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Appendix EC.1: Online Appendix

Proof of Proposition 4.1:

(a) Let S∗c
i denote the largest maximizing set inE1 ∪E2 in (4) for µ∗c

i . DecomposeS∗c
i = S1

i ∪S2
i , S1

i ⊂

E1, S2
i ⊂E2. Let α =

∑
m∈S1

i

λm
i

(νm)2
/
∑

m∈S1
i
∪S2

i

λm
i

(νm)2
.

µ∗c
i =

∑

l∈S1
i
∪S2

i

λl
i

νl
+

1

αWi(S1
i ) + (1−α)Wi(S2

i )
≤
∑

l∈S1
i

λl
i

νl
+

1

Wi(S1
i )

+
∑

l∈S2
i

λl
i

νl
+

1

Wi(S2
i )

≤ µ∗1
i +µ∗2

i

where the equality follows from simple algebra, and the firstinequality since 1
αWi(S

1
i
)+(1−α)Wi(S

2
i
)
≤

1
Wi(S

1
i
)
+ 1

Wi(S
2
i
)

as can be verified by multiplying both sides by(αWi(S
1
i ) + (1 − α)Wi(S

2
i )). The last

inequality follows directly from (4).

(b) Follows from part (a) by induction, choosingE1 = {1, . . . , J − 1}, andE2 = {J}.

(c) Monotonicity and joint convexity are easily verified: for given demand rates, the lower bound for any

given setS ⊂ E, is jointly convex, as the composition of a jointly convex function and a linear function.

Moreover, the maximum of2J − 1 jointly convex functions is convex.

(d) Monotonicity is straightforward. Let̂µ∗
i denote the capacity required when increasingλl

i to λ̂l
i > λl

i,

leaving everything else unchanged. The demand rateλ̂l
i may be viewed as the aggregate arrival rate oftwo

classes, classl with rateλl
i, andl̂ with λ̂l

i − λl
i, both with waiting time standardwl

i = wl̂
i. As in Corollary

4.2(d) , letr2 be the priority rule associated with the enlarged system andits capacity level̂µ∗
i . If µ̂∗

i < µ∗
i ,

let r̂ denote the modification of this rule, obtained by giving class l̂ the lowest priority in any of the absolute

priority rules over whichr2 randomizes. Clearly, the expected waiting time for all of the original classes

{1, . . . , J} do not increase when switching fromr2 to r̂ and therefore are at or below the required standard

wl
i, l ∈E. This contradictsµ∗

i > µ̂∗
i .

If class l is residual at firmi, the marginal capacity cost is clearly 0. Otherwise, the existence of∂µ∗
i

∂λl
i

follows from the fact thatµ∗
i =

∑
l∈S∗

i

λl
i

νl + 1
Wi(S

∗
i
)

for the samesetS∗
i in neighborhood of the demand

volumes ofλl
i. The expression for∂µ∗

i

∂λl
i

follows from simple calculus; the conditions about the marginal

capacity value being larger or smaller than the expected amount of work, a customer of classl is adding to

the system are immediate from the sign of the second term to the right of (9).
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(e) Since the same bottleneck setS∗
i prevails for all values{λl

i}, if classl is residual for some demand

volume (λl
i)

0, it is residual for all possible values, and the capacityµ∗
i is invariant with respect toλl

i.

Otherwise, the assumption ensures that for the same setS∗
i , µ∗

i =
∑

l∈S∗
i

λl
i

νl + 1
Wi(S

∗
i
)

for all values ofλl
i.

Differentiating (7) with respect toλl
i, we obtain

∂2µ∗
i

∂(λl
i)

2
=

2wl
i(b

l
i)

2

(νl)2

(
λ̃w

S

)3

(
∑

m∈S

λm
i wm

i νm

(νm)2νl
−wl

iν
l
∑

m∈S

λm
i

(νm)2νl

)
(EC.1)

The concavity and convexity properties follow readily.

�

Proof of Corollary 4.2: Forµ0
i = µ∗

i , defineW i andWi as in the proof of Lemma 4.1, and the set function

bi(·) as in (2). Part (a) is immediate from (4). Part (b): Assume themaximum in (4) is achieved for two sets

S,T . Note thatbi(S ∪ T ) ≤∑l∈S∪T ρl
iw

l
i =

∑
l∈S ρl

iw
l
i +
∑

l∈T ρl
iw

l
i −
∑

l∈S∩T ρl
iw

l
i ≤ bi(S) + bi(T ) −

bi(S∩T )≤ bi(S∪T ), where the first two inequalities follow fromwi ∈Wi and the last inequality from the

supermodularity of thebi function. Thus
∑

l∈S∪T ρl
iw

l
i = bi(S ∪ T ), i.e., the maximum in (4) is achieved

for S ∪ T . Part (c): Sincew = {wl
i, l ∈ E} ∈W i, the claim follows, as shown in the proof of Lemma 4.1.

Part(d):w 6∈ W i, but the proof of Lemma 4.1 shows that a vectorx≥ 0 exists such thatw′ = w− x ∈W i.

xl = 0 for l ∈ S∗, sincebi(S
∗
i ) =

∑
l∈S∗

i
ρl

iw
l
i ≥
∑

l∈S∗
i
ρl

i(w
l
i−xl)≥ bi(S

∗
i ), where the first equality follows

from the fact thatµ∗
i is achieved atS∗, and the last inequality fromw ∈Wi. The optimality of rulesr1 and

r2 follows again from the proof of Lemma 4.1 and the fact thatS andT achieve the maximum. Since, by

Carath́eodory’s Theorem (see e.g. Bazaraa and Shetty (1979)), each point is a J-dimensional polyhedron can

be written as a convex combination of no more thanJ + 1 extreme points, at mostJ + 1 absolute priority

rules needed to be randomized.

�

Proof of Proposition 5.1:

(a) Let Al denote theN × N matrix with Al
ii = 2bl

i andAl
ij = −βl

ij, i 6= j. By (D) it is easily verified

that Al is invertible with (Al)−1 > 0 (see e.g. Bernstein and Federgruen (2002)). Letκl andκDl be the
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N -vectors withκDl
i = al

i(w
l
i)−

∑
j 6=i α

l
ij(w

l
j) + bl

i

(
cl

i +
γi

νl

)
andκl

i = κDl
i +

γib
l
i

νl

∑
m∈S∗

i

λm
i wm

i
νmνl

−wl
iλ̃s

(∑
m∈S∗

i

λm
i

wm
i

νm

)2 . p∗ sat-

isfies (17), which in matrix form, by (6) can be written asAl(pl
1, . . . , p

l
N)T = κl. Applying Theorem 5.1

to the setting in which dedicated service is provided at all firms it follows that the equilibriumpD satisfies

(17) with the second term to the left replaced by0. Thus,(Al)(pDl
1 , . . . , pDl

N )T = κDl and(p∗l
1 , . . . , p∗l

N) =

(Al)−1κl ≥ (Al)−1κDl = (pDl
1 , . . . , pDl

N ), where the inequality follows(Al)−1 ≥ 0 and κl ≥ κDl since

wl
iν

l ≥Wi(S
∗
i ),∀i = 1, . . . ,N .

(b) Analogous to the proof of part(a) except thatκl < κDl.

(c) Analogous to the proof of part (a) replacingκl by κ̂l whereκ̂l
1 = κl

1, andκ̂l
i = κDl

i ,∀i = 2, . . . ,N

Proof of Theorem 5.2: With a fixed price vectorp, the profit functionπi can be written asπi(p,w) =

minS⊂E πS
i (p,w) where

πS
i (p,w) =

∑

m∈E

(pm
i − cm

i )λm
i (pm,wm)− γi


∑

m∈S

λm
i (pm,wm)

νm
+

∑
m∈S

λm
i (pm,wm)

(νm)2∑
m∈S

λm
i

(pm,wm)

νm wm
i




As in the proof of Theorem 5.1, it suffices to show that each of the functionsπS
i is jointly concave in

(w1
i , . . . ,w

J
i ), so thatπi, as the minimum of these functions, is jointly concave. We, again, show concavity

of πS
i by verifying that its Hessian has negative diagonal elements and is diagonally dominant. To that

end, letλ̃W
S =

∑
m∈S

λm
i wm

i

νm . If l 6∈ S, ∂πS
i

∂wl
i

= al′

i

(
pl

i − cl
i − γi

νl

)
and thus for allk ∈ E, ∂2πS

i

∂wl
i
∂wk

i

= 0, and

∂2πS
i

∂(wl
i
)2

= al′′

i

(
pl

i − cl
i − γi

νl

)
≤ 0. If l ∈ S, we obtain after some algebra,

∂πS
i

∂wl
i

= al′

i

(
pl

i − cl
i −

γi

νl

)
− γia

l′

i

1
(νl)2

∑
m∈S

λm
i wm

i

νm − wl
i

νl λ̃s

(
λ̃w

S

)2 + γi

λl
i

νl λ̃s(
λ̃w

S

)2 (EC.2)

= al′

i

(
pl

i − cl
i − γi

∂µ∗
i

∂λl
i

)
+ γiν

l λl
i (νl)2

∑
m∈S λm

i /(νm)2

1

W 2
i (S)

∂2πS
i

∂(wl
i)

2
= al′′

i

(
pl

i − cl
i −

γi

νl

)
− γia

l′′

i

νl

∑
m∈S

λm
i

νm

(
wm

i

νl − wl
i

νm

)

(
λ̃w

S

)2 (EC.3)
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+ 2γi

(
al′

i

)2 wl
i

(νl)2

∑
m∈S

λm
i

νm

(
wm

i

νl − wl
i

νm

)

(
λ̃w

S

)3

− γia
l′

i

(∑
m∈S

λm
i wm

i

νm

)(
1

(νl)2
λl

i

νl − 1
νl λ̃s

)
− 2

λl
i

(νl)2

∑
m∈S

λm
i

νm

(
wm

i

νl − wl
i

νm

)

(
λ̃w

S

)3

+ γia
l′

i

(∑
m∈S

λm
i wm

i

νm

)(
1

(νl)2
λl

i

νl + 1
νl λ̃s

)
− 2

λl
iw

l
i

(νl)2
λ̃s

(
λ̃w

S

)3

− 2γi

(
λl

i

νl

)2

λ̃s

(
λ̃w

S

)3

Note that the first and last elements in (EC.3) are negative, while all other terms vanish as the demand rates

increase. Thus,∂
2ΠS

i

(∂wl
i
)2

< 0 when the demand volumes{λm
i } are sufficiently large.

∂2πS
i

∂wl
i∂wk

i

= −γi

(
al′

i

)(
ak′

i

)

νlνk

(
wk

i

νl − wl
i

νk

)(
λ̃w

S

)
− 2wk

i

∑
m∈S

λm
i

νm

(
wm

i

νl − wl
i

νm

)

(
λ̃w

S

)3

− γi

(
al′

i

)

νlνk

λk
i

νl

(
λ̃w

S

)
− 2λk

i

∑
m∈S

λm
i

νm

(
wm

i

νl − wl
i

νm

)

(
λ̃w

S

)3

+ γi

(
al′

i

) λl
i

νl(νk)2

(
λ̃w

S

)
− 2

wk
i λl

i

νkνl

∑
m∈S

λi

(νm)2

(
λ̃w

S

)3

− 2γi

(
λl

i

νl

)(
λk

i

νk

)
λ̃s

(
λ̃w

S

)3 .

Thus,

−
∣∣∣∣

∂2πS
i

∂(wl
i)

2

∣∣∣∣+
∑

k 6=l

∣∣∣∣
∂2πS

i

∂wl
i∂wk

i

∣∣∣∣< al′′

i

(
pl

i − cl
i −

γi

νl

)
+2γi

λl
i

νl

(∑
m∈S

λm
i

νm − 2
λl

i

νl

)
λ̃s

(
λ̃w

S

)3 + o(λ). (EC.4)

If λl
i

νl ≥ 1
2

∑
m∈S

λm
i

νm , this expression is strictly negative for sufficiently large λ. If λl
i

νl ≤ 1
2

∑
m∈S

λm
i

νm , the

right hand side of (EC.4) can be bounded byal′′

i

(
pl

i − cl
i − γi

νl

)
+ 2γi

(wi)
2(wν)i

λl
i

νl

(
Λ−2

λl
i

νl

)

Λ2 + o(λ), whereΛ =

∑
m∈S

λm
i

νm . For fixedΛ this expression is bounded from above byal′′

i

(
pl

i − cl
i − γi

νl

)
+ γi

4(wi)
3νi

+o(λ) which
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is strictly negative in view of the lower bound forwi �

Proof of Proposition 5.2: Assume to the contrary that for somei = 1, . . . ,N , S∗
i  E is the bottleneck set

of customer classes. Letl 6∈ S∗
i . By (3) and the fact thatw∗ is an interior point of the feasible region, it is

possible to reducew∗
i without incurring any additional capacity costs, while increasing the firm’s variable

profits as given by the first term in (7). This contradicts the fact thatw∗ is a Nash equilibrium. The conclusion

regarding the firms’ priority rules is immediate from Corollary 4.2(c). �

Proof of Proposition 5.3:

(a) Sincew∗
i is an interior point of the feasible waiting time region, it follows from Proposition 5.2 that

πi(w
∗) = πE

i (w∗), and0 =
∂π∗

i

∂wl
i

=
∂πE

i

∂wl
i

. Using (EC.2) and addingγi

(wl
i
)2

to both sides of the equation, we

obtain after some algebra that

al′

i

(
pl

i − cl
i −

γi

νl

)
+

γi

(wl
i)

2
= γia

l′

i

1
(νl)2

λ̃w
E − wl

i

νl λ̃
(
λ̃w

E

)2 +




γi

(wl
i)

2
− γi

λl
i

νl λ̃(
λ̃w

E

)2


 (EC.5)

whereλ̃w
S =

∑
m∈S

λm
i wm

i

νm . Sinceal
i(·) is decreasing, andw

∗l
i νl

Wi(E)
≤ 1, the first term to the right of (EC.5) is

negative. The lower bound forνlw∗l
i is equivalent to 1

(wl
i
)2

= (νl)2

(wl
i
νl)2

≤
λl

i
νl

λ̃

1
(Wi(E))2

=
λl

i
νl

λ̃

(
λ̃

λ̃w
E

)2

=
λl

i
νl

λ̃s

(λ̃w
S )

2 ,

which in turn is equivalent to the second term to the right of (EC.5) being negative as well. We conclude

thatw∗l
i satisfies the equation

al′

i

(
pl

i − cl
i −

γi

νl

)
= R− γi

(wl
i)

2
(EC.6)

whereR ≤ 0, while classl’s equilibrium waiting time under dedicated service is easily verified to satisfy

al′

i

(
pl

i − cl
i − γi

νl

)
= − γi

(wl
i
)2

. The solution of (EC.6) is the (at most unique) intersectionof a decreasing and

an increasing function, and it is decreasing inR; thus,w∗l
i ≤wDl

i .

(b) The proof of part (b) is analogous.

(c) Immediate from the fact that the system of equations (EC.6) decomposes on a firm by firm basis.

�

Proof of Theorem 5.3:

(a) As in the proof of Theorem 5.2, one verifies that, for allS ⊆ E πS
i is jointly concave in(p1

i , . . . , p
J
i )
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and(w1
i , . . . ,w

J
i ), by verifying that the Hessian is dominant diagonal. The analysis is analogous to that of

Theorem 5.2, noting that∂
2πS

i

∂pl
i
∂wk

i

= o(λ) for k 6= l, while ∂2πS
i

∂pl
i
∂wl

i

=
dal

i(w
l
i)

dwl
i

+ o(λ).

(b) Analogous to the proof of Proposition 5.2.

�

Proof of Theorem 6.1:

The proof proceeds in close similarity to that of Theorem 5.1. Once again, it suffices to show that each of

the functionsπS
i (p), given by (12) is jointly concave in the vector{p1

i , . . . , p
J
i }, as long as all{λm

i } are in

excess of certain minimal threshold values{λm
i }.

∂πS
i

∂pl
i

= λl
i − bl

i(p
l
i − cl

i) +
∑

m 6=l

ϕml
ii − γi

∑

m∈S

λm
i

∂pl
i

1

νm





∑
n∈S

λn
i wn

i

νnνm −wm
i

∑
n∈S

λm
i

νn(
λ̃w

s

)2 +1





whereλ̃w
s =

∑
n∈S

λn
i wn

i

νn . Thus,

∂πS
i

(∂pl
i)

2
= 2bil + δll

ii

∂πS
i

∂pl
i∂pk

i

= ϕlk
ii + δlk

ii

, where

δll
ii = γi

∂

{∑
m∈S

λm
i

∂pl
i

1
νm

[∑
n∈S

λn
i wn

i
νnνm −wm

i

∑
n∈S

λm
i

νn

(λ̃w
S )

2

]}

∂pl
i

δlk
ii = γi

∂

{∑
m∈S

λm
i

∂pl
i

1
νm

[∑
n∈S

λn
i wn

i
νnνm −wm

i

∑
n∈S

λm
i

νn

(λ̃w
S )

2

]}

∂pk
i

As in the proof of Theorem 5.1, it is possible to show that for any ǫ≤ 0, |δll
ii| ≤ ǫ and|δlk

ii | ≤ ǫ as long as the

minimal demand volumes{λm
i } are sufficiently large. Invoking condition(Dq) this implies that the Hessian

of the functionπS
i has a negative diagonal and it is diagonally dominant, ensuring that it is semi-negative

definite. This completes the proof that the functionπS
i is jointly concave. �




