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Appendix B. Proofs

PrOOF OF PROPOSITION 1. Given any time t, let P/, denote the probability that customer i will visit
retailer s at time t or later and u!, denotes the expected number of time periods till the next visit to
retailer s. We show that given f, > 0, (i) if p!, > 0, then P/ is equal to 1 and u/, is finite; (ii) p, does
not go to 0 as t increases. These two facts prove the required results.

Step 1. Consider a modified system wherein p, =1, i.e., the competitor of retailer s offers a 100%
service level. Model this system as a Markov chain with two states representing retailers s and s,
respectively. In this chain, the probability that consumer i ever visits retailer s at time f or later is

given by
N 00 1 T—t p,‘
Pl = : * i :1/ ECl
N Z[(HP&) 1+P;t] (ECD

T=t

and the expected number of time periods till the next visit to retailer s is given by

- 1\ pi 1+p!
i, = (T—t)( z,) #_ ]: Lt (EC2)
t g[ 1+pst 1+pst pst

Here, we used the facts that p}, > 0, and that p, is not updated until the next visit of consumer i to
retailer s. From (EC1) and (EC2), it follows that state s is positive recurrent in the Markov chain, i.e.,
Pi=1and ji, < .

Now consider the case in which pi, < 1. The probability of visiting retailer s in this case is always
greater than the probability of visiting retailer s in the above Markov chain, i.e.,

i Pa Pl
Ny = — -~ > —. (EC3)
Cophpy T 1+p
Thus, it can be shown by induction over the number of time periods that P/, > P, and u/, < fii,.
Combining with (EC1) and (EC2), we find that p!, > 0 implies that P!, is equal to 1 and u/, is finite.
Step 2. Now consider only the subsequence of time periods {t,} when consumer i visits retailer s.
Let Y/, be 1 if the consumer’s visit at time f, is satisfying, and 0 otherwise. We have

Pe e = (L= 0")ply, +0"1Y5 + (1= 0")py, (1= Y)). (EC4)

Define a Markov chain over this subsequence of time periods with two states, Y, =0 and 1. The
transition probabilities of this embedded Markov chain are determined by f,. Because f, is strictly
positive, Y, =1 is a positive recurrent state. Therefore, (EC4) implies that pi, > 0 with probability
1 as k tends to oco. This further implies that p;, > 0 with probability 1 as ¢ tends to oo because p;, is
constant between successive visits to retailer s. On the other hand, if f, =0, then p} 1 = (1— Od)p;'tk,
so that p;, goes to 0 with probability 1 as f tends to co. [

PROOF OF PROPOSITION 2. Let X/ be 1 if customer i visits the retailer at time t along the sample
path o, and 0 otherwise. Let Y/ be 1 if the visit is satisfying, and 0 otherwise. Let X be the vector
of store visits across all consumers at time t, and Y;” be the vector of outcomes of store visits across
all consumers at time . A state of the world w is a sequence of pairs (X, ), t=1, ..., c0.
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Let pi,(p!,, @) be consumer i’s estimate of the fill rate at retailer s at the start of period t, as a
function of consumer i’s initial estimate of the fill rate, p!, and the sample path w. Let F. denote the
distribution function of pi,. We wish to show that there exists a random variable p, with distribution
function E, such that Fi(x) — F,(x) for every x where F, is continuous. To prove this, we show that
Fi(x) is a Cauchy sequence in [0, 1], i.e., for all € > 0, there exists T such that |F/,, (x) — Fi(x)| <€ for
all t> T, for all 7.

We only need to consider the subsequence of time periods {t;} when consumer i visits retailer s.
From Proposition 1, this subsequence is infinite. Thus, the subscript k is suppressed for convenience.
The superscript i is also ignored to simplify the notation. The updating rule (4) gives the stochastic
recursion,

Pe i1 = [Pa(1—0") +0"Y, +po (1 -0 (1Y)
=0"Y,+ [(ed —0)Y,+(1— Od)]pst-
Expanding this for p, ,,,, we get

Ps, e = Ps, rati(t, T) +0(E, T), (EC5)
where p; .., is consumer i’s estimate of the service level at the start of period 7+ 1, and

t—1

u(t, 7) =TI = 0")Y, 1y, + (16",
k=1

t—1i-1

o(t, ) =2 TTI0" = 0")Y, pyr + (1= 0D]0"Y, sy

i=1k=1

Thus,

Fs,t+f(x) - Fst(x) = Pr[ps,rJrlu(tr T) + U(t/ T) = x] - Pr[pslu(tr 0) + U(tr O) = X]
< Prlo(t, 7) <x] —Pr[p,u(t, 0) +v(t, 0) <x], (ECo)

where the inequality follows because p, ., u(t, 7) > 0. Consider the second term on the right-hand
side of (EC6). Let §,,,, = max{1— 6", 1—6"}. Because [(8? —6")Y,,+ (1 —6%)] is equal to (1—6") if Y,, =1
and (1 — 6%) otherwise, we have that u(t,0) < 8-1. Thus,

E, 1p-(x) = Ei(x) < Pr[o(t, ) < x] = Prlpg 85 + 0(t, 0) < 2]

max

< Pr[x—8"-1 <o(t, 0) <x].

max

Here, v(t, ) can be replaced by v(t, 0) in the second inequality because the retailer maintains constant
service level and Y}, are iid random variables. Because Pr[x — 8!} <v(t,0) <x] — 0 for all ¢ sufficiently
large, we obtain the required result. Thus, there exists a random variable p, such that p, 2 p, as
t — oco. From symmetry, the limiting distribution is identical for all consumers.

The expectation of p, is now directly obtained from the updating rule (4) or from the expansion (EC5)

because convergence in distribution implies convergence in expectation. [J

Proor orF LEMMA 1. We have
dvg, E[ps] 0 1-G(Q,)
dQ,  (Elp]+E[p:)? [f(6-1)+1? Neo

Thus, v, is increasing in Q, for given Q;. Further, with some algebraic manipulation, the second
derivative of v, with respect to Q, can be written as

do, _ Elpi] 4 [g(Qs) <1 - G(Qs)>2 2{6 — (1 — 6)E[p;]} ]
dQ?  (Elp]+ElpsD)* [f(0—1)+1 | Ne No E[ps]+ {6 — (1 - O)E[p;]}

All the terms in the above expression are positive, with the exception of 6 — (1 — 0)E[p;], which is

negative if E[p;] > 68/(1 — ). However, § > 0.5 implies that /(1 — 6) > 1. Thus, 6 — (1 — 0)E[p;] is

nonnegative because E[p;] <1 by definition. Therefore, v, is concave in Q,. O

> 0.
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ProoF ofF LEMMA 2. From the profit function (7), we have

dzE[WS] - ” ’ /
dQ% _vsh(Qs)+vsh (Qs)+2h (Qs)vs'

For Q, € (QM, Q,), we have h(Q,) >0, h'(Q,) <0, and h"(Q,) < 0. By Lemma 1, we further have
v,> 0,0, >0, and v/ <0. Therefore, d*E[,]/dQ? <0 for Q, € (QM, Q,). O

Proor oF LEMmMa 3. Applying the Implicit Function Theorem to the first order condition (8), we get
QS dF/dQ
dQ; —  dE/dQ}’

It can easily be seen that dF,/dQ; > 0. Further, dF,/dQS < 0 from the concavity of E[,] for all Q, €
[QM, Q,]. Thus, dQ5/dQ,>0. O

ProOF OF PrROPOSITION 4. Existence: The strategy spaces of the retailers are nonempty, compact,
convex subsets of the real line and each retailer’s response function is continuous and strictly concave
in the inventory level. Therefore, from Debreu (1952), the result follows.

Uniqueness: We need to show that the reaction curves of the two retailers intersect at most once, so
that there is at most one fixed point and the equilibrium is unique. Equivalently, we show that there
is at most one point that satisfies the first-order conditions of both retailers.

The first-order conditions of the two retailers can be rewritten as

v = M fors=1,2,

T h(Q))9(Q)

where ¢(Q,) =E[p,]- (1 - G(Q,))/(f20Nw). Suppose that the solution to these simultaneous equations
is not unique, and there exist two distinct equilibria, (Q;, Q,) and (Q;, Q). Assume, without loss of
generality, that Q] > Q,. This implies that Q) > Q, because dQ,/dQ; > 0 by Lemma 3.

Note that h[(Q,) is negative and decreasing in Q,, and h,(Q,) and ¢(Q,) are both positive and
decreasing in Q,. Thus, —h(Q,)/[h,(Q,)$(Q,)] is positive and increasing in Q,. Therefore, we have

Q) Q)
(Q)#Q) T 1(Q)(Q)

Adding the inequalities for s=1 and 2 gives
01(Q1, Q) +0,(Q1, Q3) > 11 (Q1, Qo) +02(Q1, Qo)

But this is an impossibility because v,(Q;, Q,) + v,(Q;, Q,) =1 for all (Q;, Q,). Therefore, it must be
that (Q,, Q,) = (Q;, Q;) and there is at most one Nash equilibrium. O

fors=1,2.

ProoF oF ProrosiTioN 5. Q; and Q, are implicit functions of § defined by the first-order conditions
of the two retailers given in (8). The derivative of (8) with respect to 6 gives

OF, _dE dQ, _dE, dQ;

—0 fors=1,2.
30 a0, a6 Tao. s ~ 0 fors=Lb

By solving these simultaneous equations, the derivative of Q, with respect to 6 is obtained as

dF. oF,  dF, oF,

dQ, dQ. 0 ~ dQ. 90

40~ dF df, df, d§ (BC7)
dQ,dQ, dQ,dQ,
Recall that
ak, <0 and daF; > 0. (EC8)
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Additional inequalities are established by the following lemmas:

LEMMA 4.
OF,

% <0.

E=0

Proor. Differentiating condition (8) with respect to § and simplifying, we get

— h( A _I\(];a()Qs) [E[ps]<l—6— %) +E[ps]<—1—0+%§>] (EC9)

dE,
Q) f.02[f,(6 —1)+1]

% F=0

Here,

1 1\ 0f., f.—1—f0 0 1-f—f#
E[Ps]<1—9—]75)+E[P§]<_1_0+75)_fs(9—1)+1 T RO-n+1 f

0(1— f;— f:6)
AT
—2f.0?
T O-1)+1
< 0.

Because all other terms in (EC9) are nonnegative, the result follows. O

L 5.
o df, dh _ dh dh (EC10)
dQ,dQ, dQ,dQ, ~

Proor. From (8), note that

dF " ’

o = M(Q)0.+ 2H(Q) + h(Q)Y
daF e
ag; ~ s )dQs Th(Q; )dQsdQs

Simplifying (EC10) using the fact that dv,/dQ, = —v;, we get

d 1 d 2 d 1 d 2 " / " "
e~ a2 = (M(@)v o + 2K Qs + I (QIH(Qu)ef e

10,40, 0, 40,
(12047 — Q4 Q)01 %)
+(20(QAQuIo] 5 + I (QI(Qo} 7 )

d2
+ (zha(Ql)hZ(QZ)U;U,Z, + 11(Q1)h,(Q,) 75 dQl;JZQz)

d*v
+ (@U@} ~ I(@)h(Qs) 75 T 2T
(@ums(@etot - @@ g5
Denote the terms in the five sets of brackets as A, B, C, D, E, respectively. A is positive because /,(Q;)
and v, are positive and concave, h,(Q,) <0, v, >0 and dF,/dQ, < 0. B is positive because h,(Q,) <0
and v, > 0.
The following additional facts are useful to analyze C, D, and E.

U; = vsvéd)s
U;, = (’U; - '05)'0;(1)5 + vsvé¢;
d’v
— = (Us - v§)vg¢s = (Us - U§)U;¢§/

dQ,dQ;
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ech

where ¢, =E[p,]- (1 - G(Q,))/(f20Nw) is positive and decreasing in Q,. Thus, C gives

de,

dzv / " .. /
2010, ! hi(Q)h5(Qy) = | vf vy + 00,0y ——
dQ;

950,40,

D is analogous to C. Thus, it can be shown that D > 0. E gives

d?v d?v
105 . 2 = 010y — 1,010, (01 — 0,) (0, — vy)

vy — —
' dQ,dQ, dQ,dQ,
= 00y + ¢, 0105 (v, — 0,)?

> 0.

This proves the required inequality. O

Applying (EC8) and Lemmas 4 and 5 to (EC7), it follows that dQ,/df <0 for s=1, 2.
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