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Technical Appendix

Proof of Proposition 1

If the market is fully covered and the monopolist uses umbrella branding, we must have:

PilH = Ts— BAs—ts (Al)
L = Tf-i-)\f—tf (A2)
The corresponding profits of the monopolist are:
Hl(l):(TS_ﬂ)‘s_ts_c)+ﬁ(rf+)\f_tf) (A3)
If the firm uses individual branding, then the profits are:
I1;(0) = (rs —ts — ) + B(ry — tf) (A4)
We have:
I (1) =1 (0) = B(Af — As) (A5)

which is positive only if Ay > A;. O

Analysis for Monopoly with partially covered market.

Consider the case when the monopolist uses umbrella branding and the markets are not covered.
The utility of a snob at 85 who is indifferent between buying and not buying is given by:

Ul =rs —t0s — B\t —p1r =0 (A6)
where y{ is the expected number of followers purchasing the product. This implies that the marginal
consumer is defined by:

— B\t —
g, =" p 191 PiH (A7)
Similarly, the consumer in the follower segment who is indifferent between buying and not buying

is given by:

rr+ A2 — pir
ty

where z{ is the expected number of snobs who are expected to buy the product. Rational expec-

tations imply that:

O = (A8)

] = Fy(0s) (A9)
yi = Fp0y) (A10)
Using (A7) and (A8), we obtain:
Ts —P1H — BAE (Tﬁ)\fti?iplL)

Qs(x9) = F; ; —2{=0 (A11)

. Ty —piL + ApFy (Liﬁ/\i{gpm)
Qp(yy) = Fy 0

Note that ©2,(0) > 0 and (1) < 0. This implies that there exists a { which solves the rational
expectation condition. We will prove that €, < 0 which will establish that the solution is unique.
Similar results hold for €1; proving the existence of a unique y{. We have:

— i =0 (A12)

AsArfs tst
Q’S:_[B fJ;{er f] (A13)
st f
where we use f; to denote f(6,) and fr to denote fr(6f). Also, note that:
QS S T

s ts



Also,
aQs _ _B)\sfsffl‘(f
OAf tsty
Similarly,
Qs _é
6le ts
aQs _ B)\sfsff
op1r tsty

Using the implicit function theorem, we obtain:

dxy _ Bfsyt

ot )

Similarly,
0x§ Asfsfra§
(9)\]0 tsth;
Also:
oy fs
8le B tSQ{g
axi _ _/8/\sfsff
opir tst p U
Similarly,
AsArfs tst
Q) = - PAApITr Tl | o _ gy
tsty
Using the implicit function theorem, we have:
oyf _ BArfrfsyi
=——"—""=<0
OAs tst QY
Also: e -
vi_ Ity
6)\f tsth’
Similarly,
ayf _ fffs)\f
Op11 tot p QY
i Iy
op1L th/

A2

(A15)

(A16)

(A17)

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

(A24)

(A25)

(A26)

Note that rational expectations imply that z§(-) = x1(-) where x; is the actual demand from the
snob segment and y§(-) = y1 where y; is the demand among the followers. The profit function for

the monopolist is :

Iy = z1(p1a — ¢) + Byipir
First order condition for pi7, implies that:

Hl * 8$1 * ayl
= —Cc)— + + —
1L (PTH )0]91/: By + BriL OpiL
— [Ty — ) fsAs — tspiL] By
0 = tat QY Ay
Hence,
* * - t t Q/
(tspir — (DT — ) Asfs] = ylj;f
Similarly, the first-order condition for p;y implies that:
oIl n )8ac1 b+ Bt oy
= —c x
Op1y P Op1y ! P Op1u
0 — 2 4 Pim =ty + BEAPILL s

tot (Y

(A27)
(A28)

(A29)

(A30)

(A31)

(A32)



A3

This implies that:

* * —tst Q/$1

(= )ty + B A = = (A33)
Using the Envelope theorem, we get:
oIl 0rq o
— (pr. 2L L A34
a)\s (le C)aAS +/8p1L8>\S ( 3 )
_Bylfs > * *
((Piy — o)ty + BPLALf A35
(s ) - i =ty + awiuasy) (A35)
= —Briy <0 (A36)
where the last inequality follows from (A33). Also, using the Envelope theorem, we have:
oIl 0xq oy1
= (pig—o)=—— 1L — A37
Bx1fy }

tspir — (P — ) Asfs A38
| i i o (A38)
= Briyr >0 (A39)

where the last inequality follows from (A30) and by noting that tst Q' = — [tstf + BANf fsff]-
Thus, we have established that as s increases the monopolist’s profit decreases, whereas as Ay
increases monopolist’s profits increase. This implies that umbrella branding is attractive for the
firm as long as Ay > X}()\S) where the critical value is increasing in ;.
If we impose the condition that f¢(-) and fs(-) are uniform with range (0, 1) then we can directly
solve for the optimal profits. Consider the case when A\; = A and Ay = A. Solving this case when
the firm uses umbrella branding, we find that the optimal prices and sales are:

zt = TS%_SC (A40)
yi = 2;; (Ad1)
= O =T a2
piL = bty £ A7 — Ac (A43)

2t
Substituting into (A27), we find that the optimal pro%ts are:

. ﬁ'rj%tsr?tf + Pty — 2ctyrs
L Atsty
Note that this term is independent of A and equals the profits when there are no social effects or
when the firm uses individual branding. From (A36) and (A38) it follows that umbrella branding
is profitable iff Ay > Ay, which is the result we have for the case when the markets are completely

(A44)

covered.

Proof of Proposition 2

Consider the case when both firms use umbrella branding strategy. If the consumer located at 8 in
the snob market buys product 1, she gets the following (indirect) utility:
UL = rs — pur — 10 — BAsyf (A45)
The utility derived by the consumer on buying firm 2’s product is given by:
Us2 :Ts_pQH_ts(l_e)_/BAs(l_yT) (A46)
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Consumer #; who is indifferent between the two firms in the snob market is given by:

- s s 2 S T
= Do — P1H + tQ:’ BA BA Y1 (A47)

Similarly, consumer 6y who is indifferent between the two brands in the follower segment is
given by:

_ par —pip H ity — Ay +2Apa9

0 A48
! 2, (A48)
Rational expectations imply:

vi = Frlby) (A49)
.I'i == Fs(gs) (A5O)

Using these rational expectation conditions, we have:

Por, — P1L +tf — Ap + 2Xpx§
006 = v Iy L2+ 2 (A51)
f
— tr—Ar+2X:F5(0
= - py (LY A ! S)> (A52)
f

Note that since 6 is a function of yf, (A52) defines y{. As Q(0) < 0 and Qy(1) > 0, existence is

guaranteed. Furthermore,
Bff(ef)fS(HS))‘s)‘f >

Q’f(yf) =1+ 0 (A53)
tots
This establishes uniqueness. Also,
O (y1) _ fr(0y) (A54)
op1r Qtf
Using implicit function theorem, it follows that:
ayf _ _ff(ef) (A55)
i 2tV (y1)
We have:
O (yr) _ fr(05)fs(0:)As (A56)
o1 2tsty
Therefore,
ayf — —ff(ef)fs(‘gs))\f (A57)
Op11 2tsth’f(yf)
We also have: .
0u(af) = of -, (LR L O 2K (A59)
) PoH — PiH + s J;f)\s — 2BAsF(0y) (A59)

Existence is assured by the fact that ©4(0) < 0 and 24(1) > 0, and uniqueness is also ensured

because:
Q(af) =1+ msAff;(fS)ffwf) >0 (A60)
Using the implicit function theorem, W(;) obtain: -
il o
02t —fl0) A62)

Op1H 2t (%)



A5

The first order conditions imply that:

0y oy1
0 = (Biy— )L 4 ay+ Bpt, L A63
(Pin C)ﬁle 1 5P1L8p1H (A63)

0z oy
0 = X — e — A64
(Pig — o) 1L 11 (A64)

Note that rational expectations imply that the derivatives with respect to expected sales is the

same as the derivatives with respect to the actual sales. Also, symmetry implies that z{ = y{ = %

and 0, = 0y = 1. Also, (, = Q) = V. Denote £s(3) by fs and fr(3) by fs. Therefore, we have:

o * fs _fsff)‘f
O - (le C) |:2t QI + 3 +B lL 2tsth/ (A65)
o BRfids] B . [ 1y
0 = (pig—o¢ [ TR + 5 + BpiL 2 QY (A66)
Solving (A65) and (A66), we get:
ts - BA S
pin = o+ (A67)
. tr+Asf
P, = ffiff (A68)
This leads to the profit function in the main body of the paper, which is
I7(1,1) = [2fs 2f + 5 (A69)

and the result follows. O

Proof of Proposition 3

First note that the parameters A; and Ay do not affect the equilibrium profits when both firms use
individual branding. Furthermore, when both firms offer umbrella branding, we can use (21) to

obtain: J 5
ALY = 5 (AT0)
d . -8
KH Ly = - (A71)

So, we only need to establish what happens when only one firm offers umbrella branding. We will
first consider the impact of A\; and then consider the impact of A;.

Impact of \; on 69 and #6;;.

Suppose firm 1 uses umbrella branding and firm 2 continues to use individual branding. We have:

d 61’[1(1 O) 61’[1(1, O) 8])31{ 81‘[1(1, 0) ang
1,0 . . AT72
O = T T oy 0N T pa O (A72)
Furthermore,
81_[1 (1’ O) * a 33/1
Ton. = (Plg — )5y DN b+ Bpt L A, (AT73)
The indifferent consumers in this case are given by:
— tr 4+ Arx§
0; = p2r — P1L T 1f + Afxy (A74)
2ty
— ts — BAsy§
95 _ D2H P1H + B Y1 (A75)

2t
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Using rational expectations, we get the following:

. e por, — piL +tr+ A Fs(0s
Q) = v Fy (Rt U A0 (AT76)
2t
f
e e p2r — D1l +ts — BAFy(0f)
Op(a8) = 25— F, o 2 (A77)
It follows from (A77) and (A76) that:
0y o _ﬁfs(ez)yf
T T (ATS)
oXs 4t st Y
O0xy _fs(e*) Oxq
— s/ — _ A80
Op1H 2t 8V Op2n ( )
omm At QY ~ Opom
81)1 - —6fs((9:)ff(9;;>)\s _ 8.%’1 (A82)
opir At stV ~ Opar
aplL Qth/ 8p2L
Note that for small A\ and Ay, ' — 1, 6% is close to %
o O0IL(1,0) - —B(piy —o)fs
1 1 = A84
i, 1, 5, m A8y
where we use the notation f, to denote fy(3).
Also, note that:
A1, (1,0) oy oy (Pig —fs
lim 1 = (pigr — ¢)5— + Bpi = A
S el U el T A%
where the last equality follows from the assumption that A; and Ay are small.
Similarly,
. OIL(1,0) Oy oy BfpiL
lim 1 = (Pig — )5 — + Bpi = A
A:EO)\J:H—I}O Opar. (Pin C)asz JrﬁplL@]DzL 2tf (436)
Therefore: J . N ot £ opr
lim Lm HT(].,O): _/B(le_c)f5+(p1H_c)f5 pQH_’_BffplL p2L (A87)

As—=0 X ;=0 dAg 4t 2t O 25 OAg
We need to examine how equilibrium prices vary with As for small values of the social parameters.
The first order conditions which describe the equilibrium prices are:

0 = (in -yt i+ iy (As)
0 = (bin - g+ Bl + piy (A89)
0 = (b~ )+ (1)~ By (A%0)
0 = (i~ c) g+ AL~ ) ~ Bl (A91)

To derive the impact of As on equilibrium prices, we use these first-order conditions, the implicit
function theorem and the assumption that A\s and A; are small. After simplification, the relevant



AT

equation becomes:

& fs op3
U o Bfs/(4ts)
0 Blfr By i
tr 2ty . s _ _5ff/(4tf) (A92)
= 0 2= 0 oT —Bfs/(4ts)
5 B¢ bpt, _ At
0 T;‘ 0 = f ;’;SL ﬁff/( f)
Upon solving, we get:
i —/6
2| _ [ 12
lim li s | = A93
0250 ag% 5/6 (A93)
iy 1/2
OAs

Using the first-order conditions for equilibrium prices, we can also show that for small A\; and Ay,
Pig ~c+ i and pj; =~ +. Using these and substituting them in (A72), we get:

bt fB o fo B B 1_ B
1(1’0)__ﬁ'4t5+f5 2% 6 2 2 12 (494)

lim I
As—0 A p—0 dAg

Note that:

b1p = 111(1,0) — I1;(0,0) (A95)
Since I1;(0,0) does not depend on A, it follows from equation (A94) that 6;¢ increases in A;. We
know that:

b1y =11 (1,1) — 11, (0, 1) (A96)
Note that: 8
As—0 Af—> 0 d)s (1,1) = 2 (A97)
As I1;(0,1) = II9(1,0), we have b7 = II1(1,1) — I13(1,0) . Further note that:
d 81’[2(1 0) 81’[2(1, 0) 3])’{1{ 81'[2(1, 0) apﬂ{L
1 . . A
PV L s Ve S W )W (A98)
and ATy (1,0) o )
24, (% yl

Using (A78) and (A79), we find that for small values of social effects:
Lo Ol(1,0)  B(psy — o) fs
1 1 = Al
Jim, Jim =20 " (A100)

Also, note that:
.. 9TI(1,0) Oy Oy Wy — o) fs
1 lim ——2 = —(p}y — ¢)=—— — Bp5 = A101
T TS (A10D
where the last equality follows from the assumption that A; and Ay are small.
Similarly,

. OlIy(1,0) Oz oy Bfpsr
)\jgo )\jlglo 8p1L ( 2H C) 8p1L BffPQL aplL th ( 0 )
Hherefore: B3y — s | W —fs iy  Bliws, O}
% Pog —€)Js Pog —¢)Js OPig fPar, 9P1L
1 = . . Al
)\5—>0>\f—> 0 d)s (1,0) 4t + 2t O 25 OAg (A103)
Using(A93), we obtain:
B B B 1 5B
1 p— —_— e - = — A]. 4
)\s—>0>\f—> 0 dAs (1,0) 4 + 4 6 2 12 (A104)
Thus: By 5 58 5
11
_ P _2X_~ A105
As—0 Af—>0 dys 2 12 12 ( )



Impact of Ay on 5y and #;.

A8

Now, let us consider the impact of A\;. We will use the same approach as above. Suppose firm 1
uses umbrella branding and firm 2 continues to use individual branding. We have:

iH*(l 0) = Ol (1,0)  OI(1,0) Opyy  O4(1,0) Opsy
A T 9N Oparr  O\y Opar,  OAf
Furthermore,
oy (1,0) oy « Oy
a)\f - (le C)aAS +l8p1LaAf
It follows from (A77) and (A76) that for small social effects:
.. Om
lim lim — = 0
As—0 A f—0 Oy
lim lim I ﬁ
As—0 ;=0 Oy 4t
Therefore:
lim lim ——— =~
As—0X—0  OAf 4

(A106)

(A107)

(A108)

(A109)

(A110)

To these first order conditions, we apply the implicit function theorem and assume that A\; and
Ay are small to derive the impact of Ay on equilibrium prices. After simplification, the relevant

equation becomes:

OAf
OP5u
TAf
29
oAy

—B/2
1/6
—B/2
~1/6

o111 (1,0) dp3,

Bfs/(4ts)

—Bfr/(4t5)

Bfs/(4ts)
Bfr/(4ty)

OM2(1,0) 9py

S )
0 —PIf 0 2If
lim lim 7 ty ¢ 2y
As=0 A0 | 5 0 == 0
Bfy —Bfr
0 2% 0 5
Solving the above system on equations, we obtain:
op¥
I,
iy
lim lim 88’}«
As—0 X —0 §’§H
9p3p,
IAf
Using these, we get:
d 0I14(1,0)
lim lim —1I7(1,0) = d
A i, gy 1 0) By

Opar, OAf

BB (1), 1 (=B _
- 4+z'<6)+2'<2>—

610 = H1(17 0) - H1(070)

Note that:

Since I1;(0,0) does not depend on Ay, it follows that ;o9 decreases in Ay. Also, note that:

b1 =TI (1,1) — I (0, 1)

Next note that:

d
lim lim —1II;
As—0Xp—0 dA

—B

(171) = 9

As Hl(O, 1) = HQ(LO), 511 = Hl(l, 1) — HQ(I,O) Now we have:

Op2n 0Ny
—p
12

i Jimy i, (L0 = =50 ) VLI S
_ BB L 1 (=B _ 58
- 1 3 6+2<2>_12

(A111)

(A112)

(A113)

(A114)

(A115)

(A116)

(A117)

(A118)

(A119)
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Therefore: U6 5
lim lim —2 = -2 A120
AJEOA;I—% dAy 12 ( )
lim dbyy - —B_ (=56 - _B (A121)
As—0 =0 dAy 2 12 12

This completes the proof. O

Proof of Proposition 4

We have already derived the profits when both firms use symmetric branding strategies. However,
for the general case when firms are using different strategies, we cannot derive closed form solution.
For the case when f(+) is uniform, we can solve for the prices directly, using the first order conditions.
Consider the case when firm 1 uses umbrella branding and firm 2 uses individual branding.
First consider the snob segment. If a consumer at 65 buys from firm 1 then his utility is given by:
Ui =1rs —p1g — tshs — BAsy] (A122)
where yf{ is the expected number of followers who are expected to purchase firm 1’s product. If this
consumer buys from firm 2 then his utility is:
Us =rs—pag —ts(1 —05) (A123)
Note that since firm 2 uses individual branding, this consumer does not experience a negative
externality due to followers buying from firm 2. The consumer in the snob segment who is indifferent
between buying 1 and 2 is indexed by 6 and is therefore given by:

— ts — BAYS
05:p2H lez-it- s — BAsyy (A124)

Similarly, the consumer in the follower segment who is indifferent between buying the two products
is indexed by 6 which is given by:

_ par —piL +lp + Apad

0 = of (A125)
!
Rational expectations and the assumption of uniform distribution implies that:
x{ = 0 (A126)
v = 0 (A127)

Solving, this we get the demand functions which are:

. 2t§(p2rr — 1) + BAs(P1L — par) + (2ts — AsB)ty (A128)
1 Atsts 4+ BAsAy

A — 2t —plL) +ts(Af — 2t
g = APz = pm) + 2t (pan —plL) 41Oy = 2ty) (A129)
Aty + BAA

The profits for firm 1 are given by:

I11(1,0) = z1(p1m — ) + Byipir (A130)
Similarly, the profits for firm 2 are given by:

M2(1,0) = (1 — z1)(parr — ¢) + B(1 — y1)par (A131)
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Using the first order conditions for both firms and solving, we get the equilibrium prices which are:
(=2t BNF — 3ty A28 + 36517 + 4t pAsBAf + 18tst pAs + 6Aptsty — BAD 42X BA7)

*

hir = (BAfASS — 262 + 36t5t; — 2)2D)
(A132)
. (N}B% = 2B82A7Ns — 3BNGts — 188 ststy + 4N BAsts — 2BN3ts — Bt A5 Bty + 3613t 5)
P = o (BAfAB — 2BX2 + 36,17 — 2A2)
(A133)
L 2PN — tp LB 36tt 4 Gt pAs BN + 18tst g As — 6Aststy — BAT — 25 BNF + 3A ;BN
Par = (BAfAsB — 2BX% + 36t,t7 — 2A25)
(A134)
. )\3”052 — 3ﬁ2)\§AS +2X2B8% s + 362t — &\fcts — 2825 + 6XsBAsts — 188\ stst + 6tsAs Bty
Pog = % (BAfAsB — 2BN% + 36t,t; — 2A25)
(A135)
Using this and the equilibrium demand functions, we obtain the following equilibrium profits:
THL0) — —BPNFAs = BPpAT + NIBPA s + 382 pAsA s + 35 BA st
newe (BAfAsB — 283 + 3615ty — 2023)
—3BAststy — BA2ts + 3t A Bty + 185t5t} + 18t%t ¢ AL36
(5AfAs — 2BAF + 3615t f — 20213) ( )
mL0) = AFB? = BBPNGNs — B2t p AT 4 BNIB2A s + 268t A Ay — BPNS — B2t AT — BT
S (BAfAsB — 2803 + 3615ty — 2020)
2NsBAfts — I5BAft sty — BAIts + 15t A5 Bty + 1861517 + 1862t (A137)

(BAfAs8 — 2&; + 365t — 2023)
Note that we have already derived I1(0,0) in the base case. The incentives for firm 1 to deviate

from (0,0) to (1,0), namely b1, are follows:
B(=2XsB0F + 20 BA] + Ly AsBAf + 20 p N30 + 2t AT + Aptshs — 6Aptsty + 6tstpAs)

b0 = A138
10 (5AfAsB — 2BN2 + Bbtsty — 2025) (A138)
The incentives for firm 2 to deviate from (1,0) to (1,1), namely 63, are given by:
—XsBAZ A+ e ABAF + A BAZ + AptsAg — 6Xptst s + 6tst s
g, = PEABXG U ABA + ArBX + Ay ststy sAs) (A130)

(BAfAsSB — QBA?C + 36tsty — 2X213)
Note that the denominator of both 619 and 6;; are positive by the assumptions that \; < 1,

t; > 1 and S\; < t;. Therefore, the signs of these terms depend on the signs of the numerator.
We will establish the proposition via a series of claims.

Claim 4.1 The numerator of b1 is convex in A\s. Furthermore, it is negative at \s = 0 and
increasing at s = 0.

Proof: Define numerator of #11as N(6;1) We have:
O?N (b11)

22 26\ > 0. (A140)
Also:
N(b11)[xn,=0= —6BAststy <0 (A141)
Also: ON (s
G| 18t — Ag) 4 1] 4 6ty > 0 (A142)

s x=o



All

g
Define \!* such that 611 (AL*) = 0. We have:

Claim 4.2 6y is positive for As > N;*(A\y) and negative otherwise. Furthermore, N5*(Af) < As.

Proof: Immediately follows from Claim 4.1. To see the second part note that:
N(b11)|y,2p, = BAF(Bt +t5) > 0. (A143)
Since N(511) is increasing and convex in Ay, the result follows. O

Claim 4.3 X\:*(\¢) is increasing in Ay.

Proof: Note that \:* is defined by the equation N(6;1) = 0. Using the implicit function theorem,
we have:

O(N (611)
ON Ty
Ay ON(Gu) (8149
OAs
which reduces to: o \ \2 A
\E* 2 s+ tr(ts — s tsty — A3 ts(dty — As
N 2BApAs +1p(ts — BAs) + (Esty p) +ts(4tf )>o (A145)

4 g —BAZ 4ty s+ 20 AaB + Mgty + Bty

Claim 4.4 If \s > Ay then it is an equilibrium for both firms to use umbrella branding. Further-
more, when \s € (AJ*, \f), firms face a prisoner’s dilemma and use umbrella branding even though
they would be better off committing to individual branding.

Proof: Note that from Claim 4.2 we know that if A; > A¥*, then 6;; > 0. This implies that in this
case both using umbrella branding is an equilibrium. Also, note that from the second part of Claim
4.2, it follows that if Ay > Ay then umbrella branding is an equilibrium strategy, which proves
part a. However, since A\J*(Af) < Ay, it follows that for A\s € (A5*, Af) it is still an equilibrium
for both firms to offer umbrella branding. However, we know that both firms would be better off
committing to individual branding when Ay < Ay. This implies that firms face a prisoner’s dilemma
in the region A\; € (A", Af). This proves part a and the first part of part b of the Proposition. The
last portion of the statement in part b is proved in Claim 4.3.0

Claim 4.5 The numerator of by is conver in As. Furthermore, it is negative at Ay = 0 and
increasing at As = 0.

Proof: Define numerator of 619 as N(f#19) We have:

9?’N (6
82(}\310) = A4B%(Af +Xs) > 0. (A146)
Also:
N(b10)|r,=0= 2t A B[N — 3ts] <0 (A147)
Also: ON (s
agw) = A [B(ty — Ap) + (ts — BAp)] + 6t gty > 0 (A148)
s Ixs=0
Od

Define A} such that 69(\}) = 0.
Claim 4.6 b6y is positive for Ay > Ni(A\f) and negative otherwise. Furthermore, N;(Af) < Af.

Proof: The first part follows from Claim 4.5. To see the second part note that:
N(610)l, 2, = 3BXH(Bs +15) > 0. (A149)
Since N(b1p) is increasing and convex in Ay, the result follows. O
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Claim 4.7 X;(\y) is increasing in Ay.

Proof: Note that \¥ is defined by the equation N(619) = 0. Using the implicit function theorem,
we have:

O(N (b10)
ON;  Tan
oy = N (A150)
O
which reduces C:u)(;\:* 98 (2) \ At (4 I\ ot A (¢ A
o 20225 = As) H ALty — Ap) HE(ts = AB) HEs(ty — A) (A151)

ONr 203ty — BAT) + AN NS+ tpBAf 4+ ANBEp + At
where the inequality follows since \; < 1, ¢; > 1 and 8A; < t; and the fact that A\ < Ay. O

Claim 4.8 If \; < X;(\y) then it is an equilibrium for both firms to choose individual branding.

Proof: Under the conditions specified in the claim, it follows that 619 > 0. This implies that firms
would not like to deviate from individual branding and it is therefore an equilibrium. This proves
part d. O

Claim 4.9 A7 < \¥*.

Proof: We have:
N(b10) — N(b11) = B [AfBAZ + 2t fAZB + (2t — BA)AT] > 0 (A152)
which completes the proof. O

Claim 4.10 If \; € (AL, A\¥¥) then one firm uses individual branding and the other one uses um-
brella branding.

Proof: This follows since in this range 619 > 0 and 617 < 0 and therefore the symmetric solution
cannot be an equilibrium and the asymmetric equilibrium exists. This proves part c.O

Note that if Ay < A% then 619 < 0 and therefore both firms using an individual branding strategy
is an equilibrium strategy. Also, note that if 9 < 0 and 61 > 0 then there could be multiple
equilibria with both the symmetric equilibrium being valid. However, #; > 0 only if Ay > A¥*.
Since from Claim 4.9, we know that A} < A\y*, it follows that if 6;; > 0 then 619 > 0 and in this
case both firms offering umbrella branding is the unique equilibrium. Furthermore, since the case
b10 < 0 and 611 > 0 can be ruled out, we can rule out the case in which both symmetric equilibrium

are valid. This completes the proof. O

Proof of Proposition 5

First, note that the follower who buys the low-quality product and is indifferent between firm 1
and 2 is indexed by 60y;, which is given by:
9, — P2L —piL +tf
=5

2tr
Now consider the followers with high follower effect and who buy the high-quality product. The
consumer who is indifferent between buying firm 1 and 2’s product is indexed by 6, which is given

by:

(A153)

p2r — P — (Ap + A)(1 —229) +tf

Orn = o7 (A154)
!
Finally, the snob who is indifferent between the two firms is indexed by 65 which is:
_ b2 —pim + afs(1 —2y7) +ts (A155)

2t
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The rational expectation conditions imply that:
N (2]) = F(bs)—27=0 (A156)
Qi) = FOm)—yi=0 (A157)
Note that the expectations 2§ and y{ depend on the prices that the firms charge. Using the implicit
function theorem, it is easy to show that:

8le 2 [tstf + f(gs)f(efh))‘saﬁ()‘f + A)]
ayf _ _f(efh) [ts + ()\s + A)f(as)] (A159)
ale 2 [tstf + f(gs)f(efh))\saﬁ()‘f + A)]
The profit function for firm 1 is given by:
II{ = [F(0:) + aBF(Osn)] (pra — c) + (1 — ) BF(05)p1 (A160)
The first order conditions imply that:
0 = [F(8,)+aBF(5)] + (pras — 005 5. Dsn
s fh pim —c) | f(0s) +af 5 (A161)
D1H D1H
0 = (1-a)s [F(em - pjtfm] (A162)
Using symmetry and equations (A158) and (A159) we get:
. (14 aB) (aBAs(Af + A) f2(5) + tsty)
P = TR (4 + 0Bt + Ar £ A M) A
. ty
= Al64
T Aoy

To determine the impact of Ay, we now impose the condition that the value distributions are
uniform and § = 1. Using this we can obtain the profits under individual branding. Since the
profits from umbrella branding remains the same as in the base case, we can then calculate the
profitability of using umbrella branding strategy. After simplification this reduces to:

nv -l = alts —tg)? — As(tpa® +t5 + Asa) + D1
2 (tf + oztsoz()\f + A=)

(A165)

where:

D1 = (A + A)(—a®Xs = 207X + t50”) + (ts — Ap)Aa+ (Asa — tp)Ap — (A + AF)a (A166)
Since the denominator of (A165) is positive, it is profitable to use umbrella branding whenever the
numerator is positive. To evaluate the impact of Ay, note that the numerator is decreasing in Ay,
since it is given by:

ONumerator
0Ny
which proves the first part of the proposition.

To see the second part of the proposition, note that the critical )\} is implicitly defined by the
equation:

= —(1 —a)?(tf — a)s) — 2a*Xs — aA — 2a\; < 0 (A167)

CNG) = alts — tg)® = As(tpo® + g + Asar) + D1(A}) =0 (A168)
Using the implicit function theorem, we have:
%
B S A169)
2 (
do aTCf

Since the denominator is negative, we only need to look at %‘ For small A\g this reduces to:

0
a—i = (ts —tf)2 —ArAp+A)+ 20t (A +A) > (ts —tg)(ts =ty — Ap) +2at(Ap+A) > 0 (A170)

where the last two inequalities follow since ts —ty > Ay + A.
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Similarly, the sign of 83;\2 is the same as the the sign of gTCf‘ We have:
gf:a(a()\f—i-A)—Z(ts—tf)) <0 (A171)
f

This completes the proof. O

Case when ); is large.

In this case, we set the parameters to be tys = 2,y = 1, Ay = 0,A\; = 1. Then, we have:

a¢ 2
— = 2a—A 200 — 2 A172
e « (3a” + 20 — 2) (A172)

which is positive for small a. However, if o > @ then (3a2+2a—2) > 0 and individual branding
becomes more attractive as « increases.

Case when some snobs move down.

The analysis for the individual branding remains the same as in Proposition 5. However, under
umbrella branding now some snobs move to the low-end market. The analysis proceeds as before.
For small A\; and Ay, we find that:
v _ ts((ts —aM)(1 —a) + (3a + 1)ty)
]'_‘[1 —
2 (afty = A) + 1)
Using the profits under individual branding case derived in Proposition 5, we find that:
— A
ny -1 = A174
Lo (aty — A) +ts)(tr +tsa + al) (A174)

(A173)

where:

Al = a[—a®(1 — a)AP(ts — tf) + A (—2t20 + 17 + o’t7 + Batsty + t7 — 250+ °t2) + a(l — o) (ts — t5)°]
(A175)

Note that the denominator of (A174) is positive. Therefore, umbrella branding is more attractive

if Ay is negative and individual branding is more attractive if Ay is positive. To see the impact of

«a we have:
aa“il = —afts—t)(2—3a)A’ + (16attf + 7 —At7a+12 — 4tFa+ 30t +30’t7) A+ (ts— t5)* (1-2a)
(A176)
For small « this reduces to:
% = (ts —t5)> + (12 +t5)A >0 (A177)

which is positive.

Proof of Proposition 6

First, consider the case when both firms use individual branding. Note that in this case, we have
two markets each of which consists of both snobs and followers. The utility that a follower in

segment 1 at 67y derives from buying from firm 1 is:
e

Ulf =r—pn —t9f1+)\f% (A178)

where pq; is firm 1’s price in the first market and x¢ is the market share for firm 1 among snobs in
market 1. Note that we divide z¢ by two since the total number of snobs in the first market is %

The corresponding utility for the follower from purchasing brand 1 is:
e

1—
Uf =r—pon —t(1—0p1) + Afg( 2%) (A179)
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The indifferent follower is given by:
2(p21 — p11) + 2t + Ap(225 — 1)

01 = m (A180)
Similarly, the indifferent snob in market 1, indexed by g1, is given by:
2 — + 2t — Ag(225 — 1
= (p21 — p11) = ( f ) (A181)
Rational expectations imply that:
0s1 = (A182)
9f1 = :L'jc (A183)
This implies that the demand function is:
(4t + 2Xf)(p21 — p11) + 4% + XAy
s = A184
N 2(41% + A\, Af) (A184)
At — 2\, - A2 + A\
xp = ( )(p21 — p11) + + f (A185)

2(4t2 4+ X Ay)
Since the two markets are symmetric, the demand function for the other segments are similar. The
other segment’s demand are denoted by ys and y; and their prices by p12 and pge. The profit
function for firm 1 is therefore:

I1,(0,0) = (s + z¢)p11 + (ys + yr)p12 (A186)
Using the first order conditions we get the equilibrium prices are
S Y (A187)
=N =
Denote this price as p(As, Af). We note that:
Ip' (As, Ar) (2t +Ag)?
= Al
Ay UFS VW (A188)
Furthermore: ) I( ) ( )2
ap )\s,)\f 22t+)\f
= 0 A189
N2 @+ A — AP (A189)
e 1 (A Ay) _ 220~ AL+ M)
0p (As, Ay 2(2t — As) (2t + Af
= 0 A190
OXAf (46 + Xf — Ag)3 g ( )
Also, note that:
opT (As, Ap) —(2t — \s)?
= A191
Y UESYESRERE (A191)
The equilibrium profits are:
4% + )\s)\f
I17(0,0) = —————— A192

Now, let us consider the case when both firms use umbrella branding. The utility that a follower
in segment 1 at 07 derives from buying from firm 1 is:
5+ Ys
2
where p1; is firm 1’s price in the first market and ¢ is the market share for firm 1 among snobs in
market 1 and y¢ is the market share for firm 1 among snobs in market 2. The corresponding utility
for the follower from purchasing brand 1 is:

2 _ € _— e
UQf =r—pa —t(1 —9f1)+)\f—( z: = ys°) (A194)
The indifferent follower is given by:
— t+ Ap(xf + S
0]‘1 — (p21 pll) + + f(xs + ys) (A195)

2t
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Similarly, the indifferent snob in market 1 is indexed by 64; and is given by:
(P21 — p11) + & — As(2G + y})

051 = (A196)
2t
For segment 2 we have analogously:

_ t )\ e e
HfQ _ (p22 P12) + 2t+ f(xs + ys) (A197)

- +t— As(25 + y§
0, — (P22 — p12) - s f yf) (A198)

Rational expectations imply that:

01 = (A199)
Qfl = .T}jc (A200)
b2 = s (A201)
Opp = yf (A202)

This implies that the demand function is:
2t2 + A A r — ths - As(t+ A — 263 42X\ rt
v = (2t + As Ay J(p21 — p11) + As(t + Ap)(p12 — pa2) + 2t° + 7 (A203)
4t(t2 + AsAf)

. (262 + AsAp +tAp) (D21 — p11) + Ap(t — Ap)(p12 — paz) + 23 + 20 A st (A204)

o= 42 4 As)y)
Since the two markets are symmetric, the demand function for the other segments are similar;
denote the corresponding demands by ys and y; and the prices by p12 and p22. The profit function

for firm 1 is therefore:

IIi(1,1) = (zs + ¢)p11 + (ys + Y£)p12 (A205)
Using the first-order conditions, we find that the equilibrium price is:
. 2P+ A gp)
bun=o, 1~ 1
Denote the price under umbrella branding by pY (A, A ). This is given by(A206). Comparing and
(A187), we see that:

(A206)

v As A
I s Af
As, Af) = -, =

This implies that in equilibrium the profitability of using umbrella branding versus individual
branding can be expressed as:

(A207)

s A
A=) -0 (5.7) (A208)
This can be equivalently expressed as:
A 9p (N, ) A opV (2, %)

= 274 ' 2°d A2

/AQf ay y+/? o x (A209)
Note that: N o U
O0A F9°p" (As,y) 0 y Af 1 0 y/As A¢

= ———"d Ag, — | — = —, = A21

OXs /Azf oy VTNt 2 ) 2 axn" (272 (4210)

Since equilibrium prices are increasing and convex in Ag, the second term in brackets in (A210)
is positive. Furthermore, the cross derivatives are also positive, which implies that the first term
is positive. This implies that umbrella branding becomes more attractive as )\s increases. To see

that a critical A} exists, we can solve directly for A which is:

(2t2 - )\s)\f)()\s — )\f) + 6)\3)\ft
pr— 1
A= TG A -+ A — ) (A211)

If As = 0 then A < 0 and if A; — 1 then A > 0, which completes the proof. O
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Proof of Proposition 7

First, consider the case when the firms are extending the brand names to the follower-market. In
this case, § > 0. If a consumer located at € in the follower market buys the product from firm 1,
then her (indirect) utility is given by:

Up =rip—tgf —pi (A212)
where:

ry+0 if firm 1 uses umbrella branding.

riy = (A213)

0 otherwise.
Similarly, we can define the utility from buying firm 2’s product. The indifferent consumer 6 is
given by:

Tif —T2f +P2r — PiL + Uy

O = (A214)
2ty
The profits in the follower segment for firm 1 is therefore:
iy = p1F(0) (A215)

Define Ay = 71y — roy. Before considering the impact of branding strategy on profits in this case,
note that the profits from the snob segment do not depend on the branding strategy. Therefore, we
can focus on the profits from the follower segment. Note that the impact of the branding strategy
in this case is captured in the term Aj.

The first-order conditions for the equilibrium prices are:

— 0
o = SO0 pe (A216)
2ty
— 0
0 = mgf(f) +1- F(0y) (A217)
f
The first-order condition implies that:
QthQ(Q;Z) (A218)
Yo rey)

which is increasing in 0% because of the log-concavity of F (). Therefore, it is sufficient to show that
03 is increasing in Ay. Using (A216), (A217) and (A214), we obtain the equation which defines 6.
Define:

1-2F(@) [1 A
Q =—- -+ — - A219
) f(z) [2 j 2tf] (A219)
Using log-concavity, {'(z) < 0. Also, 0} is defined by ©(f}) = 0. Note that ©(0) > 0 and for

o0%
interior solution, we must have the case that (1) > 0. Therefore, the sign of Afl is the same

as the sign of 8‘9—&, which is positive. Consequently, as Aj increases, the firm’s profit increases.
Therefore, when firms move from the snob market to the follower market, they both have incentives
to use umbrella branding. Using similar arguments, we can show that when firms move from the
follower market to the snob market, they will use individual branding. O



