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Appendix A: A Single-Class, Random Yield Model with Pricing (RYP1)

In this appendix, we consider the special case in which (i) production results in a random quantity of a single
product and (ii) there is a single class of customers. We therefore set a;;, = as;, = a1 = 0. For notational
simplicity we let a = asy and remove the class subscript ¢ = 1,2 from all parameters. Downconversion is
not relevant as there is no lower-quality product. Allocation is not relevant as there is only one customer
class. The relevant decisions facing the firm are the price p and the production quantity @. Recall that the
distribution for the utility of customers’ outside options is G(-), and so for a given price p, the fraction of
customers who prefer the product to their outside options is G(a — p).

We first consider the quantity-and-price setting problem under recourse-pricing and then consider the case
of advance-pricing. Finally we contrast this random-yield model with the co-production model with a single

class of customers, i.e., CPP1.
A.1. Recourse Pricing
In the case of recourse pricing, the firm sets prices after yield and market uncertainties are resolved. The
firm chooses its prices to maximize its revenue, which is given by the equation
r(q) = pmin{zG(a—p),q}.
THEOREM EC.1. For any realization of product quantities q and market potential x, the optimal recourse

price satisfies
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p*=a—-G! (g) , otherwise.
x

We note that the optimal prices are increasing in the market potential, reflecting the fact that the firm

can charge higher prices when demand is high relative to supply.

COROLLARY EC.1. Assume G(-) ~U(0,1) and a is scaled between 0 and 1, the optimal recourse price

p* (q,x) is given by

a 2q
* = — < 1
P (g,2) = 35, T —,
* _ q .
P (¢,z) =a——=, otherwise.
X

For the special case of G(-) ~U(0,1), we can use the optimal prices from Corollary EC.1 to develop

expression for the optimal revenue r* (¢, z) as a function of the product quantity and market potential,

2
2
r:(vavx) = (Z) Z, xSyTQv
r (Q,y,x) = (a — yQ) yQ, otherwise.
T

Note that the subscript r on the price vector is used to indicate that we are considering revenue with recourse
pricing and not advance pricing. As one would expect, the optimal revenue is non decreasing in the market
potential x, the production quantities @) and the customer valuation a.

We are now in a position to characterize the firm’s optimal production-quantity @*. The firm chooses @

to maximize its expected profit,

H'r (Q) = —CPQ + E{/JN( [I‘: (Q7y7x)] .

The first term is the production cost and the second term is the expected revenue, where the expectation is
taken over the yield and market-potential random variables. Using the above expressions for r* (Q,y,x), we

can write the expected profit function as

1, (Q) = —cr@ + / /(4) vdFx (@) + 7 (= 22) yoars o) | ari .

a

It is relatively straight forward to show that II,. (@) is concave in @, and so the optimal production quantity

Q* is given by the first-order condition. Closed form solution to @Q* will not, however, typically exist.
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A.2. Advance Pricing

In the case of advance pricing, the firm jointly sets the production quantity ¢ and the price p before yield

and market uncertainties are resolved. We can then formulate the firm’s joint quantity-and-price setting

problem as
omax 11, (Q.p),
where
I, (Q,p) = —cpQ+ Ey 5 [ra (Q,p,y,7)], (EC.1)
r. (Q,p,y,x) =pmin{zG (a —p),yQ}, (EC.2)

and the subscript a is used to indicate that we are considering advance pricing. Substituting equation (EC.2)

into (EC.1), we then obtain,

yQ
1 G(a—p) %)
I, (Q,p) = —cpQ + pG (a—p)xdFx (x) + pyQdFx (x) | dFy (y).
b/ b/ G(Z[P)

The above expected profit function is in general not concave in price p, and therefore is in general not jointly

concave in @ and p. However, I1, (Q,p) is concave in @ for any given price p. The optimal Q* is implicitly

/01ny (G(yaQ_p)> dFy(y) = Ely] - C;P~

In addition, note that % is given by

vogeets oo _py’Q**(a—p) yQ
/(/ (~2afa—p)-+p4/ 0= P (o) - LG p (o ))>dFy<y>.

a—p

given by

) <2 (which is true for a wide class of distributions including the Uniform, Exponential

Therefore, if pg'(a=p)
g(a—p)

and certain specifications of the Weibull, Gamma and truncated-Normal families), then II, (Q,p) is concave

in p for any given quantity Q. It is straightforward to show that 0 < p* < a and G(a —p)Fx" (1 — p;lfy]> <
Q*<vG(a— 1/)%;(], where v satisfies v = £

g(a:ll//)) . The optimal solution can therefore be efficiently computed.

A.3. Comparison with CPP1 Model

The RYP1 model is a special case of the CPP1 model in which a; = 0. It is of interest to see how the
simultaneous production of a valued ”by-product”, i.e., product L, influences the optimal price for product
H and the expected profit. Because H is the only product in the RYP1 model, we do not subscript it in that

model.
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COROLLARY EC.2. For any given realized product quantities and market potential, the optimal recourse

price (for product H) under CPP1 is no higher than that under RYP1, i.e., py|cpp1 <Plryr1-

Corollary EC.2 tells us that with a valued by-product the firm may charge a lower price for the high-
quality product. When market potential is small relative to the supply of high-quality product, the price
is identical. When market potential is large, however, the price is lower for CPP1 because there is more
overall (i.e., including the by-product) supply to sell. The following theorem establishes that, as expected,
the simultaneous production of a valued by-product gives the firm a higher expected profit, regardless of

whether the firm adopts advance or recourse pricing.

THEOREM EC.2. Regardless of recourse pricing or advance pricing, the optimal expected profit under

CPP1 is at least as high as that under RYP1.

Our numeric study® shows that the expected profit for CPP1 (averaged over a; =0.2,0.4, and 0.6) can be
significantly higher than that for RYP1. The average expected profit for CPP1 is 29.55% and 15.73% higher
than that for RYP1 for advance pricing and recourse pricing, respectively. Note that the value of CPP1 over
RYP1 is significantly reduced with recourse pricing. Consistent with Corollary EC.2, the average expected
price for product H under CPP1 is 4.35% and 3.43% lower than that under RYP1.

Appendix B: A Two-Class, Random Yield Model with Pricing (RYP2)

In this appendix, we consider the special case in which (i) production results in a random quantity of a single
product and (ii) there are two classes of customers. We therefore set a1, = as;, = 0. For notational simplicity
we let a1 = a1y and as = asy. Without loss of generality, we assume a; > ao. Downconversion is not relevant
as there is no lower-quality product. We note that the firm is indifferent between allocation rules because
both class of customers pay the same price and there is no spill over to another product. Therefore, the
relevant decisions facing the firm are the price p, the production quantity @, and the allocation policy. Recall
that for a given price p, the fraction of customers who prefer the product to their outside options is G;(a; — p),
i=1,2. We consider the quantity-and-price setting problem under both recourse- and advance-pricing.

In the case of recourse pricing, the firm sets prices after yield and market uncertainties are resolved. The

firm chooses its prices to maximize its revenue, which is given by the equation
2
r (¢) =pmin {szGz (a; —P)7Q} )
i=1

8 Similar to that described in §4.3, except that uniform distributions were used for the outside utility, market potential
and yield. Details available upon request.
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where ¢ = Qy. In what follows we assume that the distribution functions G,(-) satisfy condition T2 (see
Lemma Al in Appendix A4.) We note that a sufficient condition for 72 to hold is that the G;(-) be concave,
and so T2 holds for a wide class of distribution functions including the Uniform, Exponential and certain

specifications of the Weibull, Gamma and truncated-Normal families.

THEOREM EC.3. Assume (T2) holds. For any realization of product quantities ¢ and market potentials

x = (21,%2), define p=0 if Zle 2:Gi(a;) < q. Otherwise define p as the unique solution to Zle 2:Gi((a; —

p)T) =q. In addition, define vy as the solution to v = %, and v15 as the solution to v = Zzz%m
i=1T19i\0q
The optimal recourse price is given by
G _
p* = 17127 1(a1 a2) Sa2a
g1(a1 —az)
G — G — — —
p* = 17127 l(al a2) >a23 xj 1(0’1 a2) azgl(al a2)a r(qaﬂIZ)ZT(Q7DI)7
g1(a1 —as) T a292(0)
G — G —ag) — —
p" =, M > ag, =2 1(31 —02) ~ Gag (@ a2), 7(q,12) <7(q,71),
g1(a1 — as) T a292(0)
P =, @S Gl(al_a2)_a291(al_a2)’
T a292(0)

where 1 = max{p,v1} and D15 = max{p,vi2}.

We note that the condition r(g,712) > r(gq,71) can be specified by model primitives but is omitted here for
the sake of brevity. Note that the above theorem collapses to the RYP1 model when the market potential
xo and/or the valuation as are set to zero. In fact, this theorem generalizes Theorem EC.1. Theorem EC.3
tells us that, depending on customer valuations a;,7? = 1,2, realized market potentials x;,i = 1,2, and the
realized production quantity ¢, the firm may not serve both class of customers. If the customer valuations
are sufficiently close, then it is optimal to serve both customer classes unless the realized quantity ¢ is too
small. On the other hand, if realized market sizes are sufficiently different, then it is optimal to serve only
the high-valuation class.

For the special case of G(-) ~U(0,1) (and, without loss of generality, valuations scaled between 0 and 1.),

we can derive explicit expressions for the optimal recourse price.

CorOLLARY EC.3. Assume G;(-) ~U(0,1) i =1,2. For any realization of product quantities = (qu,qr)
and market potential x = (x1,22), (a) If 81 <2, then the optimal recourse price is given by

q

P (q,x) = al*va g <zi(a; —asz),
1
2 2
X, — i= ZiQ;
p*(g,x) = W, xl(al—a2)<q<L

D1 T 2 7
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ec’?

* fo Z;Q; 2127 Z;Q;
p ((va) = %a q Z ¥'
222’:1 Ty 2
(b) If ok > 2, then the optimal recourse price is given by
* q T101
- a; — — <
p (Qa X) ay T, 9 q=> 2 )
aq Z10G7 T2 aq
- ) = 5 <gq, — < — = 27
pi(a,x) = 5 5 <4 e w
aq Tri1aq M aq To
* s = —, <q<—, ——=2< )
pa,x) = 5 5 <4< o o
* _ 212:1 ria; —¢q % 212:1 LiQ; % xﬁ
P <Q7 X) - 2 ) < q < ) -2 )
Zi:l X; 2 2 (45 X
2
Plax) = 5. LB, L_g “alch—%,
2 2 as Ty a2 \ a2
p*(g,x) = Yoo T Y T < 2 <a1 —2) <2
’ 22311 x; 2 -7 as \ Gz Ty

where M = Z?:l TiQ; — \/(Zf:

1 %ia;)? — ajmy Zle ;.

We note that if a; < 2a,, the optimal recourse price p* is non-increasing in the realized production quantity
q for any realized market potentials x;,7 = 1,2, that is, the larger the supply the lower the price. However,
if a1 > 2a9, that is, the classes differ greatly in their valuation, then the optimal recourse price p* is not
necessarily monotonic in ¢. However, one can show that the optimal revenue is non decreasing in the market
potentials x;,7 = 1,2, the launched quantity () and the customer valuations a;,i =1, 2.

Using the optimal prices from Corollary EC.3 , we can develop an expression for the optimal revenue

r* (¢,x) as a function of the product quantity and market potential. For a; < 2as,

r(Q,y,x) = (m—f) y@Q, yQ < x1(a1 —az),
2 _ 2 o
1 (Qugx) = <Z=myQ> VO, ar(an —ay) <y < DomL B0
21:1 Z; 2
2
Zf: Tia; 2 iy
ri(Q,y,x) = w7 yQ > ZZ:; a4
For a; > 2a,,
r(Q,y,x) = <a1 - yQ) yQ, (Q,y,%x) € Ao,
2
r(Quyx) = L (Quyx) €Ay,
2
v (Q,y,x) = (ZZ“x yQ) ¥Q,  (Quyx) €Ay,
=1
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2

(21-2:1 xiai)
A jw

As one would expect, the optimal revenue is non decreasing in the market potentials x;,7 = 1,2, the production

r:(Q7y7X) = (Q,y,x)€A3.

quantity ) and the customer valuations a;,i =1, 2.
In the case of advance pricing, the firm jointly sets the production quantity ) and the price p before yield

and market uncertainties are resolved. We can then formulate the firm’s joint quantity-and-price setting

problem as
omax 1L, (Q,p),
where
Ha (Qap) = _CPQ + E)ny)N( [ra (Q7p7y7x)] ) (ECS)
2
r. (Q,p,y,x%) pmin{zxiGi (aip),yQ} (EC.4)
i=1

and the subscript a is used to indicate that we are considering advance pricing. Substituting equation (EC.4)

into (EC.3), we then obtain,

yQ yQ-—=21 Gy (a3 —p)
1 Gi(a1—p) Gga(ag—p) 2
IL, (Q,p) = _CPQ+/{ / / P> _#:Gi(a; —p) dFx, (x2) dFx, (1)
0 0 0 =1
yQ
Gi(a1—p) o
+ [ wear s, @)
0 yQ-—=1 Gy (a3 —p)
Ga(ag—p)
b [ Qs () Jay ).
e

The above expected profit function is in general not concave in price p, and therefore is in general not jointly
concave in @ and p. However, I1, (Q,p) is concave in @ for any given price p. The optimal Q* is implicitly

given by

*

y
1 Gi(a1—p)

/y / FX2(yQ*_mlc:1<a1—p>)del(leFXl(GlyQ*) dFY(y):%P.
0

G2 (az —p) (a1 —p)

In addition, note that 9211, (Q,p) /Op? is fol V"dFy (y), where

yQ yQ-—=1Gy (a3 —p)

Gi(a1—p) Ga(az—p) 2
V" = / / (Z(—Q%Qi(ai —p) +prigi(a; —p))) dFx, (x2)dFx, (1)
0

=1

0
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yQ
Gi(a1—p)
P eolan oy Y@ TGl —p) >2.
GQ(%—]?) 2 ( 191( ! p)—|— G2(a2—p) 92( ? p)
yQ—flGl(al—p)>
Ixs ( Galas—p) dFx, (z1).

Therefore, if % < 2 (which is true for a wide class of distributions including the Uniform, Exponential
and certain specifications of the Weibull, Gamma and truncated-Normal families), then II, (Q,p) is concave

in p for any given quantity (). Because both p and @ are bounded, the optimal solution can be efficiently

computed.

B.1. Comparison with RYP1 Model

We now investigate how the optimal recourse price in RYP2 compares to that in RYP1, i.e., how is the
price influenced by the presence of a second class of customers. As the following corollary demonstrates, the

optimal recourse price under RYP2 can be higher or lower than that under RYP1.

COROLLARY EC.4. Define pi and p5 as the optimal recourse prices in the RYP1 and RYP2 models,
respectively. In addition, define x as the realized market potential in RYP1. Let j denote the additional

customer class in RYP2 and j the original class. Let x5 = x, i.e., the original class has the same realized

Gj(a;—v)

PR Ey— Then, for any realized product quantities,
J J

potential in RYP2. Let v; be the unique solution to v =
Py <5 if (a) v; > v, or (b) x> Wg (G’l (%)), or (c) p>v;, where p is defined in Theorem EC.3.
Otherwise, p; > p5 if py =12 and p; < ph if p5 =01, where vy and 15 are defined in Theorem EC.3 (note

U1 and the optimality condition in Theorem EC.3 can be conversely defined if a; > a5.)

Corollary EC.4 tells us that the optimal price in RYP2 is at least as high as that in RYP1 if, in absence of
the existing class of customers, it is optimal to induce the additional class of customers to pay a higher price;
or if the realized market potential is relatively large. Otherwise, if it is optimal to serve both classes under
RYP2, then the optimal price in RYP2 can be less than that in RYP1. However, as expected, the optimal

expected profit under RYP2 is always higher than or equals that under RYP1.

THEOREM EC.4. Regardless of recourse pricing or advance pricing, the optimal expected profit under

RYP2 is at least as high as that under RYP1.

Our numeric study® shows that the expected profit for RYP2 (averaged over ay = 0.3,0.4,0.5, and 0.6)
is 8.62% and 10.47% higher than that for RYP1 for advance pricing and recourse pricing, respectively. In

9 Similar to that described in §5.4, except that uniform distributions were used for the outside utility, market potentials
and yield, and the market correlation was fixed at -0.5. Details available upon request.
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contrast to CPP1, whose value over RYP1 is dampened by recourse pricing, the value of RYP2 over RYP1
is strengthened by recourse pricing. In another words, the firm accrues more benefits by adopting recourse
pricing if there are two class of customers, one possible reason being that there is more uncertainty in the
two class case. As expected, the expected profit under RYP2 is increasing in asy, i.e., as product H becomes
more valuable to the second class of customers.

Appendix C: A Single-Class, Co-Production Model with Advance Pricing

In the case of advance pricing, the firm jointly sets the production quantity @ and the price vector p =
(pu,pr) before yield and market uncertainties are resolved, but downconversion occurs after uncertainties
are resolved. For a given price vector, market-size and yield realization, the optimal downconversion quantity
is given by Theorem 1. Let 7 (Q, p,y,z) denote the resulting revenue less the downconversion cost. We can

then formulate the firm’s joint quantity-and-price setting problem as

1, (Qu p) = max 0{_CPQ + E}N/,f{ [,”* (Q, Py, .%')]}7 (EC5)

Q>0,p>

where using Theorem 1, if ay — py > ar, — pr,

71'* (vamy?x) =PH min {I‘G (aH _pH) 72/@}

+pL min{[wG (arr —pu) —yQI" (W) ;(1=y) Q} ;

and if ag — pyg < arp —pyr
L (szaywr) =DPL min {‘TG (aL _pL) ) (1 —y)Q}

sowmin {106 (0, - p2) ~ (1)@l (G2 ) e},

G(GL—PL)
Glag —pu
if ep > p1 _pHG((C;L_iL)),
™ (Q,p,y,2) = —cpqp +prmin{zG (ar —pr), (1 —y)Q +4ap}
P min{[mG (ar—pr) = (1=9)Q — )" (CM) w@—qg},
G(GH —PH)

if cp <pr —pup———"-—5,
D <PL pHG(aprL)

where g7, = min {z, (yQ - zM) / (1 - M)} and z = (zG(ar —pr) — (1 —y)Q) ™. Substituting

G(ar—pL) G(ar—prL)

above equations into (EC.5), we then obtain, if ag —py > ar — pr,

yQ
1 Glag—-pry)

I, (Q,p) = —cpQ +/ / paG(ag —pu)vdFx (x)dFy (y)
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yQ + A-y)Q
1 Glag—-ryg) ' Glap—pL)

+f / (pHyQ T p (2G (a - par) — Q) H) dFy (z) dFy (y)
0 G(H;;QEPH)
+ / / (prry +pe (1 — ) QdFy () dFy (y),

yQ + A-y)Q
Glag—pyg) ' Glap—prL)

and if ag — py < arp —pr,

(A-y)Q
1 G(ap—pL)

I, (Q,p) = —cpQ +/ / pLG (ayp —pr) xzdFx (z) dFy (y)

yQ + A-y)Q
1 Glag—-rg) ' Glap—pL)

+/ / <pL(1—y)Q+pH (G (ap —pr) — (1-y)Q)

Glan —pH)> .

G(ar —prL)
0 _(-9Q
G(ar—pL)
1 o .
+/ / (pary+ e (- 9)) QdFy (£)dFy (4) , if cp > pr — pu S P8
G(ar —pr)

yQ + A-y)Q
Glag—pyg) ' Glap—pL)

and

Q
1 G(ar—-pr)

I, (Q,p) = —cpQ + / / LG (ar —p1) 2dFyx () dFy (y)

0 0

yQ + A-y)Q
1 Glag—ry) ' Glap—prL)

ST g e,

J ar —pr) — Glay —pu)
G(ar—pL)

rGlay, —pL) —Q
G(ar —pr) — Glag —pr

+pu )G(aH _pH)) dFx (v)dFy (y)

+/ / (puy +pr (1—y)) QdFx (z) dFy (y)

yQ + A-y)Q
Glag—py) ' Glap—prL)

Q
1 Glap—pL)

e / / (4G (ar —p1) — (1 4)Q) dFy () dFy ()

0 _(1-»Q
Glar—prL)
1 T Yot
e e Glag—py)
yQ — (zG(ar —pr) — (1 - y)Q) Gr=rty
_CD/ 1 Glam—pnH) = dFx () dFy (y),
0 Q. G(ar—pr)
Glar—prrL)

G(an _pH)

if cp <pp —pyg—-——"-.
I ¢cp <PrL pHG(aL—pL)

For the recourse-pricing case, we were able to obtain implicit solutions for the optimal price vector (and

closed form solutions in the case of a uniform utility distribution), and show that a first-order condition was
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sufficient for optimality for the production quantity ). Not surprisingly, closed form solutions to the optimal
price vector and optimal production quantity do not exist in the advance-pricing case. The function is in
general not jointly concave in @) and p. However, the revenue function is concave in @) for any given price
vector p and the price vector is bounded. Therefore, an optimal solution to the joint quantity-and-price
problem can be found efficiently.

Appendix D: Two Customer Classes (CPP2) with Randomized Allocation Policy
In this appendix, we analyze the CPP2 model under a randomized allocation policy. For a price vector
p = (pa,pr), realized quantities q = (g, ¢1.) and market-potential realizations x = (1, z2), the firm’s revenue

as a function of the downconversion quantity gp is

2 2 T 2
. . " d;
7(qp) pHmIH{ZdiH,(QHQD)}+PLm1H <ZdiH(qHQD)> g:é_ldLa(QL+QD) )
i=1 i=1 i=1“iH

pely,
7(¢p) = pymin {de + (djL —(qr+ CJD))+53H7 (qu — QD)}
+prmin {dj, + (djz — (qz —ap)) ¥ s;2, (. +ap) } pely,
7(gp) = pymin {dEH +(d;jr — (qr + qD))+SjH7 (qu — QD)}
+prmin{d;z + (dju — (41 — a0)) " 850, (4 +ap) } , pels,

2 + 2 2

. —1 i .

7(¢p) = pumin (ZdiL_(QL+qD)> ézlgldHa(qH_QD) +me1n{ZdiL7(QL+qD)}a
i=1 i=1 %L

i=1
pely,
where T'y, I's, T's, and 'y partition the pricing space and are given by
I pH—pLSmiin{am—aiL}7
Ly 2 a5y — a5, <pm —pr < aju — a5z,
s :ajp —a;p <pw—pr <ajyg —ajp,
Iy : Py —PpL > m?X{aiH —a;r}.

Note that I's and I's cannot exist simultaneously.

THEOREM EC.5. For a price vector p = (pu,pr), realized quantities q = (qm,qr) and market-potential
realizations x = (x1,x2), the optimal downconversion quantity g5, =0 if (a) both class of customers prefer

product H to L; or (b) class j customers prefer product L and cp > pr, —pus;u; or (c¢) both class customers
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2 g
prefer product L and cp > pr, — pH%
=1

P Otherwise, the optimal downconversion quantity is given by

gy =min{z,{p}, where

A (QH —de) - (djL —QL)SjH

dp = 1—s , PEl: dp>qr N (d;L—QL)SEH <qm —d;mu,
GH
. (qu —dsg) — (djr —qr)s;
dp = = JHl S]L = JH7 pels, djr>qr N (djr —qr)sju <qu — djy,
— S
2 2 Ldim
qu — (Zizl dir —CIL) S 2 2 2 d,
4p = SERTRS = pely, ZdiLEQL N ZdiL*QL #<QH7
1- ﬁ i=1 i=1 D1 dir
qp =0, otherwise,
and
z = max{0,d5;, —qr}, pels,,
z = max{0,d;;, —qr}, perls,
2
z = maX{O,ZdiL—qL}, pely.
i=1

We conducted a numeric investigation'® to compare the expected profits under randomized and prioritized
allocation. Our numeric investigation shows that, relative to recourse prioritization, randomized allocation
results in a decrease in the expected profit of 0.58% on average under advance pricing, and 1.21% on average
under recourse pricing. The maximum decrease in profit is even more significant: 8.76% under advance pricing
and 7.21% under recourse pricing. This indicates that knowledge of customers’ identity can be of significant
value to the firm.

Appendix E: Downgrading versus Downconversion

As discussed in the main paper, the firm could downgrade rather than downconvert when filling a low-quality
demand from its high-quality inventory. However, downgrading has some tactical and strategic disadvantages.
Tactically, the practice of downgrading cannibalizes high-quality demand as it does not extract the high-
quality price from those customers willing to spill up to the high-quality product. Strategically, the practice
may promote undesirable reselling on the part of customers who receive a high-quality product for the
price of a low-quality one. Downconversion is therefore a common practice in the semiconductor industry.
Downgrading, however, has the advantage of being free whereas downconversion incurs a cost. Therefore,

downgrading may, in theory, be preferable to downconversion. In this section, we investigate the tradeoff

10 Comprising 1920 problem instances. Details available upon request.
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between the cost disadvantage of downconversion and the cannibalization disadvantage of downgrading.
Strategic disadvantages of downgrading are not considered but these would only serve to make downgrading
less desirable.

The practice of downgrading is captured by a slight modification to the model presented in §3: if low-
quality demand, i.e., demand for product L, exceeds the low-quality inventory, ¢, then the firm fulfills as
much as it can of this unsatisfied demand (at price p;) using any excess inventory of product H, i.e., any

inventory of H left over after satisfying first-choice demand for H.

THEOREM EC.6. (a) Downgrading will not occur in the single customer-class case if prices are set opti-
mally. (b) In the two customer-class case, (i) downconversion (weakly) dominates downgrading if the down-

conversion cost, cp, is zero, (i) downgrading can be preferred to downconversion if cp > 0.

The single-class result echoes the earlier result for downconversion. The two-class results suggest that,
as one might expect, downgrading is more likely to be preferred as the downconversion cost increases. We
investigate this using the same numeric study as described in §5.4 (restricting attention to advanced pricing
and recourse allocation) but using a wider range of relative downconversion costs, from 0% of the production
cost up to 7.5%. Table EC.1 presents, as a function of the downconversion cost and class 2’s valuation of
product H, the percentage of cases in which the firm 1) prefers downconversion, 2) prefers downgrading, or

3) is indifferent between the two practices. As can be seen, downconversion becomes less attractive relative

downconversion COS‘C>|<

asp | preference | 0%  0.5% 2.5% 5.0% 7.5%
DC 43.08 42.04 38.33 35.21 32.08
0.6 1D 56.92 49.92 50.08 50.00 50.25
DG 0 8.04 11.58 14.79 17.67
DC 2.67 239 183 150 144
0.5 1D 97.33 16.11 14.72 14.00 13.83
DG 0 81.50 83.44 84.50 84.72
DC 1.67 1.58 1.58 1.58 1.58
0.4 1D 98.33 18.58 16.58 15.67 15.42
DG 0 79.83 81.83 82.75 83.00
DC 3.33 3.17 3.17 3.17 3.7
0.3 1D 96.67 30.50 27.17 25.83 25.67
DG 0 66.33 69.67 71.00 T71.17
Table EC.1  Percentage (%) of cases where downconversion (DC) or downgrading (DG) is preferred. (ID

denotes indifference). *Relative to production cost.

to downgrading as the cost of downconversion increases. While downgrading was quite often preferred to
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downconversion, it is important to note that when downgrading was preferred, the average improvement
over downconversion was 0.09%, whereas, when downconversion was preferred, the average improvement over
downgrading was 0.67%. Furthermore, the maximum improvement of downgrading over downconversion was
1.52% while the maximum improvement of downconversion over downgrading was 6.50%.

Finally we note that downconversion is increasingly preferred as asy, class-2’s valuation of product H,
increases. The reason is as follows. In situations in which the optimal prices induce class 2 to prefer product
L, an increase in asy makes class-2 customers more willing to spill up to product H if there is insufficient
inventory of product L. Downgrading does not take advantage of spill up and, therefore, the cannibalization
disadvantage of downgrading is more significant as aspy increases.

Appendix F: Residual Market Uncertainty

In the main paper, we have assumed that the firm has perfect market information when making the down-
conversion and (recourse) pricing decisions. That is, market uncertainty is completely resolved by the end of
the production lead time. We note that single-period models in which resource allocation and/or pricing deci-
sions can be postponed until after the market size is perfectly observed are common in both the operations
and marketing literatures. Ex-post resource allocation is assumed in the flexibility literature (e.g., Fine and
Freund (1990), Van Mieghem (1998, 2004)), in the delayed-differentiation literature (e.g., Swaminathan and
Tayur (1998), Anand and Girotra (2006)), in the transshipment literature (e.g., Rudi et al. (2001), Dong and
Rudi (2004)), and in the subcontracting literature (e.g., Van Mieghem (1999)). As discussed in §2, ex-post
pricing is assumed in Bish and Wang (2004) and Chod and Rudi (2005), and is one of the cases considered
in Van Mieghem and Dada (1999). It is also assumed in Desai et al. (2007) who note that “given the lead
time needed for manufacturing, the production decision may be based on the firm’s expectations about the
market demand [and] thus, subsequent marketing decisions, such as price and advertising, are conditional
not only on the realized demand, but also on the production decision made earlier, when the firm did not
have complete information about market demand.”

Market-size uncertainty may be reduced over the production lead time as the firm obtains new information
from its interactions with potential customers and/or from observations of economic indicators that influ-
ence market size. When prices are set in advance, customers might pre order based on advanced showings
and prototype demonstrations. If prices are not set in advance then customer will not pre order; they may,

however, signal their interest (with the actual purchase decision dependent on the eventual price.) Economic
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indicators, such as interest rates, macro-level industrial demand, etc., may also contain useful signals of
market sizes. While market uncertainty may not be fully resolved based on customer interactions and eco-
nomic indicators, the common assumption that postponed decisions can be made with perfect market-size
information is an acceptable approximation if market uncertainty reduces significantly over the production
lead time.

There may, however, be situations in which market uncertainty is not even close to being fully resolved
after production. Yield uncertainty is, of course, resolved after production. In our context, downconversion
and (recourse) pricing decisions would then be made with perfect yield information but imperfect market
information. Would this residual market uncertainty effect our earlier findings, and, if so, how? To address
this question, we focus on the single-class case. Let Fr(-) denote the distribution function for the market
potential z at the point in time at which the firm chooses the downconversion quantity (and prices in the
recourse case.) In other words, Fr(-) represents the firm’s market forecast after production. If Fr(-)=Fx(-),
the original forecast, then no uncertainty is resolved over the lead time.

Recall that the realized inventories of product H and L are given by ¢y = yQ and ¢ = (1 —y)Q respectively.
For any price vector (pg,pr), Theorem 1 specified the optimal downconversion quantity assuming the firm
had perfect market information. The following theorem extends that earlier result to the case in which there

is residual market uncertainty when downconversion occurs.

THEOREM EC.7. For any realized inventory vector (qu,qr) (i) if ag — puy > ayp, — pr, then ¢ =0, (i) if

ag —pg < ap —pr then (a) the optimal downconversion quantity g5, =0 if

i e e vyl G G e R )
() e (e e )

and, otherwise, qj, is the unique solution to

CD:pLFR< qr.+qp >_pHG(aH—PH) (FR< qr + 4o n 91 —4p )
G(aL_pL) G(GL—I’L) G(aL_pL) G(GH—I?H)

qrL+d4p = qr +4qp qu —qp
—Fp (=TI ) ) T + .
R(G(GL—I’L>>> b R(G(aL—pL) G(GH—pH)>

(b) 0< g5, < qu, i.e., the firm never downconverts all product H to L.

For the case of perfect market information (and a single customer class), we established that the firm does

not downconvert if prices are set optimally. While we have not been able to analytically establish the same
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result when there is residual market uncertainty at the time of downconversion and pricing, extensive numeric
investigations did not uncover a single instance when downconversion occurred. This suggests that our earlier
finding is robust.

Clearly, recourse pricing will be less beneficial if market uncertainty is not fully resolved over the production
lead time. To investigate how residual market uncertainty affects the firm’s expected profit, we model market
uncertainty as follows. Let X = X + Xg, where X, is realized over the lead time and Xy is a zero-mean
random variable representing the residual uncertainty. In particular, let X; and Xz be normally distributed
with X ~ N(p,Ao) and Xz~ N(0,(1 —A)o). Then, X ~ N(u,0). The parameter A represents the fraction
of market size uncertainty that is resolved over the production lead time. At A = 0, no uncertainty is resolved.
The A =1 case corresponds to our original model in which all market uncertainty is resolved.

For the base case scenario described in §4.3, Figure EC.1 plots the increase in expected profit (relative to
the advanced pricing case) as a function of \. We see from Figure EC.1 that the relative benefit of recourse
pricing is convex increasing in A\. However, there is substantial benefit even for low values of A, suggesting
that recourse pricing is of significant value even with imperfect market information. In fact, at A =0, recourse
pricing has no additional market information over advanced pricing, yet there is a 1% increase in profit
over advanced pricing. This indicates that recourse pricing is quite beneficial even if only the yield has been

observed.

~

w IS @ )

N

percentage increase (%) over advance pricing

-

o

i i i i
0 0.2 0.4 0.6 0.8 1
residual market size uncertainty parameter A

Figure EC.1 Percent increase in the optimal expected profit as residual market uncertainty decreases.

Appendix G: Proofs

We first present a useful technical lemma which is used in some of the subsequent proofs.
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LemMmA EC.1. (a) Define h;(u) = uG;(a; —u) in the domain 0 <u < a;. A sufficient condition for h;(u)
to be unimodal in u is

(T1) Gy(a; — u)gi(a; —u) — 297 (a; —u) <0

where R; = gi_((‘zi_:z)). Note that (T1) < R? > R;. (b) Define h(u) as a convexr combination of h;(u), i.e.,

h(u) = Ahq(u) + (1 = Nha(u), 0 <A< 1. A sufficient condition for h(u) to be unimodal in u over 0 <u <
min {aq,as} is
(T2) X*(G1(u1)gy (ur) — 297 (u)) + (1 = A?) (G (uz)gs(u2) — 295 (u2))
A1 = A) (G (u1)gs(u2) + Ga(ua)gy (ur) — 491 (ur)g2(uz)) <0,
where w; = a; —u,i=1,2. (¢) IFA=0 or 1, then (T1) implies (T2).

Proof of Lemma EC.1 (a) Note ahaiii”) =Gi(a; —u) —ug;(a; —u) and % = —2¢;(a; —u) —ug;(a; —u).

Because ahgiiu)h:o >0 and ahgil(f”u:ai <0, a sufficient condition for h;(u) to be unimodal in u is % <0

whenever ah(,;%im = 0. Note %T(f) =0=u* = Cg;((a“::j)) = 82;;5“) lumus = (—2¢2(a; — u) + Gi(a; — u)g(a; —
w))/gi(a; —u) <0 by (T1). (b) Follows analogously as (a).

Proof of Theorem 1 Define w(qp) =7(qp) — cpqp- Also define o = %.

(i) In this case, ay — py > ar — pr. We will show that w(gp) is decreasing in gp. Recall r(gp) =
prmin{zG(ayg —py),qa — qp } +prmin{[zG(ag — pr) — (g — qp)] /o, qr + qp}. For qp <[qu — xG(ay —
pu)]T, m(qp) = paxG(ay — pu) — cpqp, which is decreasing in qp. For qp > [qg — G (ag — py)|T, 7(qp) =
pu(qu —qp)+prmin{(xG(ay —pu) —(qu —qp))/ @ 9L +4qp} —cpqp- I gL +qp > 2G(ay —pu) — (qu —qp))/
then 7(q¢p) =pu(qu —ap) + pr(2G(ay —pu) — (qgu — qp)) /@ — ¢pqp- Note 7(gp) is decreasing in gp because
pr >pr>pr/a—cp. If qo +qp <2G(ag — pr) — (qu — qp))/, then 7(gp) = pu(quw —qp) +pr(qr +qn) —
¢pqp, which is again decreasing in ¢p. Since w(gp) is always decreasing in gp, it then follows that ¢}, = 0.

(ii) In this case ay — py < ar, — pr. Therefore 7(qp) = pr, min{axG(ar — pr.),qr + ¢p} + Py min{[zG(a;, —

pr) — (g +49p)) T, gy — qp} — cpqp. Because pr, — cp < pya, w(qp) is decreasing in gp. Therefore ¢} = 0.

(iii) Define z = [xG(a;, — pr) — qr]T. If gp > 2, then 7(qp) = prxG(ay, — pL) — cpqp, which is decreasing

. . —za]t
in gp. If ¢p < 2, then 7(qp) = pr (g +qp) +pau min{(z — ¢p)a, ¢ — qn} — cpqp. For qp < =221 7(g,) =
pr(qr +ap) +pu(z —qp)a—cpqp, and 7(gp) is increasing in qp because ¢p < pr — pgya. For qp > %,

7(qp) =pr(qr +qp) +pu(qa — gp), which is decreasing in qp because py > pr, + (ay —ar) > pr,. Combining

[qu—_z:t]+ 1.

these results, we then have ¢}, = min{z,
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Proof of Theorem 2 We prove (a) by contradiction. Consider any arbitrary price vector p’; and p’, such
that ay, —p} > ay —py. Define ¢}, = quw —gp and ¢, =qr + qp-

If 2G(a;, —p}) < g}, then r(py,p}) = pLxG(ar, — p}). Define py = ay — ar, + p;,. Then r(py,p)) =
pumin{zG(ay —py), ¢y} + 05 min{[zG(ag — pu) — q%] T, 4, }. Note 7(py, p}) <r(pu,p}) for any value of ¢,
because py > p} and G(ay —pu) = 2G(ar — ;). It then follows that a;, —p), > ay — p); cannot be optimal.

If 2Glar, —p) > g, define 3" = G then 7(ply.pt) = P a, + Py min{(@Glar —py) — ;)8 }. For
T < (xG(ar —pL) —q)B's 7 (P PL) = P14 +Pudu = (P, p) is increasing in p . For ¢ > (2G(ar —pf) —
qap)B', (P pL) = p1ar + Py (2Glar — pl) —q;)B', which is increasing in p, up to py — (am —ar). We have
now proven that r(py,p;) is increasing in p), for p; < ply — (ag — ar). Therefore ag — py < ap —p), cannot
hold.

(b)(i) By (a), for any post downconversion quantity, the optimal price vector satisfies ay —py > ar, — pr.
For any given price vector that satisfies ay — py > ar — pr, the total revenue is non-decreasing in qy.
Therefore, at the optimal price vector, downconversion will not occur, i.e., ¢, =0.

(b)(ii). From (a) and (b)(i), ag — pr > a;, — p;, and g}, = 0. Therefore, the revenue as a function of price
is given by r(px, pr) = pr min{eG(an — pu), qu} +pr min{[2G(an —pr) — qu|t GeE=LL g, .

In the following, we prove theorem statements by establishing an upper bound on r(py,p.) and then
considering r(pg,pr) by different regions of pg.

Let #(pm,pr) =limy, —co.q, oo (P, Pr) = prxG(am — prr), then 7(py, pt) = pixG(ax — ) is the upper
bound on r(py,pr.). By Lemma EC.1, 7(py, pr) is unimodal in py and by first order condition, p3, = %.

To fully characterize r(pg,pr), we consider the revenue function by different regions of py. Define pg =

max{0,ay —G~! (QTH)} and py = max {0, ag —G™1 (%) }, where vy, is the unique solution to v =

Glap—v)

s (note vG(ay —v) is unimodal in v for v € [0,a,]). Note that 0 < py <Py < agy. Define I'y : [pg, anl,

I'y:[pu,Pr), and I'y : [0,pu) to partition py into three regions. We next show that r(pg,pr) is unimodal in
py in all three regions.

For py € To, r(pu,pr) = puxG(ag — pr), which is unimodal in py by above analysis. For py € T'y,

r(pu,pr) =puqn +p(@Glag —py) — q,ﬁ% =puqa +prG(ar, —pr) (a: - m). Note that the

optimal p;, is independent of py. Because p;G(a;, — pr) is unimodal in p;, we have p} = %. Sub-
L

stitute p} into the revenue function, we have r(pg,p:) = puqu + piGlay — p}) (3: - m) Note that

or(pm,pL) _ qu (1 _sz(aL _pz) g(ag—pH) )’ and ’r(pr.p}) _ _ ppGlar—p})an (_g/(aH —pH)G(aH —pu) +

OpH G2(ag—pH) Y G3(ag—pH)

2g%(ay —py)) <0 by R% > R assumption. Therefore, r(py,py) is concave in py for py € T'y.
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For py € s, 7(pu,pr) = Puqu + Prqrn, where py, satisfies the condition (m ) G(ar —pr)=qs.

_ __49H
G(ag—pH)

Therefore, given py, pr(py) =ap, — G~1 (I‘ZLQH) Substitute py(py) into the revenue function, we

T Glag—pH)

. —1
have r(py,pr(Pa)) = Puqu + (aL -Gt (achm ) qr,. Note that %ﬁl(pm) =4 — 4L i (K), and

_ 1]
Glag—rH) PH

To prove the revenue function is unimodal, it is necessary and sufficient to show that 82%%11(”) >
0 whenever W = 0. Note that 6%;;(“) = g(aLlpr) T pym——" Gz(a(qupr)g(aH — py) =
gg(@i:Zf)) Gan —pmy—am?> and 823;;%) = (_ g;gjfj;’f)) <§<(:f:ppLH)§29/(aL _pL)%)
ot ey + St Goter ey 209(0n = Pi) = Gt ety =y S Where S = ¢/ (an —
) et B o e

By definition ‘g}% = —%;(”). Setting W = 0, we have gp% = — L. Substitute gﬁ =
—4& into expression S and recognizing that xG(ay, — pr) = qr + qH%, we have S = —¢'(ay —
pu) — e e 2 S n) — (0 py) - SO i (g,
In Geimisy) = ~HeapnClu o A ) gy — py) (RetpSeme) — £ELob), Note that

—g'(ag —pu)Glayg —py) +2g%*(ay — py) >0 by R? > R’ assumption. If we assume ¢'(-) <0, then we have
S>0= 82%;“) >0= WMT%(M)) < 0 whenever %ﬁq(”)) = 0. Without the ¢’(-) <0 assumption, the
expression S is not necessarily positive. However, we can say more about the property of S.

Next we show that if there exists an optimal solution in I's, then there exists an equivalent optimal solution
that satisfies ag — p3; = ar — p;. We prove this by construction.

First note that r(pg, pr(px)) is a continuous function in py. Therefore the optimal solution of p, and pj
must be local stationary points, which is given by %ﬁl(“)) =0= gﬁ = f‘;—’z. Now, suppose there exists
an optimal solution pair pj; and p; which does not satisfy ag —p3; = ar —p;. Construct a new solution pair
where pjy = pj; + € and p}, =pr — €. Because r(ply,py) =7(py,p1) and pjy and py satisfy local stationary
point condition, the solution (p};,p}) is at least as good as the existing (p;, pi) solution. If ay —p’y; = ar —p';
then we have found an equivalent optimal solution; if not we can continue increase p’; by € until either

Pu = Ppu O ay — py = ag — py, is satisfied. In the former case, an equivalent optimal solution exists in

region I';. This proves that in region I's, one only needs to search solution pairs where ay — py =ar — pr.

—g'(ap—pa)Glag—pu)+2¢*(am—pr) + q7H(292(CLH*PH) _

Substitute this condition into expression S, we have S = Ty prd G ey

g'(aw —pu)) = 7gl(aH7PH>GC§?fH7f:;;F292(GH7pH) (1+ ?Tf) > (. This proves that in region I'y, 762“”%‘:2;(”’)) <0

Or(prpr(Pr)) — (),

whenever =
PH
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Finally, we prove that r(ps,p.) is continuous at py but is in general not continuous at py, i.e., the lower and

. . r . . —_ r 1k
upper limits of % are identical at py but not so at p. Note that %f"”p;[ 1 pu=qu— qLaGTH() =
. glag—pH) qHaL _ _ . 9lag—pmH) qHIL _ _ _g(ag—pH) o)
qr — 4L g(ar—pr) (¢Glapg—pu)—am)? 9r —dr glar—pr) ( agGlap—pry) 7 =qu g(aL*PL)lZH( G(aL pL)
wGlag—p5)—ag H
2 glem—pm@ar—p}) (. aqp  \’_ _ pielem—pm)Glag—p})
QL) =du glar—pr)anm (I G(ar—p31)) qu aH

g(ag—py) glag—pmH)

2
(I*#L_pz)) = qu — p;Glar — pl)au o » = qu — p;Glag — pZ)QHm =
<QH/<I’G<aL—pz>>>

Or(pH.PL)

e |pr | pr. This proves that r(pg,pr) is continuous at pg.

The optimal p}; lies in I'g if %lleﬁ > 0; it equals to pyy if 2-@mpL) <0and 2(purr)

B |pHLﬁ opy ‘pHTﬁZ

0; it lies in Ty if 2(empe) <0 and 2tpmre) > 0; it lies in 'y otherwise.

Opy |PHTW Opy |PH:P7H
or s . or )
Note that %m]lﬁ >0 ez < (ach—l(qTIij{)g(Gfl(f{TH))y (g;r:mbmﬁ >0 <
qH . Or(pH,PL) > < 9y _ The theo-
Va6 (&) )rrGlar—m)’ T ovm b=y 20 @< (q“L ¢g(aHpH>/g(aLuL>> /Glaz —vy). The theo

rem statement follows after applying first order conditions.
Proof of Corollary 1 The corollary statements are trivially true for = € Qg U )y because there is no

demand for product L in these two regions. For x € Q3, ay — p}; = ar — p;. Therefore, the corollary state-

Glag—ry) _ _Glar—pri)
Valan—pi) ValaL—p})

= py; =p; + (ag —ay) is one potential solution. Next we prove that this

ments follow if ay — pi; = ar — p} for z € Qy. Note for = € Qq, p}; satisfies

G(ap—(pyy—(ag—ar))) _ Glar-pi)

Valar—(g—(am—ar))  \/slar—p})

potential solution is unique. Suppose there exists an alternative solution py = p}; + €,€ # 0. This, however,

cannot happen because in region {25 the revenue function r(pg,p} ) is concave in py. Therefore, there exists
one and only one p%;, which means e must equal to zero and py cannot be an optimal solution.

Proof of Theorem 8 (a) (i) Consider a;iy — py > a;r, — pr, and azy — py < a3, — pr, i.e., class i prefers H
to L and the complement class ¢ prefers L to H, i =1, 2. In this case, there is no competition for first choice
demand because customers have separating preferences. An allocation policy is only relevant for rationing
class i’s spill-over demand and class 4’s first choice demand, i = 1,2. Such instances arise only when class i’s
first choice product is sold out, and class i’s spill-over demand plus class 4’s first choice demand exceeds the
firm’s inventory. In these instances, however, the firm is indifferent among all allocation policies because all
products are sold regardless of the policy. Thus, when customers have separating preferences, any allocation
policy is optimal and priority allocation is one such policy.

(ii) First consider a;; —pg > a;r, — pr, ¢ = 1,2, i.e., both customer classes prefer H to L. If Zle ;G (i —
pr) < qu, then any allocation is optimal because all first choice demand can be filled. If Ele x:Glaig —pu) >

¢, then all first choice demand cannot be filled, and a fraction of customer demand will spill over to product
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L. The firm’s revenue is maximized when the number of spill-over customers are maximized. The fraction
of class i customers willing to spill over is s;;, ¢ = 1,2. Therefore, the optimal allocation policy would spill
down class 1 customers if s1;, > so;,, spill down class 2 customers if s;;, < so7,, and be indifferent otherwise.
So, if s1; > sar, then the firm’s revenue is maximized by first filling demand from class 2 customers, and
then filling demand from class 1 customers. Conversely, if s;; < sap, then the firm’s revenue is maximized by
first filling demand from class 1 customers, and then filling demand from class 2 customers. In either case,
a priority allocation rule is thus optimal. An analogous argument holds when a;; — py < a;r, — pr, i =1,2,
i.e., both customer classes prefer L to H.

(b) (i) Follows directly from part (a). (ii) From part (a), the optimal priority class depends on the spill over
ratio s,r, ¢ =1, 2. In advance pricing, because both a;x, i1 =1,2, k € {H, L}, and p are known in advance, the
optimal priority class can be determined a priori and therefore the priority based allocation rule is optimal.

Proof of Theorem 4 First define r(q) and r(g,€) as the revenue function with zero and € > 0 units of
product H converted to product L, respectively. We prove theorem statement by considering different regions
of price vector p. In what follows, we consider an exhaustive and mutually exclusive list of problem regions.

First consider p € T';.

o A: 37 diy <qu. Then r(q) =pu Y-, din = r(g,€) = (q) —ecp < 7(q) = 4p = 0.

e B: Zle d;g > qm and djg < qg, Then r(¢) =puqu +pr min{(Zf:1 diy — q1)550,qL }-

—B1: qp > (Ele dig — QH)35L~ Then T((]) = Puqn +pL(Z¢2:1 dig — QH)SEL = T(Qae) =7r(q) — 6(pH -
prsir) <r(q) = 4p =0 because s;;, <1 for p €T's.
—B2: g < (X7, din — qu)sj.. Then 7(q) = pugu +pra = r(g,€) =r(q) — e(pu —pr) <r(g) = 4o =0.

o C: 21-2:1 dig > qu and d;g > qg. Then r(q) = puqu +pr min{(d;z — qu)s;. + d5u55, 90}

—C1: qp > (djg — qu)sjr +dius51- 7(q) = Puqu + 0 (djn — qu)s;L + d5ps;.) = 1(q,€) =r(q) — €(pu —
prs;jL +cp) <r(q) = 4p =0.

—C2: qr < (djg —qu)s;L +diu55.- 7(q) = Ppaqu +pLqr = 7(q,€) =7(q) — €(pz —pL +cp) <7(q9) = 4p =

Next consider p € I's.
e D:d;y >qu, (q) =prqu +prmin{d;, + (djn — qu)s;r,q.}-
—D1: g > dj +(djm —qu)s;n- 7(q) = puqu +pr(dsy + (dju —qu)s;) = (g, €) =7(q) — e(pu —prLs;L +

cp) <7(q) = 4o =0.
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—D2: qp <djp + (djm —qu)sje- 7(q) =puqu +prar = 1(q,€) =7(q) —€(py —pr +cp) <7(q) = ¢p =0.
o E:djy <qn and dj, <qr. 7(q) = pud;n +prd;, = (q,€) =7(q) —ecp <r(q) = 4p =0.
o F:d;y <qy and d;;, >qr. 7(q) =pu min{de + (dEL - QL)53H7QH} +prqr-
—F1: (dj, — qu)s5u < qu — dju- 7(q) = pu(d;n + (d5, — qv)s50) + prar = r(q,€) = r(q) + e(pL — cp —
Pusjy) = 0r(q,€)/0e >0 if p, —cp > pusjy. The optimal §p therefore satisfies d;y + (dy — (¢ +dp))s7u =
(qH*de)*(d;L*QL)S;H-

qu —4p = (dp = -

JH

—F2: (dsp — qu)s50 > qu — dju- 7(q) =puqn +prar = 7(q,€) =1(q) — €(pu — pr +cp) <7r(q) = Gp =0,
The region p € I's can be symmetrically proved as p € I's.
Finally, consider p € I'y.
e G: Zle dir, <qr-7(q)=pr 22.221 dir, = 1(gq,€) =71(q) —ecp <7(q) = 4p =0.
o H:d;r >qp. 7(¢) = pumin{(d;r — q1)8;u + 50571, qu } +PraL-

—H1: (djL —qr)s;a +d5.556 > qu- 7(q) = paqu +pLqr = 7(q,€) =7(q) — e€(pz —pr +cp) <7(q9) = 4p =

—H2: (djL - QL)SjH + d}LSEH <{qu- 7'(‘1) :pH((djL - qL)SjH + d}LSEH) +pLqL = 7'(‘]7 6) = T(Q) + 6(pL -

¢p — pusju) >1(q) = 0r(q,e)/0e >0 if p;, — cp > pus;u. Therefore, the optimal §p; satisfies (d;z — (qr +

N N A —(djr—ar)sju—dsp 55 o . N
4p1))Sim + dz.55y = qu — 4p1 = 4p1 = ot ffsjiIH 8 Now, 7(Gp1) = prmin{qy — 4p1, (d;r — qr —

4p1)sjn +dip555} +pL(qr + 4p1). Thus, if djps55 < qu — (d;jL —qL — 4p1)s;u — 4p1, one can follow similar

(qH—(djL—tIL—ﬁD1)SjH—§D1—d3L57H)+

17$;H

logic and show that the optimal §ps =
e I: d;; <gr and Zle dir > qr. 7(q) =pu min{(Z?:l dir = qu)S5m,qu } +PLaL-
I (L, die — 41)s7s > qu- (@) = Pudn +prar = (g, €) = r(q) — (py — pr+cp) <7(q) = dp =0.
12 (L dir, - qL)sm > qu- v(q) = pu(Xi dir — q)s7m + prqr = 1(q,€) = 1(q) + e(pr — cp -

pusjg) > 1(q) = 0r(q,€)/0e > 0 if py, — cp > pys;y. Therefore, the optimal §p satisfies (Zle dir, — (qr +

. . . —(CF 1 din—qr)s;
QD))SEHZQH—QD:>QD=(1H 1is,L LS

JH

The theorem statements follow directly by imposing the appropriate upper bound z on the maximum down-
conversion quantity ¢p.

Proof of Theorem 5 We prove that downconversion can be optimal by constructing a particular example.
We use U(0,1) distributions for utility of outside options (and therefore can scale a,’s to be 0 to 1). We use
a deterministic demand and yield example, in which case there is no distinction between advance or recourse

pricing. Define x; and x5 as the deterministic market size for class 1 and class 2 customers, and y as the
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deterministic yield. Let the customer valuations be a;;, =0 and as5 = asr,. To simplify notation, let a1 = a1y
and as = asy = asr. Let a= % and 0= %.

The profit IN(Q, pr,pr,qp) = —cpQ+py min{z (a1 — pr) +x2(az —pr), yQ — qp } +pr min{[z2(az —py) —
[yQ—qp—x1(ar —pu)] "t o, (1-y)Q+qp} —cpqp if pu < pr, and I(Q, pu, pr, qp) = —cpQ+pr min{z, (a; —
pu) + [22(a2 —pr) — (1 —y)Q — ap] " B,yQ — qp} + pr min{[z2(az — pr), (1 —y)Q + gp} — cpgp otherwise.
We first note that py <pr, i.e., class 2 prefers H to L, cannot be optimal (the proof involves showing that
pu <pr=¢q; =0, and py > p;, dominates py < py; details available upon request). We can therefore restrict
attention to py > pr.

If gp <z2(as —pr) — (1 —y)Q, then I(Q,pu,pr,qp) = —cpQ + pu min{z1 (a1 — pu) + (v2(az —pr) — (1 -
Y)Q—aqp)B3,yQ—qp}+pL((1—y)Q+qp) — cpgp. In this case one can show that Q* satisfies yQ —qp > x4 (a1 —
pr) + (x2(as —pr) — (1 —y)Q — gp)B. We therefore restrict attention to profit function II(Q,px,pr,qp) =
—cpQ +pu(r1(ar —pu) + (v2(a2 —pr) — (1 =y)Q — qp)B) + pL((1 = y)Q + qp) — cpgp- Note IN(Q, pr,pr, 4p)
is increasing in gp if ¢p <pp —pyB and decreasing otherwise.

If w3(az —pr) < (1 -y)Q +qp, then INQ,pu,pr,qp) = —cpQ+pr min{z; (a1 — pr),yQ —qp} +prr2(a2 —
pr) — cpqp = (Q,pu,pr,qp) is strictly decreasing in gp. Combining the above, we have ¢} (Q,pu,pr) =
[z2(az —pr) — (1 —y)Q|T if cp <pr —puf and ¢;(Q,px,pr) =0 otherwise.

Using this ¢} (Q, pw,pr), we can then solve for the optimum @, py, and p;. One can show that if ¢p <

wz_ﬂpifff:;g;:;;;l(1_y) , then Q* = %(alxl +asxo+cpxi —(cpt+ycp)(x1+22)), pf = %(al +cp—(1-y)en),

p; = % (az + cp +ycp), and therefore ¢j, = 1 ((a2 — cp)way — (a1 —cp)z1(1 —y) — cp (@1 (1 —y)? + x2y?)) > 0.

q3 > 0 proves that downconversion can be optimal. We also note that if ﬁ > mlfffy) then downconversion
is never optimal.

Proof of Theorem EC.6 (a) By Theorem 2, the optimal price vector always induces customers to prefer
product H over L. Downgrading can never be optimal because either all demands are satisfied by product H
or there is not leftover of product H. (b) Follows from Theorem 5. (c) (i) and (ii) follows from the fact that,
at zero downconversion cost, downgrading is a special case of downconversion.

Proof of Theorem EC.7 (i) The case of ay — py > ar — pr, follows from part (i) of Theorem 1. (ii) We

prove that the optimal expected revenue is a unimodal function in gp. Note that if ay —py <ap —pr, then

the firm’s expected revenue as a function of downconversion quantity, ¢p, is given by

ar+9p

Ex[’r(qD)] =pr </OG(0,L—PL) xG(a,L —pL)dFR($)+/ .

Glar—pr)

[e3)

(qr + QD)dFR('r)>
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GEILJF‘ID 5 GEIH*‘ID 5 G( )
ar —PL A —PH a —
+u | (@G las —pu) — (g0 + 10) D =L8) g (1)
Ltp Glar—pL)
G(ar,—prrL)
erH/ (qu — qp)dFr(x) — cpqp- (EC.6)
9r,+4p 9H —4D

G(ap—pp) ' Gleg—prH)

By (EC.6), we have

OF e —+ G — G?;LJZ(IEL) G(q‘f{Hifql?H)
x[r(gp)] — —cp+p.Fnr dr T 4o . (au —pn) / dFq(z)
9qp G(ar —pr) G(ar —pr) %
— PH e e dFR(:C) (EC?)
G(‘ILL*I?L) G(lIHH*PDH)
Note that
9 Ex|[r(qp)] __ DL ( 4L t+ 4o ) i G(am —pnu) ( 4L t 4o )
861123 G(aL_pL) r G(aL_pL) HGQ(G/L_pL) f G(aL_pL)
(Glar —pu) = Glar —p1))° ( qr +ap qu — 4o )
_ . EC.8
PG ay — p2)Glom —pm) "\ Glaz —pr) * Glaw —pr) (EC#)
By (EC.7), we have
G(aH_pH)) ( qr+4p ) Glay —pu)
—ppg—--—> | Fp| =— | >cp=>p.>py——""—"2. EC.9
(pL b G(GL *pL) . G(GL *pL) p = b= b G(aL *PL) ( )

Substitute (EC.9) into (EC.8), we have W < 0 whenever w = 0. Part (ii)(a) then follows
9%, ap
directly from (EC.7). (ii)(b) The theorem statement follows by substituting ¢, = ¢ into (EC.7).
Proof of Theorem EC.1 See the proof of Theorem 2, which proves a more general case.

Proof of Corollary EC.2 By Theorem 2 and EC.1, the optimal recourse prices p}|ry p1 = p*|cpp1 for z €

Qo Uy For x € Qy, by definition, U < \/g (G (1)) v, Glag —v) = U < \/g(an —pi)p;Glar —pi) =
Glar = pi) /22 = plaver = a = G (%) = an = G (42) > an — G (Glaw —py)y /52t ) =
Pileppi. For € Qz, p*lpypr =a— G} (%) >ay —G! (%) =pyleppr- Thus, p*|ry p1 > pilcpp1 for
any realization of market size x and yield y.

Proof of Theorem EC.2 The theorem statement follows by recognizing that the CPP1 model is a relax-
ation of RYP1 model by allowing a; to take on positive values.

Proof of Theorem EC.3 We first characterize the revenue function r(co0) =lim, .., r(q) =
pizl 2;G;(a; — p). Partition p into two regions: T'o={p:0<p<as} and I'y ={p:as <p <a;}. We next
prove r(o00) is unimodal in p in Ty and T';.

For p € Ty, r(oco,p) szle 2;G;(a; — p), which is unimodal in p by assumption (T2) in Lemma EC.1.

For p e 'y, r(00,p) = px1G1 (a1 — p), which is also unimodal in p by assumption (T2) in Lemma EC.1. Note

that r(co,p) is in general not continuous at the p = a,. Because 67'(;’:”’) lprar = 21G1(a1 — ag) — asx1g1(a; —
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ar(

g:’p)|ma2 = 1G4 (a1 — az) — az(z191(ar — az) + 292(0)), we have 2rlr) fr{co.p)

\p) | |
op plag — op plaz:

as) and

2 i a; — * . . o,
If %’;”p”pl@ <0, then p* € I'y and is given by p* = %, which is the definition of vy,. If
i=1Tigilaq
Gi(a1—-p")

or(c0,p)
9 g1(a1—p*)~’

7p|ma2 >0, then p* € I'y and is given by p* = which is the definition of v;. Finally, if
9r(c0,p)

9p

lpras >0 and BT(":’I’) |pras <0, then r(oco,p) is separately concave in I'g and I';. In this case, the optimal

1%}

p* is given by argmaxr(00,p),p € {Pm, s }-

*

For a finite realized ¢, p* is lower bounded by p, since r(q,p —€) < r(g,p),V € > 0. Theorem statements
then follow directly.

Proof of Corollary EC.4 (a) By Theorem EC.3, v; > v; = p5 > p} for any realization of z; and ¢. (b)
x> ﬁg (G~ (%)) = p>pj = p5 > pi. (c) Follows from (b). Otherwise, p; = 112 = min{p, v;} < p3 <
vy = p5 <pj. The case of a; < ay can be analogously proved.

Proof of Theorem EC.J The theorem statement follows by recognizing that the RYP2 model is a relax-
ation of RYP1 model by allowing a, and x5 to take on positive values.

Proof of Theorem EC.5 This theorem can be analogously proved as Theorem 4.

Proof of Corollary 2, EC.3, and EC.1 Follow directly from Theorems 2, EC.3, and EC.1 respectively by

setting G;(+) to U(0,1) and (without loss of generality) scaling the valuations to between 0 and 1.
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