«;_QSISGQ_%]{—ISO + GL%(CLL - 5% + GHI(CLH - 51)}
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The optimal solution is

I aH65H—SO if 0< SO < (aH o aL)eH
o if So>(ag—ar)ey
The result then follows.
Proof of Proposition 1

Given the results of Lemma A.1, the manufacturer’s profit as a function of Sy is

Ml(So) if 0<S5y< (CLH — CLL)GH
Mo(So) = MQ(S()) if (aH — aL)eH < S() < AO s

0 if Sp > Ag
where erran — So
M1 (So) = W(SO — Ko)
and R
M3(So) = TBO(SO — Ko)

Therefore, the maximum value of My(Sp) is given by

My = My(Sy) = max{M], M5},

where

Mik = Ml(ST) = MaxOgSog(aHfaL)eHMl(SO) (A1)

and
My = M3(53) = Maz 4y —ay)ey<So<AeM2(S0)- (A2)

The maximizing Sy value for the problem in (A.1) is

ST 2
1= . 7
(aH — aL)eH if K() > K

9

{M if Kg<K

where the value of K is determined by solving the inequality % < (ag — ar)ey in Ky,
ie.,

K =apgey — 2arey = (ag — ar)ey —arey.

In this case the manufacturer’s profits are:

(G,HerI(o)2 . T
Mf _ — R8oemy . if Ko < E
lop—ar)en—Kolar i f¢o > K
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Similarly, the maximizing Sy value for the problem in (A.2) is

2

Sy = .
(ag —ap)egy if Ko< K,

)

{M if Ko>K

Ao+Ko
2

where the value of K is determined by solving the inequality > (ag —ar)ey in Ky, ie.,
K =apgey —2arey —arer, = (ag — ar)en — aren (1 + p),

where p = e /ep.

In this case the manufacturer’s profits are:

(Ag—Ko)? i
MQ* _ %57]300 . if KO Z K
[(aH_aL)Qe5H_ olar if Ko< K

Since K < K, the solution can be summarized as follows

apegtho if Ky <K

Ao +Ko i K
St = 2 it KozK (A.3)
cpeptfo if K < Ko < K and M} > M3

Aol if K < Ko< K and M} < M;

The solution can be simplified. Substituting the values of M{ and M3 for the case where
K < Ky < K, the relationship M; — Mj < 0 can be written as the following quadratic inequality
in Ky
Kg +2(ag —ar)eg Ko — 2CLHCLL6%{ — a%eHeL + a%{e%{ <0.

The two roots of this quadratic function in K are

ki = (ag—ap)eg —areg/1+p
ky = (ag —ap)eg +areg/1+p

and the inequality is valid for k; < Ky < ko. In addition, in this case it must be true that
K < Ky < K. Tt is easy to see from the definitions of K and K that ko > K and K < ky <
K. Summarizing the above relationships, it follows that, in the case where K < Ky < K,
M} — Mz <0 is true if and only if k; < Ko < K. Based on this, equation (A.3) can simplified
as follows.

ameg=Ko if g, <k
Sy = 2 o= A4
0 { At Ky if Ko> ki (A-4)
Using the transformations (11) - (14), we find
ageyg — K() er, AO gA
— Suep — L (2L - T4,
2 2By P



Further, the condition Ky < k; can be reexpressed as an equivalent condition involving the

volatility of the demand curve. In particular, substituting ag = %8 +/poa and ap, = do o4

Bo _ /p
into the expression for k1, we find that Ko < k7 if and only if

VP Ky A
>p=————— (1 — 4+ /1 — .
A= s A, TV,

Therefore equation (15) for the optimal wholesale price is established.
To complete the proof, it remains to determine the retailer’s policy in each of the two cases.

In the case when Ky < k;, we have that S§ = W < (ag — ar)ep, and the results of
the above lemma imply that

ageg — S,  apeg — Ko

I — _
20ey 40ey

Furthermore, it is easy to see that I* < %, therefore, ¢j; = I*. On the other hand,

G ar agerg — 2areg — Ko K — K

B = > 0,
29 4(561{ 4(561{
since Ko < k1 < K. Thus, I* > $& and ¢; = %&.
Finally, in the case when Ky > k1, it follows that
Ay + K
(CLH — aL)eH < SE; = % < Ao,
and the results of the above lemma imply that
I Ao — 5§ _ Ay — Ky
208 40 By
Furthermore,
I*—a—L— A0—2aLBo—K0 o aHeH—2aLeH—aLeL _K—Ko <0
20 46 By o 46 By "~ 46By ’

since Ko > k1 > K. Hence I* < & < 94, and q] = q; = I"*. Equations (17), (18), (19) follow
from the substitutions (11) to (14). This completes the proof.

Proof of Lemma 1
Let

R(q) = Ri(q,0)=q(q—bq)
RP(w) = Ri(I,v)=(I+v)(a—51I+v))— Xuv.

Then, since no options will be exercised when inventory is available, we have:

_ (1) (2)
0<q<r?%)<(v<UR1(q’ v) = max{o??é (), 02v2U R ()}

=>4,V U >
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We also have

dr{Y
= a—21
gD = a2
dR{®
= a—20-X
= (0) a—296

(1)
First, assume d};(ll (I) < 0. This implies that Rgl)(q) is maximized for ¢ = ¢* = 55 < I. Further,

dr{?
dv

(2)
for this case, %(0) < 0. This and the concavity of R%z) (v) imply that (v) < 0 for all

v > 0. Hence Mazo<y<y[R? (v)] = R (0). This implies that:
R (v) < RP(0) = Ry (1,0) = RO(I) < RV (")

which means that ¢ = ¢*,v = 0 is optimal in this case.

(1)
Second, consider the case where I < 5. In this case, C”;L; (I) > 0. Hence:

RV (g) < RMV(1) = R (0) < RP (v*)

where v* is the value maximizing RgQ) (v). Specifically, using the first order conditions for R(12) (v)

we obtain:
\ 0 if I+U>%%
v =
X 1 if X >

Proof of Lemma 2

First, consider the regions

1. I<%andU>aHQEX—I.

arp—X ag—X apg—X
2, X o[ cautX ang U > u=X

3. I> %X and U > 0.

In each of these regions, regardless of which state occurs in the future, the maximum number
of options that can be exercised, U, is never attained. Hence, if Cy > 0, then clearly U can
be reduced and the retailer can obtain savings. Hence the optimal solution for the retailer will

never lie in these regions.

Second, we show that if U > 0 and I < (aLQ_(sX), then (I,U) cannot be optimal.

If X >ar, then a, — X <0 and I > (ar, — X)/20. Now consider X < ar,. Take (I,U) such
that U > 0 and I < %4=%X. Then v}, v} > 0, for all U > 0. Now

Ro([, U) = —S()I—C()U—FGL(I—FUE)(CLL—5([4-1)2)—XGLUE-FGH(I-FU?{)(CLH—(5([4—7)}})—XGHU?{
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Let I' = I+¢ U = U —¢, where 0 < € < Min[v},vy]. Then v} = v —e < U —€e=U'
and vy = vj; —e < U — e = U’ are feasible, but perhaps not optimal, exercise policies. Also,
I'+ v} =I+wv;, and I' + v}y = I 4 vj;. Then:

Ro(I',U") > —=SoI' = CoU'+er,(I+v})(ar—6(I+v]))—Xer (vi —€)+em (I+vi) (ag—5(I+vi))—Xey (vi—e)

Hence, Ryo(I',U") — Ro(I,U) > (Cy — So + X By)e > 0. Therefore, (I,U) is not optimal.

The only region that remains when U > 0 is the region where I > “LQEX and U < % —1I.
This completes the proof.

Proof of Proposition 5

(i) First, consider the case where 0% < 7? and K, L < K < K, g. Then, computing the
difference between the manufacturer’s profit with and without options, leads, upon simplification
to:

M* — My = cH l[arer, —aper, — Ko +eng Ky + KleL]2 >0
8der, By

which shows that, for this case, the manufacturer is better off with options.

(ii) Now consider the case where 0% > 7? and K, L < K < K, g. Then, computing the

difference between the manufacturer’s profit with and without options, leads, upon simplification

to: N(EK
M* — My = ( 1)
Rdeper,
where
N(K1) = agK? + bo K1 + o
and
ayg = G%Bo
bo = —2e%4[Ko+ (ag —ar)er)
co = (eg— eL)Kg + eHe%a% + 2Kpeger(ag — ar)

Recall that the volatility range in (32) is equivalent to the range of costs in (31). Furthermore,

since in the case we examine o4 > 7 and from (16) n > \/ﬁKO it follows that o > \/ﬁg—g and

_ By’
the upper bound in (31) becomes ki (04) = &2

0
In addition,

N (ki) = egea?

and
N,(]_fl) = 26H6L [KO — (aH — CLL)GH] ;
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which, using the substitutions (11)-(14), becomes

15y — o BOVP (VPKo — 0 Bo)
Nk) = 2= (1+p)?

As we have seen above, o > \/ﬁg—g, thus N'(k;) < 0. Therefore, N(K7) is a convex quadratic
function which is positive and decreasing at the upper bound of the range of K. It is thus
positive in the entire range ky(04) < K1 < k1(ca), for any o4 > 1. This completes the proof of
the proposition.

29





