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Appendix EC.1: Online Appendix

Proof of Proposition 4.1

(@) Let S;¢ denote the largest maximizing setfitt U E? in (4) for u¢. Decomposes;© = S} US?, S} C
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where the equality follows from simple algebra, and the fingtquality S|nceawi(sg)+(l_a)wi(sg) <

1
Wi T

T (52) as can be verified by multiplying both sides byW;(S}) + (1 — a)W;(S5?)). The last
inequality follows directly from (4).

(b) Follows from part (a) by induction, choosidg = {1,...,J —1}, andE* = {J}.

(c) Monotonicity and joint convexity are easily verified: fovgh demand rates, the lower bound for any
given setS C F, is jointly convex, as the composition of a jointly convexétion and a linear function.
Moreover, the maximum df’ — 1 jointly convex functions is convex.

(d) Monotonicity is straightforward. Lefi; denote the capacity required when increasihgo Xﬁ > A,
leaving everything else unchanged. The demandﬁf;ateay be viewed as the aggregate arrival ratenaf
classes, claskwith rate \!, andl with Al — X!, both with waiting time standard = w!. As in Corollary
4.2(d), letry be the priority rule associated with the enlarged systemitar@hpacity levefi:. If i < pf,
let7 denote the modification of this rule, obtained by giving siabe lowest priority in any of the absolute
priority rules over which-, randomizes. Clearly, the expected waiting time for all & driginal classes
{1,...,J} do notincrease when switching from to 7 and therefore are at or below the required standard
wt, [ € E. This contradictg; > /i

If class! is residual at firmi, the marginal capacity cost is clearly 0. Otherwise, thetexice of‘g’ﬁ

follows from the fact tha; = Zles* = + for the sameset S} in neighborhood of the demand

W, (s*

volumes of\l. The expression fog% follows from simple calculus; the conditions about the nized

capacity value being larger or smaller than the expectediatrad work, a customer of clagss adding to

the system are immediate from the sign of the second ternetdght of (9).
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(e) Since the same bottleneck s&t prevails for all valueg\!}, if class! is residual for some demand
volume (A\!)°, it is residual for all possible values, and the capagityis invariant with respect to\..

; : " _ Al 1 I
Otherwise, the assumption ensures that for the samg;'set; = Zles? A4+ wisn for all values of\;.

Differentiating (7) with respect ta!, we obtain
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The concavity and convexity properties follow readily.

|
Proof of Corollary 4.2: For u? = 11, definel; and; as in the proof of Lemma 4.1, and the set function
b;(+) asin (2). Part (a) is immediate from (4). Part (b): Assumentlagimum in (4) is achieved for two sets
S,T. Note thath; (S UT) < 3 gur At = Doies PW; + Djer PAW; — Djesnr AW < bi(S) + bi(T) —
b;(SNT) <b;(SUT), where the first two inequalities follow from; € W; and the last inequality from the
supermodularity of thé, function. Thusy_,_¢ , plw! =b,(SUT), i.e., the maximum in (4) is achieved
for SUT. Part (c): Sincev = {w!,l € E} € W;, the claim follows, as shown in the proof of Lemma 4.1.
Part(d):w ¢ W;, but the proof of Lemma 4.1 shows that a vector 0 exists such that’ =w — z € W,.
zt =0forl e S*, sinceb;(S;) = Dles: phwl > 2 less ph(wt— ') > b;(S7), where the first equality follows
from the fact thaj:} is achieved a&*, and the last inequality fromv € W,. The optimality of rules-; and
ro follows again from the proof of Lemma 4.1 and the fact theand 7" achieve the maximum. Since, by
Caratl¥odory’s Theorem (see e.g. Bazaraa and Shetty (1979)), eaatipa J-dimensional polyhedron can
be written as a convex combination of no more thiah 1 extreme points, at most+ 1 absolute priority

rules needed to be randomized.

Proof of Proposition 5.1

(a) Let A' denote theN x N matrix with A}, = 20! and A}, = —3..,i # j. By (D) it is easily verified

ij)

that A' is invertible with (A")~! > 0 (see e.g. Bernstein and Federgruen (2002)).A.etnd "' be the
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isfies (17), which in matrix form, by (6) can be written 48p',...,p% )" = '. Applying Theorem 5.1

i i

N-vectors withs ! = aj(w}) = Y., al;(wh) + b (¢, + %) ands} = £ +

to the setting in which dedicated service is provided at atidiit follows that the equilibriunp? satisfies
(17) with the second term to the left replaced(yThus, (A" (p?, ..., pR)T = kP and (p}', ..., pN) =
(AH 7kl > (AYTIRPE = (pPt . pRY), where the inequality followgA')~! > 0 and ! > k"' since
wivt >Wi(SF),Vi=1,...,N.

(b) Analogous to the proof of part(a) except that 7",

(c) Analogous to the proof of part (a) replacirgby =’ wherer! = k!, andr! = kP!, Vi=2,..., N

Proof of Theorem 5.2 With a fixed price vectop, the profit functionr; can be written asr;(p, w) =

mingc g 77 (p,w) where

A (p™ w™) > mes 7A?L((pm;2”m)

m m\\m/(,,m m i me vm
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As in the proof of Theorem 5.1, it suffices to show that eactheffunctionsr? is jointly concave in

(w},...,w!), so thatr;, as the minimum of these functions, is jointly concave. Vgmjm, show concavity

of =7 by verifying that its Hessian has negative diagonal elemant is diagonally dominant. To that

end, letA\Y =37 2mi 1f 1¢ S, 2 =a! (pl—cl— %) and thus for allk € B, =27 =0, and

’ 1 k
Ow; dw;

28 1" . .
;(w’;’iﬁ =al (pi—ci—2%)<0.Ifl €S, we obtain after some algebra,
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Note that the first and last elements in (EC.3) are negatikiéewall other terms vanish as the demand rates

increase. Thus—l)2 < 0 when the demand volumés} are sufficiently large.
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If i—i > %Zmes i this expression is strictly negative for sufficiently larg. If —5 < 3D mes i—m the

il A-2E

AL ( )\l>
right hand side of (EC.4) can be boundeddy (p) — ¢} — %) + 7 — ") 4 o()), whereA =

ZmGS

y(p! —cl — L)+ 74(;53& +o0(\) which
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is strictly negative in view of the lower bound far, |

Proof of Proposition 5.2 Assume to the contrary that for some-1,..., N, S ¢ E is the bottleneck set
of customer classes. LétZ S?. By (3) and the fact thaw* is an interior point of the feasible region, it is
possible to reduce; without incurring any additional capacity costs, whilergasing the firm’s variable
profits as given by the first term in (7). This contradicts #e thats* is a Nash equilibrium. The conclusion

regarding the firms’ priority rules is immediate from Coeall 4.2(c). |

Proof of Proposition 5.3
(&) Sincew; is an interior point of the feasible waiting time region, aléws from Proposition 5.2 that

m(w*) = 7F(w*), and0 = 2% = %. Using (EC.2) and adding?; to both sides of the equation, we

? Bwé

obtain after some algebra that
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wherex? = X" Sincedl(-) is decreasing, angj%(—:;) < 1, the first term to the right of (EC.5) is
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negative. The lower bound farw;! is equivalent to(wﬁ)2 = Wl <SS wmE =% (Y%) = o

which in turn is equivalent to the second term to the rightEeX€ (5) being negative as well. We conclude
thatw;! satisfies the equation

@(@—d—%):R—G%g (EC.6)

where R < 0, while classl’s equilibrium waiting time under dedicated service is Bagerified to satisfy
at (Pl—c—2%) = —(JW The solution of (EC.6) is the (at most unique) intersectiba decreasing and
an increasing function, and it is decreasindinthus,w;' < w?!.

(b) The proof of part (b) is analogous.

(c) Immediate from the fact that the system of equations (EGe6pthposes on a firm by firm basis.

Proof of Theorem 5.3

(@) As in the proof of Theorem 5.2, one verifies that, for &lC £ =7 is jointly concave in(p},...,p;)
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and(w},...,w/), by verifying that the Hessian is dominant diagonal. Thelymigiis analogous to that of

Theorem 5.2, noting thaé{z% — o(\) for k # 1, while 272, — % +0(N).

Bpé Bwé -

(b) Analogous to the proof of Proposition 5.2.

Proof of Theorem 6.1
The proof proceeds in close similarity to that of Theorem ®dce again, it suffices to show that each of
the functionst?(p), given by (12) is jointly concave in the vectp!,...,p/}, as long as al{ \7*} are in

excess of certain minimal threshold valyes™}.

Om? m A1 T s P Y s
al.:Ai_bi(pﬁ_cﬁ)JFZ‘Pnl_%Zal.y_m S SR 4]
Pi mal mes P (Ag)

_— n n
where r =3 _ 2% Thus,

or? oy
— 9bil 1 5! L kg ik
(8pi)2 (2 apéapf (2 (2
, Where
ATt Am A" ) A
9% A 1 | Zones g~ Ynes T 29y A1 | Xnes g —wit Ynes o
mes gpl vm (@)2 mes gpl v (;{0)2
51—, : S 5 =~ : S
3 K3
: 7, " v}

As in the proof of Theorem 5.1, it is possible to show that foy a< 0,

5] < eand|dl¥| < e aslong as the
minimal demand volumeg\!" } are sufficiently large. Invoking conditiofD?) this implies that the Hessian
of the functionw? has a negative diagonal and it is diagonally dominant, émguinat it is semi-negative

definite. This completes the proof that the functighis jointly concave. |





