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TECHNICAL APPENDIX

for "Learning, Forgetting, and Sales," by Sofia B. Villas-Boas and J. Miguel
Villas-Boas

Proof of Proposition 1: Using (1) and (3) in (2) one obtains
�T + �(1� �)1� (1� �)�T�T � (1� �)(�� � �T�T )(1� �T )(1� ��) = 1� (1� �)�T1� (1� �)�T�T [1� �� + �T 1� �1� �T ]: (i)

Making � ! 1; using lim�!1 1��1��T = 1T ; one then obtains
T (1� �)�T [1 + (1� �)(1� � � �T )]� (1� �T )(1� (1� �)�T ) = 0: (ii)

Noting that the left hand side is decreasing in T and �; and increasing in � for � large, one obtains
that T is increasing in � and decreasing in �: Finally, the equivalent to (ii) with � 6= 1; is increasing
in � for � close to one, obtaining that T is increasing in �: The comparative statics for p can be
similarly obtained using (1) and (ii).
Proof of Proposition 2: Because the derivative of V (xh) with respect to k is increasing in T; and
as for k ! 0 we have that T ! 0 as shown below, we have that T is increasing in k: Di�erentiating
V (xh) with respect to T; multiplying by (1� e�rT ); and equalizing to zero, one obtains:

�re�rTV (xh) + �uxhze�(1+r��)zT + �u[1� �(1� �)1 + �� � ](e�rT � ze�rzT )
��(1� �)u(xhe�(1��)zT � �1 + �� � )(e�(1+r+���)T � ze�(1+r+���)zT + rk2 (ze�rzT � e�rT ) = 0: (iii)
From this one can obtain that when k ! 0 we have T ! 0: One can then obtain,

limk!0V (xh) = �uxhz + �u(1� z)[1� �(1� �)1 + �� � ]� (1� �)�u(xh � �1 + �� � )(1� z) (iv)
and limk!0 xh = �(1�z)1+�(1�z)�� : In order to �nd the optimal z for k close to zero, one can maximize
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(iv) to obtain
z = 1�(2� � �

s
(1� �)2 + (1� �)(1 + �� �)1� � ): (v)

Di�erentiating (v) with respect to �; �; and � one obtains that dzd� > 0; dzd� < 0; and dzd� < 0:
In order to consider the comparative statics with respect to T for k small, multiply (iii) by

(1� e�rT ) and divide by T 2 to obtain
limk!0 2kz(1� z)�uT 2 = � z(1 + r � �)� r1 + �(1� z)� � + r[1� �(1� �)1 + �� � ]

+[(1 + r + �� �)(1 + z)� r] �(1� �)(1� �)(1 + �� �)[1 + �(1� z)� �] : (vi)
Di�erentiating (vi) for z in (v) close to one we can obtain dTd� > 0; dTd� < 0; dTd� < 0; dTdu < 0; anddTdr < 0:
Proof of Proposition 3: Di�erentiating the duration of the sale (1 � z)T with respect to a
variable y one obtains d(1�z)Tdy = �T dzdy + (1 � z)dTdy : For k close to zero, we can obtain from (vi)dTdy = T2(1�z) dzdy � T 3(1�z)4k ddy ( 2kT 2(1�z)): This then yields that for k close to zero, and the optimal z close
to one, the sign of d(1�z)Tdy is the same as the sign of �dzdy for y 2 f�; �; �g; and the same as the sign
of dTdy for y 2 fu; rg (given the assumption of k converging to zero faster than z converging to one).
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