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Proof of Propositions and Lemmas

This document contains proofs for all Propositions and Lemmas.

EC.1. Proof of Proposition 1.

The first order condition for 7, (V) is,

C

PN = prol

Under a PPC-only contract, the first order condition for 7, (V) is,
. c
F'(N,))=——.
(N,) )

Therefore, N : =N *only if »=R+ P/6. Given this condition, the client’s profit is,

7 (N)=RA(1-F(N"))- MFT(N*) - [R + Sjﬂ(l —F(N"))
= _Pa <0.
0

EC.2. Proof of Proposition 2.
Conditions (i) and (ii) imply that the vendor will make a capacity choice N such that N> N". Assume that

N>N".

() = m(N) = 1(N) < 7(N") = 7(N) < m(N) — m(N) < m(N),
therefore N=N".

The vendor’s profit

(N = rA(1-F(N")) —cN" =V.

Therefore the client’s profit
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7(N") =z (N") — V.

Thus, the client maximizes profit. 0.

EC.3. Proof of Proposition 3.

The profit function of the vendor is

A

7, (N)=RA(1-F(N))- PEF(N) ~cN-7. +V

=r (N)-7. +V.

Therefore, the vendor’s profit maximizing capacity decision is the same as the service supply chain profit
maximizing capacity. In addition, the vendor’s profit z,(N') =V. Therefore the client’s profit 7. (N°)

= (N") - V.
Thus the client maximizes profit. 0.
EC.4. Proof of Proposition 4.

From Proposition 2 we know that a high productivity type vendor will earn a profit equal to J under con-

tract CS-H. Assume the high type vendor accepts CS-L and chooses a staffing level of Ny.

According to the SLA constraint,

G,(N,,0)>2a, =G,(N,,1).

Now, G, (Nz,t) > GL(NZ,t) .

Therefore N Z is a feasible solution for the vendor’s problem. This implies,

7, (N,) 27, (N))
=r,A(1=F,(N;))~cN,
>r,A(1-F,(N,))—cN, =V.
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Thus, the high productivity type vendor will accept CS-L. Therefore offering a choice between CS-H and
CS-L will not screen between a high and a low productivity type vendor. Note that while the high produc-
tivity-type vendor will not accept the correct contract (CS-H), the low type will accept the correct contract

(CS-L) — see Proposition 7. 0.

EC.5. Proof of Proposition 5.
From Proposition 3 we know that a high productivity type vendor will earn a profit equal to J under con-

tract CW-H. Assume the high productivity type vendor accepts CW-L. The vendor’s profit function is
P .
7,(N)=RA(1-F,(N)) —g/’tFH(N) —cN+V -7,

This implies that the vendor’s profit maximizing capacity decision under contract CW-L is equal to N ;; .

Therefore the vendor’s profit is
7, (N,)= V—ﬂz’s + 7[;5 >V

Therefore the high productivity-type vendor will accept contract CW-L and earn information rents on top
of its reservation value. Hence offering a choice between CW-H and CW-L will not screen between a

high and a low type vendor. .

EC.6. Proof of Lemma 1.

Let fla,x) = ah(x)-h(ax). We know that,
YY) ey = xh'(ax).
oa

Therefore we need to show that A(x)—xh'(ax) >0V a,x. We know that the hazard function for the

standard normal distribution is an increasing function. This implies

Oh(x) = h(x)(h(x)—x) =0,V x . Therefore A(x) > x for all x.
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Thus it is sufficient to show that 4'(ax) <1V a,xor A'(y) <1V y to complete the proof.

Using L Hopital's rule it can be shown that, Lim 2(x)(h(x) —x) =1.

Now to complete the proof it is sufficient to show that Ax < cosuch that A(x)(A(x)-x) > 1.

Assume Jx <oosuch that A(x)(h(x)-x) > 1. We know Lim#A(x)(h(x)—x)=1, this implies that

3 < o such that h()(h(r)) > 1 and LA ZIT_

oy
Now, A )(’;;y V=N Ry - )R - ) ~11.
This implies,
(h(y)=»)2h(y)—y)<1. (10)

But we know /(y)(h(y)-y) > 1. This implies 4(y)-y > 0. Therefore the inequality (10) can be written as,

(h(y) = »)Ch(y) = y) <h(¥)(h(y) = ).

By re-arranging terms,
(h(y) = »)(h(y) = ) <0. (1D

The inequality (11) is not true. This leads to a contradiction and hence completes our proof.

EC.7. Proof of Proposition 6.

First we prove that Property 1 holds. Assume 'u—HNH > NZ is not true. This implies N, < &Nz. By
Hy Hy

the SLA constraint for the high productivity type vendor under contract TS-L,
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Gy (EEN;D 2 Gy (N, 0) 2 @, = G (NLLD). 12

H

We now use the diffusion approximations,

-1
Wy 2Ly 10) n(py” AL A

Hy 1+ Hy 0 e—&z
HH v, Z\/ﬂH/ea\/NZﬂLm) ,/’“‘gm—ﬁf ;‘I’;)

-1

* * ILI7L
I VAN N G V2
= " " e
V(L 1L /O AN 01) J%W(—/ﬁ* AL

HH

—6

Therefore

-1

GL(NZ,t)zl[ Ll A 1A, }“ —| e
VBN [OANwO0 )ty
9 L

Therefore the inequality (12) can be written as

RV AN BN IC S
Hy Hy
From Lemma 1 we know that ak(x)-h(ax) is increasing in a for all x. Also ah(x)-h(ax) =0 for a=1. This

implies that ah(x)-h(ax) < 0 for all a <1. Therefore
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ec’/

h(— ﬂ;‘\/ZJ > \/Zh(—ﬂ[)
My My

This leads to a contradiction and hence our assumption that N, < &Nz is not true.

Hy

Now we prove that Property 2 holds. Let us assume

1-F, LNy <1-F,(N).

H

From the diffusion approximations,

ool
uHN ﬁ\/Zf
Hy

-1

S
FH(N)=[1— Mt ) JH—H
h(ﬂ\/ﬂH/e"'\/H/(NﬂH)) ﬂih(_ﬂ)

\ o

N NPT wp P [fey |
et (/3\/: £4,0) - B )
He h(ﬂ\/Z’WﬂL/@ +JO/(Nuy)) \/gh(—ﬂ\/””)

Hy

The inequality (13) can be written as

\/Eh(—ﬁ) <h(-f |y,
Y25 My

(13)
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From Lemma 1 we know that ah(x)-A(ax) is increasing in a for all x. Also ah(x)-A(ax) =0 for a=1. This

implies that ah(x)-h(ax) > 0 for all a >1. Therefore

\/Eh(—m > h(-f |1y,
H H

This leads to a contradiction and hence completes our proof. 0.

EC.8. Proof of Lemma 2.
Assume that the vendor has low productivity and accepts the contract TS-L. By the definition of Nz , the

vendor will maximize its profit at N Z , and we know that
7 (N))=V.

For all N > N, the SLA constraint is satisfied i.e., all N >N, are a feasible solution to the vendor’s

problem. This implies

r (1= F,(N) =N <V .

L

*

v
AT EEN) SN N 0.

A=F,(N))

Therefore,

EC.9. Proof of Proposition 7.
A low productivity-type vendor will earn a profit equal to / under contract TS-L. Assume that a low pro-
ductivity type vendor accepts CS-H. Let N; be the capacity decision that the low productivity type vendor

makes under contract CS-H. Now,

. P
Tips 2 RA = F (N, ) === F (N,) =N,

This implies
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. PA
ﬂms+aNL+4——

>(1-F,(N,)).
12],+-IZ;L

Because we assume that the low-productivity vendor accepts CS-H,

G,(N,,t)>a, =G, (N,,t).

(14)

We know that G, (N,1) <G, (N,t) and G(N,,t) < G(Ny,?) for Ni< N,. Therefore, N, > N, . This im-

plies that,
, =(V+—CN’1 (I=F,(N,)=cN,
(l_FH(NH))
) PA
<( V+CN;; ﬂ-H,s+CNL+7 _CN
A-F (N ) g PR '
0
:( V+cNH* l—FH(N};)+C(NL_N”) N,
(I_FH(NH)) R2+P—l
(R/1+I;/1J(I—FH(N;))—V—CN;
=V —c(N,—-Ny) P
(m + Hja —F,(N}))
* ﬂ;s'_V
<V —¢(N,-N,) ’ <V.
Lo PA
(R/1+HJ(I—FH(NH))

Therefore a low productivity type vendor will not accept contract CS-H. Let us assume that a high pro-

ductivity-type vendor accepts the contract TS-L. The profit earned by the vendor is

p = VN (g vy,

’ ﬂH(l_FL(NZ))
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/UL(V"'cluiHNH)

7, < A (1-F,(N,)-cN,
zuH(l_FL(ﬂiHNH))

L
. (ﬁjy <y
Hy

Therefore the high productivity-type vendor will not accept contract TS-L. 0.

EC.10. Proof of Proposition 8.

A low productivity vendor will earn a profit equal to V" under contract TW-L. Assume that a low produc-

tivity vendor accepts CW-H. The vendor’s profit function is
P .
7,(N)=RA(1-F,(N)) —Z/IFL(N) —cN+V -7y .

This implies that the vendor’s profit maximizing capacity decision under contract CW-H is equal to NZ .

Therefore the vendor’s profit is
T, (NZ) =V+ ﬂz,S — ﬂ;“ <V.

Therefore the low productivity vendor will not accept contract CW-H.

Let us assume that a high productivity vendor accepts contract TW-L and chooses a capacity equal to

N,, . The profit earned by the vendor

V+RA-T1, \
ﬂv:’uL( i ﬂL,S)(l_FH(NN))_(%_V+7TL,SJFH(NH)_CNH'

Hy

By re-arranging terms,

A e (N (NH)J{ _&j[mjﬂ—ﬂ, (N, )=eN, =, 47 .05)
Hy 0 Hy 0 0 ’
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By the definition of 7Z'Z’s ,

) P
7, 2 RA0-F,(PLN, ) - 22 F, (PN, ) —c 2L N, |
I 0 My My
Using Property 2,
) P
7, 2R/l(l—FH(NH))—7FH(NH)—c’Z—HNH. (16)
L

Equations 15 and 16 imply

7, < [ﬁ - 1]((13/1 haF,w, ))) + (1 —&I’M
Hpy 0 Hy 0

jO_EANﬁ»_a%{:_ﬁi]+V,

Hy

and therefore,

z, s(1—”—Hj(ﬁ(1—FH(NH))—cNHJ+V. (17)
Hy N\ Hu

We have assumed that the high productivity-type vendor accepts contract TW-L. Therefore we must have

7= (1= By (N ) = Ly (N, = e 20.

Hy

We can show that p, = 0, and this implies that

(ﬁ(l—FH(NH))—cNH]zo.

Hy

Therefore from inequality 17 we find thatz, <V . Thus the high productivity-type vendor will not accept

contract TW-L. 0.

EC.11. Proof of Proposition 9.
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A low productivity-type vendor will earn a profit equal to /" under contract TS-L. Assume that a low pro-
ductivity-type vendor accepts contract TSA-H. Let N, be the capacity decision that the low productivity

type vendor makes under contract TS-L. The profit function for the vendor is,

A
Ty, =ry ﬂ_(l_FL(NL))_CNL = Pyur
L

Therefore,

T, SI’HL(I—FL(NL))_CNL—I’HLSOSV
HL HL

Therefore a low type of vendor will not accept contract TSA-H.

A high-type vendor will earn a profit equal to " under contract TSA-H and not accept contract TS-L as it

would earn a profit lower than /" under contract TS-L (see the proof of Proposition 7). 0.

EC.12. Proof of Proposition 10.

Assume two vendors, 1 and 2, with u; > u,. We first consider a PPC+SLA contract. Let NV, and N, be the
profit maximizing capacity decisions and let 7; and 7, be the corresponding profits for vendors with ser-

vice rates u; and u,, respectively. Therefore the vendor profits are,
7, =rA(1=F,(N,))—cN,, where G,(N,,t) 2  and,

7, =rA(1-F,(N,))—cN,, where G,(N,,t)>c .

N, is a feasible solution for vendor 1. Therefore,

7, 2rA(1-F,(N,))—cN,.

By definition, F} (N, ) < F,(N,) and therefore 7, >2rA(1-F,(N,))—cN, =r,.
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Next we consider a PPC+W contract. Again let Ny and , be the profit maximizing capacity decisions and
let 7; and 7, be the corresponding profits for vendors with service rates y; and u,, respectively. Therefore

the vendor profits are:
A
T = ”/1(1_F1(N1))_I75F1(N1)_CN1’ and,

A
T, :rﬂ“(l_Fz(Nz))_ngz(Nz)_CNz'

By definition,

A
T Zr/l(l_Fl(Nz))_pgﬂ(Nz)_dvz

A
2r/I(l—Fz(Nz))—ngz(Nz)—ch =7,. 0.

EC.13. Proof of Proposition 11.

Assume two vendors, 1 and 2, with u; > u,. We first consider a PPT+SLA contract. Let NV, and N, be the
profit maximizing capacity decisions and let 7; and &, be the corresponding profits for vendors with ser-

vice rates ¢ and u,, respectively. Therefore the vendor profits are:

7T, = ri(l—Fl(Nl))—ch , where G,(N,,t) 2«

H

and,

7= r (1= Fy(N,) ~eN, . where Gy(N,.0)2 .

Hy

wN,

Assume, Gz( ,tJ > G, (N | ,t). If this assumption is not true then,

Hy
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Gz(ﬂlNl ,t]< G,(N,.t).

H,

Using the diffusion approximations, the above inequality can be rewritten as,

\/Zh(_ﬁ1)_h(_ ﬁw/zlg 0.
Hy Hy

Lemma 1 and our assumption thatﬂ >1 imply that the above inequality does not hold. Therefore
Hy

N N
Gz('ul 1 ,t] =G, (Nl,t) is true. By definition G (Nl,t)Z o . This implies that A0 is a feasible
H, My

staffing level for vendor 2. This implies,

7,2 r 2= Fy Py AN
Hy Hy Hy

Using Property 2, 7, 2 ﬂ[l’i(l —F/(N)))- CN1:| 27T,
Hy | My

Next we consider a PPC+W contract. Again let Ny and N, be the profit maximizing capacity decisions and
let 7; and 7, be the corresponding profits for vendors with service rates u; and u,, respectively. Therefore

the vendor profits are:

A A
T = r—(l—Fl(Nl))—ngl(Nl)—ch, and,

H

A A
T, =’"_(I_Fz(Nz))_ngz(Nz)_CN2~

H

By definition N, is optimal for vendor 2,

) N ) N N
7, 2 r (- F,E ) - p L (A A
Hy Hy 0 Hy Hy
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Using Proposition 6,

A A N
72 r (= RN = p (N e P

H Hy

zria—mzvl))—pgﬂwl)i—c”l—zvlzn

H H, H,

EC.14. Proof of Proposition 12.

The service supply chain profit for a given staffing level N is:
A

ﬁs(ﬂaN) = Rﬂ(l—F(ﬂ,N))—PgF(IU,N)—CN

With the PPC+W contract, the vendor’s profit is:

7, (4, N) = P = F M) = 0 F (i, N) =

By definition, 7 + P _ R+ £
0 0

Rewriting the vendor’s profit,

7, (u,N) = rﬁ—F(,u,N)(r+§)/1—cN

= 7,(u, N) = (R 7).

P
Therefore r +§ =R+ 5 ensures that the PPC+W contract is coordinating, as long as 7, (1, N) = V.

EC. 15. Proof of Proposition 13.
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Let us assume that (r,p) defines a coordinating pay per call contract with a linear penalty for waiting. Let

4, be such that 7[: (4;) =V .The client’s expected profit under this contract is

=M Pr(u < p)+(z, (1) =V)Pr(u > p)). (18)

Now assume that the vendor is offered a choice between a PPT+W-+AHT (or PPT+SLA+AHT) contract

that maximizes the client’s profit if the vendor’s service rate is u; and a coordinating PPC+W contract that

maximizes the client’s profit if the vendor’s service rate is 1, € (4,,). Note that if the vendor’s service
rate 1 €[ y,, 1, ) then the vendor will accept the pay per time contract and choose to work at x, = 4, (see
Propositions 8 and 11). If the vendor’s service rate = u, then the vendor will accept the pay per call

contract and choose to work at g, = 1 (see Propositions 8 and 10). In this case the service supply chain
will be coordinated (see Proposition 12). It can be shown that for this case, the supply chain profit in-
creases as 4>y, and the vendor earns an information rent of 7, (x)— 7, (1,)above its reservation

value. The client’s expected profit is,
7, =M Pr(u < pa))+ (2, () = V) Pr(p, > pr 2 ) + (7w () = V) Prlpe, < p1). (19)

The proof of the theorem follows by comparing equations 18 and 19. .

EC.16. Proof of Proposition 14.

Assume that the client offers the vendor a choice between a PPT+W+AHT (or PPT+SLA+AHT) that
maximizes the client’s profit if the vendor’s service rate is u; (we will call this the lower-PPT-contract)
and a PPT+W+AHT (or PPT+SLA+AHT) contract that maximizes the client’s profit if the vendor’s ser-

vice rate is u, (we will call this the higher-PPT-contract). Note that if the vendor’s service

rate i €[4, ;) then the vendor will accept the lower-PPT-contract and choose to work at £, = 4, (see
Propositions 9 and 11). If the vendor’s service rate 1 = u, then the vendor will accept the higher-PPT-

contract and choose to work at sz, = u, (see Propositions 9 and 10). In this case the service supply chain
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will not be coordinated and therefore the supply chain earns less profit than under the contract described
in Proposition 13. The client’s expected profit is the same as under the screening contract described in

Proposition 13,

7, =M Pr(u < pa)+ (7, () = V) Pr(p, > 1> ) + (70, (1) = V) Pr(pe, < po). )





