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ProposITION 1. (i) Suppose that i € Zy, j € Z,,, and |Z;| < |Z,,|. Then, TI} > II;".

(if) Suppose that j € Z, leaves the coalition, changing the coalition structure to Z' ={Z,,..., Z\{j},
{j}, ..., Z;}. Then, the profit for members of the coalition Z,\{j} decreases with respect to the profit realized in
the coalition Z,.

(iii) Let Z,=1{2,,...,Z,}and Z,={2,UZ,,Z;, ..., Z,} be the status quo position and the new position
in which two of the coalitions merge, respectively. Then ¥n, a > 0, we have szfuzz > HZl + HZ Further, if
|Z,| 2| Z,| then ¥ > 0, 172 > 117" and 3a* such that ¥V a < o, 117! > T12.

To prove (i) in Proposition 1, we need the following very useful lemma, which states that smaller
coalitions charge lower prices in equilibrium.

LemMa 1. Suppose that i € Zy, j€ Z,,, and |Z,| <|Z,,|. Then, p; <p;.

Proor of LEMMA 1. For each member, i, of a coalition Z, in partition Z,

I} = p,Df =Pi|:A_ (1+Q)Pi+a7pi+ o 2P|
J#Zx
where D7 denotes demand for a member, i, of coalition Z, in partition Z. The first-order condition
for a coalition member can be written as D + p;,[—(1 + @) + @|Z,|/n] =0, hence in optimality

Df =p; [(1+a) —a@}. (EC1)

Suppose that p; > p; and i € Z;, j € Z,, and |Z;] < |Z,|. Then, because it follows from (1) that
Di(p1,---,py) = Di(pr, -, py) = (p; —pi)(1 + @), j faces larger demand than i, D; > D;. On the other
hand, because |Z;| < |Z,| and p; > p;, it follows from (EC1) that D; > D;, which is a contradiction.
Therefore, p; <p;. O

PrOOF OF PROPOSITION 1. (i) We show in Lemma 1 that p} < v; whenieZ,jeZ,, and |Z,| <|Z,|.

Therefore,
Wi(pi, v pi ) <WG(p7 pi o P2y, i) =167, v 2y, i) <IL(P7, p7 o 2, i)

where the first inequality follows from p; <p7, and the second one from the definition of the Nash
equilibrium (NE).

(if) Let us denote by Z the original coalition structure, by Z’ the structure obtained when j € Z;
leaves the coalition, and by s € Z;\{j} an arbitrary coalition player. According to Proposition 1, j’s profit
in Z' is larger than the profit of the remaining coalition members,

Z/ z/
o <117

When all |Z;| members in Z select a price to maximize their profits, the total profit realized by all
players is higher than the one realized when |Z,| — 1 members select their price independently of the
player j in %/,

I = (21 = Y = (12 - DI + 117

i€Zy i€Zy

Now, the above two inequalities together imply n* <TIZ.

ecl
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(iif) Suppose that a member of coalition Z; € Z, charges price p;,, and a member of Z, UZ, € Z,
charges p*. The first-order condition before and after merger can be written as

E2)

1T, 7 a|Z;]
L=D'+p|—L—-(1 =0 EC2
dp; % +P,|: n ( +a):| .
dIL? : Z,UZ
d?;zz _ DZZUZZ +p*[¥ —(1+ a)] =0. (EC3)

Because |Z;| > |Z,|, we must have p, > p,. If we assume p* =p,, then (EC3) is equivalent to

: a 1Z,UZ,|
Dy +(py — P Ll —prex +p1a% >0.
It follows from concavity of Hifuzz that p; < p*, which implies the result. By continuity, we can show
existence of o*. O

Propos1TION 2. Consider a basic coalition structure, Z}, with k > 2.

(i) The prices set by both coalition members and noncoalition members are higher with respect to the case in
which all players act independently (i.e., no alliances are formed).

(i) Prices of both coalition members and noncoalition members increase with the size of the coalition.

(iii) When k > 1, noncoalition members generate larger profits than retailers in a coalition.

(iv) Profits for coalition members increase with the size of the coalition.

PrOOF OF PROPOSITION 2. Each player in the coalition charges the same price, p-, whereas indepen-
dent players charge pi, 1, Pxias - - -, Pn- Then, the demand faced by a player, i, in a coalition C is

ka @
Df(pe Pirs - ) = A= (L+@)pc + —pc+— 3 p;.
" " jec
If we denote D(k) = 4n + 2a(3n —k — 1) + &*(n — k)(2n + k — 2)/n, then, in equilibrium, a coalition

member selects price
2n(a+1) —a

pe=AT (EC4)
whereas each independent retailer charges the same price,
2n(a+1) —ka
AT E
pe Dl (EC5)

hence p¢ > pt.
(i) It follows from (2), (EC4), and (EC5):

. Aak-1[2n+an+k—-1)] 0 . . Ad’k(k—1) 0
— Py = > f—p,=—7 >0.
pC 0 D(k) ’ C pO D(k)
(ii) First note that L
D 2(k—1
—( )=—2a—a2—n+ (k )50'
ok n
Thus, D(k) is decreasing in k, hence p? is increasing. In addition,
% B AZaZ(k -1 +a’(-2+4k-L) 0.

ok D(k)? =

(iif) Suppose player i belongs to the coalition C, and player j does not. Observe that profits for
retailer i and j, IL;(py, ..., p,) and I;(p;, ..., p,), are structurally similar except for p; and p;. Denote

by P—ii = (P1s - Picts Pisas - Pj-1:Pj+1/ -+, Pu)- Then,
Wi, i ) <Lpi, pio vt ) =i pi vl ) <IL(PF, pi o P2y i)

where the first inequality follows from p¢ > p%, and the second one from the definition of the NE.
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(iv) It is easy to evaluate that, for any coalition member i,
% oy = %{4%& —1) +2an(5nk —4n —3k* + k+1) + a*(n — k) (6nk —4n — 3k +2)].  (EC6)
Let us denote
G(k) = 4n*(k — 1) + 2an(5nk — 4n — 3k* + k + 1) + o*(n — k) (6nk — 4n — 3k + 2).
Then,
G'(k) = 4n* +2an(5n — 6k + 1) + a*(6n* — 12nk +n + 6k —2),
and

G"(k) =—6a(2n+2an—a) <0,

hence G(k) is concave in k. Furthermore, G(1) =2an(n—1)+a*(n —1)(2n—1) > 0, and G(n) =4n*(n —
1) + 2an(2n* —3n + 1) > 0, hence G(k) > 0 for any k=1, ..., n. Thus, the right-hand side (RHS) in
(EC6) is nonnegative, and i’s profit increases in k. O

ProPosITION 3. For any n >4 there is an a(n), defined by

2n(n® —4n+1) +2n/(n2 —4n+1)2 +9(n2 — 4n +3)

a(n) = 9(n—1)

such that for a < a(n) a player realizes higher profit by staying independent and not joining the grand coalition,
and for a > a(n) a player realizes higher profit if he belongs to the grand coalition and does not defect.
Furthermore, a(n) is an increasing and convex function of n.

ProoF oF ProrosITION 3. It is easy to evaluate that, for a noncoalition member,

2

% a(n+1)+2n " nla+2)(a+1)—a—
pe =4 i » D=4 ] ’
3a2(1—;)+4n01+4n 3a2(1—;)+4na+4n
whereas for a coalition member,
2m—1)+2 2n(a+1)+aRa+1 By
pzn—l — A a( n ) + n Dgn—l — A ( ) ( ) n

302(1— 1) +4na+4n’ 302(1— 1) +4na+4n
Therefore, the difference between his profits in these coalition structures can be written as

(n—1D[-9(n —1)a? +4n(n* —4n+ 1) a + 4n*(n — 3)]
4(3a? (1 - %) +4na 4 4n)?

Hzﬁ—l _ H?; —A? ]
To determine when this difference is positive, let us first define a quadratic function G(a) = —9(n —
1)a? + 4n(n* — 4n + 1)a + 4n?(n — 3). This is a concave function that satisfies G(0) > 0. Thus, after
determining its zeros, we can conclude that G(a) > 0 for

- 2n(n? —4n+1) +2n,/(n2 —4n+1)2 +9(n2 — 4n + 3)
a =
- 9(n—1)

a(n), (ECY)

or, in other words, H?;*l > H%z when (EC7) holds.
Now, the profit of the retailer who defects from the grand coalition can be expressed as a rational
function of n,

Sfa+n(a+2)][n*(a+1)(a+2) — na —o?]

A [B3a?(n—1) +4n?(a + 1))?

The lone retailer benefits from defection when

dnfa+n(a +2)][n*(a+1)(a +2) — na — o?] — [3a*(n — 1) + 4nP(a + )2 > 0. (EC8)
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We know that (EC8) is satisfied as equality when a =0, and that it holds as strict inequality when
n >4 and « is sufficiently small. Thus, in order to show that a lone retailer does not benefit from a
defection, we need to show that the left-hand side (LHS) of (EC8) is unimodal for a > 0. As the LHS
of (EC8) is a polynomial with degree 4, it can have at most four zeros. Note that, when a — %oo, the
LHS of (EC8) goes to —oo. In addition, when a« — 0~, the LHS of (EC8) is positive. Thus, the LHS of
(EC8) must intersect the x axis for some « € (—o0, 0), and there can only be one intersection with the
x axis on (0, +00).
To show that a(n) is an increasing convex function, note that

2 2n3—9n2+14n—5+ﬁ
o'(n)=2n—-3+ +

(n—1)2 \/n4—6n3+14n2—10n—6—%

4 67’12—18}’14—14—2"—77 (2n3_9n2+14n_5+ n—5 )2

(n=1)* -1y

- (n—1)° " 4 6nd +14n2 — 101 — 6 — 2=3) 213)°
nt—6n 414 —10n =6 — G55 [t — 6+ 142 — 101 — 6 — )

a'(n)=2

The second derivative of a(n) is minimized at n = 2.35, a”(2.35) = 1.627 > 0. Thus, a(n) is convex,
and o/(n) is increasing. Because «/(2) =3 and o'(n) is increasing, o/(n) > 0 for n > 2, hence a(n) is
increasing. [

ProposITION 4. For n large, every % ¢ the LCS is indirectly dominated by either the grand coalition or a
basic coalition structure.

PROOF OF PROPOSITION 4. Recall that Z denotes the set of all possible coalition structures. For any
U C Z, define a relation ~yC Z x Z as follows:

(#F, Y e~y fYeU=2«Y, and ZeU and Y<KZ=>F KL Z.
Let XS Z, X ={grand coalition + set of all basic coalitions}. Define <y € Z x X as
(%, Y)e<x UYeX=2X <Y and ZeX and Y<KZI=>XKLZE.

Define &V =~ N<y € Z x Z. We can conclude that <V is finite and transitive. Given any Y C Z, let
M(Y,<OY) ={st € Y: 3B € Y such that (57, B) € GY). We can show that M is nonempty. Define ¢: 2% — 27
as £(A) = M(A, &*). We then have that there exists W such that £(W) =W, W # &. This is true because
Proposition 1 implies ¢*1(A) C ¢/(A) VA, Vlarge n, and we are guaranteed W's existence because Z is
finite.

Now we can show that if % € Z\W, there is % € W such that (¥, %) e~y and that W c M(Z, SW).
Using Tarski (1955) we can show that if f: 2% — 27 is defined as f(X) ={Z € Z such that V7, S, such
that Z —; 7, 3% € X, where V' =% or V K B, and Z £5 B}. We note that for large n there is an «
such that V C f(V) and thus V € LCS. This concludes the proof. O

PROPOSITION 5. When n =3, the only stable coalition structure is the alliance of all players, Z3.

PROOF OF PrOPOSITION 5. It follows from Proposition 2 that %1 < H:é‘g < H?, and Hzg < Hfg. We
need to find the relationship between the profit an independent player makes in Z; and the profit he
can make in the grand coalition. When a player is independent, while the other two players form a
coalition, his price at optimality and the corresponding demand are given by

phoa btde o opm_ ), OtBatie’
c 12+ 12a + 202’ . 12 +12a + 202
Therefore, s 4 s
53 >3 a4+ s«
o -2 = A2 3 >0,
¢ ¢ (124 120 +20a2)? —

hence the profit in the grand coalition dominates the profit he can make in any other coalition struc-
ture,

3 3 3 %3
m4 < In- < H62 <II2,
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or if we write it in terms of players’ preferences,
I3 <, F3 <, %3 VieN. (EC9)

1. First, we show that the grand coalition belongs to the LCS. Consider a deviation by an arbitrary
coalition S C N, where S can consist of either 1 or 2 players, which leads to a coalition structure Z3.
Any such deviation can be followed by another deviation of all three players, Z3 —~3 Z3 —, , 5 Z3.
Clearly, it follows from (EC9) that Z} <; Z3 for any S C N, while at the same time Z3} £; Z3. In other
words, if Z=%}, ¥V =%, and B =73, then Z} =7 K B=Z}, and Z3 = Z £; B = Z3. Thus, any
possible deviation from the grand coalition is deterred.

2. Now, assume that the current status quo is Z3, and consider a deviation by all three players, in
which they form the grand coalition, Z3 —; , 3 Z3. It follows from (EC9) that %3 <¢ Z3 for any SCN,
hence we cannot find a coalition structure that can be obtained by a deviation from Z3 which strictly
dominates Z3 for any subset of players. That is, if Z= %3}, 7 = Z3, and S ={1,2, 3}, then clearly
Z —¢ U, but we cannot find a coalition structure % such that Z5 = 7 « %. In addition, (EC9) implies
that Z3 <, , 3 Z3, hence if 7 = %, then Z <3 B. Therefore, when Z =%}, % = %}, and S={1, 2, 3},
we cannot find a coalition structure %, where 7 = % or U « %, such that Z 45 %, hence Z? cannot
be stable. Similar analysis can be used to show that Z3 cannot be stable. O

PROPOSITION 6. When n =4, the coalition structure with no alliances, %%, and a coalition structure with
an alliance of two players, Z5, are never stable.

(i) If @ > 1.864, the only stable coalition structure is the alliance of all players, Zj.

(i) If 1.2516 < @ < 1.864, the coalition structure Z3, where an alliance of three players is formed, and the
grand coalition, Z}, are stable.

(iii) If @ <1. 2516 the coalition structure %3 ,, where two alliances of two players are formed, the coalition
structure Z3, and the grand coalition Zj are all stable.

Proor oF ProrosiTioN 6. It follows from Proposition 2 that
4 ord o4 ord ord ord o4
I <2 <02, 02 <@ <27,  and  IF <II

We need to find the relationship between H? and H?, the relationship between H?g and H?, and
the relationship between the profit realized in Zj , and the one realized in other coalition structures.

The optimal prices charged by the players when a coalition of three retailers is formed and demands
that they face are given by

zé_A 8+7a 20 8+5a
Pe = Me+16a+2a’ ¢ T 161160+ 22
ng—A 8+9a+£a2 ng_A8+11a+15 o?
€T 16+16a+ a2’ €T 16+16a+ a2
It is, then, easy to verify that
H?i—H:\fg:Azaz(Sl a? —3a— 12)
c

4(16 +16a + Zaz)

which is positive for a > 1.864. Next, for one 2-player coalition, the optimal prices charged in opti-
mality and corresponding demands are given by

z4_ 84+ 7a z;_ 8+ 6«

P = Ao isatdar ¢~ 18arda’
ngzAS—i—lla—{—%az D%§=A8+12a+%a2
¢ 16+ 18a + 402’ ¢ 16+ 18a + 4a?”

Therefore,
a®(59 2 a* +50510° +1312a” 4 13760 + 512) ~0

(16 + 16 + 2a2)* (16 + 18a + 4a?)?
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hence \ \
%3 %4
=2 <TI0

Finally, for two 2-player coalitions,

%, 2 %, 24+«
’ :A ’ D i =A .
Pe 4+« < 4+«
hence
x4 73 ao?
2 —11 z,z=A2 >0,
¢ ¢ 4(a+4)?2
nE _pite o p G e 16kt 112)
¢ (a+4)2(16 + 16a + 2a?)’
o 4 a2 Qa3+§a2—4a—16
Hgg — H:CE“ =A? ( 8 4 2 >0 for a>1.2516,
(a+4)*(16+16a + Fa?)
e ¥ a2 (50 +28a” +40a +16) _
¢ ¢ (+4)2(16 + 18 +4a2)2 —

Therefore, for a <1.2516,

4 4 o4 o4 7 4 4
" <TI2 < 2 < < 22 < Il < =,
and

I <%y < Zs, I < Zy < Fs < Ty, Fy<cZy < Zi<cZEy VieN, (EC10)
for 1.2516 < o < 1.864,

> < 4 o4 74 ord
z4 &2 3 22,2 %3 Z Z;
I <12 <2 <I77 <1 <10 < IS,
and

I < Fy < Zs 5 <i %5, F1 < Zy <%, <;%; VieN, I3 <c Fi < %3, (EC11)
and for a > 1.864,

o o x4 4 opd ord
74 4 4 EZ 3 3 4
H1<HC <HC <Hc <1'[C <HC <HC,

and

<. <. < < l1e .
T < T, < T < FL VieN ECI2

(i) Let us first suppose a > 1.864. Then, it follows from (EC9) that each player realizes the highest
profit in the grand coalition. Therefore, an argument similar to the one used in the proof of Proposi-
tion 5 may be used to show that the grand coalition is the only stable coalition structure.

(ii) Next, assume that 1.2516 < « < 1.864.

(a) As before, assume that the status quo is the grand coalition, Zj. Because (EC8) implies Z] <;
3 <; %3 , <; %3 for all i, for any coalition structure % # %3, obtained when some coalition S deviates
from Zj, letting % = Z = 7 satisfies 7 <« B =Z} and Z = Z] £; % = Z;. Because Z} <. Z}, a similar
argument can be used when any three players deviate from the grand coalition to form a 3-player
coalition. If a single player, say player 4, decides to deviate, that is, S = {4} and % = Z3, consider a
following sequence of deviations:

Zi —,{(123), 4} = ‘Zg —3{(12),3,4} = zg —1,2,3,4 Zi‘ (EC13)

Then, % =% = Z;, Z = Z; A5 B = Z;, whereas Z3 = U < % = Z; because of (EC13) and because
3 <3 Z; and Z3 <, 5 3 4) Z;, which follows from (EC8). Thus, Z; belongs to the LCS.
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(b) Now, suppose that the current status quo is Z{, and assume that all four players deviate and
form the grand coalition. It follows from (EC8) that Z} <; Z} for any i € N and j # 3,4, and that
Z3 <¢ Z;. Thus, we can obtain Zj <g %, wherein Z; — %, only when S contains a single player and
% = %3. If a single player, say player 4, decides to deviate, Z} —; , 5 , Z; —, {(123), 4} = %3, then
Iy <4 75, but Z1 <4 5 5 4 Z3. Therefore, if Z=%1, 7V =Z} and S={1, 2, 3,4}, then clearly Z —¢ 7/, but
we cannot find a coalition structure %, where ¥ = % = Z; or Z; = 7 < %, such that Z = Z £; %,
hence Z] cannot be stable.

(c) Next, suppose that the current status quo is Z3, and assume that all four players deviate and
form the grand coalition, Z3 = {(12), 3, 4} = , 3 4 Z;. Because it follows from (EC8) that Z3; <, , 5 4 Z3,
a similar argument as the one used in (b) can be used to show that Z; cannot be stable.

(d) Assume that the current coalition structure is Z3 ,, and assume that all four players deviate
and form the grand coalition, %3 , =, , ; , Z;. Because it follows from (EC8) that %3 , <, , 3 4 %3, a
similar argument as the one used in (b) can be used to show that %3 , cannot be stable.

(e) Suppose now that the current coalition structure is Zj3. It follows from (EC8) that Z{ <; Z3 <;
Z3 , <; %3 for all i, hence for any coalition structure % # Zj, obtained when some coalition S deviates
from Z;3, letting % = Z = Z; satisfies 7V <« B=Z35 and Z=73 A; B=Z2. 1f S={1,2,3,4} and ¥V = Z},
consider a following deviation by a player, 4,

i;‘ ={(123),4} =1 ,5,5.4 Zi —4{(123), 4} = Zﬁ. (EC14)

Then, B=Z =%3, Z =73 A; B=Z;, while Z; =7 < % = Z3 because of (EC14) and because Z; <,
{(123), 4} = %3, which follows from (EC8). Thus, Z; belongs to the LCS.

(iii) Lastly, suppose that @ <1.2516. To show that Z} and Z3 cannot be stable, one can use arguments
similar to those in (b) and (c) of (ii) in this proof. In addition, showing stability of Z; can be done in
a similar way as in (a) of (ii) in this proof.

(@) The analysis for the case Z3 is similar to that in (e) of (ii) of this proof, except for the case
U = Z3. Suppose first Z =7} ={(123), 4}, S={1, 2}, 7 = Z3 ={(12), (34)}, and consider the following;:

Z§ = {(123), 4} 1,2 {(12), (34)} = S5421,2 4 {(12), 3, 4} = Zé —1,2,3 {(123)/ 4} = z§~ (EC15)

Then, % =% = %j, Z =73 A; B = %3, while %] , =V « % = %] because of (EC15) and because
%3, <4 Z3 and Z3 <, , 5 Z3, which follows from (EC7). A similar argument can be used when the
deviating coalition contains the independent player, S= {3, 4}, and 7 = Z3 ={(12), (34)}.

(b) Suppose that the current coalition structure is %3 ,, and that %3 , belongs to the LCS. Because
(EC7) implies %} <; %3 <, Z3 , for all i, for any coalition structure % that consists of all players acting
independently, or contains a single 2-player coalition, obtained when some coalition S deviates from
%3 5, letting =% = %3 , satisfies 7 <« B=%; , and Z =73 , £; B =Z; ,. Next, suppose 5={1,2, 3}
and ¥ = {(123),4} = Z3. Letting 7V = % = Z; satisfies Z = Z; , A5 % = Z3 because Z3 < %3 ,. If
S={1,2,3,4} and 7 = {(1234)} = Z}, consider the following sequence of deviations:

Zy,,=1{(12), 34} —15,3,4 Z; 4 {(123), 4} = Z;. (EC16)

Now, % = {(123),4} = Z3, Zi = V < % = %5 because of (EC16) and because Zj <z Z3, while Z =
3 5 Ap1,2,3,4) B = Z3 because Zj < Z; ,. Thus, Z3 , belongs to the LCS. 0

THEOREM 2. (i) The grand coalition is always stable.

(ii) For n > 3, there is an a(n), defined by (3), such that any coalition structure of the form Zi_, that
contains an (n — 1)-members coalition, is stable for a < a(n).

(iii) For large n there are values o' and o, o' < & < a(n), such that: (a) when a < a?, the outcome
5 11 is stable; (b) when a < o', the outcome Z),_; | | , is stable.

In order to prove Theorem 2, we first need the following lemmas.

LeEMMmA 2. 1. For any k < (n—1)/2, noncoalition members in the coalition structure Z} realize lower profit
than the coalition members in the coalition structure Z!_,.

2. For any k < (n —1)/2, noncoalition members in the coalition structure Z} realize lower profit than the
members of the grand coalition.
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ProoF oF LEMMA 2. 1. Recall that the profit for a coalition member in the basic coalition structure
Z} increases with the size of the coalition. When n <4, (n—1)/2 <3/2, hence the condition k < (n—1)/2
implies k =1, which corresponds to the coalition structure where all players act independently. Thus,
the statement of Lemma 2 for n <4 follows from Proposition 2. If we show that the statement holds
for k = (n—1)/2 when n >5 odd, the proof is complete.

By using expressions (EC4) and (EC5) from the proof of Proposition 2, one can show, albeit after
tedious calculation, that

& — T = K[Saznz(nz 4+ 5) + 20 n(47n° — 1191 + 931 + 3)

1 1 3
+ ot (421114 +130n° — 9155142 +896n — 801>

1 1 1 9
+a5 2—714— 3—42— 2+2 2—n—106 — —
(62 60n 2n 0 2” 06 > )

2%, 9 7 3 125 217
(2204 4 213 — 119 1? + 1430 — 545 — ==
+a<4"+4” T 4n+16n2>
7 166 8 61
+ 2 (10007 — 42412 45810 +488 — — + = 1 =) |, (EC17)
16 n nz  nd

where K is positive for @ > 0. It is easy to evaluate that the RHS of (EC17) is positive for n > 5 and
a >0, hence the first statement of the proposition follows.

2. Follows from Part 1 because the coalition members in Z}'_, always realize lower profit than the
members of the grand coalition. O

Next, denote by Z, ;| , ;={(12---n—k—1), (n—k---n—1), n} a coalition structure where players
are divided into three coalitions, one containing n — k — 1 players, the other containing k players, and
one having a single member.

LeEmMA 3. 1. In any coalition structure Z!_, | ;| that consists of three sets—one set has only one member—
a member of the largest coalition realizes lower profit than a coalition member in the coalition structure E!_,.

2. In any coalition structure " _, | , , that consists of three sets—one set has only one member—a member
of the largest coalition realizes lower profit than a member of the grand coalition 7.

Proor oF LEMMA 3. Recall that Proposition 1 states that in any coalition structure, members of larger
coalitions realize lower profit than the members of smaller coalitions. Therefore, in a coalition structure
that consists of three sets—one set has only one member—the members of the largest coalition realize
the lowest profit, and it attains its highest value if, for n odd, k = (n — 1)/2. Thus, if we prove the
statement for the coalition structure Z?n—l) 12, (n1y2,17 the statement of the lemma follows. Note that each
member of a coalition C,_;,, selects the same price and realizes the same profit, which maximizes
the profit of (n — 1)/2 members. Clearly, this profit is smaller than the one realized by a coalition
member in the coalition structure Z!_;, wherein the price is selected as to maximize the profit of
all n — 1 members. Therefore, the first statement of the lemma holds. The second statement follows
immediately from the first. O

Denote by Z,_; ; ={(12---n—i),(n—i+1---n)} a coalition structure where n players are divided
into two coalitions, one containing i players, C;, the other containing the remaining n —i players, C,_,.

LEMMA 4. When the set of all players is divided into two coalitions, a player realizes the highest profit if he
belongs to a one-member coalition.

ProOOF OF LEMMA 4. If we denote D(i, n—1i) = 4n*(a+1) +3ia?(n—1i), then the profit for a player who
belongs to the coalition C; can be written as Il¢ (1, i, @) = A*n[2n + a(n +i)][n*(a + 1) (@ + 2) — ia(n +
ia)]/D(i, n —i)®. Although i is a discrete variable, let us suppose for a moment that it is continuous,
and consider partial derivatives of Il (1, i, @) with respect to i. The second partial derivative of
Il (n, i, @) with respect to i corresponds to

Pl (n,i,a A2a’n . ) ) .
Cl;iz ) = DG i [24n%ia* 4 30> (3n° 4 221 — Ini® — 4i°)

+2a?n(23n* — 18ni — 9i%) + 4n(16n* — 18ni + 9i%)].
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One can evaluate that, for any n > 2 and a > 0, the RHS of (EC18) is positive, hence Il (1, i, @) is

convex in i. It follows from Theorem 1 that, whenever the independent player in Z!_, realizes higher

profit than he can generate in the grand coalition, each member of coalition C,_, realizes a lower profit

than the independent player, H?”l > Hi”’l. Because Il (1, i, @) is convex in i, it further implies that
o g .

H?’*l > HC,,””" foralli=2,...,n—1. O

ProoF oF THEOREM 2. (i) Let us suppose that the grand coalition, Z!, belongs to the LCS. Observe
that, for k€ {1,...,n—1}, any deviation from Z; has the form Z) —~, ., ,Z; ;. Suppose that k >

.....

n/2, and consider the following sequence of deviations: Z)) —, ., zH,k n ko k11 ekl
Z —1,... %, where Z' | ={(12---n—k),1,...,1}. Let Z= %:ZZ, V=%, ,and S={n—k+
1,...,n} Now it is true that Z_, |, = °V LK B= Z" because:

(a) Z ik <n Zy, follows from the fact that the grand coalition realizes the highest total profit, and
that a member of the larger coalition in Z}_, | realizes lower profit than a member of the smaller
coalition;

(b) Z\ k k1,1 <n-j1 Ly forall j=0,..., k-1 follows from Lemma 3 and Proposition 1;

(c) Z5_y <1, . Zy follows from Lemma 2, the fact that n —k <n/2 for k > n/2, and the fact that
the profit for a coalition member in Z increases with the size of the coalition.

In addition, Z! = Z 45 % = Z.. Note that, when k < n/2, the analysis still holds after replacing the
deviation of players n —k +1,...,n by a deviation of players 1, ..., n — k. Thus, the grand coalition
always belongs to the LCS.

(if) Proof of (ii) is similar to that of (i) and is therefore omitted. It uses Proposition 1 and Lemmas 2,
3, and 4.

(iii) Consider the coalition structure Z;_, , ; (and Z;_;; ; ;), where n —2 (n — 3) players form a
coalition, and the remaining two (three) players, say i and j (i, j, and k) remain independent Using
exactly the same analys1s as in Proposition 3, we can show that there exists a! < a* < a(n) such that:

IH"211 H”whenoz<a2,
II. H’“3111 H when «a < a!; and

I1I. H i1 H “211 when a > ol
Now c0n51der all p0551ble outcomes that are obtained by a single defection from Z; _, , ;. They are:
D) Z 01—~ Zn @) Z 01—~ F 6 B) Zh o= Z o pand (4) Z5, =Lk Note
that (2) and (3) can be further divided into subcases dependlng on whether either i or j are involved
in the defection.

It is easy to show that (1) is deterred by considering the sequence Z;,_, , ; — Z; — Z/_, | ;. We then
show, exactly imitating the proof of Proposition 4, that there exists § > a' such that for @ < min{y, &}
coalition outcome with exactly two coalitions that are not in the LCS is indirectly dominated by a
basic coalition structure. This shows that (2) is deterred. It can be shown that (3) and (4) are deterred
using chains as in (i). This proves part (iii)(a). The proof of (iii)(b) is similar and uses Parts II and III
above. O

Propros1TION 7. For n <4, the grand coalition is the unique stable outcome.

PrOOF OF PrOPOSITION 7. When there are no coalitions, i.e., players operate independently, the
expected profit can be written as

7(p;, 4;) = E[(p; — c)(Di(p;) + &) — {(p; — O)[D;(p;) + & —q]* + (c+ W) [g — (D:(p)) + &)},

where
Dy(p)=A—(1+a)p, + %épj.
Instead of working with the purchasing quantity g;, we use the transformation A; = ¢g; — D;(p;). Thus,
791, A) = (= A+ {0 =0) [0 = Ayt ) [ = .

Let us denote

I(x) :/Xoo(u —x)f(x)dx.
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The equilibrium prices and quantity are given by

A+ 1+ 2a)e+pu—I(1* *_
— ( n a)71 M ( ), F(A*):p C,
2+ "—a p*+h

*

where F and f are the cumulative distribution and density of N(u, o), respectively.
When all players form the grand coalition, each faces a demand A —p + ¢. In this case, calculating
the optimal (p*, A*) yields
= 5 ,

w_ P —C
F(AY) = .
) p*+h

Finally, when n — 1 players form an alliance (which corresponds to the structure Z"~'), denote the
price set by the coalition at equilibrium as p¢, and the price set by the lone nonmember as pZ. Then,
we have

(A+w)2n+@2n—1)a] +c[3%2a® + 2n+1)a +2n] — al(AL) — 2[n+ (n — 1)a]I(AL)

Pe= 4n+dna+351a2
«_Pc—c
F(AY) = ,
(A+p2n+m+1)ae]+ c[3=1a? + (3n —1)a+2n] - 2(n+ a)[(AL) — (n — 1)l (AY)
Pe= dn+4na+ 3" a2 '

. PE—c
F(A5) =€ .
(Ae) pe+h

The remaining analysis follows the steps similar to those in §3, after substituting n=3. O

ProrosITION 8. Let us denote by p* the price charged by players in the structure ZY, and suppose that the
parameters are such that p* > h+2c. Then,
(i) There exists a* such that the grand coalition is uniquely stable when o > a*.
(ii) Let n > 4. There exist u*, oy, o5, and *, where o} < oy and B* < a*, such that
(@) u>u*, o <oy, and a < a* implies that Z!'_, is also stable.
(b) u=>p*, o <oy, and a < B* implies that Z,,_, | | is also stable.
() w>u* and o} > o > of implies that, for any « such that B* < a < o*, Z!_, and Z! are the only
stable outcomes.
(d) u>u* and o > oy implies that, for any a > 0, Z is uniquely stable.

ProoF oF PROPOSITION 8. We first observe that the price charged by the grand coalition, Z?, is larger
than in ZJ. In fact, a result similar to Proposition 2 holds in this setting.
Now, in any structure, if player 7 sets (p;, A;), his profit is given by

Ai 00 1.
,(s;, ;) =si(A+p—c—s;) — (h—l—c)/ (A —u)f(u) du—sif (u— /\i)f(u)du—l—asi(—si + ;Zs]),
—o0 Ai j=1
where s; = p; — c. We write IT7(s;, A;) = Bi(s;, A;, Z) + Li(s;, A;, Z), where
A )
Bisi, A)=si(A+p—c—s) = (h+0) [ (—u)fuydu—s [ (u=A)f(u)du
—o0 A

1 n
Li(s;, Ay) = a5i<_5i + n Z%‘)‘
=1

This expression is in free form. In a particular coalition structure Z ={Z,, ..., Z;}, players in coali-
tion Z; will set the same price and inventory levels. Thus, even though formally there is a dependence
on Z, we drop this from the expressions. The regularity conditions imply that for a fixed vector
(Ay,..., A), B; and L; are unimodal in (s;, ..., ;) and vice versa. Clearly, they are differentiable and
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hence continuous in the variables as well. The total profit of all players under any coalitional structure
equals IIg,,, =37 TIi(s;) = XLy Bi(s;) + X1 Li(s;). Note that

IZ:;L(SJ'):O(< ZS +2 ZZSSk)—a<

]lkl

) =~ 5205 -5 <0

"k ek

and

aY "  B(s B(s. -
]alsi (s) _ aa(s,s»i) =A+M_C_25i_/1lz (1 — A,) f(u) du
0S5 —w) f(u)du ﬂff,,"w—Ai)f(u) du
9s; ds;

1 1

—(h+0)

Therefore, in any equilibrium outcome A; = F~'(s;/(s; + ¢ + h)) implies that

827:1B(Sj) aB(S )
ds; ds;

1

=A+pu—c—2s— /(u— ) f(u)du

1

and II;, , = >, Bi(s;) + X1, Li(s;) achieves its maximum at

1

sf=
sf+c+h

e 2

Atp—c— [iu—N)fdu AT:Fl(L)

foralli=1,...,n when Z= N, the grand coalition.

Now, when p* > h +2¢, we can show using continuity that there exists a* > 0 such that for a > o*,
le’l V=B,(sf, Af, Z" )+ Ly(sf, A;, Z8_ ) < II%,/n. This immediately implies that the grand coalition
is uniquely stable. This proves (i).

To prove (ii), note that II,(s;, A;) is continuous with respect to i, o and «. Thus, we can show that
there are u* and oy such that, for u < u*, o < 07, and a < o, Lemmas 2, 3, and 4 hold. This proves (a)
and (b). To prove (c) and (d), note that H?;rl(si, A;) and H;Il" (si, A;) are both decreasing in o for all i.
Thus, using the logic in Proposition 4, we can show that

e there is 05 > o such that, for all o > ¢}, only basic coalitions (including Z!) indirectly dominate
all other outcomes;

* there is o > o7 such that, for all o > o3, the lone player in Z;_, ; | makes less than any player
inZ; 4

¢ for any a and u, there is o} > o} such that Z is the only indirectly dominating outcome.

The proof follows if one chooses o3 = max{c}, o5, of}. O

PROPOSITION 9. (i) When n =3, the grand coalition is the unique absorbing state of the equilibrium process
of coalition formation (EPCF).

(ii) When n =4, the grand coalition is the unique absorbing state if o > 1.864; if a <1.864, then any
coalition structure with an alliance of three players is also absorbing.

Proor or ProrosiTioN 9. To prove (ii), let us first define p as follows:

{(123)/ 4} —3 {(12)r 31 4}r {(234)r 1} 4 {(23)1 1/ 4}1
and p(Z, Z}) =1 for all remaining coalition structures Z. We want to show that this is an EPCF with
absorbing state at the grand coalition. It is easy to verify that players always benefit by deviating
from any coalition structure that is not m the LCS. This is also true for %3 ,: Because v(Z}, p) = H? +
Sv(Z;, p), it follows that v(Z}, p) = 4/(1 —8), while v(Z3 ,,p) = H i + 60(2 p). Thus, v(Z}, p) —
ord 4
(%3 ,,p) = H? - qu > 0. Lastly, we need to show that player i has an incentive to deviate from
{(z]k) I} to {(jk), 1, l} which is equivalent to v;({(ijk), 1}, p) < 11 % + 80 (z p) This is true if H? +

8H : +6%/(1— 8)H < H % +6/(1— 8)1_[C , which is satisfied for 5 > (H 5 )/(H ?). It is easy
to evaluate that the RHS of this inequality never exceeds 0.25.
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Next, we want to construct a process of coalition formation (PCF) which is an EPCF with absorbing
state at {(123),4}. For i,j, ke{1,2,3}, i #j#k #1, let us define PCF as follows:

{(1234)} =, {(123),4},  {(123),4}—=((123),4},  {(7j4), K} =4 {(i) K, 4}, {(i)), k, 4} =1,5,5{(123), 4]},
{(i4), ], k} =4{1,2,3,4},  {()), (kH} = {()), k, 4}, {1,2,3,4} = ,5{(123), 4}.

Again, it is easy to verify that players always benefit by deviating from any coalition structure which is
not in the LCS, and that player 4 benefits when he deviates from the grand coalition. Next, consider
a coalition structure wherein player 4 is a member of a 3-player coalition, say {(124), 3}. We need to
show that player 4 has an incentive to deviate from {(124) 3}, which is equlvalent to v,({(124), 3}, p) <

2 + 6v,4({(123), 4}, p). Thus we must have HC’ + 8H % +6%/(1 5)H ; < H = +6/(1— 8)H % which

is satlsfled for 6 > (l_IC ’52) / (H 2) It is easy to evaluate that the RHS of this inequality

never exceeds 0.25 when «a < 1. 864 S1m11arly, player 4 has an incentive to deviate from {(12), (34)}
ord 4 4 4

if 6 > (H:C{Z'2 — H?) / (1'[?3 - H?). It is easy to evaluate that the RHS of this inequality never exceeds

0.18 when « <1.864. In a similar way, it can be shown that the remaining coalition structures of the

form Z3% are absorbing. O

THEOREM 3. (i) In the model with deterministic demand, for large n, 3a® >0 and 0 < A} < A5 <1 such
that N ¢ EP(n, a) and Z}! € EP(n, a) hold whenever

a<a® and 8§>A;, or a>a® and A} <8<A;.

(ii) For the model with uncertain demand, let us denote by p* the price charged by players in the structure Z.
If p* > h + 2c, then there exists a* such that the grand coalition is the unique absorbing state of the EPCF
when o > o*.

Proor oF THEOREM 3. (i) Let |Z| =t, and let m and M be minimum and maximum single period
payoffs to any player, respectively. Choose A} € (0,1) such that for any two states %, %, and any
player i with u;(%) > 1;(%), we have

w (%) > [1— (A IM+ AD'u(Y),  and  w,(X)(A)" +[1— (&) ]m > u,(%).

Consider any 6 € (A}, 1) and fix an arbitrary absorbing deterministic EPCF with absorbing states X C Z.
Let Z e Z, and % € F(Z) for some fixed coalition S. Let %, %,, ..., ¥, be the subsequent PCF path,
where %, =Z, and %, =%. Then, there is an §; such that %, € F (%;) and v;(%;,,) > v;(%,). It is now
possible to chose a® and n such that for all @ < a® and 6 > A}, a basic coalition is in the LCS and

v (Y) =N /n forjes,. (EC18)

When a > a, by continuity there is a A} such that for 6 € (A}, A}) the above holds (note that, when
6 — 1, (EC18) is not true). Now, for this range of 6 and 1, we can also show v;(%) > v;(%;) and
u;(Y) > u,(Z). Detine f: Z—Z as f(Z)={¥ cZ:VSand Y e K(¥) IZecZ suchthat Y =Z or Y K Z,
and u;(%¥) > u;(Z) for some i € S}. It is possible to show Z C f(Z). Choose 6 and n as above so that
Z C f(Z) C LCSN {basic coalition structure}, where the second inclusion follows from Proposition 4
and (EC18).

(if) The result follows directly from Proposition 8, because EP(n) is a subset of the LCS. O
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