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Proofs of Statements

EC.1. Proof of Proposition 1

1. The derivative of x5 (a) with respect to a equals

ae) _ ") (paroiay 122

de  l—a— G «

Hence, for any a, dz"?(a)/da > 0 if and only if In(z¥5(a)) + (1 — ) /a > 0. When dz"? (@) /da =
0, the derivative of this function with respect to « equals (dz?®(a)/da)/(z¥B(a)) — (1 —B)/a* =
—(1-p)/a* <0. Accordingly, the function In(zf®(a))+ (1 —3)/a is decreasing in the neighborhood
of a, showing that z"2(&) is a local maximum. Furthermore, dz??(0)/da > 0. Hence, "8 («) is
either increasing-decreasing or always increasing.

Whenever 272 (a) > e™!, we have In(z"?(a)) > —1 and therefore dz'?(a)/da > (2B (a))/(1 —
a—[0) (=14 (1—-p3)/a) > 0, where the second equality follows from the fact that « <1 — 3. Hence

FB( —1‘

2B (a) is increasing whenever z5(a) > e

2. The derivative of y"#(«) with respect to a equals

dy™(a) _ y"(a)
doe  1—a-p

(In(z""(a)) +1).

Hence, for any «, dy*?(a)/da <0 if and only if In(z"?(«)) +1 < 0. From the first part of the
proof, we know that zf'5(«) is either always increasing or increasing-decreasing. If dz*?(a)/a >0
for all «, the function In(xzf2(a)) + 1 crosses zero at most once, and if it does, say at @, it crosses
it from below. Hence, if In(z®(a)) +1=0, y"#(a) is a local minimum.

Suppose now that z?(q) is first increasing and then decreasing with «. For this to be true, we
must have 2% (a) < e™! for all a. Otherwise, from the first part of the proof, "% (a) would always
be increasing. Whenever 2% (a) < e™!, we have In(z"?(a)) < —1 and therefore dy”?(a)/da >
(y¥B(a))/(1—a—pB) (=14 1) =0. Hence y*# () is decreasing whenever 27 («) < e~! and therefore
when 278 () is increasing-decreasing with a.

3. The derivative of II*"5(a, 8) with respect to a equals

" (a, B) _ I"5(a, B)
Jda C1l-a-0

In(z"%(a, B)).
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Hence, for any «, OII"2(«, 3) /0 > 0 if and only if In(z"Z(«, 8)) > 0. The monotone relationship
of TI"B(a, 3) on 3 is proved in a similar way. Finally, II"5(a, 3) is jointly convex because the

convexity of the output function ux®y® with respect («, 3) is preserved under maximization (Boyd

and Vandenberghe 2004, p. 80). O

EC.2. Proof of Proposition 2

For any FF-O contract, (xfF~9,yfF-9) is the unique Nash equilibrium of the sub-
y Yy

game; hence the incentive-compatibility constraints are satisfied. Moreover, in equilibrium,

t(zFE-O V (2FF=0 yFF=0)) = ¢,y ¥~ + U, and the vendor’s participation constraint is satis-

fied. The contract is optimal when (27~ yF~9) maximize V(z,y) — (cg + ¢51)x — cvy — dno

because the total surplus is then equal to the first-best profit, discounted by the buyer’s verification

costs. [

EC.3. Proof of Proposition 3

FF—-FE FFfE)
)

For any FF-E contract, (z is the unique Nash equilibrium of the subgame; hence

Y

the incentive-compatibility constraints are satisfied. Moreover, in equilibrium, the vendor receives

FF—-FE

U+ cyyf—F 4+ ¢y when exerting an effort level y , and its participation constraint is there-

FF—-E FFfE)
)

fore tight. The contract is optimal because (z maximize the first-best total surplus,

Y

discounted by the vendor’s verification costs. [

EC.4. Proof of Proposition 5
1. Follows from 2.

2. We only prove the first case; the second case is treated in a similar way. First, observe that
(a+B—2a8)*—4ap(l—a)(1-B)=(a—B)*>0, (EC.1)

which leads to the following inequality

2v/aB(1—a)(1—8)<a+B—2a8. (EC.2)

The first derivative of b(«) with respect to « is equal to

_ B(1-B)
2/aB(1—a)(1-B)(a—p

b'(e)

; (2V/aBI @)1 —5) ~ (a+ 5~ 208)) <0
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where the inequality follows from (EC.2).

The second-derivative of b(«a) is equal to

~6(1- ) (4a(1 =) (2y/aBT @)1= B) — (a+ 5 —2a5)) + (@ — 5)?)

b (o) =
(a) (1—a)y/aB(l—a)(1-3)(a-pB)3

Hence, in order to show that b"(o) > 0 for a < @, it suffices to show that

4ol — «) <2\/aﬂ (1-—« 1—ﬂ)—(a+5—2a5)) + (@« — ) >0 if and only if a < £,

as long as a < a@. Using (EC.1), this condition can be rewritten as —4a(l — a)(a —

(2\/046 1-a)1-0)+ (a+5— 2aﬁ)) + (o —3)? >0, or equivalently, as follows:

1—
Fla)=(f—a)(1-2a)+2a(l —a) ( M—l) >0
if and only if < 3, as long as a < a.

When a < 3, o <1/2 because o + 3 < 1; therefore, (5 — a)(1 — 2a) > 0; moreover, because
B<l—aand 8>a, B(1—0)>a(l —a); as a result F(a)>0 when o < .

If 6>1-p5, F(a) >0 for all @ €[0,1—0), i.e., b'(a) >0 for all « € [0,1— (). Suppose now
that 8 <1/2. It turns out that F'(a) has two roots. One of them is 5 and let us denote by & the
second root. Because F(«) >0 for a <  and F(a) = (1—23)? >0 when a =1 — 3, the second root
& lies somewhere in (8,1 — f]. In addition, because, for any «a € (3,1/2], (6 —a)(1 —2a) <0 and
B(1—p) < a(l —«a), and therefore F(a)) <0, the second root & is greater than 1/2. As a result,
if 5 <1/2, there exists some @ € (max{1/2,3},1 — ] such that F(a) >0 for « <3, F(a) <0 for

€ [B,a], and F(a) >0 for a > a, or alternatively, such that b”(«) >0 for all @« <@ and b”(a)) <0

for all a > a.

3. One can show that, when the bonus rate is set to b, the total surplus is equal to

) — s (20=0) 7 (ﬁb)l-f-ﬁ 1 ali—b)— ),

Cp Cy

The elasticity of II(b) is equal to

i)  (1-0)*8(1—a) —b?a(1-p)
)  (1-a=p)(1-al-b)-pb)(1-b)
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which is equal to (8 —«a)/((1 —a —3)(2 —a —3)) when b=1/2. One can easily show that this
elasticity is larger than or equal to -1 whenever a <2 — 8 — /2(1 —3), which is always true
when a < 1/2. Similarly, one can show that the elasticity is smaller than or equal to 1 whenever

B<1/2. O

EC.5. Proof of Proposition 6

When V(z,y) = ux®y”, one can show that the total surpluses are equal to:

_a B
[FF-0 — leolﬁﬁ <a> - <ﬂ> - (1—a—p8)—¢no (EC.3)

g+ o1 g
a B8
v s (T (B N )
I°F ETJVI_M B(CB) <Cv+¢v1> (1—a—08)—ovo (EC.4)
(3 ﬁ
i (N BT e
n°5(1/2) = u ﬁ<203> <2cv> (1—a/2-03/2). (EC.5)

Let G""%a,B) = (cp/(cs + ép1))*, G™(a,B) = (cv/(ev + dv1))7, and G"P(a,f3) =
(1/2)*+2 (1 —a/2—3/2)/(1—a—3))""""". One can check that the functions GF¥~°(a, §) and
G™ (a, 8) are both jointly convex. The function GP5(«, 3) is in contrast jointly concave because
the function F(z) = (1/2)" (1 —x/2)/(1 —x))' " is concave in x € [0,1] and because concavity is
preserved under affine compositions (Boyd and Vandenberghe 2004, p. 79).

1. When ¢po = ¢yo, HFF=0 > IFF-E/TM if and only if GFF~9(a,8) > G™™ (a, 3), that is, if
and only if a < fln(ey/(cv +¢v1))/In(es/(cp+ ¢p1)). Hence, in the (a,3) space, the region
where FF-O (resp. FF-E/TM) contracts generate more surplus than FF-E/TM (resp. FF-O)
contracts is a triangle determined by the lines o =0 (resp. 3 =0), a+ =1, and o =
Bln(cy/(cv +dvi)) /In(cs/(cs + ¢51))-

2. When ¢y =0 and b=1/2, TI"B(1/2) > TFF-E/TM if and only if G'E(a, 3) > GTM(a, ).
Suppose that (ay,3;) and (ag,3;) are such that GPB(ay, 3;) > GT™ (v, 5;), for i = 1,2. For any

A €[0,1], we have

GPE(Aar + (1= Na, MGy + (1= N)Ba) > AGTP (a1, B1) + (1 — NGTE (s, B2)

> AG™ (a1, 1) + (1= N)G™ (az, B2)
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> G™M (Ao + (1= Az, ABy + (1= A)Ba),

where the first inequality follows by concavity of G"2(«, 3), the second by assumption on (o, ;)
and (ag,32), and the third by convexity of G («,3). Hence, the region {(«,(3) : II"5(1/2) >
[IFF=B/TM s convex when ¢y = 0.

Similar, when ¢po =0, II"Z > ITFF~9 if and only if GPZ(a, 3) > GFF~9(a,3) and one can show
that the region {(«, 8) : II7B (o, B) > TIFF (v, 3) } is convex when ¢ o = 0. Because the intersection
of two convex regions is convex (Boyd and Vandenberghe 2004, p. 36), RF® is convex. One can
finally check that, when a = 3 =0, G"B(a,8) = GFF=9(a, ) = GT™™ (a, 3) = 1; therefore, RF? is

anchored at the point («,3) = (0,0) when ¢pg = ¢yo =0, and therefore when ¢zo >0 and ¢y >0

HFF—O HFF—E/TM

given that and are decreasing with ¢p¢ and ¢yq.

3. Similar to Proposition 1, one can show that II¥#= TI"™™ and II”?(b) are all convex with
respect to « and 3, and so is therefore the function max{IT¥¥~° TI"™ max, I17?(b)} given that
convexity is preserved under pointwise maximization (Boyd and Vandenberghe 2004, p. 80). Hence,

the function max{ITF¥=9 TI™™ max, 172 (b)} has convex sublevel sets. [

EC.6. Proof of Proposition 7
Similar to (2), the expected first-best surplus under output uncertainty is maximized when the

effort levels are chosen ex-post and is equal to

e =5[] (2) 77 (2)7 a0

1
and therefore E[II"? (g, ;)] /IIFP =E [611&[3] /uﬁ_

Under a PB contract, the buyer solves the following program:

max E [(1 —b)eo+ (1 —b)er (2(en, €1))* (Y(eo, 1)) — cpa(en, €1) — 5]
E [beo + bey (x(€o,€1))" (y(eo,el))ﬁ —cyvy(€eo, €1) + s] >U (IRy)
z(€o, €1) = argmax, {(1 —b)eo+ (1 —b)erz® (y(eo, 1))’ — cpz — s} (ICg) (EC.6)

y(€o, €1) = arg maxy {beo +bey (w(eg,€1)) JP —evy+ s} (ICy).
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1
After solving this program, we obtain from (EC.5) that E[II7Z (e, ¢,)] = 17PE [611_"_6] /1 ==
Under a TM contract, the vendor cedes its decision rights to the buyer. Specifically, the buyer
decides how much effort the vendor must exert and pays the vendor a price p per unit of effort, in

addition to a fixed fee s. That is, the buyer optimizes the following problem:

IE%X E |0+ €1 (2(e0,€1))” (y(fo,ﬁl))ﬁ —cpx(€o, €1) — py(€o, €1) — 8]
s.t. Els+(p—cv —¢vi)y(eo, €1) = dvol 2 U (IRv)

(z(€o,€1),y(€0, €1)) = argmax;z g {60 + 629y’ — cpT —py — 5} (ICB),

which generates the following total surplus:

B

e =5[] ()T (L) T e e

cp cv + ovi

As a result, when ¢y =0, using (EC.4), we find that E[IT"™ (e, €;)]/TITM = E [I1"B (g, €, )] /TIF5.
Under a FF-E contract, the buyer specifies ex-ante the vendor’s effort level y, in exchange for a
fixed fee s, so as to maximize its expected profit, subject to the vendor’s participation constraint

(IRy) and its ex-post optimal choice of effort (ICp), that is,

max Eleo + €1 (x(e0,€1))" y° — cpz(€o, €1) — 9]
s.t. S — (CV + ¢v1)y - vao > U (IRV)

x (€, €1) = arg max, {60 +6z2%® — cpT — s} (ICp),

which generates an expected total profit equal to

@

=23 = e
B[ ey, €,)] = (E [ef‘“]) ’ (Cv f¢v1) ’ (;;) ’ (1—a—03)—dvo.

1 1\ T-a-7
As a result, when ¢y =0, using (EC.4), E[IT""~# (¢, € )] /TIFF—F = (]E [efo‘}) /1 ==3
Finally, under a FF-O contract, the buyer specifies ex-ante its effort level z, a fixed fee s, as well

as an output level T" below which the fixed fee is not transferred. The buyer chooses the contract
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parameters so as to maximize its expected profit, subject to the vendor’s participation constraint

(IRy) and the vendor’s ex-post optimal choice of effort (ICy ), that is,

max E [60 + ez (y(eo, 1))’ — (c5 + dm1) T — do — s1 {60 F e (yleo 1))’ > TH

s,z,y, T

st E [sn {60 Fea® (y(eo,a))’ > T} —evyleo, el)} >U (IR(BC.7)

y(e€o, €1) = arg max; 51{60+61xa@75 2T} — vy (ICy).

The optimal vendor’s ex-post level is equal to 470 (eg, €,) = ¢; /* (T — eo)+)1/ﬁ 27, where (2)* =

max{0, z}. Because the buyer’s profit function is linear decreasing with s, the optimal fee s makes

the (IRy) constraint tight, giving the buyer an expected profit equal to:
—a 1 =1
E[T — 60}+ — (CB + ¢Bl)$ - ¢BO - CV‘TT (E[T - 60]+) P E |:€15 :| —-U.

The buyer’s profit function is concave in E[T — ¢]* and is maximized at E[T —

o -1113 T,
et = (ﬂ/cv)%me {elﬁ] , yielding the buyer E [elﬂ] x1-F (ﬂ/cv)%(l - 08) —

(cg + ¢B1)r — ¢po — U. The buyer’s maximum expected profit is attained when z =

177 T
Ele’ | (af(en+p) 7 (Bfey) a7, and is equal to

o 8
o

sl =2[ 7] () (L) e ey

cg+ ¢p1 Cy

-1 -8B
As a result, when ¢ =0, using (EC.4), E[IIFF=9 (¢, ;)] /TIFF-0 = (IE [elﬁ }) /1 a7,

The end of the proof consists in showing that:

)< el]) o]

=t - 1
By Jensen’s inequality, E [615 ] >(E [el])fl and E [6110‘] > (E [61])ﬁ, showing that

(s[7]) 7 <@ < (s[=]) e

1 1 —a
The second inequality is showed by using Holder’s inequality: E [611_“] < (E [611‘1/3 ] ) .o
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EC.7. Proof of Proposition 8

1. If the vendor’s unit cost of effort is equal to g(z)cy, the first-best total surplus is equal to
78(z,y,2) = V(z,y) — cgx — cyyg(z) — cprz, which is strictly concave because g”(z) > 0. The
optimal process improvement effort 252, if positive, must solve the first-order optimality condition:

—cyyg'(z) = cpr. For each contract, the vendor’s profit can be written as follows:
579y, 2) = sl {V(x,y) >VEF=0 and x> xFF*O} —cyyg(z) —cprz
77 (y,2) = s1{y >y 7} —cvyg(2) — dv1y — cprz — dvo
I (y,2) = s+ (p—cvg(2) = dv1)y — cprz — dvo

77 (y, 2) = s+ bV (2,y) — cvyg(2) — cprz.

For all contracts, the first-order optimality conditions with respect to z yields that —cyyg'(z) = cpy,
similar to the first-best first-order optimality condition.

2. If the vendor needs to work g(z)y hours to provide y units of effort, II"?(z,y, ), TIEF 9 (y, 2),
and II{”(y, z) are the same as in Case 1. Under a FF-E and TM contracts, the vendor’s profit is

equal to:

HEF_E(% z) = sl {yg(z) > yFF_E} — (cv + ovi)yg(2) —cprz — dvo
HgM(Z/a z) = s+ (p—cv—0v1)g(2)y — cprz — dvo.

In both cases, the vendor’s profit is decreasing with z. The equilibrium vendor’s effort level in
process improvement is thus equal to zero.

3. If the service output is equal to V(x,y)g(z), the first-best total surplus is equal to
M¥B(x,y,2) =V (x,y)g9(2) — cpx — cyy — cprz, which is concave when ¢g”(z) < 0 and V (z,y) is super-
modular. The optimal process improvement effort 22 if positive, must satisfy V(z,y)g’(z) = cpr,
whereas the optimal effort y*? must satisfy dV (z,y)/dyg(z) = cy. Combining these two conditions

FB)BV(wFB,yFB) :CVgI(ZFB)V( FB FB)‘

yields: c¢prg(z 5 By

With a FF-O contract, the vendor’s profit can be written as follows:

H‘I“;F*O(y,z) = sl {V(:c,y)g(z) >VEF-0 and z > xFF_O} —cyY —Cprz,
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and is maximized when V (z,y)g(z) > VFF~©. Minimizing the vendor’s costs cyy + cp;z subject to
the constraint that V(z,y)g(z) > VI~ yields the same necessary condition as in the first-best
solution.

Under a PB contract, the vendor’s profit is equal to
H\];B(ya Z) =s+ bV(x, y)g(z) —CvYy —CprZ.

The optimal process improvement effort 277, if positive, must satisfy bV (x,y)g’(2) = cp;, whereas

oV («PB 4P B) _

the optimal effort y”? must satisfy b%‘;’y)g(z) = cy, which yields: cprg(2FP) 5

Cvg/(ZPB)V(ZUPB,yPB).

With a FF-E and TM contracts, the vendor’s profits can be written as

"5y, 2) = s1{y 2y} = (cv + dv1)y — cprz — dvo

HXT/M(% Z) =s+(p—cv—ov1)y—cprz — dvo

and they are decreasing with z. Hence, the optimal process improvement effort level is in this case

equal to zero. [

EC.8. Proof of Proposition 9

If (2B, y*"B) maximizes the first-best total surplus with one vendor V (z,y) — cpz — cyy, the triplet
(2B yFB yFB) will maximize the first-best total surplus with two vendors V(z,v1,2) — cpr —
(cv/2)(y1 + y2), because the first-order optimality conditions are identical:

OV( FB7yFB yFB) 8V(:UFB,yFB)

O —cg=0« O —cg=0
FB ,,FB , FB FB FB FB , FB
V(B g™y ov o VT gly N9y " y™") v i g
y; 2 Ay 0y; 2
]. 8‘/( FB FB) Cy
Cy a2 "

When the buyer makes its efforts verifiable at a cost ¢pg + ¢ and uses two symmetric FF-O

contracts, its profit is equal to

TP (@, VFF =0 5) = V(w, 1, y2) — (e + b1 )z — 251 {V (2,1, 32) = VFF =0} —
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where the vendors’ effort levels individually maximize IIy,; ~“(y;) = s1{V (2, y1,y2) > VFF=0} —

(cv/2)y;. The buyer sets the fixed fees s such that the vendors’ participation constraints are tight
and therefore collects the total surplus, minus the vendors’ reservation utilities. Optimizing the
contract parameters, one obtains a total surplus identical to the case where there is only one
vendor.

When the vendors make their efforts verifiable at a cost ¢vo/2 + (év1/2)y;, @ = 1,2, and the

buyer uses two symmetric FF-E contracts (or TM contracts), the buyer’s profit equals
IG5,y P s) =V(a,y1,p2) —cpr —s1{y 2y P} —s1{y > y"" "}

where the vendors’ effort levels maximize TI{,; 7 (y;) = s1 {y; >y E} — (cv + ¢v1) /2y — dvo/2-
The buyer sets the fixed fees s such that the vendors’ participation constraints are tight and
therefore collects the total surplus, minus the vendors’ reservation utilities. Optimizing the contract
parameters, one obtains a total surplus identical to the case where there is only one vendor.
Finally, with double moral hazard, when the buyer uses two symmetric PB contracts giving a

share b/2 of the output to each vendor, the buyer’s profit is equal to
L5 (2,b,8) = (1 —b)V (2,y1,92) — cpx — 25.

On the other hand, the vendors’ profits are equal to 1155 (y,) = (b/2)V (2, y1,92) — (cv/2)y; + s and

are maximized when y; solves

b 8?(.%, Y1, yl) Cy . b 87(3:, Y1, yQ) Cy .
POVBYLI) Vg yi—1,9 e cTIILY) Vg oy
27 oy, y “O0Visl2e o/, p ~0Vi=lL2
bOV(z,9(y1,41)) O9(y1,91) v 0 Vie1.2
boV(z,y) _
=4 2Ty CV*O

where the first identity follows from the fact that both vendors are symmetric, the second identity

follows by definition of V' and the third identity follows from the fact that %jj’_y?) =1/2 when

Y1 =Y2.
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By contrast, with only one vendor, the vendor’s profit is equal to bV (z,y) — cyy — s and is
maximized when y solves bOV (x,y)/0y — ¢y = 0. Hence, the equilibrium effort level of each vendor
is smaller than if there was only one vendor; in particular, the average effort level g(y;,y2) with two
vendors is smaller than if there was only one vendor. By supermodularity of V (z,y1,%2), the buyer
will therefore provide less effort with two vendors than with one vendor. Because V (z,y) —cpz —cyy
is strictly concave and x¥2 < zfB and yPP < yfB, the total surplus achieved with two vendors is

then strictly smaller than that achieved with one vendor only. O





