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Proof of Proposition 1. For initial inventory levels xa 6= xb, let πa =
{
πa

t = (λa
t , q

a
t , sa

t ) : t ≥ 0
}

and πb =
{
πb

t = (λb
t , q

b
t , s

b
t) : t ≥ 0

}
be the corresponding optimal controls, and let

{
xa

t : t ≥ 0
}

and
{
xb

t : t ≥ 0
}

be the corresponding optimal inventory processes.

Now consider the initial inventory xc = (xa + xb)/2, and apply a control πc =
{
πc

t = (λc
t , q

c
t , s

c
t) :

t ≥ 0
}

with λc
t = (λa

t +λb
t)/2, qc

t = (qa
t +qb

t )/2 and sc
t = (sa

t +sb
t)/2. It is clear that πc is an admissible

control. From the balance equations in (3), the inventory process starting from xc under the control

πc is xc
t = (xa

t + xb
t)/2. Thus, we have

V (xc,p,k) ≥ E

∫ ∞

0
e−Rt

[
sc
tp2t − λc

tp1t − g(qc
t ,x

c,kt)− h(xc
t ,kt)

]
dt

>
1
2

E

∫ ∞

0
e−Rt

[
(sa

t + sb
t)p2t − (λa

t + λb
t)p1t − g(qa

t ,xa
t ,kt)− g(qb

t ,x
b
t ,kt)− h(xa

t ,kt)− h(xb
t ,kt)

]
dt

=
1
2

[
V (xa,p,k) + V (xb,p,k)

]
,

where the first inequality is due to the fact that πc is admissible but not necessarily optimal, and

the second inequality is from the definition of πc, xc and the strict convexity of g and h. This proves

the strict concavity of V (x,p,k) in x.

When x > 0, from (9), λ = λ is optimal if ∂V (x,p,k)
∂x1

> p1, and λ = λ is optimal if ∂V (x,p,k)
∂x1

< p1.

Due to the strict concavity of V , there exists a unique (possibly infinite) threshold x̂1(x2,p,k) such

that the optimal procurement control is of a threshold type in the proposition. Moreover, if it is

finite, the threshold x̂1(x2,p,k) is determined by equating marginal profit to price. The proof for

the properties of the optimal sales rate are parallel and omitted.

The strict concavity of the value function implies that V has different gradient (with respect to

x) at different inventory levels, which in turn implies that there is at most one intersection of the

two thresholds x̂1(x2,p,k) and x̂2(x1,p,k).

The optimality equation for q∗ follows from (9) and the strict convexity of g(q,x,k) in q.

The proof of Proposition 2 will use the following lemma.

Lemma 1 Let F = CA +
ρ2

4
I as defined in Proposition 2. Then,

(i) tr[F] >
ρ2

2
;

(ii) det[F] >
ρ2

4
tr[F]− ρ4

16
>

ρ4

16
;

(iii) tr[F]2 − 4det[F] ≥ 0, where equality holds if and only if F is a diagonal matrix.
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Proof. By definition,

F =


c11A1 + c11−c12

a2
+ ρ2

4 c12A2 − c11−c12
a2

c12A1 − c22−c12
a2

c22A2 + c22−c12
a2

+ ρ2

4


 ≡


f11 f12

f21 f22


 .

(i) tr[F] = c11A1 + c22A2 + c11+c22−2c12
a2

+ ρ2

2 > ρ2

2 , where we used c11A1 + c22A2 > 0, c12 <
√

c11c22

and c11 + c22 − 2
√

c11c22 ≥ 0.

(ii) det[F] = det[CA + ρ2

4 I] = det[CA] + ρ2

4

(
tr[F] − ρ2

2

)
+ ρ4

16 > ρ2

4 tr[F] − ρ4

16 , where the inequality

follows from det[C] > 0, det[A] > 0 and part (i).

(iii) When F is a diagonal matrix, it has zero off-diagonal elements and, therefore, A1 = c22−c12
c12a2

and

A2 = c11−c12
c12a2

, which imply that f11 = f22 = c11c22−c212
c12a2

+ ρ2

4 . Then, tr[F]2 − 4det[F] = 0.

When F is not a diagonal matrix, we show that tr[F]2 − 4det[F] > 0, or equivalently,

(f11 − f22)2 > −4f12f21. (A.1)

Consider four cases:

(a) f12f21 > 0. It is clear that (A.1) holds in this case.

(b) f12f21 = 0. Since F is not diagonal, exactly one of the two equalities A2 = c11−c12
c12a2

and A1 =

c22−c12
c12a2

holds, implying that c11A1 − c22A2 + c11−c22
a2

6= 0 or f11 − f22 6= 0. Hence (A.1) holds.

(c) f21 > 0 and f12 < 0, or

A1 > c22−c12
c12a2

and A2 < c11−c12
c12a2

. (A.2)

The second inequality in (A.2) implies c11 > c12 because A2 > 0. We can then derive

(c11 − c12)A1 > (c22 − c12)A2. (A.3)

To see this, note that (A.3) clearly holds if c22 ≤ c12. When c22 > c12, (A.2) implies that

(c11 − c12)A1 > (c11−c12)(c22−c12)
c12a2

> (c22 − c12)A2, i.e., (A.3) holds. Thus,

c11A1 − c22A2 + c11−c22
a2

> c12A1 − c12A2 + c11−c22
a2

> c22−c12+c12−c11+c11−c22
a2

= 0,

where the first inequality follows from (A.3) and the second follows from (A.2). Hence,

(f11−f22)2 =
(
c11A1−c22A2 + c11−c22

a2

)2
>

(
c12A1−c12A2 + c11−c22

a2

)2 = (f21−f12)2 ≥ −4f12f21.

(d) f21 < 0 and f12 > 0. The argument is completely analogous to case (c).

Proof of Proposition 2. We first show that conditions in (23) establish a rational expectations

equilibrium. From the last three equations in (22), we have

dXt

dt
= Apt + a + I1kt. (A.4)
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Differentiating the first equation in (22), we have

dpt = C1 dXt −D1 dkt.

Substituting (A.4) and the factor process in (19) into the above equation yields

dpt =
[
C1A(pt + A−1a) + (C1I1 −D1K)kt

]
dt−D1σ0(kt)dwt. (A.5)

To find the rational expectations equilibrium, we match the coefficients in (A.5) with those in (20),

which exactly leads to conditions in (23). Next, we prove the existence, uniqueness, and other

equilibrium properties.

1. We first show that F has positive real eigenvalues and linearly independent eigenvectors. Let ξ1

and ξ2 denote the eigenvalues of F, which are the roots to the equation:

det[F− ξI] = ξ2 − tr[F]ξ + det[F] = 0.

When F is a diagonal matrix, Lemma 1(iii) implies tr[F]2−4det[F] = 0. Thus, ξ1 = ξ2 = c11c22−c212
c12a2

+
ρ2

4 > 0, and F has two linearly independent eigenvectors, e.g., [0, 1] and [1, 0].

When F is not a diagonal matrix, from Lemma 1(iii), tr[F]2−4det[F] > 0, meaning that F has two

different real eigenvalues, and therefore, F has two linearly independent eigenvectors. Furthermore,

from Lemma 1, the eigenvalues must be greater than ρ2

4 :

min{ξ1, ξ2} = tr[F]−
√

tr[F]2−4det[F]

2 >
tr[F]−

√
tr[F]2−tr[F]ρ2+ ρ4

4

2 = tr[F]−(tr[F]− ρ2

2
)

2 = ρ2

4 . (A.6)

2. Next, we show that there exists a solution to B2 − ρB = CA that satisfies (21), and that

the solution B has negative real eigenvalues. Let Ξ = diag[ξ1, ξ2] and V = [v1,v2], where vi

is the eigenvector corresponding to ξi, and v1 and v2 are linearly independent. Then, we have

F = VΞV−1. We define
√

Ξ := diag[
√

ξ1,
√

ξ2], and
√

F := V
√

ΞV−1. Note that tr[
√

F] = tr[
√

Ξ]

and det[
√

F] = det[
√

Ξ].

We show that B =
ρ

2
I−

√
F is a solution to B2 − ρB = CA:

B2 − ρB = ρ2

4 I + F− ρ
√

F− ρ2

2 I + ρ
√

F = −ρ2

4 I + F = CA.

Furthermore, B satisfies (21) because

tr[B] = tr
[ρ

2I−
√

F
]

= ρ− tr[
√

Ξ] = ρ−
√

ξ1 + ξ2 + 2
√

ξ1ξ2 < ρ−
√

ρ2

2 + 2
√

ρ4

16 = 0,

where the last inequality follows from Lemma 1, and

det[B] = det[
√

F]− ρ
2 tr[

√
F] + ρ2

4 = det[
√

Ξ]− ρ
2 tr[

√
Ξ] + ρ2

4 = (
√

ξ1 − ρ
2)(
√

ξ2 − ρ
2) > 0,

where the last inequality follows from (A.6). The above conditions imply that the eigenvalues of B
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have negative real parts. The eigenvalues are actually real, because

tr[B]2 − 4det[B] = (ρ− tr[
√

Ξ])2 − 4det[
√

Ξ] + 2ρtr[
√

Ξ]− ρ2 = tr[
√

Ξ]2 − 4det[
√

Ξ]

= (
√

ξ1 +
√

ξ2)2 − 4
√

ξ1ξ2 ≥ 0.

When ξ1 6= ξ2, B has linearly independent eigenvectors; when ξ1 = ξ2, from Lemma 1(iii), F and B

are diagonal matrices, and B also has linearly independent eigenvectors.

We show in passing that B1 = (B − ρI)−1 also has negative real eigenvalues. This will be used

later. First, by (21),

det[B1] =
(
det[B− ρI]

)−1 =
(
ρ2 − tr[B]ρ + det[B]

)−1
> 0, (A.7)

Secondly,

tr[B1] = tr[(B− ρI)−1] =
tr[B− ρI]
det[B− ρI]

=
tr[B]− 2ρ

det[B− ρI]
< 0, (A.8)

where the second equality is because the matrices here are all two by two matrices. Thirdly,

tr[B1]2 − 4det[B1] =

(
tr[B]− 2ρ

)2 − 4
(
ρ2 − tr[B]ρ + det[B]

)

det[B− ρI]2
=

tr[B]2 − 4det[B]
det[B− ρI]2

≥ 0.

Hence, both B and B1 have negative real eigenvalues.

3. Now, we prove that B2− ρB = CA has a unique solution that satisfies (21). Suppose Ba and Bb

are two such solutions. Then,

CA = B2
b − ρBb = Bb

(
B2

b − ρBb

)
B−1

b = Bb

(
B2

a − ρBa

)
B−1

b =
(
BbBaB−1

b

)2 − ρBbBaB−1
b .

Thus, Bc ≡ BbBaB−1
b is also a solution to B2 − ρB = CA and it also satisfies (21): tr(Bc) =

tr(Ba) < 0 and det(Bc) = det(Ba) > 0. Write B2 − ρB = CA ≡

C11 C12

C21 C22


 in component form:

b2
11 − ρb11 + b12b21 = C11, b2

22 − ρb22 + b12b21 = C22,

b12(tr[B]− ρ) = C12, b21(tr[B]− ρ) = C21.
(A.9)

The last equation in (A.9) implies that bc21(tr[Bc]−ρ) = ba21(tr[Ba]−ρ). Since tr(Bc) = tr(Ba) < 0,

we must have bc21 = ba21. Similarly, we have bc12 = ba12. Next we show that the diagonal elements

of Bc and Ba are equal as well.

Suppose bc11 6= ba11 are two different solutions to the first equation in (A.9). As tr(Bc) = tr(Ba),

we have bc22 6= ba22, which are two different solutions to the second equation in (A.9). Thus,

bc11 + ba11 = ρ
2 and bc22 + ba22 = ρ

2 . Since tr[Bc] = tr[Ba], we must have bc11 = ba22 and ba11 = bc22.

Consequently, the first two equations in (A.9) have the same set of roots, implying C11 = C22. This

leads to b2
a11 − ρba11 = b2

a22 − ρba22 or (tr[Ba] − ρ)(ba11 − ba22) = 0. Since tr[Ba] < 0, we must
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have ba11 = ba22. Similarly, we have bc11 = bc22, but then bc11 6= ba11 implies tr[Bc] 6= tr[Ba], a

contradiction.

Hence, we have Ba = Bc ≡ BbBaB−1
b . This implies that Ba and Bb commute. Therefore,

eBateBbt = e(Ba+Bb)t, ∀t ≥ 0.

Since both Ba and Bb are stable matrices, the above quantity approaches to zero matrix as t →∞,

implying Ba + Bb is also stable. Consequently, Ba + Bb − ρI is a non-singular matrix.

Now notice that 0 = B2
a − ρBa − B2

b + ρBb = (Ba − Bb)(Ba + Bb − ρI). As Ba + Bb − ρI is

non-singular, we must have Ba −Bb = 0. This proves the uniqueness of B.

4. We prove that D = C1I1−B1DK uniquely determines D. Horn and Johnson (1991) present the

Kronecker products representation for the matrix equation (see Chapter 4 of their book). Thereby

we can rewrite the above matrix equation in vector form:

vec[D] = vec[C1I1]− (KT ⊗B1)vec[D].

Let ζ1 and ζ2 < 0 be the eigenvalues of B1, and let λ1 and λ2 be the eigenvalues of K. Then the

eigenvalues of KT ⊗B1 are ζ1λ1, ζ1λ2, ζ2λ1 and ζ2λ2 (see Horn and Johnson 1991). We have shown

at the end of step 2 that ζ1 < 0 and ζ2 < 0. We assumed in the special case that the real parts of

λ1 and λ2 are negative. Thus, all the eigenvalues of KT ⊗B1 have positive real parts, and therefore

det[KT ⊗B1 + I] 6= 0. Hence, D is uniquely determined from the above equation.

5. We now derive the equilibrium processes. The equilibrium price process is given in (20) with B

and D solved above. To derive the inventory process, we have, from the first equation of (22):

pt = C1

(
Xt + C−1(Bm− c)

)−D1kt. (A.10)

Substituting (A.10) into (A.4), we have

dXt

dt
= AC1

(
Xt + C−1(Bm− c)

)
+ a + (I1 −AD1)kt.

The equation B2 − ρB = CA is equivalent to B = C1A. From Lemma 2(i), C1 is symmetric, and

therefore, BT = AC1. Using this relation, we have I = AC1C−1
1 A−1 = BTC−1(B− ρI)A−1. Then,

the equilibrium inventory process becomes:

dXt

dt
= BT

(
Xt −C−1(c−Bm)

)−BTC−1(B− ρI)m + (I1 −AD1)kt.

= BT
(
Xt −mX

)
+ (I1 −AD1)kt,
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where mX = C−1(c− ρm). This, together with (A.10), implies

pt = C1

(
Xt −C−1(c− ρm) + C−1(B− ρI)m

)−D1kt

= C1

(
Xt −mX

)
+ m−D1kt.

6. Finally, we show that the equilibrium processes are uniformly bounded for t ≥ 0, and in particular,

inventory and price processes are bounded above zero under certain parameter settings.

For simplicity, assume X0 = mX . Then, the explicit solution for Xt satisfying (25) is:

Xt = eBTtX0 +
∫ t

0
eBT(t−u)(−BTmX + (I1 −AD1)ku)du,

= mX +
∫ t

0
eBT(t−u)(I1 −AD1)kudu, (A.11)

To ensure that the inventory is always positive, we need to show that the second term in (A.11) is

uniformly bounded by ‖mX‖. Let ‖v‖ denote the super norm of v ∈ Z2, the complex space, and let

‖Q‖ = sup
{‖Qv‖ : ‖v‖ ≤ 1,v ∈ Z2

}
be the norm of linear transformation Q on Z2. Then, we have∥∥∥∥

∫ t

0
eBT(t−u)(I1 −AD1)kudu

∥∥∥∥ ≤
∫ t

0

∥∥eBT(t−u)
∥∥∥∥(I1 −AD1)

∥∥∥∥ku

∥∥du

≤ K
∥∥(I1 −AD1)

∥∥
∫ t

0

∥∥eBTu
∥∥du,

where ‖kt‖ ≤ K for t ≥ 0. We need to show that
∫ t

0
‖eBTu‖du is also uniformly bounded. To see

this, recall in Step 2 we have shown that BT has two linearly independent eigenvectors Ṽ = [ṽ1, ṽ2],

with negative real eigenvalues Ξ̃ = diag[ξ̃1, ξ̃2]. Then, eBTt = ṼeΞ̃tṼ−1, and we have
∫ t

0
‖eBTu‖du ≤

∫ t

0
‖Ṽ‖‖eΞ̃u‖‖Ṽ−1‖du ≤ ‖Ṽ‖‖Ṽ−1‖

∫ t

0

∣∣eξ̃1u
∣∣ +

∣∣eξ̃2u
∣∣du ≡ K1, ∀t ≥ 0.

Hence, when the factor process kt is such that

kt ≤ K ≤ ‖mX‖
K1‖I1 −AD1‖ , ∀t ≥ 0,

the second term in (A.11) is uniformly bounded by ‖mX‖, ensuring that Xt ≥ 0 for t ≥ 0.

Using a similar approach, we can show that the price process is also uniformly bounded. Consider

the process zt ≡ pt + D1kt, and assume z0 = p0 = m. Using (A.5) and the factor process in (19),

we derive the following equation for zt:

dzt =
[
B(zt −m) + (C1I1 −BD1)kt

]
dt.

The explicit solution to the above equation is:

zt = m +
∫ t

0
eB(t−u)(C1I1 −BD1)kudu.
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Thus,

pt = m +
∫ t

0
eB(t−u)(C1I1 −BD1)kudu−D1kt.

To ensure positive price process, we need to show that the last two terms above are uniformly

bounded by ‖m‖. We have∥∥∥∥
∫ t

0
eB(t−u)(C1I1 −BD1)kudu−D1kt

∥∥∥∥ ≤
∫ t

0
‖eB(t−u)‖‖C1I1 −BD1‖‖ku‖du + ‖D1‖‖kt

∥∥

≤ K
(
‖C1I1 −BD1‖

∫ t

0
‖eBu‖du + ‖D1‖

)
≡ K ·K2

Hence, when the factor process kt is such that

kt ≤ K ≤ ‖m‖/K2,

we can ensure that pt ≥ 0 for t ≥ 0.

The proof of Proposition 2 used part (i) of the following lemma. The rest of the lemma will be

used in the proof of Proposition 3.

Lemma 2 Under a rational expectations equilibrium,

(i) C1 = CT
1 , det[C1] > 0, C1 < 0;

(ii) (B1 − rI)−1C1 > 0 for any r > 0;

(iii) B1(B1 − rI)−1C1 < 0 for any r > 0;

(iv) BC1 and BC are symmetric matrices;

(v) If B has negative diagonal elements, then C−1(B1−rI)−1C1 has positive diagonal elements for

any r > 0.

Proof. (i) The first condition in (23) is equivalent to B = C1A. By the definitions of B1 and C1,

we have B = CC−1
1 + ρI. Thus, we have C1A = CC−1

1 + ρI. Let C1 = [c̃ij ], then this equation can

be written as 
c̃11 c̃12

c̃21 c̃22


A =

1
det[C1]

C


 c̃22 −c̃12

−c̃21 c̃11


 + ρI.

Regarding det[C1] as a parameter, we can solve the above linear system for c̃ij :

c̃11 =
(
c11 + (A2 + 1

a2
)det[C1]

)
ρ∆,

c̃22 =
(
c22 + (A1 + 1

a2
)det[C1]

)
ρ∆,

c̃12 = c̃21 =
(
c12 + 1

a2
det[C1]

)
ρ∆,

7



where ∆ =
(
det[C1]det[A] − det[C]det[C1]−1

)−1. Thus, C1 is symmetric. Notice that ∆−1 =

det[B]− det[B−1] = det[B]− det[B− ρI] = −ρ2 + tr[B]ρ < 0, as tr[B] < 0 due to (21). We also have

det[C1] = det[B1]det[C] > 0, which follows from (A.7). As all the other parameters in the above

expressions for c̃ij are all positive, we conclude that C1 < 0.

(ii) For two by two matrix, we have (B1 − rI)−1 =
B−1

1 det[B1]− rI
det[B1 − rI]

. Then,

(B1 − rI)−1C1 =
det[B1]C− rC1

r2 − tr[B1]r + det[B1]
> 0,

where the last inequality follows from (A.7), (A.8), C > 0 and C1 < 0.

(iii) By the definition of B1 and using equation B = C1A, we have

B1(B1 − rI)−1C1 =
(
C−1

1 − rC−1
1 B−1

1

)−1 =
(
(1 + rρ)C−1

1 − rA
)−1

.

Part (i) implies that the elements of C−1
1 have signs

[
− +

+ −

]
. Then the elements of (1+rρ)C−1

1 −rA

also have signs
[
− +

+ −

]
. Furthermore, det[(1 + rρ)C−1

1 − rA] = det[C−1
1 ]det[(1 + rρ)I− rB] > 0 as

det[C1] > 0 and det[B− rI] > 0 for any r > 0. Hence, B1(B1 − rI)−1C1 < 0.

(iv) BC1 = (B−1
1 + ρI)C1 = C + ρC1 = (B−1

1 C1)T + ρC1 = C1(BT − ρI) + ρC1 = C1BT.

BC = BB−1
1 C1 = B−1

1 BC1 = B−1
1 C1BT = CBT.

(v) Using the definition of C1 and (iv), we have C−1(B1 − rI)−1C1 =
(
C−1

1 (B1 − rI)C
)−1 =

(
I−rC−1B−1

1 C
)−1 =

(
(1+rρ)I−rC−1BC

)−1 =
(
(1+rρ)I−rBT

)−1. Now if B has negative diagonal

elements, then (1 + rρ)I − rBT has positive diagonal elements. Since it has positive determinant,
(
(1 + rρ)I− rBT

)−1 has positive diagonal elements.

Proof of Proposition 3. Let C1 = [c̃1, c̃2]. Then, the solution for D in Proposition 2(ii) becomes:

vec[D] =


−κ1B1 + I 0

0 −κ2B1 + I



−1 

 c̃1

−c̃2


 =


−(κ1B1 − I)−1c̃1

(κ2B1 − I)−1c̃2


 .

Using Lemma 2(ii), the elements of D have signs
[
− +

− +

]
. Using Lemma 2(iii) and D1 = B1D, the

elements of D1 have signs
[

+ −
+ −

]
. Using Lemma 2(v), the elements of C−1D have signs

[
−

+

]
.

(i) Let ∆1 > 0 and ∆2 > 0 denote positive supply and demand shocks, respectively. Let D1 = [d̃ij ].

Then, the impact on raw material price is −d̃11∆1 − d̃12∆2 and the impact on finished goods

price is −d̃21∆1 − d̃22∆2. Part (i) follow immediately from the signs of d̃ij .

(ii) The result follows immediately from the signs of D.

8



(iii) Using the equilibrium condition (23), we have I1 −AD1 = C−1
1 (C1I1 −BD1) = C−1

1 ((B−1
1 −

B)D1 +D1K) = C−1
1 D1(K− ρI) = C−1D(K− ρI). K− ρI is a diagonal matrix with negative

diagonal elements. Thus, the signs of C−1D implies that the elements of I1 −AD1 have signs[
+

−

]
.

Proof of Proposition 4. In a finite-horizon model, under the belief of price in (28) in the paper,

the key equilibrium condition becomes

Bt(pt −mt) + Dtkt − ρpt = −c + CXt.

Solving for pt, we have

pt = C1tXt −D1tkt + B1t(Btmt − c)

= C1tXt −D1tkt + ft, (A.12)

where we used ft = B1tB−1
1t mt−B1t(c−ρmt) = B1t

[
(Bt−ρI)mt− c+ρmt

]
= B1t(Btmt− c). The

relation in (A.12) also can be expressed as

Xt = C−1
1t (pt + D1tkt − ft). (A.13)

To derive the price dynamics under the belief in (28), we differentiate (A.12) and obtain

dpt = C1tdXt + (dC1t)Xt −D1tdkt − (dD1t)kt + dft.

Using (A.4), (A.13), and dkt = Kktdt + σ0(kt)dwt defined in (19) in the paper, we have

dpt = C1t(Apt + a + I1kt)dt + (dC1t)C−1
1t (pt + D1tkt − ft)−D1t(Kktdt + σ0(kt)dwt)

− (dD1t)kt + dft

=
[
C1tAdt + (dC1t)C−1

1t

]
pt +

[
C1tI1dt + (dC1t)C−1

1t D1t −D1tKdt− dD1t

]
kt

+ C1tadt− (dC1t)C−1
1t ft + dft −D1tσ0(kt)dwt

=
(
Bt(pt −mt) + Dtkt

)
dt + σ(t,pt,kt)dwt, (A.14)

where the last equality means that the price process is consistent with the firms’ beliefs under the

rational expectations equilibrium. Matching the coefficients of pt on both sides of (A.14), we have

Btdt = C1tAdt + (dC1t)C−1
1t

dC1t

dt
= −C1tAC1t + BtC1t (A.15)

dC1t

dt
= −C1tAC1t + ρC1t + C, (A.16)

where we used BtC1t = (ρI+B−1
1t )C1t = ρC1t +C. This proves the first differential equation in the
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proposition.

Matching the coefficients of kt on both sides of (A.14) and using (A.16), we have:

Dtdt = C1tI1dt + (dC1t)C−1
1t D1t −D1tKdt− dD1t

Dt = C1tI1 −C1tAD1t + ρD1t + CC−1
1t D1t −D1tK− dD1t

dt
dD1t

dt
= C1tI1 −C1tAD1t −D1t(K− ρI),

where we used CC−1
1t D1t = B−1

1t D1t = Dt. This proves the second differential equation in the

proposition.

Matching the other terms in (A.14) and using (A.15), we have

−Btmtdt = C1tadt− (dC1t)C−1
1t ft + dft

−Btmt = C1ta + C1tAft −Btft +
dft
dt

−Btmt = C1ta + (C1tA− ρI)ft − (Bt − ρI)ft +
dft
dt

dft
dt

= −(C1tA− ρI)ft −C1ta− c

where we used Btmt − (Bt − ρI)ft = Btmt − (Bt − ρI)B1t(Btmt − c) = Btmt − (Btmt − c) = c.

The equilibrium price process is parameterized by Bt, mt, Dt, and σ(t,pt,kt), where Bt and Dt

are readily available once C1t and D1t are determined by the above differential equations. Matching

the diffusion coefficient in (A.14) gives σ(t,pt,kt) = −D1tσ0(kt). Since ft = mt −B1t(c− ρmt), we

can solve for mt = (I + ρB1t)−1(ft + B1tc).

To find the equilibrium inventory process, we substitute (A.12) into (A.4) and obtain:

dXt

dt
= AC1tXt −AD1tkt + Aft + a + I1kt

= AC1t

(
Xt + C−1(ρmt − c)

)
+ Amt + a + (I1 −AD1t)kt.

where we used ft = C1tC−1(ρmt − c) + mt.
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