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Consider V defined as in (9 in the main text). We first report a simple property.
Lemma 2 V : D — R is continuous.

Proof of Proposition 4. We want to compute the Gateaux derivative of V' at F'in direction G — F, that

- o V(L= 0)F+0G) — V (F)

im J VF,G € D. (16)

The computation is simplified by the observation that for each function f : [m, M] — R of bounded variation,
the Riemann-Stieltjes integral fij f (z) dv (z) coincides with the Lebesgue-Stieltjes integral f[m’ M) fdvof f
with respect to the Borel measure induced on [m, M| by any continuous and increasing extension of v to R.
Set H = G — F, and note that, provided the limit in (16) exists, it is equal to

mV(F+0(G—F))—V(F)

910 0
Ly f[O,M]w(l—F—QH)dv—f[mo]ﬁ)(F—FHH)dv—f[QM]w(l—F)dv—}—f[mjo]u?(F)dv
oo 0
— lim w(l-F(z)-0H () ~w(l - F(z)) 0\ w(F (x) +0H (z)) — o (F(2) ,

For each = € [m, M|, we have that

o if z € [0, M] and H (z) # 0, then

hmw(lfF(z) —0H (z)) —w (1l — F(x))
010 0 010 —0H (x)

and the same holds when H (z) = 0;
o if x € [m,0] and H (z) # 0, then

o @ (@) + 0H (2)) = 0 (F (@) o
010 0 010 0H (z)

and the same holds when H (z) = 0.



Continuous differentiability on [0, 1] of w and @ implies their Lipschitzianity so that, for each x € [m, M]
and each 6 € (0,1),

‘w(l—F(x)—9H($))—U)(1—F(w))’ cLwll-F@)-0(G @) - F@)-(A-F@)| _
0 - 0 -
and
'w(F($)+9H(w))—lD(F($))‘ < LalF(2)+0(G(2) - F(z) - F(z)| _
0 - 0 -
Therefore the Dominated Convergence Theorem applied to each sequence 6,, — 0% yields that
. V(F+0(G—-F))-V(F) ' (1= F(x 2) — F () do (x
I ; = [, AP @) @@ P @)
[ EEGE - FE)d ).
Now define
) w (1= F(x)) x € [0, M]
or (@) = { @ (F () z € [m,0) 17)

and note that ¢ is bounded and Borel measurable on [m, M] with

g VETOG=F) ZVE) _ [ (G@) - FE)or ) do@).
[m,M]

010 0

Setting “dup = ¢pdv”, or more precisely up (z) = f[m 2] ¢pdv for all z € [m, M], it is not difficult to show
that up € C ([m, M]) and

M

/ (G (x) — F (2)) 6 (x) dv (z) = / (G — F) dup
[m,M]

m

— (G (M) — F (M) up (M) — (G (m) — F (m)) up (m) — (/ uFdG—/ uFdF>

3 m

:_</ updG — uFdF>=—/ upd (G - F)
[m,M] [m,M] [m,M]

where the second equality follows by integration by parts, the third by G (M) = F (M) =1 and up (m) = 0,
and the last one by definition, proving the statement. |

Lemma 3 Ifw,w : [0,1] — [0,1] are continuously differentiable, m < 0 < M, and all local utilities up of the
preference functional (9 in the main text) are differentiable (resp., continuously differentiable) on (m, M),
then v is differentiable (resp., continuously differentiable) on (m, M).

In this case, v’ (0) # 0, implies w (p) =1 —w (1 —p) for all p € [0,1].

Before entering the proof’s details notice that if the preference =~ represented by V is consistent with
any risk order or any stochastic dominance of a degree n > 3, then all local utilities ur are continuously
differentiable. In fact, each up admits n—2 continuous derivatives on (m, M) because its (n — 2)-th derivative
is either convex or concave and so it is continuous; clearly its derivatives of lower order are also continuous

since they are differentiable.

Proof. Recall that, for each F' € D,

up (x) —/[ | [w' (1= F () Lo () + 0" (F (1) Lpno) (v)] dv (y) Vo € [m, M]



and, for all p € [0,1], set F, = pGy, + (1 —p) G
First we prove that for each p € [0, 1],

w,(lip)v(z)fv(x) _ U (2) —urp, (v) Va2 € [0, M)
o M B e
provided  # z. Since up, is differentiable, for each p € [0,1],
w (1—p)vly () = (qu):r (z) Vo € [0, M)
w (1=p)v_ (z) = (qu)/, (z) vz € (0, M)
@' (p)v.(z) = (ug,) (&)  Vxe(m,0
W () (@) = (ug,)| (@) Vo€ (m,0)

and all left and right derivatives above are finite.

Distinguish the following cases

o for z € [0, M],
up (z) = /[m’o) ' (F () dv (y) + / W' (1 - F () do (y)

[0,7]

ur (0) = /[ @)D )

e for x € [m,0),

and this also holds for z = 0.

For every x,z € [0, M), if z > x, then
ur (:) —up(a) = [ 0 (1-F()dv(y)
(z,2]
and if © > z, then up () —up (2) = f(z 2l w' (1 —F (y))dv (y), thus

Juqw AI=F@y))dv(y) 2>z

“F(Z)_“F(x):{ ~Jow W A= F@)doy)  z<z

If F = F,, then F, = p on (m, M) and so

ur, (2) — ur, (z) w(1—p) =2 sy / v(z) —v(x)
= ’ v(z)—v(2) =w (1 _p)
z—z —w' (1 —p) === z<x z—z

proving (18).
Analogously, for every z, z € (m,0], if z > z, then

up (2) —up (z) = W' (F (y)) dv
P ur@ = [ ) )
and if © > z, then up () —up (2) = f(z@] W' (F (y)) dv (y), thus

{ Jog @ (F@))dv(y) 2>z

S I ISR R

Vx,z € [0, M),



If F = F,, then F, = p on (m, M) and so

e =’ (p) M

Vx,z € (m,0],
—i' (p) U(IZ):I(Z) s < »— ( ]

Z—x

upp(z)upp(m)_{ 11)’(p)M z2>T

proving (19).

Equations (20), (21), (22), (23), and finiteness of all left and right derivatives follow easily (note that
there exist p, ¢ € (0,1) such that @' (p) # 0 and w’ (1 — q) # 0).

The latter equations imply that: since up, is differentiable (resp., continuously differentiable) on (m, M)
for all p € [0, 1], then v is differentiable (resp., continuously differentiable) on (0, M) and (m,0).

But more is true, choosing = 0 in (20) and (22), it follows that

/

@ (p) v’ (0) = (ur,)" (0) = (ug,)’, (0) =w' (1—-p)v} (0)  Ypelo,1], (24)

then by integrating both sides of (24) over [0, 1],

o (0) = (O)ﬁ)(l):/o W (p) ol (O)dp:/o W (1— p)o, (0)dp = o, (0)

so that v is differentiable also at 0. If up is continuously differentiable on (m, M) for all F' € D, then
choosing p such that @’ (p) # 0, and taking x,, — 0~ it follows that
! !

@' (p)v' (@) = (ur,) (2n) — (ur,) (0) =@ (p) v’ (0)

and so v’ (x,,) — v’ (0). Analogously, choosing g such that w’ (1 — q) # 0, and taking y,, — 0% it follows that

w' (1= )0 (yn) = (ur,) (yn) = (ur,) (0) = w’ (1= ¢)v' (0)

and so v’ (y,,) — v’ (0), so that v is continuously differentiable also at 0.
Finally, if v' (0) # 0, then (24) becomes

@' (p)=w'(1-p)  VYpe[0,1]

so that w (q) = foqu?' (p)dp = foqw’ (1—p)dp=1—w(l—gq) for all q € [0,1]. [ |
Proof of Proposition 5. As observed immediately after the statement of Lemma 3, consistency with
the third degree risk order guarantees that all local utilities up are continuously differentiable (with convex
derivative), hence the same lemma yields both continuous differentiability of v on (m, M) and the second
part of the statement. [ ]

Proof of Corollary 1. (i) implies (ii). By Proposition 5 and as observed immediately after the statement
of Lemma 3, note that if 77 is consistent with third degree stochastic dominance, then v and all local
derivatives are continuously differentiable on (m, M). Moreover, - is consistent with second degree stochastic
dominance, and this implies that up is concave for all F € D. But then v’ is decreasing on (m, 0], by (22),
and on [0, M), by (20), thus it is decreasing on (m, M), so that v is concave. Since it is strictly increasing,
then v’ (0) # 0 and, by Lemma 3, w (p) =1 — w (1 — p) for all p € [0, 1].

Arbitrarily choose p < ¢ in (0,1) and = < ¢ in (m,0). For each F € D,

up (2) — up (z) = /(“]w%F(y))dv(y) vz € (z,0)

wp (2) —up(t) = /(t]w'w(y))dv(y) vz € (1,0)



hence choosing H,,; € D such that Hp,, = p in a neighborhood U, of  and H,,; = ¢ in a neighborhood U; of
t, then

UHp, (Zi : ZHM (:L') _ (p) v (Z; : Z(:C) VzeU,, 2>z
UH,, (Zi : ::Hpq (t) _ (q) v (zi : : (t) Vee U, z>t

so that

v' ()@ (p) = up,, (z) = uy,, (t) =0 ()@ (q)
forall0 < p<g<1landall m<z <t < 0. But then letting ¢ — x, by continuity of v’, we obtain
v (x) ' (p) > v (x) ' (¢) and v’ (x) > 0 yields @’ (p) > @’ (¢), in turn, this implies that @ is concave. As a
consequence, w (p) =1 — @ (1 — p) is convex.

Now consider G and observe that for every x, z € [0, M), with z > z,
ug, (2) — ug, (z) = /( ] w' (1= Go (y)) dv (y) = w' (0) (v(2) — v (2))

and so
ug, (z) =w' (0)v' (z).
Analogously, for every ¢,z € (m, 0], with z < ¢, then

ug, (2) —ug, (t) = —/

& (Go (y)) dv (y) = — / ' (0) do (y)
(2,t] (2,t]

because v is continuous at 0 and @’ (Go (y)) = @’ (0) on (m,0), thus
For x =t = 0, we have w’ (0) v’ (0) = @’ (0) v’ (0) and

but @' (p) = w' (1 —p) for all p € (0,1) and by continuity w

"(0) = w’ (1), that is, w’ (0) = w’ (1) and w’
being increasing must be constant on [0, 1]. Therefore w (p) =p =

w (p) for all p € [m, M].
Finally, this implies

V(F):/ v (y)dF (y) VF €D
[m,M]

and consistency with third degree stochastic dominance also implies that v’ is convex.

(ii) implies (i). It is a well known fact. [
Derivation of Equation (15). Define W : D x D — R by

W(F,G):/ M/ 0@y dP@dGly)  V(F.G)eDxD.

It is immediate to check that W is affine in both components, W (F,G) = W (G, F) for all (F,G) € D x D,
and V (F) = W (F,F) for all F € D. We start by observing two facts:

(a) Fix F, H € D. If we define F, = vF + (1 — ) H for all v € (0, 1], then

V(F'y):W(F’vvF'y):'YW(FaF'y)+(1_7)W(HaF'Y)
=W (F,F) +~ (1 =)W (F,H) + (1 =) yW (H,F) + (1 —~)* W (H, H)
=W (F,F)+2(1 —y)yW (F,H) + (1 —~)*W (H,H).



(b) Fix F,G € D. Ifme]qb x,y)dF (z >me]¢7 x,y) dG (z) for all y € [m, M], then for each H € D

W (F,H) = /mM]/mM] (z,y) dF (z) dH (y /mM/MM (z,y)dG (z) dH (y) = W (G, H).

In particular, since H was arbitrarily chosen, we have that

Next, by facts (a) and (b), observe that

Fr*G < M+ (1-NHZ NG+ (1-\NH YA e (0,1],VH € D

— VIAF+(1-XNH)-VOAG+(1-XNH)>0 Vrxe(0,1],VH €D
= N (V(F)=V(G)+22X(1 =N (W (F,H)—W (G,H)) >0 VYA€ (0,1],YH €D
= ANV (F)-V@O))+2(1-N(W(F,H)-W(G,H))>0 VYxe(0,1,YH D
= V(F)>V(G) and W(F,H) - W (G,H)>0 VHED
SV VO md [ o@ydF@z [ o@wydGa) e m )
[m,M] [m,M]
PN /[m,M] 6 (,9) dF (z) > /[m] 6 (0,9)dG(z) Wy € [m,M],
proving the statement. |

Proof of Proposition 6. Before starting, note that since v is strictly increasing and continuously differen-
tiable, we have that there exists § € (m, M) such that v’ (§) > 0 and v’ (z) > 0 for all « € [m, M]. Wlog, we
can assume that v (§) = 0. By contradiction, assume that 2 is prudent. By point (v) of Lemma 1 and (15
in the main text), this means that the set U* = {¢ (-,y)}, ¢, ag I8 Included in (R3) = {u € C ([m, M]) : o/
exists and is convex on (m, M)}. Among all the elements of U*, consider ¢ (-,7) : I — R. By Masatlioglu
and Raymond (2014), note that

bg) = O () + v (@) +p(v(z) —2v @) +n(v(y) —v ()

= SE@ra@E@) Fu(v@)  veel

Since ¢ (-, y) is differentiable on (m, M) > g, observe also that

S 3:9) = 5 (0 @)+ s )0 (3) — = (0 (7))

and ¢, (7,7) = ¢__ (§,9). Since v’ () > 0, this implies that
V' (§) + 1y (0) 0" () — p_ (0) V' () = ' () + p_ (0)v' (§) — py (0)0' (),

that is, 4, (0) = p_ (0), a contradiction with p' (0) > 4/, (0). |
Proof of Proposition 7. Consider F,G € D. Define f : [0,1] — R by f(t) = V((1 —t) F +tG) for all
J

t € [0,1]. By routine arguments, it can be shown that f is continuous on [0,1]. As for dlfferentlablhty of f
n (0,1), we follow Huber and Ronchetti (2009, pages 39-40). Note that Fy;p ( ) Fy + 12 G hence
for each ¢t € (0,1)
h h
f o - ) =VE) Y (1= #2) P+ 1%56) -V ()
+ ) h ) h
U V((1- 1) B+ 1£56) -V (#) 1 / 4G F)_/ HC—F)
T a0 I—t 2 1ot )t L



(note that as h goes to 0 eventually Fy ), € D) analogously F}_;, = (1 — %) F+ %F and

V(- FR+2F) -V (F)

, L .
V(-2 F+2F) -V (F
= lim—1 (( f) tj ¢ ) (F3) Z—E/UFtd(F—Ft):/uFtd(G—F)
rRl0 t 2 tJr I

that is, f/ (t) = [up,dG — [up,dF. By the Mean Value Theorem for functions of a real variable, it follows
that there exists ¢t € (0,1) such that

Junic— [unir =@ - TH=LD —p0)— 0 - vie) v,
I I

proving the statement. [ |
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