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Online Appendix

This appendix is an online companion to the main text. We adopt all notation used in the main
text.

A1l. Uniqueness of optimal product quality and price decisions

First, we provide sufficient conditions that guarantee the uniqueness of the optimal product quality

and price decisions. Recall that we used the following assumptions in the main text.
Assumption I. k(u) is increasing in u € [0, +00) and lim,_ ;o k(u) > 1.

Assumption II. C(Q) is positive and decreasing in Q € [0,Q,], but increasing in Q € [Q,, +00),
where @), > 0.

We consider two examples of a(Q), 5(Q) and C(Q) that satisfy Assumption II.

Example 1. We let a(Q) = Q™ , B(Q) = Q% — B2 and C(Q) = coQ*, where {a;},,
{82, and {c;}y are positive, B < 1 and ¢; > 1. Hence, C(Q) = apco@Q ™ — BoQ% + f3s.

If cf — ay = By and agcy > Py, then Assumption II holds and Q, = 0. If ¢ — a; > (1 and

8
By > Bolerzer=pr)r__poby ]ﬁ, then Assumption IT holds and Q, = [—L__]er=a1=71

c1—a1 apco(c1—on) apco(c1—ar)

Second, we let a(Q) = ape™ 19, B(Q) = fo(1 — e™™%) and C(Q) = coe™?, where {ai}i_o, {Bi}io

and {c;}1_, are positive and BL_ ~ @09 > 1. Hence, C(Q) = agcpe ™R + Boe™MQ — By, which

c1—aq Bo

satisfies Assumption Il and implies QQ, = ! log ( BB )

ci—ai1+5 aoCo(lecu)

I. THE DIRECT-SELL CASE

The optimization procedure has two steps. First, we find the optimal direct-sell price pj(Q) to

maximize the profit function II(p, Q) given product quality @), where @ > Q,.

Proposition 1. If Assumptions I and II hold, then: (1). II(p, Q) has a unique mazimizer p5(Q) =

W, where p*(u) is the unique solution of p — u = ﬁ and u > 0; (2). pi(Q) is increasing

in Q € [Q,, +00).

Proof. For Claim 1, notice that a%log(H(p, Q)) = z#(@) —h(a(Q)p — B(Q))a(Q) = a(Q)[ﬁ_ﬁl(Q) -

h(p)], where p = a(Q)p — B(Q) and C(Q) = a(Q)C(Q) — B(Q). The first order condition is
1
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equivalent to 7 — C(Q) = = and 1 = €@ ¢ By Assumption II, C(Q) > 0. Since p > C(Q),
h(p) P k( )’
by Assumption II, p > 0. By Assumption I, % + ﬁ is decreasing in p and limg_, o k(p) > 1.

6 " =% 6 .
Hence, 1 = % + 7z has a unique solution p “(C(Q)). Let pi(Q) = W. Then Claim 1
holds.. For Claim 2, notice that p*(u) is increasing in u, a(Q) is decreasing in @, 5(Q) is increasing

in Q and C(Q) is increasing in Q € [Q,, +00). O

By Proposition I, a high quality product is associated with a high price. We let I1*(Q) =
II(p5(Q), Q) and make the following assumption of A(Q), C(Q), a(Q) and [(Q).

Assumption III. [% log(Z(Q))]/[% log(C(Q))] is decreasing in Q € [Q,, +00).

Assumption III requires that the ratio of the relative increase rate of A(Q) to the relative increase

rate of C'(Q) is decreasing in Q. We consider two examples that satisfy Assumption III.

Example II. We let A(Q) = apQ™, a(Q) = Q™ , B(Q) = BQ® and C(Q) = coQ, where
{a}l,, {ai}y, {Bi}, and {c;}l, are positive, a; < 1, By < 1 and ¢; > 1. Hence, A(Q) =
Z—g@a1+a1 and C(Q) = apcoQ™ ™ — BoQ% . If c1 — ay = By and apcy > fo, then

[% log(Z(Q))]/[% log(C(Q))] = urar which implies Assumption I11.

Second, we let A(Q) = ag(1 — e 9), a(Q) = ape 9, B(Q) = 0 and C(Q) = coe™?, where

{a}l,, {as}ly and {c;}, are positive and ¢; — oy > 0. Hence, A(Q) = 2e*Q(1 — e~ 9) and

«@Q

C(Q) = agcoe!=*?. Notice that [51og(A(Q))]/[7510s(C(Q))] = = (a1 + Fd=), which is

c1—a1

decreasing in (). Hence, Assumption III holds.

Next, we find the optimal product quality @} to maximize the manufacturer’s profit I1*(Q). We

let the optimal profit IT}; = IT*(Q}) and optimal price p = p5(Q5).

Proposition II. If Assumptions I-III hold, then I1*(Q) has a unique maximizer Q, where Q% =
sup{Q > Qol[5 log(A(Q))] = [75C(Q)R(E*(C(Q)))}-

Proof. It is equivalent to maximize the profit function II (Q) = I(7*(C(Q)), Q), where II(7, Q) =

AQ)p — C(Q)]e P and p*(C(Q)) is the unique solution of p — C(Q) = ﬁ. By the envelope



theorem,
D 10g([M Q) = [Llog(A 1 EQ)/@Q) - T
a0 og(Il'(Q)) = [@ og(A(Q))] — [@ (@))/[p*"(C(Q)) — C(Q)]
— L5 1osA(@)] - [15TQINF (C(Q)
d . d . d . o
— [ 106 CQ)] (L5 1oe(A(@))] 15 0E(CQN)] - CQFC@Q)) )
Next, we prove that C(Q)h(p*(C(Q))) is increasing in Q € [Q,, +oc). Let r = m — 1. The
equation of p— C(Q) = h( j can be rewritten as r = O] )h(p and 5 = m By Assumption

I1, C(Q) is increasing in Q € [Q,, +00). By Assumption I, 7*(Q) is decreasing in Q € [Q,, +0o0),

where 7(Q) = 7% — 1. Since ™(Q) = m C(Q)h(p*(C(Q))) is increasing in Q €
[Qo, +00). By Assumption III, [% log(A(Q ))]/[ log(C(Q))] — C(Q)h(p*(C(Q))) is decreasing in
Q € [Q,, +00). Hence, the claim holds. O

By Propositions I and II, we can calculate the optimal product quality and price decisions (QF, p).

II. THE INDIRECT-SELL CASE

In Proposition I1I, we find the optimal retail price p},;(w, Q) to maximize the retailer’s profit given

the manufacturer’s wholesale price w and product quality @), where w > C(Q).

Proposition III. If Assumptions I and II hold, then: (1). Tlg(p,w,Q) has a unique mazximizer

pi(w, Q) = O‘(Q)wa(Q() DIBEQ) phere p*(u) is the unique solution of p —u = L and u > 0; (2).

i (w, Q) is increasing in w.

Proof. Notice that 2 log(ITa(p, w, Q) = ~L- — h(a(Q)p — H(Q))a(Q) = a(@)[= — h(p)), where
p=a(Q)p—0(Q) and w = o(Q)w — F(Q). The first order condition is equivalent to p—w = % and

1= —I— Since w > C'(Q), by Assumption II, w > 0. By Assumption I, % + ﬁ is decreasing

k( )’
in p and limgs ., k(p) > 1. Hence, 1 = 2 —|— has a unique solution p*(w). This implies Claim 1

holds. For Claim 2, notice that p*(u) is increasmg in u, where u > 0. O

We prove that the indirect demand function has an increasing price elasticity function under

Assumption IV.



4

Assumption IV. u%[ﬁ] is increasing in u, where u > 0.

Since u-- [ﬁ)] = %[ﬁu)] - ﬁu), Assumption I together with Case 3.1 (or 3.2) in the main text

implies Assumption IV. Hence, linear, exponential, logit and probit demand functions satisfy As-

sumption IV.

Example III. If customer heterogeneity € follows a gamma distribution ®(u fo z)dz, where
_ utlem 1 _ (1t _a—1 u(l—z 1 O 2
¢(u) = *55— and a > 0, then 5 = [ 27 "e (1=2)dz. Since u ulr] = — f1 (z—1+

Der1=2)dz, Assumption IV holds.

If customer heterogeneity € follows a Weibull distribution ®(u) = fo z)dz, where ¢(u) =
au®te ™ and a > 0, then ﬁ = aua' Since udi[%] = —u~, Assumption IV holds.

Lemma I. If Assumptions I and IV hold, then f(u) is increasing in u and lim, 4 f(u) > 1.

Proof. By the proof of Lemma 1 in the main text, g(u) = 1—2(—?] and f(u) = l_uih—([v)l], where
h(v) dv L h(v)
— Cu= L g — w1 — uh(v) - k(v) '
v =7p"(u) and v —u = 555 Since 1 = § + 7, f(u) S e i Since
v is increasing in w and ¥ =1 — k( L by Assumption I, k(v) and ¥ are increasing in u. Notice
that ﬁ — d%[h(lv)] = —vd%[ﬁ] > 0. By Assumption IV, ﬁ - d%[h(lv)] is decreasing in u. Hence,
ﬁ(ﬁ - di[h(lv)]) is decreasing in u. This implies that f(u) is increasing in u.

Since v > u, G(u) > H(u). Hence, [,"™ e @ du < [7*°e=#du, which is the mean of ®(u). By

Assumption I and Theorem 4 of Lariviere (2006), lim,—, o f(u) > 1. O

By Lemma I, the indirect demand function has an increasing price elasticity function f(«(Q)p) if
B(Q) = 0. Hence, we can apply all results obtained in Section I for maximizing the manufacturer’s

profit function ITy;(w, Q).

Proposition IV. If Assumptions I, II and IV hold, then: (1). Ily/(w, Q) has a unique mazimizer
wh(Q) = w, where W*(u) is the unique solution of W—u = ﬁ; (2). wi,(Q) is increasing

in @ € Qo +0).

Proof. Similar to the proof of Proposition I. O
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Next, we find the optimal product quality @}, to maximize the manufacturer’s profit II},(@Q),
where IT5,(Q) = Iy (w(Q), Q).

Proposition V. If Assumptions I-IV hold, then IT5,(Q) has a unique mazimizer Q7,;, where QF, =
sup{Q@ > Q[5G log(A(Q))] = [;5C(Q)]g(@* (C(Q)))}-

Proof. Similar to the proof of Proposition II. O

By Propositions IV and V, the optimal wholesale price for the manufacturer w};, = w},(Q%;). By
Propositions III-V, the optimal retail price for the retailer p}, = pf,(w?,;, QF,;). By Propositions III-V,
we can calculate the optimal product quality and price decisions (Q7;, w};, pi;). Finally, we denote
the manufacturer’s optimal profit as I}, = Il (pl,, wiy, @F,;) and the retailer’s optimal profit as

I3, = g(p},, w, QF;) and define the total channel profit as ITf, = I}, + IT},.

Example IV. For an exponential demand function (i.e., D(p,Q) = A(Q)e’@~@P)  customer

heterogeneity € follows an exponential distribution with the failure rate function h(u) = 1, where u >

0. By Proposition I, pi(Q) = C(Q) + Q(Q) By Proposition II, Q% = sup{Q > Q.|| ‘élog(Z(Q))] >

[%6(@)}}. The optimal profit is II}; = a(Qf)eﬁ(QZ)—Oc(QZ)C(QZ)—l. By Claim 2 of Propositions 1 and 2

(@3)
in the main text, Q% = QF, and p; = wl, = C(Q}) + . By Proposition 111, pi, = C(Q}) + a(Q* .
The manufacturer and retailer’s optimal profits are 11}, = 11}, = A((g:f)) BRY—-QCQD-2 gnd the

channel proﬁt 18 sz = ZA(SQQd)) BRY—(Q7C(QY)—2 — %H’C“l

For a linear demand function (i.e., D(p,Q) = @[B + B(Q) — a(Q)p]), customer heterogeneity

e follows a uniform distribution with the failure rate function h(u) = ﬁ, where B > u > 0. By

Proposition I, p5(Q) = 0.5(C(Q) + BJF(B(;’?)) By Proposition II, Q% = sup{Q > Q,|[-5 ‘é?log(Z(Q))] >

2[‘“;’—} The optimal profit is IL; = AQY(B+5(Q)) —a(Q3)C(Qy)* By Claim 2 of Propositions 1

B-0(Q 4Ba(Q5)
and 2 in the main text, Q% = Q% and p = wi; = 0.5(C(Q%) + B:(%(Q)d)) By Proposition III, pi, =
0.25(C(Q%5) + %?d))) The manufacturer’s profit is 11}, = (Q:‘)(BJFﬁgi)(Q*()Qd)C(Qd)) , the retailer’s
d d
pTOﬁt 1% = (Qd)(B+61((?B(§i(_g"()CQZ)C(Q2)) and the channel pmﬁt sz — (QZ)(BJF%%%)(E;%QZ)C(QE))Q — %H:l
d d

A2. Numerical Studies
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FIGURE 1. (a). Optimal quality levels Q% versus Q7;; (b). Optimal prices p}, w}; and pj,.

We let A(Q) = VQ, C(Q) = 3Q, 3(Q) = 2.5Q, a(Q) = 1 and customer heterogeneity ¢ follow a
Weibull distribution (i.e. ¢(u) = au®te ™).

First, we vary a € [0.5,1]. As shown in Figure 1(a), the manufacturer’s optimal product quality
()7, is higher than the first-best quality Q5. As shown in Figure 1(b), the optimal retail price p,
and wholesale price w}; are higher than the optimal direct-sell price p due to the higher product
quality and the double marginalization effect. These are consistent with Claim 3 of Propositions 1
and 2 in the main text.

Second, we vary a € [1,15]. As shown in Figure 2(a), the manufacturer’s optimal product quality
Q7; is lower than the first-best quality @%. This is consistent with Claim 1 of Proposition 2 in
the main text. As shown in Figure 2(b), the optimal retail price pj, is higher than the optimal
direct-sell price p}; due to the double marginalization effect when a is low. However, when a is high,
the optimal retail price p}; becomes lower than the optimal direct-sell price pj. This is because the

product quality deterioration in the indirect-sell channel causes the retailer to lose the pricing power.
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FIGURE 2. (a). Optimal quality levels Q% versus Q7;; (b). Optimal prices p}, w}; and pj,.



