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Online Appendix

Proor of EquaTtioN 2. The cycle time is defined as 7= min(TA]H, ., TAAL , Tg,,); the event “7 > t”
is equivalent to each retailer having at most Ay; — 1 units of demand; and the total demand from all
retailers being less than or equal to Qy —1 in [0, t]. Because the demand at any retailer is Poisson
with rate Af, we have the following expression considering all possible demand realizations in the
interval [0, t]:

F(t) =1—Pr(r > t):l—Pr(Dl(t) <Ay—1,...,Dy() §AH—1,§:Di(t) < QH—1>

i=1

N (T Uy N
=1- 2 [Tpdi; A)y=1=23" 3 -3 [Ip(d; Ap),
di,dy, e dy <Ay —1 i=1 4=0d=0  dy=0i=1
dy+dy++dy<Qp—1
with U, =min(Ay -1, Qy —1) and U, =min(A; —-1,Qy—-1—-d;—---—d,;) fori=2,...,N.

Note that the upper limits, U, for the variables, d;, make sure that the total demand from all retailers
is less than Qp and demand at each retailer is less than Ay,.

Proor oF LEMMA 1. Define:

S& N dp(d;
ViQurag 0= 30 3 3 PEAD ]y, (ECY)
A =0dy=0  dy=0 Vi

Using dp(d;; At)/dt = A(p(d; — 1; At) —p(d;; At)) and (EC1), with some effort, it can be shown that:

U W Un_1
4=0d,=0  dy_=0 Vj#N

Next, the probability density function of the cycle time, 7, can be written as:

d N
f(t) = % = _Z‘/I(QH/ AH/ t)
i=1
Using (EC2), f(t) reduces to:
uh W Un-1
ft)==NVy(Qu, Ay, )=NAD D> - Y (p(Uy; A1) [] p(d;; At). (EC3)
d=0d,=0  dy_,=0 Vj£EN

The proof is now complete. [

Proor oF LEMMA 2. Without loss of generality, assume that the retailer of interest is retailer 1.
The event “D;(7) > n” is equivalent to the event that the nth demand arrives at retailer 1 before the
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replenishment has been triggered. Considering all the possible combinations of demand from other
retailers (as long as the total is less than or equal to Qy — 1), we have:

Uy N e M) (/\t) n—1)
Pr(D, (7) = n) = / 2 >3 ]_[p(dl,)\t)—dt, (EC4)
=0 dr=0 dy=0i=2 ( )
where, fori=2,...,N: U;=min(Ay —-1,Qy—-1—-d;—---—d;_;) and d;, = n.

Similarly, for the outbound quantity, the expression will be the same as in (EC4) except that the
total can be equal to Qy now (instead of Qy —1). Thus, we have the following:

Uy N e~ M) (AF) D
Pr(Z,(r) = n) = / Z > ]_[p(dl,)\t)L dt, (EC5)
=0 dr=0 dy=0i=2 ( )
where, for i=2,...,N: U;=min(Ay —1,Qy—-1—-d;—---—d;,_;) and d; =n—1.

Therefore, when Qp > Ay + (N —1) - (A — 1), we have:

0o Ag—1 Ay—-1 N t)\()\t)(n 1) o0
Pr(D, (1) Zn):[ S S e )\t) 1) dt:/ 0)\}7(71—1,’ AD)[1—=P(Ay; ANV dt.
=0 g—0  dy=0i=2 t=

The same expression holds for the outbound quantity. O

Proor oF LEMMA 4. The above result is easily obtained using the conditional expectation formula
and the relation between the inbound quantity (Z;) and =

E[Zy] = E,[E[Z, | 7]] = E,[NA7] = NAE[7].

Therefore,
E[Z,]

E[r]= NL

(EC6)

Proor oF LEMMA 5. We know that the expected cycle time for given Qy, Ay, and N can be writ-
ten as:

Uy N 0
E[r] = / Pr(r > t) df = / Z -3 pd; Aty dt = Z / e N (DD di
t= 04=0  dy=0i=1 420 dy=o @ t=0
D! Wdy, dy, ..., dy)
= R T EC7
Z Z CNAQN)Dod, - dy! dlzo dNZ_O NA E)
where
N D,!
D=2 i Ml oy ) = gy

Using (EC7), we can write the following recursive relation of the expected cycle time with respect to
Qy for N —1 retailers:

E[T|QH+1_n1AHrN_1]_E[T|QH_nIAHrN_l]
1 5 D,!
(N—l))\d a1 (N = DD, dy ]

=Qy-n

(Qu —n)! 1
= —_lkt—__—_—M—_—m—™m—_—~ . E
AN —1)Quti-n) > d - dy ! (ECS8)

1sendy_1<Ag—1
Do=Qu—n
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Note that here Dy =d, +--- + dy_;. Equation (EC8) yields:

X i

dy,...,dy_1<Ag—1 dl' TEN-T

Dy=Qy—n
_ AN =) @HI(E[T | Qp+1—n, Ay, N—1]—E[7|Qy —n, Ay, N —1]) (EC9)
B (Qy —n)! '
and we know from (EC5) that
XN e MA(AE) D G o, d
Pz zm ="YX [paan St e 5y M),

=040  dy=0i=2 dy=n-1d,=0  dy=0

Therefore, when Qp > Ay we can write the following recursive relation of Pr(Z > n) with respect to
Qp as follows:

P(Z=n|Qy, Ay, N)=P(Z=n|Qy—1,A4,N)
1y (Dy+ 11 —1)!
N (N)(D[)Jrnfl)(n — 1)!d21 C.. dN'

dy,..., dy<Ap-1

Dy=Qu—n
1\ % (Qy —1)! 1
-(x) o, ZW Po=dat oty (EC10
=Qu-n

Finally, substituting (EC9) in (EC10) yields:
P(Zzn|Qu, Ay, N)=P(Z=n|[Qy—1,Ay,N)

Q
_ "(Qu —1)! 1
- (N) (nH o, 2 g e dy!

..... dy<Ap-1
Do Qu—n
(I T(Qu = D' AN = 1)@ E[T | Qy +1—n, Ay, N =1]—E[7]|Qy —n, Ay, N —1])
- (N) (n—1)! (Qu —n)!
_1 1 n—1 1 Qu+l-n
—)‘<Q;1H_1>=<N> <1_N> (El71Qu+1-mn,Ay, N=1]—E[7|Qy—n, Ay, N-1]).

And when Qy < Ay, the hybrid policy reduces to policy EB (echelon-based), and the probability of the
outbound quantity being greater than n =min(Ay, Qy), is just equal to the outbound quantity being
equal to Q. And it is given by:

- ) (-4 ()" o

ProOOF OF PROPOSITION 1. The first term in (11) is the warehouse ordering cost per unit time. A fixed
cost of K, independent of the order size is incurred at the warehouse each time an order is placed, so
the expected ordering cost per unit time at the warehouse is (Ross 1993, p. 318):

K,
E[Ordering Cost] =
i E[]
Because the demand during lead time is Poisson with rate A %« LT, we obtain the following by condi-
tioning on IP:

Su '
E[IL*] = 3 i(j—l)p(l; A% LT)Pr{IP = j} = E[(IP — D(LT))"], (EC11)

j=(max(Sy—Qu+1, Sy—Ag+1))*+ I=0
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-1 o0
E[IL"] = > > (1= j)p(L; A+ LT) Pr{IP = j}
j=max(Sy—Qu+1, Sy—Agy+1) =0
Sy 0
+ > > (I—=j)p(l; A« LT)Pr{IP = j}
j=(max(Sy—Qp+1, Sy—Ap+1))*+ I=j+1
=E[(D(LT) — IP)"]. (EC12)

Using (EC11) and (EC12), one can express the expected backorders in terms of the expected on-hand
inventory as follows:

SH
E[IL ] =E[IL*]+E[D(LT)] — E[IP] = E[IL*] + E[D(LT)] — Z jPr(IP=j). (EC13)

j=max(Sy—Qu+1, Sy—Ap+1)
Consequently, using (EC13), the sum of the expected holding and shortage costs at any retailer will be:

E[Holding + Shortage Cost at a retailer] = hE[IL*]+ 7E[IL"]
= (h+ m)E[IL*] + @ (E[D(LT)] — E[IP)).

The last two terms of (11) are the expected cost of transportation penalty costs due to inbound and
outbound quantities exceeding the capacity limits, respectively. [

ProoF oF ProrosITION 2. The second order difference with respect to Sy is always greater than zero

as follows:
Su
AéH CR=N(h+m) Z Pr(IP =j)p(j; ALT) > 0.

j=max(1, Sy—Qp+1, Sy—Ay+1)

Therefore, the following first order difference can be used to find the optimal Sy given Ay and Qy:

Su

ASHCR=N{(h+7r)< 3 Pr(IP:j)(l—P(j;)\*LT)))—77}. O
j=max(

1,Sy—Qu+1, Sy—Ap+1)

ProoFr oF LEMMA 7. Recall that (8) states PIP=j | D(r)=n)=1/(n+1) for j =S —n, Sgg—n +
1, ..., Sgg. Because the quantity demanded from any retailer is the random disaggregation of the total
demand, it is binomially distributed

n Qpp—1-n
Pr(D(r) =n) = (QEB;; 1) <%> <1 - %) , 0=n=Qp-1 (EC14)

Using (EC14) to remove the condition on “n,” we obtain:
Qpp—1

Pr(IP=j)= ) Pr(IP=j|D(r) =n)Pr(D(r) =n)
n=5—j

B Qpp—1 1 QEB_1 1\" 1 Qpp—1-n

n=5—j

Simplifying (EC15), we obtain the expression in (15). O
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B(1, Sy —1, T) and the First-Order Difference w.r.t. S;; Under Policy TB (Time-Based)
These expressions can also be found in Hadley and Whitin (1963):

1(A
B(L, S —1,T) = { SULT +T)P(Sy —1; A(LT + 1)) = LT*P(Spy — 1; A LT)]

Srp(Srp+1
n 8(Srp +1)

S [P(Sts+1; A(LT +T)) = P(Sps +1; A+ LT)]

— St (LT 4+ T)P(Syg; A(LT +T)) — LTP(Spg; A% LT)]},

and

S TB

Ag, CR=CRls,, — CRg,, y = I+ 52 (h+ ) [P(Spy; A(LT +T)) = P(Srs; A LT)]

— hL [(LT + T)P(Sgg; A(LT +T)) — LT,P(Syg; A% LT)]
_ (h + 7) 513
AT

For a given T, the optimal value of S;; will be the largest integer where the expression in (EC16) is
nonpositive. To find the optimal T, we search over possible values of T.

[p(Srp; A(LT +T)) — p(Syp; A LT)]. (EC16)

Variance of Demand Rate at the Supplier
Denote by X the random variable for the supplier’s demand rate, Y the number of orders received
by the supplier per time unit, and Z;, the quantity demanded in each order. It is easy to see that
E[X]= NA under all the policies. Next we derive the variance of the demand rate.

For the noncoordinated model, we use Equation (4) in Svoronos and Zipkin (1988) for the variance
of the number of orders received by the supplier during time L,

ALy N N N AT 1 — exp(—agALy) cos(BeALy)]
OQne QIZ\]C k=1 @ ’

where o, =1 — cos(27k/Qyc) and B, =sin(27k/Qne)-
Then the demand rate variance can be derived as follows:

Var(X) = lim (QxcVar(Dy)/L,) = NA.

Var(D,,) =

For policy TB, cycle time is a constant T. So the demand received by the supplier every cycle is
Poisson with rate NAT, which is also its variance. Therefore, the demand rate variance is NA.

For policy EB, each order at the supplier has a constant size Qg, and the cycle time has Erlang
distribution, with a mean of Qgz/(NA) and a variance of Qgz/(NA)?. According to Deurmeyer and
Schwarz (1981), the demand rate variance at the supplier is again NA.

Finally, we use the following relation to derive the supplier’s demand rate variance. Because this
relation assumes independence between Y and Z, our derivation below is an approximation.

Var(X) = Var(Y)E*(Z,) + E(Y)Var(Z,). (EC17)

From Ross (1993, p. 317) the asymptotic mean and variance for Y is 1/u and o?/u’, respectively,
in the steady state where u and o2 are the mean and variance of the cycle time in our problem. To
compute u and o2, we use the following relations:

=E[7r] = EC1
p=Elrl =52, (EC18)
and
E[7*] = / tzf(t)dt—z UNZ % - / e N (NAH D) dt
t= 420 dee0dys N)\NDﬂd' dy!
R (Dy +2)!

_Z L ZN NAZNDod, - dy!

d;=0 dy_1=0dy
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Table EC.1  Variance and Mean of X for All Policies

Hybrid policy Policy IB Policy EB Policy TB Noncoordinated model
E(X) NA NA NA NA NA
Var(Z,) ) ( Var(Z,) )
Var(X NA (1 +2 NA(142 NA NA NA
v EZ) EZ)

WX (Do +2)(Dy+Dh(dy, dy, -, dy)

dy=0  dy_1=0dy=Uy (NA)?
N 6k )PD =R = Y HP(Z
= N2 k:mf%@,l)( +2)(k+1)P(Dy = )—(N)\)2 nz%;\gn(n'F )P(Zy = 1)
1
= W(E[Zél +E[Z,)). (EC19)

Using (EC18) and (EC19), we get the variance of the cycle time for the hybrid policy and policy IB as
follows:

0% =Var[r] = E[7*] - E*[7] = L(E[Zél +E[Z,] - E*[Z]) =

(NA)2 (Var[Z)] +E[Z]).  (EC20)

1
(NA)?
Equations (EC17), (EC18), and (EC20) yield the following for the demand rate variance at the supplier
for the hybrid policy and policy IB as follows:

Var(X) = NA (1 + 2‘??%’) )

Table EC.1 summarizes the variance and mean of X for all policies.
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