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Proof of Proposition 1. For initial inventory levels x% # x°, let ¢ = {wg = (N, qf,s¢):t > O}
and ¥ = {7? = (A}, ¢}, s?) : t > 0} be the corresponding optimal controls, and let {x{ : ¢t > 0} and
{Xi’ it > 0} be the corresponding optimal inventory processes.

Now consider the initial inventory x° = (x® +x")/2, and apply a control ¢ = {7f = (\{, ¢f, s¢) :
t >0} with Af = (AL +A2)/2, ¢f = (¢f +¢F)/2 and s{ = (s{+5})/2. It is clear that 7° is an admissible
control. From the balance equations in (3), the inventory process starting from x¢ under the control
7i¢ is x§ = (x¢ +x?)/2. Thus, we have

VOpk) = E [ e st — Ao — o(af ke — hixi o)
0

1

> 5 E/ eiRt [(S? + Sg)th - (A? + /\?)plt - g(qga X;‘,lv kt) - g(qi)v ng kt) - h(x:tlv kt) - h(ng kt):| dt
0

= %[V(X“,p,k)JrV(X”,p,k)},
where the first inequality is due to the fact that ¢ is admissible but not necessarily optimal, and
the second inequality is from the definition of 7t¢, x¢ and the strict convexity of g and h. This proves
the strict concavity of V' (x, p, k) in x.

When x > 0, from (9), A = ) is optimal if %’lp’k) > p1, and X\ = ) is optimal if %’f’k) < p1.
Due to the strict concavity of V', there exists a unique (possibly infinite) threshold z;(z2, p, k) such
that the optimal procurement control is of a threshold type in the proposition. Moreover, if it is
finite, the threshold ¥j(x2, p, k) is determined by equating marginal profit to price. The proof for
the properties of the optimal sales rate are parallel and omitted.

The strict concavity of the value function implies that V has different gradient (with respect to
x) at different inventory levels, which in turn implies that there is at most one intersection of the
two thresholds 71 (z2, p, k) and Za(z1, p, k).

The optimality equation for ¢* follows from (9) and the strict convexity of g(g,x,k) in q.

The proof of Proposition 2 will use the following lemma.
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Lemma 1 Let F = CA + %I as defined in Proposition 2. Then,
P2
(i) wF) > 2
2 4 4
- P p P
F] > —tr[lF] — — > —;
(i) det[F] > 4tr[ ] 16> 16

(iii) tr[F]? — 4det[F] > 0, where equality holds if and only if F is a diagonal matriz.



Proof. By definition,

2
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crpd; — 22 Cop Ay + 22412 4 B fo1  fa2

(i) tr[F] = c11A471 + co9As + % + p; > §7 where we used ¢1141 + co9As > 0, c12 < /€112
and c11 + c22 — 24/c11¢22 > 0.

(ii) det[F] = det[CA + £1] = det[CA] + %(tr[F] - %) + 20 > Z4r[F] — £ where the inequality
follows from det[C] > 0, det[A] > 0 and part (i).

(iii) When F is a diagonal matrix, it has zero off-diagonal elements and, therefore, A; = €2=12 and

c12a2
. . —c? 2
Ag = =22 which imply that fi1 = fao = 242 4 . Then, tr[F]* — 4det[F] = 0.
When F is not a diagonal matrix, we show that tr[F]? — 4det[F] > 0, or equivalently,
(fir — fa2)? > —4f12for. (A1)

Consider four cases:

(a) fiafa1 > 0. It is clear that (A.1) holds in this case.

b) fiafo1 = 0. Since F is not diagonal, exactly one of the two equalities Ay = 9L=%2 and A; =
g y c12a2

2212 holds, implying that c1141 — cooAs + <2222 £ 0 or f11 — fa2 # 0. Hence (A.1) holds.

C12Q;

(¢) fo1 >0 and f12 <0, or

Ay > 2= and Ay < G1=12 <A2)

C12a2 C12G2

The second inequality in (A.2) implies ¢11 > ¢12 because A > 0. We can then derive
(011 — Clg)Al > (022 — Clg)Ag. (A3)

To see this, note that (A.3) clearly holds if co2 < c12. When co9 > c¢12, (A.2) implies that
(611 — 612)A1 > (ei—eiz)(cas—ci2) > (022 — 612)142, i.e., (A3) holds. ThUS,

C12a2

c11—C c11—C coo—cC12+cCc12—Cc11+C11—C _
011A1—022A2+ 11a2 22 612A1—012A2—|— 11@2 22 > 22—C12 12a2 111TC11—C22 __ O,

where the first inequality follows from (A.3) and the second follows from (A.2). Hence,
(f11— f22)? = (c1141 — o2 Ag + %)Q > (c1241 —c124s + %)2 = (fo1 — f12)* = —4 f12fa1.

(d) fo1 <0 and fi2 > 0. The argument is completely analogous to case (c).

Proof of Proposition 2. We first show that conditions in (23) establish a rational expectations

equilibrium. From the last three equations in (22), we have

dX
ditt = Ap; +a+ILik;. (A.4)



Differentiating the first equation in (22), we have
dp; = C;dX;—D;dk.
Substituting (A.4) and the factor process in (19) into the above equation yields
dp: = [C1A(p; + A" 'a) + (C11; — D1K)k¢|dt — Dyog(ke)dwy. (A.5)

To find the rational expectations equilibrium, we match the coefficients in (A.5) with those in (20),
which exactly leads to conditions in (23). Next, we prove the existence, uniqueness, and other
equilibrium properties.

1. We first show that F has positive real eigenvalues and linearly independent eigenvectors. Let &;

and & denote the eigenvalues of F', which are the roots to the equation:
det[F — ¢I] = €2 — tr[F|¢ + det[F] = 0.
When F is a diagonal matrix, Lemma 1(iii) implies tr[F]? — 4det[F] = 0. Thus, & = & = % +
% > 0, and F has two linearly independent eigenvectors, e.g., [0,1] and [1, 0].
When F is not a diagonal matrix, from Lemma 1(iii), tr[F]? —4det[F] > 0, meaning that F has two

different real eigenvalues, and therefore, F has two linearly independent eigenvectors. Furthermore,

2
from Lemma 1, the eigenvalues must be greater than Z-:

T r——— 2
min{é), &) tr[F]—\/tr[§4]2_4det[F] . tr[F]—\/tr[F};_tr[F]pz+T _HFGEE) 2 ()

2. Next, we show that there exists a solution to B2 — pB = CA that satisfies (21), and that
the solution B has negative real eigenvalues. Let E = diag[{1,&2] and V = [vy,va], where v;
is the eigenvector corresponding to &;, and v; and vo are linearly independent. Then, we have
F = VEV~L. We define vVE := diag[v/£;, V&), and VF := VVEV L. Note that tr[VF] = tr[VE]
and det[VF| = det[VE].

We show that B = gI —+/F is a solution to B2 — pB = CA:

B2—pB = LI+F —pVF— L1+ pVF = —Z1+F = CA.

Furthermore, B satisfies (21) because

tr[B] = tr[8I—VF| = p—tr[VE] = p— V& +E+2V68 < p— %%—2 f—é =0,
where the last inequality follows from Lemma 1, and
det[B] = det[VF] — Sur[VF| + & = det[vE| - fr[VE] + & = (VE - §)(VE—5) > 0,

where the last inequality follows from (A.6). The above conditions imply that the eigenvalues of B



have negative real parts. The eigenvalues are actually real, because
tr[B]? — 4det(B] = (p — tr[VE])? — 4det[VE] + 2ptr[VE] — p* = tr[VE]? — 4det[VE]
= (Va+V&)’-4/a6 > 0.

When &; # &, B has linearly independent eigenvectors; when & = &, from Lemma 1(iii), F and B
are diagonal matrices, and B also has linearly independent eigenvectors.
We show in passing that B; = (B — pI)~! also has negative real eigenvalues. This will be used

later. First, by (21),
det[B] = (det[B — pI]) ' = (p* — tr[B]p + det[B]) " >0, (A7)

Secondly,

_ tr[B — pI tr[B] — 2p
tr[B1] = tr[(B — pI) '] = = 0 A8
where the second equality is because the matrices here are all two by two matrices. Thirdly,
(tr[B] — 2p)2 —4(p® —tr[B]p + det[B])  tr[B]? — 4det[B] S
det[B — pI]?  detB—pI2 ~

Hence, both B and B; have negative real eigenvalues.

tr[B1]? — 4det[B;] =

3. Now, we prove that B2 — pB = CA has a unique solution that satisfies (21). Suppose B, and B,

are two such solutions. Then,
_ _ —1\2 _
CA = B} - pB, = B,(B} - pB,)B, ' = B,(B% - yB,)B;' = (B;B,B;"')” — pB,B,B; .

Thus, B, = B;,BaBb_1 is also a solution to B2 — pB = CA and it also satisfies (21): tr(B.) =

C C
tr(B,) < 0 and det(B..) = det(B,) > 0. Write B2 — pB = CA = S component form:
021 022
b3, — pbi1 + biabar = Chy, b3y — pbag + biabar = Caa, (A.9)
bia(tr[B] — p) = C1z, b1 (tr[B] — p) = Car.

The last equation in (A.9) implies that bea1 (tr[B.] — p) = ba21(tr[Bg] — p). Since tr(B,) = tr(B,) < 0,
we must have b.o; = bgo1. Similarly, we have b.12 = bs12. Next we show that the diagonal elements
of B, and B, are equal as well.

Suppose be11 # ba11 are two different solutions to the first equation in (A.9). As tr(B.) = tr(B,),
we have becaa # bgo2, which are two different solutions to the second equation in (A.9). Thus,
bet1 4 ba11 = § and beaa + ba22 = §. Since tr[B.] = tr[Bg], we must have be11 = bao2 and ba11 = beoo.
Consequently, the first two equations in (A.9) have the same set of roots, implying C1; = Caz. This

leads to b2 — pba11 = b29y — pbaz or (tr[B,] — p)(ba11 — baz2) = 0. Since tr[B,] < 0, we must



have by11 = ba22. Similarly, we have b.11 = beo2, but then bei; # bg11 implies tr[B.] # tr[B,], a
contradiction.
Hence, we have B, = B, = BbBaBb_l. This implies that B, and B, commute. Therefore,

BatBot — o(BatBy)t —

Since both B, and B, are stable matrices, the above quantity approaches to zero matrix as t — oo,
implying B, + By, is also stable. Consequently, B, + By — pI is a non-singular matrix.
Now notice that 0 = B2 — pB, — B2 + pB;, = (B, — By)(B, + By, — pI). As B, + B, — pI is

non-singular, we must have B, — B, = 0. This proves the uniqueness of B.

4. We prove that D = C;I; — B; DK uniquely determines D. Horn and Johnson (1991) present the
Kronecker products representation for the matrix equation (see Chapter 4 of their book). Thereby

we can rewrite the above matrix equation in vector form:
vec[D] = vec[C1I;] — (KT @ By)vec[D].
Let ¢(; and (2 < 0 be the eigenvalues of By, and let A; and Ay be the eigenvalues of K. Then the
eigenvalues of KT @ B; are C1A1, G A2, (A1 and (a2 (see Horn and Johnson 1991). We have shown
at the end of step 2 that (; < 0 and {3 < 0. We assumed in the special case that the real parts of

A1 and )\ are negative. Thus, all the eigenvalues of KT ® By have positive real parts, and therefore

det[KT ® By + 1] # 0. Hence, D is uniquely determined from the above equation.

5. We now derive the equilibrium processes. The equilibrium price process is given in (20) with B

and D solved above. To derive the inventory process, we have, from the first equation of (22):
pt = Ci(X;+C'(Bm-c))—Dik. (A.10)

Substituting (A.10) into (A.4), we have

dX
ditt =AC(X;+C'(Bm—c)) +a+ (I, - ADy)k,.

The equation B% — pB = CA is equivalent to B = C;A. From Lemma 2(i), C; is symmetric, and
therefore, BT = AC;. Using this relation, we have I = AC1CIIA_1 =BTC (B — pI)A~!. Then,

the equilibrium inventory process becomes:

dXi

= B"(X;—C '(c—~Bm)) -B'C™ (B - pI)m + (I, — AD/ )k;.

= BT(X;—m,)+ (I - AD))k,,



where m, = C~!(c — pm). This, together with (A.10), implies
pr = Ci(X;—C !(c—pm)+C B -pl)m) - Dk

= Cl(Xt — mX) +m — let-

6. Finally, we show that the equilibrium processes are uniformly bounded for ¢ > 0, and in particular,
inventory and price processes are bounded above zero under certain parameter settings.

For simplicity, assume X = m, . Then, the explicit solution for X; satisfying (25) is:

t
X, = B'Xy+ /0 B -)(_BTm, + (I, — AD;)k,)du,

¢
= m, + / B (-1, — ADy )k, du, (A.11)

0
To ensure that the inventory is always positive, we need to show that the second term in (A.11) is
uniformly bounded by ||m,||. Let ||v| denote the super norm of v € 22, the complex space, and let

1Q|| = sup {||Qv]| : |[v]| <1,v € 22} be the norm of linear transformation Q on Z2. Then, we have

t t
H [0 - ADoK < [T - AD) i
0 0

IN

t
K| @ = A [ B au,

t

where || k|| < K for ¢t > 0. We need to show that / HeBT“Hdu is also uniformly bounded. To see
0 ~

this, recall in Step 2 we have shown that BT has two linearly independent eigenvectors V = [V, V],

with negative real eigenvalues == diag[gl, 52] Then, eB't = {/eét{f_l, and we have
t to_ o~ o t _
[0 d < [V e < VIO [ S = g w0
0 0 0
Hence, when the factor process k; is such that
[ ||
k<K < ———— %
=7 = KL - AD,|
the second term in (A.11) is uniformly bounded by |m, ||, ensuring that X; > 0 for ¢ > 0.

vt >0,

Using a similar approach, we can show that the price process is also uniformly bounded. Consider
the process z; = p; + D1ky, and assume zy = pg = m. Using (A.5) and the factor process in (19),

we derive the following equation for z;:
dz; = [B(z; —m)+ (C1I; — BDy)ky]dt.
The explicit solution to the above equation is:

t
z; =m +/ B0 (CiI, — BD) )k, du.
0



Thus,
t
p: =m +/ Bt (C11; — BDy)kydu — Dik;.
0

To ensure positive price process, we need to show that the last two terms above are uniformly

bounded by |m||. We have

|

Hence, when the factor process k; is such that

IN

t t
/em“WKhL—BDQhAu—D¢t /WWWFMMCJl—BDﬂm%Wu+mxmmM
0 0

IN

t
K(JCim ~ By [ P du+ i) = K- Ko
0

ki <K < |[m/Ks,
we can ensure that p; > 0 for ¢ > 0.

The proof of Proposition 2 used part (i) of the following lemma. The rest of the lemma will be

used in the proof of Proposition 3.

Lemma 2 Under a rational expectations equilibrium,
(i) C1 = C7, det[Cy] > 0, C; < 0;
(ii) (By —rI)~1Cq1 > 0 for any r > 0;
(iii) B1(By — rI)71Cy < 0 for any r > 0;
(iv) BCy and BC are symmetric matrices;
(v) If B has negative diagonal elements, then C~1(By —rI)~1Cy has positive diagonal elements for

any r > 0.

Proof. (i) The first condition in (23) is equivalent to B = C;A. By the definitions of B; and Cj,
we have B = CCl_1 + pI. Thus, we have C1A = CCl_1 + pL. Let Cy = [¢;;], then this equation can
be written as

1 C12 1 Cy2  —C12

= C + ol
det[Cl] _’521 511

C21 (€22

Regarding det[C;] as a parameter, we can solve the above linear system for ¢;;:

1 = (enn+ (A2 + é)det[Cﬂ)pA,
Coa = (co2+ (A1 + 25)det[C1])pA,
=201 = (ci2+ édet[Cﬂ)pA»



where A = (det[C]det[A] — det[C]det[Cl]_l)_l. Thus, C; is symmetric. Notice that A~! =

det[B] — det[B~!] = det[B] — det[B — pI] = —p? + tr[B]p < 0, as tr[B] < 0 due to (21). We also have

det[C1] = det[B;]|det[C] > 0, which follows from (A.7). As all the other parameters in the above

expressions for ¢;; are all positive, we conclude that C; < 0.

B 'det[B] —rI
det[B; — 1]
det[Bl]C —rCy

r2 — tl’[Bl]T + det[Bl]

where the last inequality follows from (A.7), (A.8), C > 0 and C; < 0.

(ii) For two by two matrix, we have (B; — rI)~! = . Then,

(Bl — TI)_1C1 =

> 0,

(iii) By the definition of B; and using equation B = C1 A, we have

1 1

Bi(By —rI)'Cy = (C7' —rCT'BTY) T = ((L+7rp)Cy! —rA) .

+

Part (i) implies that the elements of C;* have signs [ N ] . Then the elements of (1+rp)C; ' —rA
+

also have signs [ -7 ] . Furthermore, det[(1+rp)Cy ' —rA] = det[Cy '|det[(1 +rp)I —B] > 0 as

det[C1] > 0 and det[B — rI] > 0 for any r > 0. Hence, B;(B; — rI)~!C; < 0.

(iv) BC; = (B{' 4+ pI)C; = C + pC; = (B{'Cy)T 4 pC; = C(BT — pI) + pC; = C,BT.
BC = BB;'C, =B;'BC, =B;'C;B" = CB".

(v) Using the definition of C; and (iv), we have C~!(B; — rI)"1C; = (Cfl(Bl - rI)C)_1 =
(I-rC'B7'C) " = (14+7p)I-rC'BC) ' = ((147p)I—rBT) . Now if B has negative diagonal
elements, then (1 + 7p)I — rBT has positive diagonal elements. Since it has positive determinant,

(1+7rp)I— 7“BT)_1 has positive diagonal elements.

Proof of Proposition 3. Let C; = [c1, C2]. Then, the solution for D in Proposition 2(ii) becomes:
—1 -
—k1B1 +1 0 C1 —(k1B1 —1 71’61
vec|D] = = ( )
0 —koB1 +1 *Eg_ (I{QBl — I)_1€2

Using Lemma 2(ii), the elements of D have signs [ - Using Lemma 2(iii) and D; = B1D, the
Jr

N ] . Using Lemma 2(v), the elements of C™'D have signs [ B ] .
Jr

elements of D; have signs [ *

(i) Let Ay > 0and Ay > 0 denote positive supply and demand shocks, respectively. Let Dy = [d;].
Then, the impact on raw material price is —JHA1 — (;ilQAQ and the impact on finished goods
price is —ngAl - JQQAQ. Part (i) follow immediately from the signs of Jw

(ii) The result follows immediately from the signs of D.



(iii) Using the equilibrium condition (23), we have I} — AD; = C;!(C;I; — BD;) = C7H (B! —
B)D; +D;K) = C{'D; (K — pI) = C™'D(K — pI). K — pI is a diagonal matrix with negative
diagonal elements. Thus, the signs of C™'D implies that the elements of I; — AD; have signs
.

Proof of Proposition 4. In a finite-horizon model, under the belief of price in (28) in the paper,

the key equilibrium condition becomes

B:(p: — my) + Dik; — pp; = —c + CX;.
Solving for p, we have
p: = C;;X; — Dk + By (Bym; — c)
= C1 Xy — Dk + £, (A.12)
where we used f; = B;;Bj,'m; — By;(c — pm;) = By, (B — pI)m; — ¢+ pmy| = By (Bym; —¢). The
relation in (A.12) also can be expressed as
X; = C;(pi + Duk; — £1). (A.13)
To derive the price dynamics under the belief in (28), we differentiate (A.12) and obtain
dp; = C11dXy + (dC14) Xy — Dydky — (dDyy)ky + dfy.
Using (A.4), (A.13), and dk; = Kk;dt + og(k;)dw; defined in (19) in the paper, we have
dpt = C1(Ap; +a + Ik;)dt + (dC1,)Ct (pr + Diky — £;) — Dy (Kkydt + oo(ke)dwy)
— (dD1)k¢ + df;
= [CiAdt + (dC1,)C' ] pr + [CuLidt + (dCy4)Cyy' D1y — D1 Kdt — dD1, |k
+ Cyadt — (dCy)Ci M fy + dfy — Dyyog(ky)dwy
= (B¢(pt — my¢) + Dike)dt + o(t, pr, ke)dwe, (A.14)

where the last equality means that the price process is consistent with the firms’ beliefs under the

rational expectations equilibrium. Matching the coefficients of p; on both sides of (A.14), we have

B, dt = Cy,Adt + (dCy;)Cy;
dCyy

e —C1tACy; + B,Cyy (A.15)
dC
dt” = —CyACy; + pCyy + C, (A.16)

where we used B;Cy; = (pI + Bﬁl)Clt = pCy; + C. This proves the first differential equation in the



proposition.

Matching the coefficients of k; on both sides of (A.14) and using (A.16), we have:

D,dt = CyIdt + (dCy;)Cy' Dy — D1, Kdt — dDy,

_ dD
D; = Cy;I; — C1;ADy; + pDy; + CCy,'Dy; — DK — dtlt
dD
dt” = Cyl; — C;ADy; — Dyy(K — pl),

where we used CCftlDlt = BEIDM = Dy. This proves the second differential equation in the
proposition.

Matching the other terms in (A.14) and using (A.15), we have

—B;mdt = Cyadt — (dCy;)C; i + df;

df;
—Btmt = Clta + CltAft — Btft + ditt
df;
—Btmt = Clta—i- (CltA — pI)ft — (Bt — pI)ft + ditt
df.
dTet = —(CpA — pI)f, — Cya— ¢

where we used Bym; — (B; — pI)f; = Bym; — (B; — pI)B1;(Bym; — ¢) = Bym; — (Bym; — ¢) = c.

The equilibrium price process is parameterized by By, m;, Dy, and o(¢, pt, k¢), where B; and Dy
are readily available once Cy; and D1, are determined by the above differential equations. Matching
the diffusion coefficient in (A.14) gives o (¢, ps, ki) = —D1109(k:). Since f; = m; — Byy(c — pmy), we
can solve for m; = (I + pBy;) ! (f; + Bysc).

To find the equilibrium inventory process, we substitute (A.12) into (A.4) and obtain:

dX
th = AC;;X; — ADyk; + Af, +a+ Tk,
= AC;(X; +C ' (pm; — ¢)) + Amy +a+ (I; — ADy )k,

where we used f; = C1;C~!(pm; — ¢) + my.

References

Horn, R. A., C. R. Johnson. 1991. Topics in Matriz Analysis. Cambridge University Press, Cambridge, New
York.

10



