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This document contains the omitted details for results in the paper (not intending for publi-
cation). Section is for the basic model. Section provides detailed formulations and results
for extensions on capacity constraint and quick response (Section 6.1 of the paper), additional
sales periods (Section 6.2), asymmetric quality information (Section 6.3), and three extensions to
quality-updating process (Section 6.4). Section covers the proofs for the results in Section
We replicated the statements of the results so that this supplementary document can be indepen-
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SA Details for Results in the Basic Model
SA.1 Proofs of Results in the Appendix of the Paper

Proposition 11. There exists a unique equilibrium for consumers’ buy-or-wait decisions in the
first period. Specifically,

(a) for a given Py, there exists a unique threshold v(Py) such that all consumer types v > v(P;)
purchase in the first period and all consumer types v < T(P1) wait till the second period; and

(b) there exist two thresholds, P and P, such that v(Py) = 0 if PL < P, v(P)) = 1 if P, > P, and
for Py € [P, P], v(Py) satisfies

1 .
po+v =P =50cEq 6,1y [(P(G,1—v) +v - ']} (14)

and ©(Py) is monotone increasing in P.

Proof. (a) Recall that
1 -
ﬁ(Pl) = max{v € [07 1] pot+v— Pl < §5CE@|{C:),1_U}[(p(G7 1- U) +U— C)+]}7

Hence, to show the uniqueness of the consumer equilibrium, it suffices to prove that, for given Py,

po+v— P — %5CEG|{é 1_U}[(p(é, 1 —v) +v — ¢)*] monotonically increases in v. Taking derivative



of the term with respect to v, we have

A potv— P~ 3B,y [0(G1—v) +v— )]}
=i {pO +v =P 50Ep [(P{L— v} +v - C)ﬂ}
=1 - 33 { (SEpa- (PRI =0} + 0 = )|+ (BEpjuo[(PHL =} +v=0)"])

=1— 36 { (2B [(PH{L - v} +/ = 0)*)) \: + PrlPl{1— v} +0—c> 0]}

q)’:q)}

>0

where the last inequality is due to two facts: first, by Proposition 1 in the paper, P|{1 — v} second-
order stochastically increases in v (as it stochastically decreases in z = 1—v). Further, (P|{1—v}+
v/ — )7t is convex in P|{1 —v}. Thus, for any ¢/, (%EﬁHl—v}[(ﬁ)’{l —vp+0v — c)*]) < 0; second,
Pr[P|{l—v}+v—c>0] <1and d. € [0,1], jointly implying 1 — 15, Pr[P[{1 — v} +v —c > 0] > 0.
(b) It follows from part (a) and the fact that pg +v — P, — %50Eé|{é717v}[(p(é, 1—v)+v—2c)T]

also monotonically decreases in Py for given v. [J

Lemma 4. (i) II* — II° decreases for low 0. and increases for high o.;
(i) II* — 11° strictly increases in § < 1 for given o.;
(111) II* —I1° > 0 for 6 = 6. > 0.

Proof. (i) To show that the difference IT* — II° decreases for low 0. and increases for high ¢, it
suffices to show that II* — I1° is (i-a) continuously differentiable in d., and (i-b) first convex and
then concave and nondecreasing in J.. In preparation, by the envelop theorem,

d[IT* — I1°]

as. = —2(1—v")po(L+v* —¢)+ 3(1 —v°)(po +v° —¢) (SA.1)

(i-a) From equation (SA.J]) and the fact that both v* and v° are continuous in d., II* — II° is

continuously differentiable in ..

(i-b) From equation (SA.)),

AP -11° 1 (d dv® d dv*
dés? 2

(U= 0) o0 = e)me G = (1 = 0oL 40— c>>|v:v*ddc} (SA.2)

To determine the sign of equation (SA.2]), consider the following two cases:

o 0. < m (2po + ¢ (dpg — 2) — 25pg + 2): this case is valid if and only if 2pg + ¢ (dpg — 2) —



20pp+2>0,0r0<0 < %. In such a case, v* = 2+(2‘(fffgl’;%)j;f_é)pO7 and

d6? 2

d?[II* —11°] 1 | p§ (—4po + 26po — cdpo + 4)? B 62 (po — c+ 1)
(4 — dpo — 26.p0)° (4—0—20.)°

Let M (8.) = p3 (—4po + 20po — cdpo + 4)? (4 — 6 — 26.)° — 62 (po — ¢+ 1)* (4 — 6po — 26.p0)°.

To show that IT* — II° is convex-concave in §, < m (2po + ¢ (0po — 2) — 20pg + 2), it

suffices to show that M (¢.) decreases in d.:

dM(5.)

pr = —6p2 (4 —0—20.)% (—4po + 26p0 — cdpo + 4)* +662po (po — ¢+ 1)* (4 — dpo — 26.p0)*

< —6pE (4 — 6 — 26.) (—4po + 26po — cdpo + 4)* + 662 (po — ¢+ 1)* (4 — Spo — 26.p0)*
= 6[0(po—c+1)(4—3po—26cpo) +po (4 — 09— 20.) (—4po + 25po — cdpo + 4)] -

[0 (po — ¢+ 1) (4 = 6po — 26cpo) — po (4 — 6 — 26.) (—4po + 20pg — cdpo +4)]  (SA.3)

where the inequality is by the fact pg < 1. By algebraic simplification and the assumption
¢ > 1, it can be shown that the first term in equation (SA.J) is positive, while the second

term is negative. Thus, M (d.) decreases in 6.

o 1>6.> m (2po + ¢ (0po — 2) — 20pg + 2): this case is valid if and only if m&po +

c(dpp — 2) — 20pp +2) < 1, or % < § < 1. In this case, v* =1 and

dmr -1 1, o -1 16 —ct 1)’
a5 = 3ot —e) >0, oz 2 (4-5-25)" ~

Thus, IT* — 1I° is concave and nondecreasing in 0. > m (2po + ¢ (0pg — 2) — 20pg + 2).

Furthermore, it is easy to show that at the boundary point ¢, = m (2po + ¢ (dpg — 2) — 25pg + 2),

the left second-order derivative of IT* —11° with respect to d. is always greater than the right second-

order derivative. Thus, IT* — II° is first convex and then concave and nondecreasing in d. € [0, 1].

(ii) By the envelop theorem,

d[H*dgHO] = i [po(1+v* — )% = (po + v° — ¢)?]
> i [po(1 4% — ¢)? — (po + v° — 0)2]
= i(l — o) (po —(c— UO)Q) > 0,



where the first inequality follows from the result v* > v° as in Proposition 5 (i), and the second
one is by the fact ¢ — v° < pg < 1.
(iii) For expositional convenience, within this proof we explicitly write II* and II° as functions of
d and d.: I1*(6, 0.) and I1°(0, d,.).

First recall 11*(0,0) = 11°(0,0). Thus, to show II*(d., d.) > I1°(de, o) for d. > 0, it suffices to

prove that IT*(d., 6.) —I1°(d, &) strictly increases in 6. < 1. To this end, from the envelop theorem,

d[H*(‘Sw 50) B Ho(éca 56)]
do.

:%po(l +v* —¢)? — %(1 — v )po(l +v* —¢) — E(PO +1° —¢)? — %(1 —v°)(po + v° — c)]

Yy (") = ha(v°)

where hy(z) = 1po(1+z—c)?—3(1—2)po(1+z—c) and ho(z) = L (po+2—c)* =3 (1—2)(po+2—C).

To show hi(v*) — ha(v?) > 0, it suffices to show ha(v°®) < ho(v*) and hy(v*) > hg(v*)

d? h2 (m) dha(z)

To prove ha(v°) < ha(v*), note that = % and =7~ [i=p0 =

5. (po—c+1) > 0.
Together with the fact v° < v* (Proposition 5.1) these jointly imply hg(v") < hg(v ).

Now consider two cases to prove hy(v*) > ho(T*): If 6. > 22=<tL 4* = 1 and hy(v*) — ho(v*)

(2—¢c)po”’
(1=po) (po— (c=1)?) > 0; TF 0 < & < H=5E2, v* = 240 2icfggcp(f2 %P0 and hy(v*) — ho(v*) =

NN

mm(d ), where m(8.) = 3p? ((c —1)2+3pg — 4) 62 +8pg(c—1)(2—¢)dc + 4((c — (po +
1))2+4po (1 — po). Since m(é.) is concave in d, with m(0) = 4((c— (po+1))*+4po (1 — po) > 0 and
m(’(’gjg);i) = 2) 5 (c+3po — 5)° (po — (¢ — 1)) > 0, we have m(d,) > 0 for all §. € (0, =51y,

(2—¢)po
These results imply h1(v*) — ho(v*) > 0 for all §. € (0,1]. O

SA.2 Additional Illustration for Results in Section 5

Figure[I] (left) illustrates the effects shown in Proposition 2. For high values of 9, the profit difference
is positive for any d., as in Proposition 2(ii). For intermediate levels of , the increasing force may
be so strong for very strategic consumers (high d.), such that very informative consumer reviews
benefits the firm again. In that case, the firm does not only benefit from consumer reviews when
they are non-strategic, but also when they are very strategic.

Figure[dl (right) illustrates the impact of increasing the firm’s patience § on the consumer surplus
(for a given d.). One would similarly expect that the more forward-looking the firm is (higher 0),
the lower the consumer surplus. The gain that the consumers obtain from reviews may, however,

increase when the firm becomes more patient. To see why, first note from definition of consumer
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Figure 1: H; (in %) as a function of dc: py = 0.95, ¢ = 1.9 and 7 = 100 (left), and % (in %) as a

function of d: py = 0.93, ¢ = 1.46, and 7 = 10 (right).

surplus in equation (11) that the consumer surplus is affected by firm’s patience § indirectly through
the market segmentation v. With highly-informative reviews, a very patient firm sells much smaller
amount in the first period than without reviews. Thus, the firm’s action in the first period, and
consequently also consumer surplus, are less sensitive to § when reviews are available. Therefore,
the consumers’ gain from reviews may increase in firm’s patience level §, especially when ¢ is high.
Consequently, consumers may gain from reviews in both extremes: when the firm is either very
myopic (low §), or very patient (high ¢).

The numerical illustration in Figure [ (left) shows that the result in Proposition 2 (iii) holds
in general: when the firm and the consumers are equally patient § = d., the firm gains from
informative reviews. Figure [2] (right) illustrates that, in those cases, the consumers are also better
off by reviews.

In Figure Bl we illustrate the impact of information precision on the consumer surplus. Similar
to the firm, consumers are not always better off with more precise reviews (higher 7). For low
levels of consumer patience (low d.) and high firm’s patience (high d.), very precise reviews (high
7) decrease consumer surplus: although social learning helps consumers better assess the product,
it also allows the firm to make more informed pricing decisions and to extract more consumer
surplus. Thus, consumers may get worse off due to reviews, or prefer less precise reviews. However,
increasing precision of very imprecise reports (low 7) increases the consumer surplus, consistent
with Proposition 4. The intuition is similar to the one for the firm. The firm enjoys the option

value of adjusting price according to reviews and all other effects are smaller. The price adjustment,
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Figure 2: {5 (in %, left) and % (in %, right) as functions of 7: py = 0.5, ¢ = 1.3 and 6 = 4.

however, is smaller compared to quality update, leaving some benefits from the revealed information

about quality to consumers.
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Figure 3: % (in %) as functions of 7: pg = 0.5, ¢ = 1.3, and J,. = 0.05.

SB Detalils for Extensions in Section 6
SB.1 Capacity Constraint and Quick Response

Consider the case where the firm decides capacity available in the two periods, K; and Ks. Unit
cost for building capacity is k, and when the firm serves each consumer, there is an additional
marginal cost ¢. Due to lead time in capacity development, the firm needs to determine K; and
K5 in the first period, but the capacity cost is incurred in the period during which the capacity is
utilized. Since for given prices the firm knows perfectly about first-period demand, K is exactly

equal to first-period demand 1 — ©. Ko, on the other hand, is determined with uncertainty about



the posterior belief in period 2. The only constraint on K5 is that it does not exceed the remaining
market size v. In addition to the capacity decisions, the seller has an option to acquire emergency
supply in the second period after observing reviews, at a higher marginal cost co > ¢. A lower co
represents a better capability of quick response.

Assume that consumers cannot observe the firm’s quantity decision and need to form rational
expectation about it. Note that, since the second-period price is determined after the review reports
are posted (i.e., after the uncertainty about posterior is resolved), stock-out never occurs in the
second period. Nevertheless, the capacity decisions make an impact on consumers’ waiting incentive
indirectly through affecting the second-period prices.

In what follows, we formulate the problem and start from the second period.

Second-period pricing: let p = p(é ,1—7) be the pre-posterior and p be its realization. Similarly

as in the basic model, the firm chooses second-period market segmentation v as below:

I15(p, v, Ko) = m[%x](y +p—c)min[v — v, Ks] + (v + p — ¢2) max[v — v — K>, 0] (SB.1)
ve[0,T

The optimal v is characterized in the following lemma.

Lemma SB.1. The optimal v is given as below:

o if 2Ky +¢—T> 1, v* = min (5, 5‘5*6).

o if2K5+c—T <1 and 2Ky + ey 5> 1, v* = max [ — K, min (5, 5 ).

o if 2Ky +co—v <1, v" =min {max [min (E, 5_15*5) U — KQ} ,W}.

The corresponding optimal second-period profit is
_ 2
o if 2Ky +c—7> 1, I(p, 3, Ka) = (%) .

o if2Ko+c—1<1and2Ks+co —v > 1,

(v—Ko+p—c)Ky ifp>2Ko+c—70
_ 2
5(p, 0, Ka) = (%) , ifc—1<p<2Ky+c—7

0, ifp<c—7

Further, 8iK2 fol I3 (p, v, K2)d®(p,v) = fcl_v+2K2 (p—{c—v+2K5})d®(p,v).



o if2Ko+co—v <1,

_ 2
(%) +K2(02—C), ifp>2Kos4+co—7
. (U—Ko+p—0c)Ks if2Ko+c—0<p<2Kyg+co—7T
I (p, v, Ks) = Tap—c) 2
(”12“) , ifc—1<p<2Ks+c—7
0, ifp<c—v

Further, aiKQ fol 115 (p, v, K2)d®(p,v) = fcl_UJrQKz (p—{c—v+2Ks})d®(p,v) — fclg—v—l—QKg (p—

{62 — v+ ZKQ})d(I)(p, ’U).

In equilibrium, the firm maximizes fol II5(p, v, K2)d®(p,v) — kKo for a given v. It is clear
that fol IT5(p, v, K2)d®(p,v) is concave and increases in Ky. Also, since fol 15 (p, v, K3)d®(p,v) is a
constant for 2K5 +c¢—7v < 1, to find the optimal K5 it suffices to consider the case 2Ky +c¢—v < 1.

Furthermore, when K» satisfies 2K9 +co — 7 =1,

1

1
/ T3 (p, v, K2)d(p, v) = / (p— {c+1—2))dB(p,v)
0 ct+1—co

9
0K,

Thus, we have the following result (proof omitted).

Lemma SB.2. For a given v, the firm’s optimal capacity to build for the second period, K3(v), is

as follow.

o if fcl_v(p —{c—v})d®(p,v) — fl (p—{c2 —v})d®(p,v) < k, then K;(v) = 0.

c2—v

o if fcl_v(p —{c—v})d®(p,v) — f;_v(p —{cg —v})d®(p,v) > k

— if fc1+1—<;2 (p—{c+1—co})d®(p,v) < k, then K;(v) < HTQJ“’ and satisfies fcl_v+2K2 (p—
{e—v+2K21)dD(p,v) = [io o, (P — {c2 — v + 2K} )d®(p,v) = k.
—if fclJrl_CQ(p —{c+ 1 — c2})d®(p,v) > k, then K;(v) € [HTQM,P%] and satisfies

JE s vore, (0 = {e = v+ 2K2})d®(p, v) = k.

Consumers’ buy-or-wait tradeoff: For given P; and a conjectured Ko, consumer v’s expected

utility of waiting is d.(v — v*)*. Analogous to equation (8) in the paper, we have

7(P1, Ky) = max {v €[0,1]:po+v— P <6Ep [max {min[lgg,max(”Jrg_c,O)], ”+152_C2 H }



Rational expectation equilibrium: To derive the equilibrium between the firm and the con-
sumers, we follow the framework of rational expectation equilibrium as in Su and Zhang (2008).

Specifically, let
(P, Ka,v) = (P — ¢)(1 — v) + 0E5[I13(G, v, K2)] — (1 — v)k — 6 Kok

The firm first announces P;, and then the firm and consumers make simultaneous move: the
firm conjectures about the cutoff consumer type © and maximizes 7(P;, K2,v). Let the optimal
Ky be K3 = K" (Py,9); the consumers conjectures about the quantity K, and the equilibrium
strategy is characterized by v* = ©(Py, K’g). In equilibrium v* = ¢ and Q* = Q. We then have:
K = K(P;,v*) and v* = ©(P;,K3). From these two equations, we can solve for Kj(P;)
and v*(Py). The firm then chooses P; to maximize 7(Py, K5(P1),v*(P1)), where (K5(P1),v*(P1))

satisfies

K3 =max{Ky > 0: [ TI5(p, v, K2)d®(p,v) — kK2 }
v* = max {’U € [0, 1] cPL>po+v— 50Eﬁ [max {min[[@, maX(ergfc’ 0)]’ v+132702 }} }

Lemma SB.3. For any given Py, there exists a unique rational expectation equilibrium character-
ized by equation (SB3). Specifically, there exist two thresholds, P and P}, such that v*(P) = 0
if PL < P!, v*(P) =1if P, > Py, and for P, € [P}, P,], v*(Py) and K*(Py) satisfy

K; = maX{Kg >0: fol 115 (p, v, K2)d®(p, v) — ng}

(SB.2)
P; = po +v* — % max [fol(v* +p— ) td®(p,v*) — k, [, (vF +p— c2)TdD(p, v*)

Similarly as in the basic model, we apply a change of variable, from P; to v. Then:

IT* = max II(v, K5(v)) = (1 —v)(po + v — ¢ — k) — 6.Cw (v, K5 (v)) + 6llg(v, K;(v))

v

where

—v 1 1
Cur(o. 153(0) = 15 max | [0t 0= ) a0(p0) — o, [ (0 p - ) an(p]

1
s (v, K3(v)) = /0 15 (p, v, K3 (v))d®(p, v) — kK5 (v).

where IT5(p, v, K2) and K3 (v) are given in Lemmas [SB.J] and [SB.2] respectively.



Note that the no-review model can be formulated as follows.

max I1°(v, K§(v)) = (1 —v)(po + v — ¢ — k) — 0.C% (v, K$(v)) + 611% (v, KS(v))

v

s.t.
K3(v) =max {Ks > 0: II5(po, v, K2) — kK>}

where

1—
Cfy (v, K3(0)) = —— max [(v+p0 — )" =k, (v + po — )]

115 (v, K5 (v)) = I5(po, v, K3(v)) — kK3 (v).

Similarly as in the base model, define the firm’s option value and the consumers’ option value

by O(v) = lg(v, K3(v)) — I1¢(v, K§(v)) and O.(v) = Cw (v, K5 (v)) — Cfy, (v, K9(v)), respectively.
Lemma SB.4. O(v) > 0 and O.(v) > 0.

Lemma implies that, same as in the original model, the impact of reviews on the firm’s
profit is determined by the option values of the firm and of the consumes. In particular, it is affected
by the relative patience of the two parties. If the firm is patient (§ > 0) and the consumers are
very impatient (J. = 0), then reviews make the firm better off. If the firm is very impatient (6 = 0)
and the consumers are patient (d. > 0), then the firm is worse off due to reviews. Furthermore,
for very informative reviews (7 — 00), Figure @l shows that a sufficiently patient firm always gains
from reviews, while a sufficiently impatient firm gains from reviews if consumers are equally or
more impatient. Note that Figure @ also illustrates that the region where the firm gets worse off
by reviews expands in cg. On the other hand, for weakly informative reviews (7 very small), given
9,9. € (0,1), the value of reviews is always nonnegative for the firm. See Figure [

Next, we evaluate the impact of quick response by examining the effect of cs.

Lemma SB.5. If§ > 0 and 6. = 0, for any k > 0, II* decreases in ca, i.e., the firm is better off by
an improvement in its quick-response capability. Further, II* increases in T, i.e., the firm’s profit

increases as the reviews become more accurate.

Lemma SB.6. If § = 0 and 6. > 0, for any k > 0, II* increases in cs, i.e., the firm is worse
off by an improvement in its quick-response capability. Further, II*|cy—oo — II*|cy>0 increases in
T, i.e., the firm’s profit loss due to quick response increases as the reviews become more accurate.

Moreover, II*|s —o — II* decreases in co and increases in T, i.e., the firm’s profit loss due to
) 6.=0 6c>0 ’ ’

10
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Figure 4: Regions where the firm is worse off by perfectly-informative reviews (the red regions) as
functions of § and J. for the infinite-horizon model with quick response.

strategic consumers increases as the firm’s quick-response capability is improved or as the reviews

become more accurate.

Lemma [SB.6] proves that an impatient firm (6 = 0) loses more due to strategic consumers when
quick response capability is improved. As shown in Figure[dl for a patient firm (§ > 0), its loss due
to strategic consumers II*|5.—o — II*|5,~0 can also be higher when it has a better quick-response
capability or when the reviews are informative. Furthermore, the firm’s profit loss decreases in
capacity cost k: as the capacity cost k increases, the firm builds less capacity for the second period.

This increases second-period price and thus mitigates consumers’ waiting incentive.

11
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Figure 5: g—: as a function of 7: pg = 0.5,c=1.1,c0 = 1.2,k = 0.05,0 = 0.1.
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Figure 6: Difference of profits under strategic consumers 6. = 0.1 and under myopic consumers
dc = 0: no information 7 = 0 (left) and perfect information 7 — oo (right), pg = 0.5, ¢ = 1.2,
0 =0.1.

SB.2 Additional Sales Periods

In this subsection we extend our two period model to an infinite horizon model. As a starting
point, we formulate a general multi-period model in Section based on which we examine

the infinite-horizon problem with uninformative reviews, perfect reviews, and imperfect reviews in

Sections [SB.2.2] B.2.3] and SB.2.4] respectively.

SB.2.1 General T-period model

Let the price at time n € {1,2,...,T} be P, and the volume of consumers that buys in period n

is vp—1 — v, and vg = 1. p,_1 is the prior about the quality in period n. Let Py (pn,v,) be the

12



optimal price in period n+1 when the posterior is p, and the consumer with the highest willingness

valuation is v,,. Givenv,_1 and prior p,_1, when the price is P,, the cut-off type is v,, where:

Pn—1+ Uy — I = 5C]Eﬁn[{]3n +vp — P;Jrl(ﬁnv Un)}+|vn—1 - Unvpn—l]'

Buy in period n Wait until period n+1

That is: the expected utility from buying in period n for consumer type v, is equal to the discounted,
expected utility from delaying the purchasing decision to period n + 1. It can be shown that it is

an equilibrium for all consumers to follow the strategy of buying if v > v, and waiting if v < v,

Proposition SB.1. We can write the firm’s T-period problem as follows: Forn=1,...,T — 1:

Hn(pn—la Un—l) = " IE?X ('Un—l - Un)(pn—l + v, —C— 5ccfn(pn—la Un—1, 'Un))
nxXVUn—1
+ 6Eﬁ[Hn+l(ﬁa Un)‘vn—l - Un;pn—l]
with solution v}, (pp—1,vn—1) and

Cn(Pn—1,Vn, Un—1) = Eﬁ[{500n+1 (P, U;+1(ﬁ7 Un), V) + Up — U:ZJrl (P, Un)}+|vn—1 — Un, Pn—1]

and in period T':

A~

Ur(pr—1,vr,vr-1) = (vr—1 — v7)(Pr—1 + v7 — ¢) and Cr(pr—1,vr,vr—1) = 0,
for all pp—1 € P and v,—1 € V, from which the prices can be computed as follows:

P; (pn—h Un—l) - U:l(pn—la Un—l) + Pn-1— 5ch(pn—17 U;(pn—l, vn—l)a Un—l)-

! Tt suffices to show that, given all the other consumers follow the equilibrium (i.e., buy if v > v, and wait
if v < vy,), then an arbitrarily-chosen consumer v has no incentive to deviate from the strategy dictated by the
equilibrium. In other words, for v > v,,, we need to ensure

Pn—1+v— Py > Kz, [{ﬁn +v - P;+1(15n,”n)}+|vn71 - Umpnfl]:
and for v < v, we need to have

P14+ — P < 6Bz, [{Bn +v — Pry1(Brsvn)} [n—1 — Un, Pr—1],
These two conditions, however, immediately follow from the fact that

Pt +0 = Pu = 8Ep, [{Bn + v = Prya (B, vn) Y [vn-1 = vn, 1]

monotonically increases in v.
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When T' — +o00, we have

(p,v) = max (v —v')(p+v' = ¢ = 0.C(p,v',v)) + SEH[I1(p, ') [v — ', p] (SB.3)
with solution v*(p,v) and (SB.4)
C(p,v',v) = E5[{8.0(p, v (p, ), v') + 0" — v*(p,0) } F|v — o', p] (SB.5)

SB.2.2 Infinite horizon with uninformative reviews; 7 =0

When T'— +o00 and 7 = 0, by equations (SB.3]) to (SB.A), we have:

I1°(v) = max (v—2")(po+v'—6.C°(v')—c)+811°(v") with solution v°(v) and C°(v) = 6.C°(v°(v))+v—2v°(v).

v'<v

and the price is P°(v) = pg + v°(v) — 6.C°(v°(v)) = po + v — C°(v). The lemma below proves the

expressions for the functions.

Lemma SB.7. When T — 400 and 7 =0,

v°(v) = aw+(1—a)(c—po), P°(v) = (1=¢)(po+v)+pc, C°(v) = ¢(po+v—c), and II°(v) = B(po+v—c)?,

1-VI=5 _ 1 8= 1 (17¢5176_ )(1—6c) and ¢ = 1
0 1+/1-6"° 1-V1-6 1§ l=vi=8 7’ 1+(1—6.) —=

S 1-6

N —

where o =

Corollary SB.1. When T' — 400 and 7 = 0, both the price path and the per-period sales decline

over time.

SB.2.3 Infinite horizon with perfect reviews; 7 = +o0

When 7 = 400, for any H(-), we have

E5(H(p)lv —v',p] =

Basically, the firm only has two choices in the initial period; if the firm does not sell, the market and
posterior remains the same. If the firm sells, the posterior becomes either one or zero, depending
on the quality and we are back in the case of no information. In particular, when the quality is

revealed to be low, the firm withdraws its product from the market and therefore, both the profit

14



and the waiting-consumer’s surplus are zero. Thus, by Proposition SB.l we have

O putv) = pp{l+v —c}t, Vv <w
o Hp+v —c}t, v =

Also:
. pPBH{1+v —c}t)? W' <w
]Ef)[H (p,’l},)|?] - Ulvp] =
Bp+o — P v =

Hence, we have IT*(pg, 1) = max II(po, 1,v), where
,U/

fI(po, L,v") =1 =) (po + v — ¢ — 6.C*(po,v', 1) + 6E;[IT*(p,v")|1 — v/, p]
f[l(po, Lv') = (1 —=v)(po+v —c—pop{l +v —c}T) +po({1 +v' —c}T)? ifv' <1

11°(po, 1,v") = B({po +v' — c}1)?, if o =1

Lemma SB.8. When T — 400 and 7 — 400, the firm’s optimal initial market segment v* is

given by

o* — min ((1 — po(¢de + 2868)) ¢+ (po(286 — 1) + 1) 1)
2(1 — po(6B + 6:9)) ,

where § and ¢ are as defined in Lemma[SB.]

Note that when 6. =9 — 1, 5 =0 and ¢ = 1, and v* = 1 for all ¢ > 1. This implies that the
firm’s first period profit is zero (v* = 1), as well as the profits in all subsequent periods (5 = 0),
which extends Stokey’s result to the case with information.

Next we show that under perfect reviews, the firm’s and the consumers’ option values are both

nonnegative.

Lemma SB.9. When T — 400, for T — +00, the firm’s and the consumers’ option values are

nonnegative.

Now, consider the initial price, P; and the price in period 2, conditional on the firm being of

high quality:
t=0:P=py+ 0" —dpgp(l+v*—c)andt=1: P, =1+0v"— (1 + 0" —¢)

Recall that in the case without reviews, both the price and the per-period sales decrease over

time (Corollary BB.J]). With perfect reviews, we can state:
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Proposition SB.2. WhenT — 400 and 7 — 400, ford. = 6§, conditional on the quality being high,

X2po(1—po)+(1—po)>+X (1—po) (3p0—2)+X po (3po—1)
(X2po+1—po)(Xpo+1—po) ’

the price may first increase and then decrease. Specifically, when ¢ >

P1<P2>P3>P4>..., whereX:\/1—52.

Proposition SB.3. When T — +00 and T — 400, conditional on the quality being high, when

unit cost ¢ is sufficiently high, the per-period sales reaches a peak in the second period.

Now we compare profits:

| Two Period (t = 2) | Infinite Horizon (¢ = o)
Uninformative review (7 = 0) 11§ 112,
Perfectly-informative review (7 — 00) 115 1T,

Table 1: Firm’s profits in different information regime and under different selling horizon

Proposition SB.4. (i) For 7 — oo, 11 < II§ and 1T, < II5 if and only if 1 — . < /1 — 0.
(i1) For T — oo, 1T, > 11 when . = 0.

For general values of ¢ and d., the value of reviews is illustrated in the following figure. Figure
[7 confirms a main result that, for very informative reviews (7 — o0), a sufficiently patient firm
always gains from reviews, while a sufficiently impatient firm gains from reviews if consumers are

equally or more impatient. Furthermore, as one can observe from the figure, the firm is less likely

to benefit from reviews in the infinite selling horizon, compared to that in the two-period horizon.

SB.2.4 Infinite horizon with imperfect reviews; 0 < 7 < 400

We now consider the infinite-horizon model with imperfect reviews 0 < 7 < 400. In order to obtain
insight in this case, we consider the following discretized system in which there are N consumers
indexed by i € {1,2,..., N} with respective valuation v; € V = {1/N,2/N,...,(N —1)/N,N/N}.

Every consumer i observes the following binary signal G; € {Gu,Gg}:
Pr(G; = Gu|0 = 1) = ¢1 and Pr(G; = Gu|0 = 0) = qo.
We impose the following restrictions on the signal:

Guqi +Ga(1 —q1) = 1/N and Guqo + Ga(1 — qo) = 0,

(Gu = 1/N)?q1 + (Ga — 1/N)*(1 — q1) = 0 /N and (Gy — 0)*go + (G4 — 0)*(1 — qo) = 0?/N.
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Value of Perfect Informative Reviews to the Firm (Infinite Horizon): R=05,¢c=1.1 Value of Perfect Informative Reviews to the Firm (Two Periods): g=0.5,c=1.1
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0.81 081
0.71 0.7r
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Value of Perfect Informative Reviews to the Firm (Infinite Horizon): Q)=0.8, c=1.1 Value of Perfect Informative Reviews to the Firm (Two Periods): B=0.8, c=1.1
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Figure 7: Regions where the firm is worse off by perfectly-informative reviews (the red regions) as
functions of § and J. for the infinite-horizon model and for the two-period model.

For any given N and o, we can solve for (qo,q1, G4, Gy) and obtain:

_ 2No? 43— 3VANo? +1 Qo — 2No? + 1+ LVANo?2 +1

= ANo2? + 1 e m= ANo? + 1 ’
11 11

Gq = iﬁ(l — V4No2+1)) and G, = §N(l +V4No? +1).

Notice that ¢qg = 1 — g1, so, we let g9 = ¢ and ¢ = 1 — q. Also, let G = lezl G;. This random
number has as domain G = {uG, + (X — u)Gg4,u = 0,1,...., N}, where u is the number of ‘u’-
signals. Let X = xN, then, it is easy to see that G|(z,6) has mean 6 and standard deviation
Vxo. This is because the mean of G;|0 is §/N and G is the sum of N such signals, so, its mean is
xN x §/N = z. Furthermore, the variance is N x 02/N = xo?, thus, the standard deviation is

Vxo. For large N, G|(x,0) will be approximately normally distributed. Formally, the distribution
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of G|(x,0) is as follows:

for all g € G : Pr(G = G| X, 0) = Pr(aG, + (X — @)Gq = G|z, 0)
G — XGy

=Pr(a = a. G,

X, 0)

where @ is the realization of the number of ‘u’-signals, which is binomially distributed with proba-

bility pg. Notice that (é:i(g ; € N when G € G. Thus: we can write

G—-XGy XGu—G

Pr(G = G|X,0) = (6-Xa,) gy " (1 — gp) ©v~Ca

Cu—C4

By the central limit theorem, G will be approximately normally distributed.

Posterior belief: When observing signal G € G from X reviews in total, the posterior is

G-Xdg XGu—G

Gu—Gg fempare

(G, X, po) = pon © 71— @) % o
y <35 PO G—XGy XCGuG G—XGy XCGuG

poay™ 7 (1= q1) ©=%a + (1= po)gg™ 7" (1 — go)

(asqu =1—qand g = q)
Pbo

¥ _20-XGq

po+ (1= po)(559) " e

Asfor G € G, we have that %%ng € Z, starting with pg, we can define roster P = {p(—N), ....,p(N)}

with
N Po
p(j) = —
po+ (1= po)(+54)
. - . o . Po
That is: when G = XG,, all signals are ‘up’, then the posterior is T (po) (=D % and when
G = Xy, i.e. all signals are ‘down’, then, the posterior is 2o — - For any other G, the

po+(1—po)(+5%)
posterior is in between p(—N) and p(N).

Thus, at the nth price change, assuming that the state at the n — 1st time change is j,,_1, we

have the following posterior:

5(j P(Jn—1
PGy X, pin-1)) = L )1 X, _20nXnCy
Plin—1) + (1 = p(jn—1)) (L) """ Gu6a
Do

= Gn—XnGy p(jn) € P.

—g\Jn—-1+Xn—2
po -+ (1= po) (1)
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The second equality is because:

1 _ﬁ(]n—l) _ 1 _pO(l B Q)jn71
P(Jn-1) Do q

Thus, let j,—1 be the current state (with prior p(j,—1)), then, when X,, consumers purchase, the

next state is j,—1 + X, — QGE%%% (with posterior p(jn—1 + X, — 2%)). The probability

distribution for G,, is given by

G-XGy G-XGy G-XGy G-XGy

Q(G, X,p) = p(eXey)a™ % (1 —qu) @G + (1 p)(aXay)gy™ (1 — o)~ FoCa

Gu—Gyq Cu—Gyg

We have described how the state evolves stochastically (in a finite space).

Equilibrium: The equilibrium can be found using the following algorithm: (1) Initialize v°(p,v)
with e.g. av + (1 — a)(c — p) (from the no information case), (2) Compute C%(p,v’,v) = E5[{v/ —
v0(5,v")} v — v/, p] and solve max (v —")(p+v —c—6.0%p,v',v)), in order to obtain IT!(p,v)

and v!(p,v). Set k = 1. Then (3) compute
CFH (p, ', v) = E[{0.C% (5, 0* (5, v),v) + 0" = 0*(5,0")} o =/, p]
and solve

Hk+1(p, v) =max (v—v)(p+v —c— 5ch+1(p, v v)) + 5E,~,[Hk(ﬁ, V)| =, p]

v'<v

which gives v**1(p,v). Increase k by one and then go to step (3) until the policy does not change

anymore. Note that p € P and v € V, thus, the state space is of a finite dimension (2N + 1) x N.

With the discrete valuation model, we confirm, through numerical study, that the following
main results continue to hold in the infinite-horizon model:
e value of reviews for small 7 is always nonnegative, for any 4, . > 0.
e For very high but finite 7, as shown in Table 2] the value of reviews is negative for § = 0,9, > 0

and positive for 4 > 0,9, = 0. Note that we have proven this result for 7 — oo.
SB.3 Asymmetric Quality Information

Now, assume that the firm acquires e.g. via consumer focus groups, information about the quality of
its product in the form of a signal, s, that is imperfectly correlated with the quality and observed

privately. Formally, we assume that before the initial period, the firm observes privately the
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| 0=09,6.=0]6=0,6.=0.9

T=2 133.63 89.92
T=4 173.23 95.26
T=20 194.79 31.47
T=28 208.16 19.70
T=10 217.65 14.18

Table 2: g—; (in %) in the infinite-horizon model: N =11, ¢ = 1.1, po = 0.5

realization of a binary signal, s € {G, B} that is imperfectly correlated with the true quality as
follows: Pr(s = G|® = 1) = Pr(s = B|© =0) = q € [1/2,1). After observing signal s, and before
observing reviews, the firm’s posterior becomes

Poq _
Pt dpo) =g 5=C

po(1—9)
po(1—q)+(1—po)q’

Ps =
s =
Notice that for ¢ = 1/2, we recover the base model. For ¢ > 1/2, pg > pp. The firm will update
its prior pg to ps after observing signal s and its initial price will depend on p,, which may signal
to the consumers the information that the firm observed. The firm with a bad signal (B-firm)
has an incentive to set a price inducing the consumers believe that it observed privately quality
information that yields the highest posterior pe. Hence, the firm with a good signal (G-firm) needs
to distort its price to convince consumers about the good news. In other words, credibly conveying
its private information via its price entails a cost to the firm that observes a good signal, as is
typical in signaling models. We discuss this cost next.

Assume that the firm observes signal s and the consumers believe that the firm observed signal
§ (which may or may not be equal to s). With asymmetric information between the consumers and
the firm, the pre-posterior, now becomes a function of the consumer’s belief, pz, about the quality,
which may be different from the firm’s belief about the quality, ps. We introduce the superscript
f, which stands for the firm’s belief and the superscript ¢, which stands for the consumers’ belief.
The firm’s belief about the consumer’s pre-posterior p(é, ps, ) is based on its own assessment of

the product quality ps, while the consumer’s belief is based on the prior p;:

Ol (p,ps,x) = (1= pg)F(UELE)) 4 p, F(ULLEZE) and -
@C . — 1 o F 77(10717571") AF 77([’475790)—90
(p,ps,$) ( ps) ( \/E/T ) +p3 ( \/57/7_ )



In the firm’s profit function, the former belief (<I>£ ) determines the firm’s assessment of its own
future skimming profit, IIg, while the latter belief (®¢) determines the firm’s waiting costs, Cyy.

We can thus generalize the firm’s profit in the basic model as follows:

Lio(v) = (1—=v)(ps+v—-c)
Csw(v) = [} 51 —v){p+v—c}tdde(p,ps,1 —v) (9%)
TS 4 (v) Jo {p+v—c}+)2ddl(p,ps,1 - v).

and let I15(v) = H; 0(v) — 6.Caw (v) + 5H§’S(v) denote the firm’s expected profit when it observes
a signal s and consumers believe that it observes s.

Finally, as a short-cut notation, define:

Il = m[zg)i I3 (v) =5 0(v) — 0:.Csw (v) + 6115 g(v) for s € {G, B}
ve|l, ’

and let vg be the solution for the problem above and P;s be the corresponding initial price. That
is, Il is the equilibrium profit if the consumers and firm both base their beliefs on signal s; i.e.
when there is no information asymmetry between the firms and consumers, as in the base model.
Since the firm’s equilibrium profit increases in consumers’ prior, the B-firm will have an incentive
to make the consumers believe it observed signal s = G. Thus, in order to be credible, the G-firm
will distort the price (initial segment) such that the B-firm has no incentive to imitate the price

(initial segment) of the G-firm. The G-firm’s optimization problem is as follows:

I = m[%}i] g o(v) — 0.Caw(v) + 5Hg75(v) (SB.6)
ve|0,

s.t. Mg o(v) — 6.Cqw(v) + 611G g(v) < T (ICB)

I 0(v) — 8Clsw (v) + DI 5(0) > max G (w) (ICq)

That is, the G-firm should select a price (market segment) such that the B-firm has no incentive to
try to make the consumers believe that it observed s = GG. The latter is captured by the constraint
(ICp): recall that Il is the profit of the B-firm when consumers believe that the firm observed
s = B. It must be higher than Il o(v) — 6.Cqow(v) + 51_[%75(1)), which is the B-firm’s profit when
‘tricking’ the consumers into believing it observed § = (. Specifically, when B-firm imitates the
G-firm’s strategy, the initial price will depend on pg instead of pp (as in IIg). Also, the waiting

costs will depend on Cg v instead of Cpy (as in IIp). Finally, the future expected (skimming)
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profits will depend on Hg? g because the firm’s assessment of future profits will be determined by
PR via ‘bg(p, pG, 1 —v). Following a similar logic, constraint (IC¢) ensures that the G-firm has no
incentive to pretend to be a B-firm. Let v, be the solution to the problem above and P}, be the
corresponding initial price. We refer to Ilg — IIf, as the cost of signaling.

Figure B illustrates equilibrium profits and strategies as functions of the informativeness of the
private signal ¢, for different pairs of 6 and ¢., and different values of 7. The figures corresponding

to 0 = . = 0.9 are included in the paper.
SB.4 Extensions to Quality-Updating Process

SB.4.1 Not all consumers write reviews

Consider the case that all consumers read reviews, but only a portion, «, of consumers who have
bought the product in the first period write reviews. As the volume z is now ax, the pre-posterior

becomes:

1 ar) —x L ax
B(p.2) = P (BT 1=y p( L (7

Note that 1n(p,az) = £ — ln(%) /(v/at)?. Hence, by redefining the review informativeness
as 7 = y/ar, we recover the base model. That is, when some consumers do not write reviews,
the information precision reduces proportionally. Hence, all of the results in the base model apply
to this extended case. In addition, the effects of increasing a on the firm and on the consumers
are exactly the same as those of increasing 7. Figure [ below illustrates the SOSD property of

pre-posterior in both x and «. Figure [I( depicts the effect of o on the firm’s optimal strategy and

value of reviews.

SB.4.2 Not all consumers read reviews

For the case that all consumers write reviews, but only a portion, 3, of consumers who have waited
to the second period read reviews, assume that (5 is also the probability that a consumer will read
the reviews if he or she chooses to postpone purchase. In such a case, the second-period market
consists of two groups of heterogeneous consumers, those who read reviews and those who do not.
The revised model formulation is provided in Section

Figure [Tl shows the effects of 5 on the firm’s optimal strategy and value of reviews. When £ is

close to zero (one), consumers’ attitude towards reviews is fairly homogenous: almost none (all) of
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Figure 8: Equilibrium profits and initial prices as functions of the informativeness of the firm’s
private signal and relative patience levels: pg = 0.5, c =12, 7 =3, 6 = 6. = 0.9 (upper), 6 = 0.9,
d. = 0.1 (middle), § = 0.1, 6. = 0.9 (lower).

the second-period consumers reads reviews. In such cases, the extended model approximates the
basic model. For intermediate values of /3, the sizes of the two groups of consumers (readers and non-
readers) are comparable and the level of consumer heterogeneity is high. Due to the considerable

portion of non-readers, the firm’s second-period price becomes less responsive to reviews. Hence,
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Figure 9: fg) ®(r,x)dr as a function of z and a: po=0.6,p=08, 7=1.
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Figure 10: Z—Z (in %, left) and % (in %, right) as functions of a: pg = 0.5, ¢c=1.1,0 = 0.1, 6. = 1,

T=3.

the firm’s option value due to reviews increases in the fraction of readers (). On the other hand,
consumers’ option value may increase or decrease in §: as 3 increases, consumers care more about
reviews as they are more likely to read; meanwhile, a higher 8 implies that, with more review-
sensitive price, the firm can absorb a larger portion of the benefit from quality learning and leave
less surplus for the waiting consumers. Hence, the effect of 5 on the firm’s net discounted option
value is ambiguous. As a consequence, a firm might want to carefully track which fraction of the

population is actually influenced by consumer reviews and tailor its pricing strategy accordingly.
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SB.4.3 Informativeness of reviews is not perfectly known

Consider the situation that the information precision 7 is not perfectly known. Let 7 be the joint
belief about 7. For a given 7, assume that 7 follows a bernoulli distribution: Pr[7 = (1 — ~v)7] =
Pr[7 = (1 +v)7] = 0.5. That is, 7 is an unbiased estimation of 7. The parameter 7 represents the

noise in the information about 7. In such a case, the conditional signal distribution becomes

(

—272( 0 — 20)2
\/7) exp(— 1(1 ) x(g %) )—1—;(\/% eXP( -

N)M—t

f@(gvl‘) =

and the likelihood ratio is

l(g’x) = == 1 x 55 - 2:52 5 (SB?)
f0(97$) (1—7)6Xp( 1%)4_(1_&_7)6)@(_%%)
Hence

/Opci(r,x)dr :/Op Prip(G, z) > rldr = /Op Pr LJO o —}Zfo)/l(é, 2

P
/Pr

+oo
/ / I(y,0)> 570 [pOfl(y7 ) (l_po)fo((%x)}dydr

“po(E-1)

~ 1 —po .
(G,x) > pio(* — 1)] d

By definition, it is clear that the pre-posterior satisfies the martingale property. Also, for small

v, we prove in Lemma [SB.10] below that the SOSD property of the pre-posterior in x is preserved.
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For large v, we numerically verified the SOSD property, as in Figure

Lemma SB.10. When v is small, the pre-posterior second-order stochastically decreases in x.
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Figure 12: [} ®(r,z)dr as a function of  and v:po=0.6,p=0.8 7=1.

Figure [[3] illustrates the effect of v on the firm’s profits (as well as on the value of reviews).
Intuitively, one would expect that the uncertainty on information precision reduces the information
gleaned from the reviews. Figure demonstrates that, when ~ is small enough, a myopic firm
benefits from such uncertainty when consumers are strategic (left panel of Figure [[3)) and a patient
firm is hurt by such uncertainty when consumers are myopic (right panel of Figure [[3]). The reason
is that for two given levels of precision, (1 — )7 and (1 + 7)7, the option value of the consumers
(firm) is lower than the option value with known information precision, 7. When the uncertainty ~y
is very large and close to one, by equation (SB.1), the effect of the low precision (1—7)7 is negligible
and the likelihood ratio is predominantly determined by the high precision (1 + v)7. Hence, the

firm’s and the consumers’ option values eventually increase in v as v becomes very large.
SC Proofs for Results in Section
SC.1 Proofs for Results in Section

Proof of Lemma By solving the maximization problem in equation (SB.I), we can show
that

elfp+v<c, v =70
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Figure 13: 1 (in %) as functions of v: pg = 0.5, ¢ =1.2, 7 =2, 6 = 0,0, = 1 (left), § = 1,6, = 0

HO
(right).

e lfc<p+7 < ey,

. B v—p+ec v—Ko ifp>2Ko+c—v
v =max |V — Ko, ——— | = _
2 Tt ifp < 2Ky +c—7T
where % < v since p+7v > c.
e lf p+7>co
% ifp>2Ko+co—71
. v—p+c _ v—p—+c
v*—mm[max(g,v—f(é),z;z]_ v— Ky if2Ko+c—1<p<2Kos+co—7
UPEe i p < 2Ky +c—7
where 02+§_pgﬁsincep+6202.

Summarizing the three cases above, we have the optimal v, as stated in the lemma. [J

Proof of Lemma By Lemma [SB.2]

o if fcl_v(p —{c—v})d®(p,v) — fl (p— {ca —v})d®(p,v) < k, K3 =0 and

co—v

v+p—c

E; [max {min[[gg, max (

2 2

o if [ (0 —{c—v}d®(p,v) = [,,_,(p—{c2 —v})d®(p,v) > k

o e 1/C:_U<p—{cQ—v}>d¢><p,v>.

— if fcl+17C2 (p—{c+1—co})d®(p,v) <k, then Kj(v) < 1=2% and satisfies fol(p —{c—
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v+ 2K5})Td®(p,v) — fol(p —{cg —v+2K5})Td®(p,v) = k. Note that

fol max{min[ Ky, max( ”Jrgfc, 0)], Uﬂ;@ +d®(p,v)

= [, max {min[Ky — (“FB=5)*, 0], “HB=2 (UYL (P (p, v) + [ (L) TdD(p,v)
== 3 [0~ {e— v+ 2Ka)) " d®(p.v) — [ (0~ {e2 — v+ 262} dD(p,0) | + [ (=) d(p,0)

= by [ (AP (p,v)

— if f;l_cz(p —{e+1—c})d®(p,v) > k, then Kj(v) € [1=2tY 1=Ct] and satisfies

fcl—'u—l-ZKg (p—{c—v+2K3})d®(p,v) = k. Note that in such a case, Ko > WT_CQ for any

pa. Hence,

fol max{min[Ky, max(vﬂzj_c, 0)], v+”2_02 P (p,v)
= Jy min(Ka, (“57)7)d®(p, v)
= Jo min(Kz — ("%, 0)d(p,v) + fy () Hd(p, v)
=—1 cl—v+2K2 p—{c—v+2K3}d®(p,v) + f;(%)*d@(p, v)

1 —
== 5+ Jo (FF=)Tde(p, v)
Summarizing the cases, (K5 (Py),v*(Py)) satisfies

K3 = max{Ks > 0: [ II5(p, v, K2)d®(p,v) — kK2}
v* = max {v €[0,1]: Py > po + v — % max [fol(v +p—c)td®(p,v) — k, fol(v +p— 62)+d<I>(p,v)] }

Furthermore, recall that by the proof of Proposition [T}, both po+v— % [fol(v+p—c)+d<1>(p, v)—k]
and pg + v — 52—6 fol (v +p — co)Td®(p,v) increase in v. As the max of two increasing functions is

increasing, the function
5 1 1
mto= x| [osp - an) b [0k p- ) dnp)
0 0

increases in v, implying that v*(Py) is unique and increases in P;. The existence of P;’ and ?1,
then follows from the monotonicity of v*(P;) in P;. Further, the uniqueness of K3 (P;) follows from
the fact that K;(P;) depends on P; only through v and there exists a unique optimal Ky for any

given v. [
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Proof of Lemma To show O(v) > 0, note that for given v and Ko, II5(p, v, K2) — kK>
is convex in p. Thus, by Jensen’s inequality, IIg(v, K2) = fol(Hg(p,v,Kg) — kK2)d®(p,v) >
115 (po, v, K2) — kKo = 1% (v, K2). Thus, Ilg(v, K5 (v)) = maxg, Hg(v, K2) > maxg, (v, K3) =
1% (v, K§(v)), implying O(v) > 0.

Now, for O.(v), by Jensen’s inequality, fol(v +p—c)td®(p,v) —k > (v+py—c)" —k and
fol(v +p—c2)TdP(p,v) > (v+po — c2)™. Thus, Cy (v, K5(v)) > Cf (v, K§(v)), i.e., Oc(v) > 0. O
Proof of Lemma The following lemma is useful and its proof is provided at the end of this

subsection.
Lemma SC.1. The posterior quality P second-order stochastically decreases in T.

Utilizing the lemma, we now prove Lemma [SB.5l When §. = 0,
II* = max (v, K3(v)) = (1 = v)(po + v — ¢ = k) + 6lLs (v, K3 (v))

It is clear that IIg(v, K2) decreases in co. Thus, by envelop theorem, II* decreases in co. Meanwhile,
since II5(p, v, K2) — kK> is convex in p for given v and Ky, by Jensen’s inequality and SOSD property
of the posterior in 7, Ilg(v, K3) increases in 7. Thus, by envelop theorem, IT* increases in 7. [J

Proof of Lemma [SB.6l When § = 0, for any k£ > 0, by Lemmal[SB.2] K3 (v) = 0 for any v. Hence,

IT* = max (v, K3 (v)) = (1 —v)(po +v —c — k) — 5012/ (v+p—co)Td®(p,v)
0

v

In particular, when co = co or when 6, = 0,
IT* = max (v, K3(v)) = (1 — v)(po + v — ¢ — k),
v

which is independent of 7. Hence, to prove the lemma, by envelop theorem, it suffices to show that,

for any given v and given ¢y € (0, 00), II(v, K;(v)) increases in ¢y and decreases in 7:

iH(v,K;(v)) =0 5 UPr[v +p—c2>0]>0

862
0 -~ . 1—v 9 !
O sz = a0 [ [ wtp-craemo) <o

where the second inequality is due to the facts that the posterior second-order stochastically de-

+

creases in 7 and (v +p — )™ is convex in p. O
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Proof of Lemma Since T = %, it suffices to show that the posterior second-order stochas-

tically increases in o. Following exactly the same way as in the proof of Proposition 1, we obtain

2

)
_ P ) PO _
=(k — Dpo Ty ((1 - v)ge —1n (4 ;’“) ) R po) T (1 — vyt —m (F2) o)
EQ,
e _1 (KI_U)HO;H]Q [In(—= plo)o l’~1 L0 )
=T aR XP | T2 o2(1—v)

o) BOTEL YT PO _py, 42 !
(k—l)po(%o_;io)*% <(1 U 1 RITE uo) + k(1 = po) ( 1—po )7% <(1 ) \1/1(72 ) )N1N0>

—Po

1 1 [(1_1})u02u1]2 [ln( b po ,u1 ,uo
T VP T2 Pl G - /k(L = k)po(1 — po) -

/ /
(1-v) ozt _y(E0)_o? (1-v) 1520y F0)_o?
_ 2 1-po " 11—H0 4 2 1-po "p1—nro
ov/1—v ov1—v
a g
2

_ 1 S L e [ln( 1=pg )mo—uo}Z k v/ pi=po) O
__ﬁexp 2 o2(1-v) 2\/ 1=k pol—po)( L—wv 20 )0'_0

SC.2 Proofs for Results in Section

Proof of Proposition Conditional on realizations of (pg, p1,-..,pr) and (vg,v1, ..., v7), the

firm’s profits are

(Uo — Ul)Pl + 5(’[)1 — UQ)PQ + 52(1)2 — ’Ug)Pg + 53(U3 — U4)P4 + ...+ 5T_1(’UT,1 — UT)PT

T
e Zén_l(vnfl — Un)PTL
n=1

Let Py, 1(pn,vn) be the optimal price in period n + 1, given (pp,v,). In every period, we have the

following relationship:

Pn—1+tuvy, — by = 5C]Eﬁn[{]5n + v — P;-;—l(ﬁna 'Un)}+|'Un71 - Unapnfl]a

the consumer type v, is indifferent between purchasing now and waiting until the next period. We

can use this relationship to determine the price in period n:

P, = Pn—1+ Up — 5C]Ef)n[{]5n + vy — P;-i-l(ﬁna 'Un)}+|vn71 - 'Ungpn—l]-
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Notice that in every period, the following relationship holds:
Pn—1+Vn — Py (Pn—1,vn-1) = 6L, [{Pn +vn — Py 1 (Dns V) Y vn_1 — vn, pn1], for n =1,...,7 — 1.
Consider the final period:

Pr(pr—1,vr—1) = argPrTnaX (vp—1 —vr)(Pr—c) and pr—1 +vpr — Ppr =0

or as Pr =pr_1 + vr:

v (pr—1,v7-1) = argmax (vr—1 — vr)(pr—1 + vr — ¢)

ot
. C—Ppr-1+vr-1
= min{vp_1, 5 }
= vp_1 + min{0, - pT_; — Ul }

N 1
vp(vr—1,pr-1) = V7—1 — §{PT71 +vr_1 —c}" and

Uy (vr-1,pr-1) = i({pT—l +up_1 —c}h)?
and thus, for all (pr_1,v7_1):

Pr(pr—1,vr-1) = pr-1 +vp(vr—1,pr-1).
As in the final period, we have

Pr_y =pr_o+vr_1 — 6:Es,_, [{vr—1 — vp(vr—1,pr—1)} " |or—2 — vr_1, pr—2]

~~

=Cr_1(pr—2,97-1,97_2)

and thus, in period T'— 1, given (pr—_2,vr_2), the expected profits in the last period are
Logs 12
Hr(pr—o,vr—1,v7—2) = E5,. | [Z({PT—l +ovr_1 — ¢} ") pr—2, vr—2 — vr_1]
and, define
vp_1(pr—2,v7—2) = argmax (vr_o—vr_1)(pr—2t+vr_1—c—0.Cr1(pPT—2, V172, v7—1)) +OlT (P2, V71,07 2)

UT -1
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and thus
Pr_y(pr—2,v7—2) = v1_1(pr—2,v7-2) + Pr—2 — 0C1_1(PT—2, V71 (PT—2, V1 —2), VT —2)
and thus, we can define:
1 (vr—1,v7—2, pr—2) = (Vr—2—v7_1)(Vr_1+PT—2—C—0.Cr_1(PT—2, V71, v7—2))+01I7 (P2, V71, V7—2)

such that

. .
vr_q(pr—2,vr—2) = argmax Ip_i(vr_1,v7_2,p1r_2).
V1<V _2

Thus, as in every period, we can write the profit to go as a function of v,, (instead of P,), we have

(Un—l - 'Un)(pn—l + v — 5cEﬁn[{pn - P7;k+1(pna 'Un) + Un}+’pn—1> Un—1 — Un] - C) + 6Hn+1(pn—17 Un, Un—l)

and P, = pp—1 + v — 0:Ep, [{Dn — Py i1 (Pnsvn) + O} T |Pno1, Vn_1 — vn].
So, let
Cri1(Pny Uns1,00) = B [{Pns1 — Pro(Pnit, ng1) + 0ng1} Py vn — Unyi]
then, as for all (p,, v,):
P;{+1(pna Un) = pn + U:;+1(pn> Un) = 0cCrt1(Pn, U:H—l(pnv Un); Vn)
and we have

Cn(pn—h Un, Un—l) = Eﬁn[{ﬁn - P;;Ll(ﬁnv Un) + Un}Jr’pn—ly Un—1 — Un]

= Eﬁn [{d:cn-i-l(ﬁnv U;Jrl(ﬁm Un)a Un) +vp — 'U;kLJrl(ﬁna Un)}+’pn—17 Un—1 — Un]-
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In general, in period n, given (pp—1,vn—1):

U:;(pn—la vn—l) = argimax ﬂn(pn—la Un, Un—l)
UnSUn—1

Hn(pn—la Un, 'Un—l) = (Un—l - Un)(pn—l + v, —C— 5ch(pn—17 Un—1, Un))
+ 5Eﬁn [Hn+1(]5n, Un) |pn—17 Un—1 — Un]

Cn(pnfla Un, Unfl) = E;ﬁn [{5ch+1(ﬁna U:H-l(ﬁnv Un)a Un) + vp — 'U:H-l(ﬁna Un)}+|pn71, Un—1 — Un]

Iy (pn—1, vn—1) = Wy (pn—1, 05 (Pn—1, Vn—1), Un-1)
from which the prices can be computed as follows:
Py (Pn-1,Vn-1) = vy (Pn—1,Vn-1) + Pn—1 — 6:Cn(Pn—1, 5, (Pn—1, Vn—1), vn—1).00
Proof of Lemma Conjecture that:
v°(v) = av+ (1 — a)(c — po), C°(v) = d(po + v — ¢) and T°(v) = B(po + v — ¢)*.

Note that v — v°(v) = (1 —a) (v — ¢+ po) and pp + v°(v) — ¢ = a(v + po — ¢). Then, we can fill
in these functional forms into the objective function and take the derivative with respect to v/, to

identify a condition that determines «a, 5 and ¢.

1. First, consider the waiting cost, C°(v):

d(po+v—c)=0dcpa(pp+v—c)+(1—a)(v—c+p) <

1_
¢=5c¢a+(1—a)<:>¢=1_a0gc
As a consequence,
Co(w) = ~—% (v e+ po)
VT T e

2. Second, we find the optimality conditions and ensure they are satisfied at v°(v):

(0 =)o 0! — e~ 5.C7() + AT())

= —(po+v —¢)(1 —pd.) + (v — ) (1 — ¢d,) + 266(po + v — ¢)
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The derivative must be equal to zero at v' = v°(v). Thus

0=—a(v—c+po) (1 —¢d)+ (1 —a)(v—c+pp) (1l — )
+20pa(v——c+pg).

As a consequence, we must have that

0=—a(l—0:0)+ (1 —a)(1—10:0)+20pa <

1 1
§=—(a=2)(1-50)
1 (a—5)(1—4)
Tl 1 — aéd,

. Third, we need to ensure that the value function is preserved: Note that C°(v°(v))

l—«

1—ade (UO(U) - C+p0) = (11__;1(2? (’U — C+p0) and HO(UO(U)) = ﬁ(po + ’UO(U) _ 6)2 — BO&Q(U _
¢+ pp)? and thus:

I1°(v) = (v — v°(v))(po + v°(v) — ¢ — 0.C°(v°(v))) + d1I°(v°(v)) <

Blpo+v—c)=(1—-0a)(w—c+po)(a®—c+py) —dcpa(v—c+po)) + 8w —c+py)? <
Blpo+v—c)? = (1—a)(a—depa) (v —c+po)° + B0’ (v — c+ po)? &
B=(1-0dc)pa+6pa* &
0= (1—a)(1—d.)a+ B(6a? —1)(1 — ad,) o
1— ad,
0= 1((126— 2a0+ 1)(1 — d¢)

2 ad(l — ad,)

from which we obtain a = $(1 — /1 —9).

Thus:
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It follows that

v’(v) = (¢ = po) 5 5o
P(v) = (1= 6)(po +v) + g = - (1(1 iczsc)ll_li_a (po+0) + = i —150) o
and also
10 = 31 5y aea gy oo
o) =17 (1 —150) 1 ot v =)
0

Proof of Corollary For the price path declining over time, it directly follows from the
expression of P°(v) in Lemma [SB.7 and the fact that the equilibrium v is nonincreasing over
time. Now, for per-period sales, from v°(v) = (¢ — po)(1 — ) + awv, we have v9 = 1 and v, =

(c—po)(l—a) Zi;%) a® + ol for t > 1. Hence, the sales in period T' = 1,2, ... are:

Si=1-v=1—(c—py)(l—a)—«

Sy =vi 1 —v=a""H1 = (c—po)(1 —a)—a), fort>1.

Since o < 1, we have that the per-period sales decline over time. [
Proof of Lemma[SB.8 Following a similar approach as in the two-period model, since lim,,_,;- II' (pg, 1,v) >
1%(pg,1,1), to find the optimal v/, we can simply maximize II'(pg,1,v') over v € [0,1]. Since
%ﬁl(po, 1,v") > 0 for v/ < ¢ — 1, we can focus on the case v > ¢ — 1, where the first-order
derivative of II'(pg, 1,v') is as follows:
d / ! / / 2
L1 =)o+ 0! — e = dapud(1 0/ — ) + poB(L + — o))
=1 —po +268po + (1 — dcpop — 20Bpo)c + 2(68po + depod — 1)v'
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.Let X =+v1—8o0ord=1— X2 Then,

where 3 = 71“1_516) T

1
VI8 1_g,1=vI=% -

1 (= -ha-a) 1
o At =1 =1 = X e dan !
c1-X ¢

1

X —o.51) ((6epo — po) X%+ (26epo —2) X — (2—po) (1= 6,)) <O

where the inequality follows from the observation that f(X) = (6:po — po) X2 + (20.po — 2) X —
(2—=po) (1 —0d.) is concave in X, and when X =0, f(X) = —(2—po) (1 —9.) < 0 and f/(X) =
20:.po — 2 < 0. Therefore, the profit function is concave in v and the solution to the first-order
condition yields v*. [J

Proof of Lemma For the infinite horizon and perfect reviews, recall that

1°(v) = (1 —v)(po+v — ¢ — 8ep(po +v —¢)) + 8B8(po + v — ¢)?

IT*(v) = (1 — v)(po + v — ¢ — poded(1 + v — ¢)) + dpoB(1 + v — ¢)?
Similarly as in the basic model, we have

IT* (v) — I°(v) = 68(po(1 + v — €)* — (po + v — €)%) — Geg(1 — v) (po(1 + v — €) — G(po + v — )
=0(v) =0c(v)

By Jensen’s inequality, O(v) > 0 and O.(v) > 0 for all v. O
Proof of Proposition When ¢ = §., by Lemma [SB.8|

o i (LRI et B 1) )
2(1— pod(B + 9)) |

(1— 61_57%)\/?

where § = s > and ¢ = a = Hi\}ﬂ' More specifically, if 1 < ¢ < 2 — 11:(52’0, then
% _ (1=¢dpo—2Bdpo)c+(28dpo—po+1) ; % _
v* = 0 2(1*50(5+¢>)P0)0 0T otherwise, v* = 1.

Furthermore, conditional on the firm being of high quality, the prices in the first two periods

are:
t=0:Pr=po+v" —dpop(1+v* —c)andt=1: Py =1+ 0" — (1 + 0" —¢)
Hence,
1—po 1—p
P < Py & —pop(1+v* —c)+d(1+0v" —¢c) <1l—py e 1+0v"—c< %:(1—1—@)1 5;
- 0
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elfl<c<2— 11:5"0 , we can write:
Po

. 2B6po —po+1 1 —0¢po
L e S0 5B e 20500 + o)

So, for P; < Py, we need

<0

260po —po+1 1 — d¢po B — 1 —po
L M=o+ op) 21— +ep)’ L HVITOIT 5

Let 6 = 1 — X2, then the inequality becomes

 (X?po+1-po) (Xpo+1-po)e+(=X2po(1—po)—(1—po)*+X (1—-po)(2—3po)+X*po(1-3po)) <0

(Xpo+ X%po +2(1 — po)) (1 —po+ Xpo)

>0

Thus:
P <Py (1—po+ X?po) (Xpo+1—po)c+(X?po (po — 1)—(po — 1)*+X (po — 1) (3po — 2)—X3po (3po — 1)) > |

Since (1 —po+ X2p0) (Xpo+1—pg) >0, we have that

X%po (1 —po) + (1 —po)> + X (1 — po) (3p0 — 2) + X°po (3p0 — 1)

1 —po

c>2— Pr<Psc> >0
1 —dpo (1 —po + X?po) (Xpo + 1 — po)

Note that for ¢ = 2 — 11__5300, we have that

P <Py X (1—po) (Xp() —|—X2po +2(1 —po)) > 0,

which is always satisfied.

oIfCZQfll__Tp&,v*:Land

1 —po
1—5]?0

1—po
1—(5p0

P<Pe2-c<(14+X) &2-(14X) <c

which is always satisfied (as ¢ > 2 — 11:(%’0 >2—(1+X) 11:61’;0). O

Proof of Proposition By Lemma [SB.8| consider the following two cases:

o if (1 —po(¢dde +2B6))c+4B0py — po + 2¢depo — 1 > 0, v* = 1. That is, the firm sells € in the
first period, and then in the second period, conditional on the quality being high, it then sells

1 —v°(1) in the second period, where v°(1) is the no-review sales with py = 1. In such a case,
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the sales decline starting from the third period, as shown for the no-review case. Thus, the
conditional sales is zero in the first period, jumps to a positive number in the second period,

and then subsequently decreases. That is, there is a peak in the per-period sales.

© if (1~ po(¢de +269)) ¢ + 453po — po + 200epo — 1 < 0, v* = (EILETRE R BRI

such a case,

51:1—11*
0—1++v/1-0 1—+/1-9 X
So=0v"—((c—1) +5 + 5 V) = 1+X(v*—c+1)
X
51—52:1—1)*—1+X(v*—c+1)
_ 1, X 142X
TI+X T1x 1+x !
1 N X c_1+2X(1—p0(¢5c+265))c+(p0(255—1)+1)
C1+X 1+ X 1+ X 2(1 — po(68 + 6:9))
h 1 (e —9)(-6) 1-6, 1 X x_ JT=35. N h
where 8 = 1~ . :2X—26c+2’¢:1+(1—56)§:X—6c+1’ = +/1 — 4. Note that

in the expression of S; — S5, the coefficient for ¢ is

X 142X 1-po(¢dc + 255)
14X 14X 2(1—po(68 + 6:0))
1
_ o1 =0) X7+ po(1 — 6e) X% + (1 — po) X + (1 — po)(1 — &)
2(X +1)(1 — Bopo — ¢6cpo)(X — 6c + 1)

where it is easy to show that all the coefficients are positive in the polynomial of X. Hence,
S — So decreases in ¢. Also, note that 1 — po(¢pd. +259) = 1 —po(ngCH Oc + 22X1:2?52+2(1 —

X?) = ﬁﬁl ((po — 6epo) X% + (1 = 6epo) X + (1 — po) (1 —6.)) > 0. Furthermore, (S; —

Sg)\cz —4B5pg+po—200epg+l = — fj’r))(( (2 —¢) < 0. Hence, when ¢ is sufficiently high, S; < Ss.

1—pg(ddc+2B9)

Summarizing the two cases, we conclude that, if ¢ is sufficiently high, the expected sales increases
from the first period to the second period, reaches a peak in the second period, and then declines

in all the subsequent periods. [
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Proof of Proposition [SB.4] (i-a) For 7 = 0, recall that

- 8 de
1§ = mgxﬂg(v) =1 -v)(po+v—rc)+ Z(po +v—c)? - 5(1 —v)(po +v—c)

e, = mvaxﬁgo(v) = (L—v)(po+v—c)+6B(po+v—ec)? =601 —v)(po+v—c)

_ 1 - _ 1 5 _

where 3 = =V 15_&17 e o= TG — Note that, for § € (0,1], let /1 =X,

gl 1 (2 —9)1-0) 1 1X+45-1 bl 1 11X 461
171-X 1-0,55 474X .+ U 2 1+(1-0)L 2 2X—0.+1

Hence, if X = V1= > 1 -9, B < % and ¢ > %, implying that for any given v € [0

1:133(21) > 119, (v), further implying IT§ > T1%,. If, however, X =1 -0 <1 —6,, 8 > 7and ¢ <1,

Mt

implying that for any given v € [0, 1], TI3(v) < 112 (v), further implying I13 < 1%, .
(i-b) Similarly, for 7 = oo,

- ) 1)
115 = maxIly(v) = (1 —v)(po +v —c) + Zpo(l +v—c)?— §p0(1 —v)(1+v—rc)

v

I, = mgxﬁoo(v) =(1—v)(po+v—c)+dpofS(l+v—c)?—dppo(l —v)(1+v—c)

Hence, if X = V1—6 > 1—6., 8 < % and ¢ > %, implying that for any given v € [0, 1],
I (v) > Moo (v), further implying IT5 > IT%,. If, however, X = /1 -0 <1—6,, § > 7and ¢ <1,
implying that for any given v € [0, 1], IIz(v) < I (v), further implying IT5 < IT%,.

(ii-a) We have shown in Lemma [ (iii) that 11§ < IT.

(ii-b) For t = oo, recall that

I, = B(po + 1 —0)2 and IS, = (1 —v")(po +v* — ¢) + 0poS(1 + v* —0)2 —d0ppo(1 —v")(1+v" —¢)

(1—pod)c+(po(280—1)+1)
2(1=pod(B+¢))

and v* = 1 otherwise. This naturally divides the proof into two cases:
(ii-b-1) If 2 — 11_—(5;0 <ce<1l4py, v°=1,1% = B(po+ 1 — ¢)? and II*, = dpoB(2 — ¢)?. Thus:
;. — 12 = B(6po(2 — ¢)* — (po + 1 — ¢)?). Therefore

; 1-po
ifl<e<2-— T

where, as shown in the proof of Proposition [SB.2], v* =

I, > I3, <= f(¢) = B(dpo(2 — ¢)® = (po +1—¢)*) > 0.

Note that f'(c) = B(—=20po(2—c)+2(po+1—c¢)) and f"(c) = 28(dpo—1) < 0, thus, f(c) is concave
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1—po
1—0po

in cover [2 — , 14 po]. At the two boundaries, we prove that f(c) is positive:

c=1+po: f(1+po)=0po(1—po)®>0

1 —po 1 —po 1—po \o 1—=po o, (1=po)*dpo
=2 (2 - = (0 —(po—1 = >0
¢ T ( ) ( (1_5p0) (Po +1_5p0)) T opy
Thus, over the whole interval, [2 — 11__%, 14 po], f(c) must be positive.
(ii-b-2) f 1 < e <2 — 11:(5’;?0, we can write

I, < IL, & B(po+ 1 — ) < (1= ") (po + v — ©) + 0poB(1 + " — 0)2 — depo(1 — v*)(1 + v* = ¢)

1 X
andwithX:m:Bzgmande:

1
T x and § =1 — X2 119, < II%, < f(c) > 0, where
fle) = ((PoX?—po+1)c+(2po—dpoX>—2)c+(5X *po—X>pg —2Xpg +2Xpo—po+1) ) (Po—1)(X 1)
€)= 2(Xpo—2p0+X2po+2)(X+1)
if(c) o) = ((poX? —po+ 1) c+ (po — 2poX? — 1)) (po — 1) (X — 1)
de (Xpo — 2po + X%po +2) (X +1)

d? d (X?po +1—po) (1 —po) (1 — X)

_— C) = — CcC) = > 0
d2cf( ) dcg( ) (Xpo — 2po + X?po +2) (X +1)
and we have:
1—po 1 Xpo (1 —po)°(1-X
1—(1-=X%po~ 2 (X?po+1—po)
£(1) = 1(2—2po +2X — Xpo) Xpo(1 —po) (1 = X) _
2 (Xpo —2po + X?%pg +2) (X +1)
1 —po
2——+————)=0
ol 1—(1—X?)po
1-— 1— X)poX?
g(l):— ( pO)( - )pU <0
(Xpo —2po + X?po +2) (X +1)
Thus, over [1,2 — 11__6’;?0], f(c) is convex decreasing and reaches a minimum at 2 — 11__;];’0, which is

still positive, thus, f(c) is positive over [1,2 — 11:(5”;0]. Hence, ITX — 12, > 0 for all ¢. O

SC.3 Proofs for Results in Section

Formulation of 8 Model

e Second-period pricing:
15 (p, v) = max(Py = ¢)[B(p+ 0 = Po)" + (1= B)(po + 70 — Po)"]
2
Denote the optimal price by Pj(p,v). It can be shown that, if pg + v — ¢ < 0, then P5(p,v) =
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min (p+”+c,p + v); otherwise,

w if p < \/:po—l—c v
Py(p,7) = { pRIZEC 4 (1 - gyRotite jf V1= =] po+c V< M%
bpte if p> M%
In both cases,
prv=—of [(po +v— )] [(Bp+ (1= B)po+v — )]

1I5(p, v) = max | 3 ,(1=5)

4 4 ' 4

e For given Pp, the consumer cutoff ¥ is determined by

po+v—Pr=08E[B(p+v— Py(p,v)" + (1= B)po+v—P5p,v)],

where

B(p+v—Ps(p,v)" + (1= B)(po+v— Ps(p,v)*

5% i potv—c<0
_ (1—6)% 1fp0+v—c>oandp<\/:5mv
BB + (1 - pyrey=: ifpo+v—c>0andV:j’ﬂ”<p§%\/%0+v—C
5 i (1+v/B)potv—
= 1fp0+v—020andp>$

which is not always continuous in p.

e The firm’s profit function is given by

where

I(p,v) = (po+ v —c)(1 —v) = 6e(1 = v)[B(p + v — P5(p,v))" + (1= B)(po + v — Ps(p,v)) "] + 61I3(p, v).

Proof of Lemma [SB.10l We first show that when ~ is sufficiently small, the likelihood ratio
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increases in g € R for all z. Let M = —% (1+z)2 and N = % Then,
_higr) (=) exp(N(g —x)*) + (1 +7) exp(M(g — 2)*)
l(gv ZE) - -
folg, z) (I —7)exp(Ng?) + (1 +7) exp(Mg?)
dl(g,%) _ 2(g—a)[(1—) exp(Ng?)+(1+7) exp(Mg?)|[N (1—y) exp(N (g—)?)+M (14+5) exp(M(g—2)?)]
dg [(1—7) exp(Ng?)+(1+7) exp(Mg?)]?

_ 29[N(1—v) exp(Ng*)+M (14~) exp(Mg*)][(1—7) exp(N (g—z)*)+(1+7) exp(M (g—=z)?)]
[(1—7) exp(Ng2)+(1+7) exp(Mg?)]?

where

[(1 =) exp(Ng?) + (1 +7) exp(Mg?)][N(1 — 7) exp(N(g — 2)?) + M(1 +7) exp(M(g — z)?)]
=N(1—7)%exp(Ng*) exp(N(g — x)*) + M(1+~)(1 — 7) exp(Mg®) exp(N(g — x)?)

+ N(1 =) (1+7)exp(Ng*) exp(M(g — x)%) + M (1 +7)* exp(Mg®) exp(M (g — x)?)

Hence,

dl(g,x)
dg

= —2z[N(1 —7)? exp(Ng®) exp(N (g — )*) + M (1 +7)* exp(Mg®) exp(M (g — x)*)]

[(1—7)exp(Ng?) + (1 +7) exp(Mg?)]?

+2[(g — )N — gM](1 +7)(1 — 7) exp(Mg?) exp(N (g — x)?)

+2[(g — x)M — gN](1 +7)(1 — 7) exp(Ng*) exp(M (g — x)*)

It can be shown that when v = 0, dl(g dMa2) ) and ddl(fl ) — 0 for all g € R and x € [0, 1]. Hence,

dl(g z) .

by continuity of in 7, when 7 is sufﬁ(nently small, % > 0 for all g € R and z € [0, 1].

This implies that l(y, ) is invertible. Denote the inverse of I(g,z) by [~!(y,z). It can be shown

that [~!(y, r) increases in y. Let g(r, z) = l_l(pol(?fl),x).

Next we prove the SOSD of the pre-posterior in z. By the definition of g(r,z), the expression

of fo (r, x)dr becomes:

P p oo
/0 B(r, x)dr = / / L [pofu(y) + (1 pofoly, )y

Note that y(r, z) increases in 7. By the same derivation as in the proof of Proposition 1, we have

/0 "8 (r, 2)dr =(p — VpoF1 (§(p. 1)) + p(1 — po)Fo(3(r 7)) + po
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where for 6 =0 or 1,

= L[t 1=y ( 1(1—=7)m(y rv9)2>
Fo(y , = — _ d
0(y(p, 7)) = 5 /g(p ) Vi exp | — . y
+o0 2 .
+1/ (1+7)Texp<_1(1+7)7( x@))d
2 Jypw) V212 T
(Let 2 = L= NTW= a:9)7 - A ’Y)T(y —ab),
Vi Nz
1 +0o0 1 1 +oo 1
2 /UW)T(MPI)M) 27 exp( dZ1 Ty /1+“/)T(y(z7 x)—z0) /7t 5z P35 ZQ)dZQ’
Hence
?FG( (p,z))

(»

<

Sk

U)oty ((A)r@a)e))' y exp(—f (0P Glp) e (e

2)—20) )’ ]

— 272(G(p. ) — )2 2.2 ) — )2
[(1_7) exp(_;(l 7) (Z(p, ) — ) )+ (1+7)exp(_2(1+7) (i(n ) — ) )] (1= p)
7_ 2,7_2— T 2
= [(1—7)exp(—;( V* . ip.2)° )+(1+v)exp(—;(1+7) xy(p’ ) )] p(1 —po)

Therefore,

%fop&)(rx dr

=(p —1) dif(( 2)) + p(1 — po) g Fo(y(r, z))

_ ( exp(_(1—“/)272(23(17@)—36)2) +(147) exp(_(1+7)272§Z7(P7$)—$)2)] (\/E); <0. O

T

2x
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