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Additional Material

EC.1. Reduction to Convex Risk Measures
In order to show that hypotheses 1 to 4 are equivalent to imposing that the risk measure should be
a convex risk measure, we start by demonstrating how each hypothesis about the risk preference
relation implies that a certain constraint must be imposed on the risk measure that will be used.
We then make sure that the risk measures that are circumscribed by these constraints represent
risk preference relations that satisfy the spelled out hypotheses.

One can easily verify, following the Debreu’s representation theorem, that the monotonicity

property as presented in hypothesis 1 implies the monotonicity axiom of convex risk measures:
Zi(w) > Zo(w) ,VweQ = Z1=Zy = p(Z)) < p(Z,).

Secondly, strict monotonicity for certain payoffs, together with the continuity and monotonicity
of p(-), ensures that every random payoff has a well-defined and unique certainty equivalent, i.e.
CE(Z) is the cash amount that is considered as risky as Z.'* Hence, without loss of generality we
can normalize the risk measure such that p(Z) = —CE(Z) simply by considering p'(Z) = f(p(Z)),
with f(y) = sup{z € R|p(—z) < y}. Indeed, we have that p'(Z) = f(p(Z)) = —CE(Z), and p'(Z)
always captures the same preferences since f(-) is strictly increasing by the strict monotonicity of
p(+) for certain payoffs.

Using the notion that ,0(2 ) is the negative of the certainty equivalent of Z, one can show that
translation invariance as presented in hypothesis 4 implies the cash-invariance axiom of convex risk

measures. Since we have that
p(Z) = p(CE(2)) = p(Z) = p(—p(Z)) (BC.1)
it must be that
p(Z) < p(—p(Z)) = p(Z+c) < p(—p(Z)+c)=p(Z) —c,
and similarly that

p(2) 2 p(=p(Z)) = p(Z+¢) = p(—p(Z) +¢) = p(Z) —c,

where the last equalities of the above two equations are due to p(Z) = —CE(Z) again. Hence, we

must have that p(Z +¢) = p(Z) —c.

12 Tndeed, for any Z, the set {y € R|p(y) = p(Z)} is non-empty since the monotonicity property guarantees that
p(mingen Z(w)) < p(Z) < p(maxwen Z(w)), and the continuity of p(-) implies that there must be a value y between
the two bounds for which p(y) = p(Z). Furthermore, strict monotonicity for certain payoffs ensures that such a value
of y is unique, otherwise there would be y1 < y2 for which p(y1) = p(y2), meaning that yi ~ y2.
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Together with translation invariance, quasiconvexity is actually equivalent to the convexity axiom

of convex risk measures. Specifically, since we have that

1!

p(Zi+p(Z:)) = p(Z:) = p(Z)) = 0 < p(0), i = 1,2,

i.e. Z1 4+ p(Zy) and Z + p(Z,) are considered less risky than the zero payoff, we must have by

quasiconvexity that
p(O(Zy + p(Z0)) + (1= 0)(Z2 + p(Z2))) < p(0) =0.
Hence, it must be the case that
021+ (1= 0) 22+ 0p(Z22) + (1= 0)p(Z2)) = (021 + (1= 0) Z2) = Op(Zy) = (1= 0)p(Z2) <0,

so that p(-) must satisfy convexity.

For completeness, we verify the other direction, in other words that the constraints we impose in
the definition of & do imply that the risk measures p € R can only represent preference relations
Iy =y Zy &= p(Zl) < p(Zg) that agree with hypotheses 1 to 4. First, given that Q is a finite out-
come space, the monotonicity and translation invariance axioms ensure that p is finite. Together
with the convexity axiom, it is therefore necessarily the case that p is continuous. Based on its
construction, the risk preference relation =, is therefore necessarily complete, transitive, and con-
tinuous. Furthermore, one easily verifies that the monotonicity axiom guarantees that if 7\ > Zy
then p(Zl) < p(Zg) and thus Zl is considered not riskier than Zg. The cash invariance axiom ensures
that both the strict monotonicity for certain payoffs and our translation invariance hypothesis 4
are satisfied. Finally, convexity of risk measures ensures that the preferences that it captures satisfy
the quasiconvexity hypothesis since:

— — —

p(0Z: + (L= 0)Z) < 0p(Z0) + (1 - 0)p(Zs) < max(p(Z1), p(Z2)) < pl(Zs)

EC.2. Reduction to Coherent and Law-invariant Risk Measures

Regarding the scale invariance hypothesis, a similar argument as for translation invariance can
be made. Since we have that p(Z) = —CE(Z), it must be that p(Z) = p(—p(Z)). Hypothesis 5 is
therefore equivalent to saying that p(AZ) < p(=Ap(Z)) = A\p(Z) and that p(AZ) > p(=Ap(Z)) =

Ap(Z). The risk measure must therefore be a member of R¢,,. Conversely, any risk measure

p(+) € Reon necessarily satisfies the scale invariance hypothesis since for A >0
Zy = Zo = p(21) < p(Zs) = Mp(Z1) < Ap(Za) = p(NZy) < p(ANZy) = N2y = A Zs .

Regarding law invariance, the equivalence simply follows from the definition of p(-) which cap-
tures the preference relation, i.e. Zy ~ Zo < p(Z1) = p(Z,). Hence, if Z; and Z, have the same
distribution then they must be equivalent in terms of risk so that p(Z;) = p(Z,). The other direction

follows as easily.
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EC.3. Proof of Proposition 3

LeMMA EC.1. Given a set £ of K comparisons, let the set {X;}]_, = 0UUr {Wi,Yi} be the
support set of all random payoffs involved in one of the elicited comparisons and the zero payoff
which we identify as X,. Given any random payoff Z, the worst-case risk measure of Z under

Rei(E) is the optimal value of the following optimization problem:

Orp(e)(Z) = max paxs)(Z)

where A(X, ) denotes the monotone convex hull of the set {)ZJ +06;}/_, which admits the following

representation
AKX, 8)={ZecRM|F0ecR’, Z>X0+6'6,170=1,0>0},

where the matriz X € RM*7 js composed from a set of reference random payoffs {X} Yic1...0 as its

column vectors, i.e. X = [)?1,)22 . “XJ:I, and where the set A is the set represented by
A:={0 R’ | pas)(Xi+38,)>0,i=1,...,.J, 6, =0, 8, <6, ¥(i,j) € €} .

The intuition behind the lemma above is fairly straightforward. For a given random payoff, the
search for the acceptance set that leads to the worst-case risk reduces to searching among the
feasible risk values & € A for the reference set of random payoffs {X;}7_;. Once this is done, the
worst-case risk is obtained by considering the monotone convex hull of the random payoffs X ;05
Note that at this point, it is not clear whether the worst-case acceptance set is independent of the
random payoff Z that is analyzed or not.

Proof of Lemma EC.1: First, we decompose the worst-case analysis into two steps: a search for
the worst-case  followed by a search for the worst-case risk measure with ,0()? ;) =0;. Mathemat-

ically, we consider

0 (e)(Z) = max sup p(Z) (EC.2a)
pERa({()?jﬁj)}JJ:l)

subject to §; <J;V(i.5) € E (EC.2b)

01 =0 (EC.2¢)

Rs({(X;,8,)}]-1) #0, (EC.2d)

where § € R’ and where R;({(X;,4;) J_1) CRis the set of convex risk measures that consider the
risk of each X} to be respectively d;, i.e. that p(-) € R(g({()?j,éj) J_,) if and only if it is a convex
risk measure that evaluates p(X;) =4,. Hence if p € Rs({(X;,5;) J/_1), then it necessarily satisfies

the elicited comparison.
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In order to show that constraints (EC.2b) to (EC.2d) are equivalent to the set A, one needs to
establish that constraint (EC.2d) is equivalent to p4x.s) (X, +0;)>0,VYj. The statement that for
all § e R7,

paces)(X;+8;) 20,V5 = Rs({(X;,6;)})_) #0

is somewhat trivial since A(X,8) is constructed to make each X ; +6; acceptable and therefore
02> paces) (X, +8;) 2 0= pages)(X; +6)) = 0= pacs) (X)) =, ,

so that pas) € Rs({(X;,0,)}7_,) #0.

In the other direction, if Rs({(X;,d,) /1) #0. Let A’ denote an acceptance set such that pu €
Rs({(X;,6,) J_1). Since p(X;) =6, implies that p(X; +,) =0, each random payoff X; + &, must
therefore be members of A’. Provided that A(X, d) is the smallest monotone convex set containing

all X, +6; (see proof of Proposition 2), it is necessarily the case that A(X,8) C A’ and that

—

paces)(Xj+0;) > par(X; +6;) = pu(X;) -8, =0,

where the first equality comes from translation invariance and the second from the definition of
A

We are left with showing that for any & such that Rs({(X;,d;) J_1) #0, and any Z, we have
that

sup p(Z) = pas)(Z) .

peRs({(X;.6)}_,)
Yet, in this regard, we just showed that px.s)(-) is always a member of Rs({(X;,6,) J_,) when the

latter is non-empty, and that A(X,d) is a subset of the acceptance set associated to any member

of Rs({(X;,6;) J_1). Hence, it must be that

pax.)(Z) > sup p(2) = pax.s)(Z) .
PERs({(X;:81)} 1)

This completes the proof. [

In order to establish that the worst-case § € A does not depend on the random payoff Z that is
being evaluated, we will show through the following two lemmas that p A(X,(;)(Z_' ) is non-decreasing
in 6 and that problem (6) returns a vector & for which each entry is at the maximum value that it
can achieve. Together with Lemma EC.1, this completes the proof of Proposition 3 since we can

conclude that

I(]saeaAX pA(x,a)(Z) = PA(X,S)(Z) .

LEmMMA EC.2. Given any random payoff Z, the risk measure pA(Xﬁ)(Z_’) is non-decreasing in 9.
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Proof of Lemma EC.2: Let §; > 82, and let (t1,0,) and (t2,02) be the optimal solutions of

min ¢
t,0

subject to Z+t>X0+6'6
1'6=1,0>0

when d =4, and & = §, respectively. Since 6, > 0, we have that
Z+1t,>X0,+6,60,>X0,+46,0,,

hence (¢;,0,) is a feasible solution when § = 5. Since ¢, is the optimal solution when § = §,, we

have that t, <t¢;. O

LEMMA EC.3. Let § be the optimal solution of maxsea Zj d;, then each 5, is the optimal value

of maxgea 0;. Furthermore, the problem maxgsca Zj d; is equivalent to problem (6).

Proof of Lemma EC.3: We first present the details of maxsea Zj 0, to simplify the discussion:

J
max jz_;éj, (EC.3a)
subject to 0; <9d;,V(i,j) €& (EC.3b)
paczs)(X;+6;)>0,Vj=1,...,J (EC.3c)
5 =0. (EC.3d)

Next, we let 3(i) be the optimal solution of problem (EC.3) when the objective is replaced with the
objective of maximizing 6;. One can actually show that the solution & composed such that ¢; = 31(2)
is feasible for problem (EC.3) and therefore an optimal solution of this problem.

In the case of constraint (EC.3b), by construction of § we have that § > 5 for all 4. Therefore,

one can confirm that for any pair (i,5) € £

=80 <5 <80 =3,

= j J -

As for constraint (EC.3c), for any fixed j, the representation of this constraint which is based

on optimization states that

min ¢ >0.
t,0

subject to )Zj+5j+tZX0+5T9
1'6=1,6>0
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After replacing t':=t 49, — 870, one obtains the equivalent constraint:

min ' —4; + 5’6 >0. (EC.4)
v,
subject to X, +1' > X0

1'6=1,60>0
One can verify that & satisfies this constraint since for all feasible ¢’ and 6, one has that
t'—8;,+8 0=t —37 + 35600, >t — 57 + 37579, >0.

In order to show that the optimization problem maxsea > ;0; is equivalent to problem (6), we
make use of duality to reformulate each of the constraints in (EC.3c). In particular, for a fixed j
the constraint takes the explicit form presented in (EC.4). One can verify that a feasible solution
always exists for this minimization problem with ¢’ =0 and 6 = e; where e; is the vector of all
zeros except for a one at the j-th entry. Linear programming duality theory therefore states that

the following constraint is equivalent to constraint (EC.4):

max —X;y—éj+¢ >0
Y,¢
subject to )Z'Z-Ty—l—éi—gbZO,Vi:l,...,J
1'y=1,y>0,

where y € RM and ¢ € R are the respective dual variables of the two constraints. Necessarily,
the maximization operation in this constraint can be merged with the overall maximization of
problem (EC.3) as long as y and ¢ are properly indexed with j. In other words, for each j, one
should add y; € R™ and ¢; € R as decision variables and replace constraint (EC.3c) with:

~XTy;—0;+¢; >0
Xy, +6,—¢;>0,Vi=1,...,J
1'y,=1,9,>0.
Yet, one can even see that the constraints reduce to
Xy, +6,—¢;=0
Xy, +0i—0;20,Vi#]
17y;=1,9,>0,
so that the decision variable ¢; can be replaced to get
(Xi— X))y, +06,—6;,>0,Vi#]
1y;=1,9,>0,

This completes the proof as we are left with problem (6). O
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EC.4. Proof of Proposition 5

We present the proof of this proposition in two steps. First, we show how the worst-case law-
invariant risk measure gor, E(g)(Z ) can be represented as a finite dimensional convex optimization
problem when the probability space involves a uniform measure. Next, we consider how a general
preference robust risk minimization problem (9) with Rpg({(F}, F}Y)}X ) might be equivalently
represented in this space as long as the probabilities are rational, and show how to reduce the

associated optimization problems to forms of more reasonable sizes that are presented in (10) and
(11).

Step 1: The case of uniform probability measure

In this first step, we focus our attention on probability spaces with a uniform measure.

AssuMPTION EC.1. The probability measure F associated to the discrete probability space is the
uniform measure, i.e. P({w;}) =1/M for any w; € Q. Recall that |Q)| = M.

In this kind of probability space, law invariance is intimately related to the notion of permutation,
which we make more precise in the following definition.

DErFINITION EC.1. A permutation over M elements is a bijective function & : {1,....M} —
{1,...,M}. We call the random variable permutation operator o, the operator that permutes the
values associated to each outcome of a random variable according to the bijection &. Mathemati-
cally speaking, we have that (o(X))(w;) = X (w,-1(;)). For simplicity of exposure, we also overload
this notation such that (o(X)); = X (ws—1(;))- Finally, we will denote with ¥ the set of all random
variable permutation operators in the €2 outcome space.

Since 0(Z) =p Z (i.e. in distribution) when F' is the uniform distribution, we must have for any
preference of the type W > Y that o(W) = W =Y > o/(Y) for any 0,0’ € ¥. This leads us to

consider an augmented set of elicited comparison
(&) ={(W,Y)|FoeX, 0’ €%, (c(W),o'(Y)) €&}

Risk measures that are known to comply with the elicited comparisons £ and to be law invari-
ant should also respect preference orderings described in the augmented set 3(&). What is more
interesting is actually the reverse statement, which we prove in the following lemma that robust
risk measures if constructed directly based on the augmented set X(&) would coincide with the law
invariant measures based on £. This result shifts the complexity of incorporating the hypothesis
of law invariance from the set of law-invariant risk measures Rpg(€) to the set of convex risk

measures Rg (X(€)) (or from Repe(€) to Rer(X(E))).
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— —

LeMMA EC.4. The preference robust risk measure or, ,(e)(Z) :=SUper, () P(Z) is equivalent
to QRLE(Z(g))(Z) and QREl(E(g))(Z). Similarly, the preference robust risk measure QRCLE(g)(Z) is
equivalent to QRCLE(Z(S))(Z) and QRCE(E(g))(Z).

Proof of Lemma EC.4: In the case of robust convex risk measures, one can first establish that
QRLE(g)(Z) = QRLE(Z(g))(Z) if it can be verified that R.p(€) =RLe(2(E)). This can be done with
the following argument. Given that the later set imposes more constraints on the risk measure, it
must be that Rpg(E) D Rre(X(E)). In fact, given any p € Rpr(E), one can confirm that it is a
member of Rypz(3(€)) since for any pair (W', Y") € (), there must be a comparison (W,Y) €&

and a pair of permutation operators (ow,oy) such that W’ = oy (W) and Y’ = 0y (Y), hence that
pW') = plow (W) = p(W) = p(Y) = ploy (V) = p(Y"),

where the second and third equalities are due to the fact that p is law invariant.
Next, we prove that QRLE(E(g))(Z) is equivalent to QREZ(E(g))(Z). Since Rpe(X(€)) CRm(X(E)),
we must have that QRLE(Z(g))(Z) < QREZ(E(g))(Z). To get the reverse, we can consider that given

any p € Ry (2(E)), one can construct a new risk measure ps(Z) := max,es, p(o(Z)). It is clear that

ps € Rpp(2(€)) and that ps(Z) > p(Z). * We can conclude that

QRE;(E(S))(Z) = sup p(Z) < sup p(Z2)= QRLE(Z(E))(Z) .
PEREI(E(E)) PERLE(E(E))

Hence, we know that

0rLpEN(Z) S 0rp)(2) < 0rppse)(2) -

The proof for the case of robust coherent risk measures is similar. [

The complexity of constructing risk measures QREZ(E(g))(Z ) (resp. or, E(z(g))(Z )) lies in the size
of the augmented set ¥(£), which grows exponentially with respect to the number of elicited
comparisons. Our next result is to show that the convex optimization problems formulated based
on Proposition 3 (resp. Proposition 4) for Q’REl(g(g))(Z) (resp. QRCE(E(g))(Z)) can be reduced to
problems whose size no longer depend on the size of the set of permutations and grow polynomially

with the number of elicited comparisons. In the following lemma, we present first the reduced

formulation for the offline optimization problem (6) in Proposition 3 with the augmented set X(&).

13 We use the fact W = Y < 3o : Y = J(W) here. The direction <« is clear as discussed. To see =, note that following
Assumption EC.1, any law F'X can be expressed by P(X = x) =|{we Q| X (w)=ax}|/M,Vk. W =p Y implies that
HweQ|Ww)=ar}| ={we Q| Y (w)=xr}|,Vk. The fact that Y = o(W) easily follows.
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LeMmMma EC.5. The optimization problem

max ZZ(SJ o (EC.5a)

5{1!]0-}] loeX j=1o0€ex

subject to 8;, <8, ,V(i,j) €E,VoeX, Vo' €X (EC.5b)
(0(X:) = 0" (X))Y 0 + 00 — 0500 >0, Vi #j, Vo, Vo' (EC.5¢)
1'y,,=1,y,,>0,Vj,VoeX (EC.5d)
0,=0,Voei, (EC.5e)

where § e R7*IF gy € RM, and where £ is the set of edges in the partial ordering of {X;}]_,

described by the elicited comparisons: i.e.
g:: {(17]) € {1>2>--->J}2 | (XMX]) 65} )

has an optimal solution for which ;, =10,, for all j, all 0 € X, and all o' € 3. Furthermore, it

reduces to solving the following linear programming problem

6,{yj}j:1,{$i};m}i =] > Zéﬁ (EC.6a)
subject to ¢; S 5j ,V(i,5) €€ (EC.6b)
170, +1 w,; — Xy, +6,—0;>0,Vi#] (EC.6¢)

Xiy] —vi,1" —1w;; >0,Vi# ] (EC.6d)

17y, =1,94,>0,vj (EC.6e)

61=0, (EC.6f)

where each y; € RM, each v; ; € RM, and each w;; € RM.

Proof of Lemma EC.5: To demonstrate this lemma, we will prove that given any feasible solu-

tion (8,{Y; ,}7-1.,ex), One can construct a feasible solution

bip = Zéw/,VJEE Vi=1,..,J
| ‘UEZ
Yo = !EI <Za yw>,VU€E, Vi=1,..,J
o'ex

that achieves the same objective value and has the added property that the value of &, is the

same for all permutations.
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First, the objective is necessarily the same since

IIIED DI S

j=1c€ex j=1 oex o'ED

S I)IP P

j=1o'exo€X
J
3308
j=1lo’ex
Next, we confirm one constraint at a time that each of constraints (EC.5b) to (EC.5e) are
satisfied. For constraint (EC.5b), we have that:
A > bion < = > S =0
1,0 ‘E| 1,07 = ’E| 71,0 - Y3,0"
O.//ez O'”IEZ

In the case of constraint (EC.5¢), the work is a bit more tedious

(0(X;) - U’(Xj))T@j,a/ +0i0 — 0,00

v (Y 1 / "— < <
= (J(XZ) d (XJ))TEU ( Z a 1(yj,a”)> + 6i,o’ - 5j70’/

O.//ez
1 _ - - _ _ _
= f(oj I(U(XZ) - UI(XJ)))T Z o’ 1(yj,a”) + 672,0 - 5ja0’
| ’ ol'ex
1 _ - _ _ _ _
== > (0 (0(X0) = X)) 0" (Yy0n) + 650 — b5
|E’ o'’ex
1 e B -
3 D ("0 (0(X0) = 0" (X)) (Y)0n) + bio = 8o
oex
1 _ _
= E Z 5j7‘7” - 52’,0”00’_100 +5i>ff — 0j0" = O’
O'HEE

where we used the fact that

(0" (0" (0 (X)) = 0" (X)) (W.00) = G0 = 8i 10710

and in the last step we used the fact the sum is over all possible permutations. Finally, con-

straints (EC.5d) and (EC.5e) can easily be verified.

1 _ 1 _ 1
T~ _ T 1 _ T 1 _ T _
1 yj,o = TZ’ 1 o ( E 0'/ (yj,a’)> = TZ’ E 1 0'/ (yjjo,) = 7‘2’ E 1 yjl’a/ =1

o'ex o’ex o’ex
- 1
R 01 =0.
1,0 ‘2| g/%} 1,0 0
This completes the proof that problem (EC.5) has an optimal solution for which §;, =6, for all
j,all c €%, and all o/ € X.
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Given the existence of an optimal solution with such structure it is possible to simplify the
problem by optimizing only over all §;, =4; and y,, := o (y,). This gives rise to the following
problem:

max EJ:Z(SJ-, (EC.7a)

5a{yj}}~]:1

j=1o0c€ex

subject to &; <d;,V(i,j) €E (EC.7b)
(0(X)— X))y, +0,—0,>0,Vi#£j VoD (EC.7¢)
1Ty, =1,94,>0,Vj (EC.7d)
(51 =0 s (EC?Q)

where we used the fact that

and the fact that
- - 1 S
(0(Xi) —0'(X;)) o' (y;)+6; =6, = (0" (o(X:)) = X;) "y, +6: —6; .
We are left with constraint (EC.7c¢) which can be stated as
miga()zi)Tyj — Xy, +6,-0;>0,Vi#j, (EC.8)
oc
and that we will reduce using duality theory.
Consider that min,cx J(Xi)Tyj is equal to the optimal value of the optimization problem
. T >
min X
in ¥ Q
subject to Q'1=1
Q1=1
QkJ S {0, I}MXM .
Due to the result of ( ), the above problem, also known as linear assignment problem,
can be solved exactly by relaxing the binary constraints to the constraint that each variable is a
real value between 0 and 1. Since the relaxed form of this problem is feasible, we have that strong
linear programming duality holds thus that the optimal value can also be obtained through the
following dual problem :
max 1Tv+1"w
subject to XyT —v1" —1w' >0,
where v € RM and w € RM. When replacing the first term of the constraint stated in equa-

tion (EC.8), we get that constraint (EC.7c) is satisfied as long as there exists a set of values for

v; ; and w; ; that satisfy constraints (EC.6c) and (EC.6d). This completes our proof. [
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We are left with showing that the problem (5) in Proposition 3 can as well be reduced a problem
independent of the size of the set of permutations . We prove this in the following proposition,
which also wraps up our result for the case of law-invariant risk measures based on a uniform

probability measure.

PrROPOSITION EC.1. Given a set € of K comparisons, let the set {X;}7_, :==0U Ui{:l{Wk,Yk}
be the support set of all random payoffs involved in one of the elicited comparisons and the zero
payoff which we identify as X,. When the distribution on the discrete probability space is uniform,

the preference robust risk minimization problem (2) with Rpg(E) is equivalent to the optimization

problem.:
min t, (EC.9a)
TeX,,0.{Q;}
: > > =T
subject to Z(x)+t> Z Q;X;+9 0, (EC.9b)
J
Qj]- = 0]‘, VJ (EC9C)
Q/1=0,V; (EC.9d)
176=1 (EC.9¢)
0>0,Q;>0Vy (EC.9f)

where t € R, @ € R7, and each Q; € RM™*M  and where § € R’ is the optimal solution of the
linear program (EC.6). Moreover, problem (EC.9) is a convex optimization problem when each
term (Z(x)); is a concave function of @, and problem (EC.6) is feasible if and only if Rpp(E) is

non-empty.

Proof of Proposition FC.1: Based on Lemma EC.4, we have that the preference robust risk
minimization problem (2) with R, z(€) is equivalent to using the set of risk measure Ry (X(E)).
According to Proposition 3, minimizing this preference robust risk measure can be achieved by
solving:

min ¢
xEX t,A

subject to Z(x)+t > Z Nio(0(X)) +65.0)
.o
D Ae=1,220,
7,0

where t € R, A € R7**| and where SN is an optimal solution to problem (EC.5). Yet, according to
Lemma EC.5, problem (EC.5) reduces to problem (EC.6) which always identifies solution for which

d;- is constant over o € ¥. This means that the optimization problem described above reduces to:

min t
TEX tN,0
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subject to Z(x +t>2)\] -0 ( j)—i-ZHij
J

0, _Z)\N,

oED

> No=1,A1>0,

3,0
with @ € R7, which can be shown equivalent to

min t
zEX t, N0

subject to Z(x +t>29 ZA QU)X’J——i—Z@ij
J

ZAN:I,V],A >0,

cEX

> 6;=1,0>0,
J
where @Q, € R™*M is the permutation matrix associated to the o permutation operator. This
equivalence follows from the fact that a feasible solution (x,t,\’,8) to the second model can be
used to construct a feasible solution to the first one simply by assigning \;, := ;) , while the

reverse is also true when using:

)\;’0 ::{ 1/|E’ if 9]‘ =0

Aj.o/0; otherwise.
One can finally realize that for each j, the set captured by {} N\ Qs | > cxNj, =1, N, >
0Vo} describes the convex hull of all permutation matrices which is known given the result
of ( ) to be equivalently represented by {Q; € RMM | Q;1=1,Q/1=1,Q; >0}.
Using this simpler representation we obtain the following optimization problem

min t
zEX,1,0,{Q;}

subject to Z +t>20 QJX +296
Q;1=1, QJTl:l

ZQJZ].

J

This last version of the problem reduces to problem (EC.9) when replacing Q;:=0;Q;. U

Step 2: The case of general measures
We are ready to consider the general setup of the preference robust risk minimization problem

(9) with Rpe({(FY,FY)}5_,). Given the set of distributions {F}};—; ., involved in £ and the
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distribution of &, we can convert each distribution to a random payoff in an outcome space endowed
with a uniform probability measure. We can achieve this by first representing each probability
value using a common denominator M. This can be done since, according to Assumption 2, each
probability value is a rational number and there are a finite number of them. Without loss of
generality, we can then assume that all distributions are induced from an outcome space €' :=
{@ai}a=1, . a endowed with a uniform probability measure P, i.e. P({w4})=1/M,d=1,...M. In
this space, a distribution F; given in the form of P(X; = zy) :pi, k=1,...,M; can be expressed

as a random payoff in ' that takes the form

X;:h(Fj):[()Zj)l...(Xj)l( Do (Xj)a - ( g (X)) (EC.10)

-~ -~

ng) €] )

<

where w,(cj) :pi - M for k=1,...,M;, and we use h(-) to stand for an operator that maps a given
distribution to a random payoff as described above. Each entry of this M-dimensional vector
corresponds to the mapping from an outcome @ € €)' to a real value. A similar mapping can be

used for Z(x) with

Z'(@)=[r(x,€,) - r(@,&) r(@,&) - (@, &) - r(@,y) - (@ €y)]

3 £ Pe
™ T2 ™ M

To facilitate the exposition of the proof below, we use I, to denote the set of indexes I} := {k’ €
N|(X;)k/ = (Xj)k} Using this notation, we can say that (X;)d = (Xj)k for all d € 7. Similarly,
we will refer to I := {k' € N|(Z'(x)) = r(x,£,)}. By such conversions, we can reformulate the

problem (9) into

min sup p(Z’(a:)),
TEX peR L ({R(FPYV ) h(FY M)

which admits a convex optimization formulation following Lemma EC.5 and Proposition EC.1. In

the next two corollaries, we show how the convex reformulation can be further reduced.

COROLLARY EC.1. The optimization problem (EC.6) in Lemma EC.5 with X! = h(F}) and X; =
h(F;) can be reduced to the problem of (11).

Proof of Corollary EC.1: Consider first the constraints (EC.6¢) and (EC.6d)

170, +1Tw;; — X"y, +8,—6;>0 Vi # j (EC.11)

Xyl 0,17 1w/, >0 Vi # j (EC.12)

) —
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For any fixed ¢ and k € {1, ..., M}, we can re-write the constraint (EC.12) as

(Wig)a < (X)e W) m — (Wij)m, YA€l ,¥m e {1,...,M}.
Observe that each entry of (v;;)q in this range is bounded above by the same value for any fixed
y; and wj ;. Observe also that increasing (v; ;)q will not violate any other constraint in (EC.6).
Thus, for any given optimal solution v} ; with (v} ;)a, # (v )4, for some dy,d, €I}, we can always
increase each entry of (v;;)a up to the same value (the upper bound) and obtain a new optimal
solution v** that satisfies ('l)Z»J)d1 = (v} ;)a, for any dy,dy €1},
Therefore, we can impose (v;;)a = (Vi ), Vd € I}, where v;; € RMi and reformulate the con-

straints into

1" (7D 0w, ;) +1Tw;; — Xy, +6,—§; >0 Vi #j (EC.13)
Xy — 0,17 — 1w/, >0 Vi # J. (EC.14)

Zj—

Next, suppose that v; ;, w; ;,¥y;,0;,0; are an optimal solution of the problem (EC.6) with (EC.6c)

4,5 Jr7e g

and (EC.6d) replaced by the above two sets of constraints (EC.13) and (EC.14). We claim that

the solution v; ;,6;,d; together with the newly constructed y;* and w;?:

i,52 %9
;)= (Umg) 0) D (W)

deli( A
(wis)a= /7 ) > (w))a,
deli( &

where k(j,d) refers to the only index such that d € I, will also be optimal. Substituting this new

solution into the constraint (EC.13), we have

1 (7D 0w ) +1Tw — Xy} +5* 8

<

J
=1" (7o}, +Z7r<” 1/m)> (wi)a =Y (Xer (7)Y " (y5)a+ 0 =5

j 1 j
dety, del]

=1" (o] ) +1Tw}, — X"y, +0; -8 > 0

~
Il

To verify the feasibility of the second constraint (EC.14), let us consider the following derivations
for any fixed j and fixed k€ {1,2,...,M,}:

Xy T =071 1w, " >0 = X0 (y)a) - om0 =100 (w),)a) >0
det det]
X(U/m) Qo)) =7, = 11/m) (Y (wi,)a) 20
det] det

= X, y"*T -0, 1T 1'w’{7’;T > 0.
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where the first step is obtained by summing the columns in the range li for the matrix on the
lefthand side of the inequality.

It is straightforward to see lTy;?* = lTy;f =1, which verifies the feasibility of the constraint
(EC.6e).

Thus, we can impose that (y;)s = (9,)k(.a) for all j and d, where g; € R™i, and that (w; ;) =

(; ;) d € 12, where W, ; € RMi, and reformulate the constraints (EC.13), (EC.14) and (EC.6e)

into
17 (7D 0d,,) + 17 (7 0t,;) = X[ () 0§,) +6; 6,20 Vi j
XZQJT — ;1" — lfvzj >0 Vit ]

Let 9, =nWov,; , w;; =nY ow,;, and §; =7 og,. The above second constraint becomes
X((mD)og )T — () o )17 —1((x9) L omwy,) " >0,
where (7(V)~! satisfies (7))~ o (7)) = 1. Finally, multiplying (7?1 ") to the inequality we have

(r917)o (Zi((x) > ~ (7)Mo )1 = 1((x ) o)) 20

jH,LJ X i)le—Hi)jO]_’lNUZj ZO,

where IT € RMi*M;j and
I ; = (e) (=)™ )T,
as described in the corollary. This completes the proof. [

Note that in the proof below, for simplicity we will use the notation
Varbr = Var by
V(a11a2751:1)2) = .

‘/;lz’bl Vazl}z
to describe a submatrix of a matrix V. The notation V{.j) (respectively V(;.) will refer to the

kth-column (respectively kth-row) of the matrix V.

COROLLARY EC.2. The problem (EC.9) in Proposition EC.1 with Z'(x) and )?; = h(F}) can be
reduced to the problem of (10)

Proof of Corollary EC.2: Suppose that z*,t*,0",{Q;} are an optimal solution of (EC.9). We
claim that the solution x*,t*,0" together with the newly constructed Q5" such that for all k €
{1,2,...,M;}:

Q1) = (1/m) > Q5

J
dely,
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is also optimal.

Substituting into the constraint (EC.9b), we have that for each j€{1,...,J} ,

M; M;
QX => m (X)u/m) | D@Dy | =D (X | D (@) | = Q5 X
k=1 det] k=1 det]

Substituting into the constraint (EC.9¢), we have for each j € {1,...,J}

M;
Q= m) (m) | 2@ | =Q51=0;.
k=1 det)
k
Substituting into the constraint (EC.9d), we have for each j € {1,...,J} and for each d € {1,..., M}

we have

QT 1)5=(1/x) & Z > @

m=1 J
del R
k( Kd)

=(/m) ) D Z

dedel?
eek(d)

(1/7r(]) DY =06
dedeli( 3
As x*.t*,0", {Q;‘*} satisify all constraints and t* remains the same minimum value,
¥, t*,0", {Qj*} are also an optimal solution. Therefore, we can impose that for all j and all &k €

{1,2,..., M;} we have that (Q;), i) = (Q)ew1", where Q; € RM*M; and reformulate (EC.9) into
bl

meXI,?,iOI,l{Qj} t (EC.15a)
subject to Z'(z) +1t> Z((lﬂ'(j)T) 0Q)X,+ 5'0 (EC.15Db)
((lﬂ(j)T)oQ;)lzej,Vj (EC.15¢)
Q; 1=6,,j (EC.15d)
1'0=1 (EC.15e)
6>0,Q;>0,Y. (EC.15f)

Next, suppose that =, t*, 0", {Q;‘} is the optimal solution for the above problem. We claim that
that the solution x*,t*,8" together with the newly constructed Q;* such that for all k=1,..., M
and all d € [§ we have that

(Q5 ) = (1/m0) D Q)

13
dely,
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is also optimal.
Substituting into the constraint (EC.15b), we have for all d € {1,..., M} we have that

(Z((m(j”)o@;*))@) ~U/mp | 3 X o,

J d d 15
kG

</mf )Y (Z(@)att -850

13
delk< )

= (1/75, )8 o (Z' @)+t =81 67)
=(Z'(x));+1t"—5 6.

Substituting into the constraint (EC.15¢), we have for each j and for all d € {1,..., M} that

(((M(jw) **)) 1/7%( 5 Z DS (@)

deli(] 5
1/7rk(]d Z Z W(J) 3)(d.m)
k( ) "=
l/ﬂ—k( @) Z 0; =0
¢
€l
Substituting into the constraint (EC.15d), we have
M,
Q**Tl—zﬂk 1/7% Z( )(d )—Q 1= 0;.
k=1 delf

As z*,t*,0", {Q;‘*} satisfy all constraints and ¢* remains the same minimum value, x*,t*, 0", Q;‘*
are also an optimal solution. We can now impose that for all k£ € {1,2,...,M,} we have that

(Qj)(li»?) =1(Q,) (., where Q; € RMe*M; - and reformulate the problem (EC.15) into

min t
zeX t,0,{Q;}
subject to  Ze (@) +t > Z (1T )0 Q)X +6'6,

((1xT) ij)l =0;,Vj
(717) 0 Q;) 1 =9,,Vj
1'6=1
6>0,Q;>0,Yj.

Finally, Let Q; = (179 7) 0 ;. The left-hand-side of the above third constraint can be written
as (7617) o (1(xD) 1) 0 @) = (x&((x@))"1)T) 0 Q; Having I, = 78 (7))~ T, we arrive at the

J

formulation. O
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EC.5. Alternate proofs for Propositions 2, 3 and 4
Alternate proof of Proposition 2: It is well known that all risk measures in R can be represented

as

p(Z)=sup p' (~Z)—(p),

pPEP
where p € RM, for some P C {p € RY |1"p =1}, and some convex function ¢ : RM — R. This can
be equivalently represented as

p(Z):= sup p'(—Z)—s, (EC.16)

(p,s)eU’

with U :={(p,s) € P xR|s >1(p)}. Additionally, the constraint that p(0) =0 implies that

p(0)= sup —s=0

(p,s)eU

which further implies that & C P x R,. Finally, if p € R ({(Wy,0)}< ), then it must be that for
all k

p(Wi) <0« sup p' (-Wy)—s<0UC{(p.s) RV xR| —W,/p—s<0}.
(p,s)eU

Now, let us construct a risk measure p(Z) := SUD ()1t p' (—Z) — s such that

U:={(p,s) EPxRy| -W/p-s<0,Vk=1,...,K}.

— — — —

We can show that QRE;({(WM)}f:l)(Z) = p(Z). First, it is clear that OR 1 ({(Wy 0)} 1)(Z) < p(2)

since for each p € Ry ({(Wy,0)} ), the set U that corresponds to the measure in representation
(EC.16) is a subset of U. Now, to verify the reverse direction, i.e. QREl({(WkVO)}i(_I)(Z_’) > p(2), it

suffices to show that p(Z) is a member of Rz ({(Wi,0)}£_,). This can be easily verified if 5(0) =0,

since for all &

(W) = sup —p W, —s<0=75(0),

(p,s)eU

and by construction p is a convex risk measure. Hence, if p(0) =0, we have

—

O put Wi (Z) = max —p'Z—s,
subject to —W,jp—3§07v1g:17”_7[(
1'p=1,p>0

5>0,
which is equivalent to the minimization form in equation (4) since the latter is the dual formulation

of the linear program presented here. Note that strong duality holds here since problem (4) is

always feasible.
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In the case that p(0) # 0, then p(0) is necessarily strictly smaller than zero, and we show that in
this case R ({(Wy,0) H< ) must be empty. The strict inequality p(0) < 0 implies that the following

system of linear inequalities is infeasible:

~Wlp<0,Vk=1,....K

1'p=1,p>0.

By Farkas lemma, one can show that this implies that there exists a convex combination char-
acterized by Wo = Zk Hka such that Wg < 0. Yet, given any risk measure p(-) that satisfies all
conditions expressed in R ({(W;,0)}X ), we should have p(W;,) <0 and also that

0> ngﬂ(Wk) > p(Wy) > p(0) =0,

which indicates a contradiction, and hence Rz ({(W,0)}~ ;) must be empty. O

Alternate proof of Proposition 3: We present the proof of this proposition in three steps. First,
we show how problem (5) corresponds to the problem of minimizing the worst-case risk when
the risk measure is constrained to be equal to d,,6,,...,d; for the random payoffs )?1,)22, . ,)?J
respectively, i.e. the risk is evaluated based on the inner maximization problem of (EC.2). We then
explain how for the set of elicited comparisons, the constraints described in problem (6) characterize
all feasible risk assignments for the random payoffs X 1,)?2, . ,X 7 such that these respect the K
comparisons described in &, i.e. the set of 0;,d,,...,d; that satisfies (6) is equivalent to the one
that satisfies (EC.2d). We conclude the proof with the same arguments as used in the proof of
Proposition 3 that indicate that the worst-case risk assignments can be found by employing the
objective function of problem (6).

Step 1: Similarly as was done for the alternate proof of Proposition 2, we can argue that any risk

—

measure p € Rs({(X;,;) J_1) (see the definition in Section EC.3) can be represented as p(Z) :=
SUP (p ) cts p"(=Z) —s for some U C P x R_.. Yet, in order to respect the fact that p(X;) = d; for all
4, it must also be the case that p(X; 4 6,) <0 so that U C {(p,s) eRM xR| — (X;+6,;)Tp—s<
0,Vj=1,2,...,J}. This leads to constructing the risk measure p whose associated U is described
as:

U:={(p,s) EPxRy| —(X;+8;,) p—s<0,Vj=1,...,J}.

We can show that if Rs({(X;,d;) 7_,) is not empty, then ORs({(%;.6,)} 1)(Z’) = p(Z). Similarly as in
S}
the alternate proof of Proposition 2, by construction of I/ it is clear that ORs({(%,.5,)} 1)(Z ) < p(Z).
i)
The reverse is also true since once again either p(Z) € Rs({(X;,0;)};_,) or the latter set is empty.

To confirm this, one needs to study whether for all 7, the value ﬁ()f ;+6;)=0. Taking the case of
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j=J as an example, this can be expressed as whether there is a p € R™ and a s € R that satisfy
the following linear constraints:

—pT(XJ+5J)_3:0

—(X;+0) ' p-s<0,¥j=1,...,J -1

1'p=1,p>0

s>0.

According to Farkas lemma, this system can only be infeasible if there exists a @ € R’ such that

ZHjEHJ

J#J
D (X +6,)0; <0,(X;+6)
J#T

0,>0,Vj=1,...,J.

#10i=0
which would indicate that GJ()Z'J +07) > 0. Yet, this could only occur if X, + 6, >0 but this
contradicts the fact that p()_(’J +d7) =0 because ,0()2,; +d;7) < p(mini()zj)i +4d;)= —(mini()_(:;)i +
d7) <0. The alternative would be that >, ,6; >0 which implicates that
0;— Zj;ﬁJ 0.7'
—7=0

07

The latter can only happen under two circumstances. First, it might be the case that

X, 44, >Z%(Xj+5j)+

it !
Looking more closely at the right hand side of this inequality, we can recognize a convex combination
of J random variables that are supposed to have a risk equal to zero for all risk measures that
are in Rs({(X;,6;) 7J_,). This leads to a contradiction since by monotonicity arguments it would

imply that the risk of X, +4,is strictly negative following

S 0. - 052,20 0. -
J#JT J#J

This also cannot happen for risk measures in Rs({(X;,0;)}7_,).

J

To summarize, we have shown that if Rs({(X 7,0;)}j=1) is non-empty, then

ORs({(X;.))H_,

)(Z): max —p Z—s (EC.17a
subject to —(X;+6;)Tp—s<0,Vj=1,...,J (

1"p=1,p>0 (EC.17c

§>0), (EC.17d

which by duality theory can be shown equivalent to the minimum in ¢ and @ expressed in problem

().
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Step 2: We start by describing a number of conditions that must be satisfied by a joint assignment
(61,02,...,07) in order for this assignment to capture plausible measurements of the risk associated

to each of the random payoffs ()?1, . ,Xi;). First, based on &:

Next, by convexity of p(-), for each j, there must exist a hyperplane that supports the p(-) function
at X Specifically, there must exist a vector y; € R such that p(Z Z) > p(X ) — y]T(Z - Xj) for
all random variables Z. In particular, it must be the case that for all ¢ =1,2,...,.J, we have that

p(X;) > p(X;) - y;r()_('l — X,). This leads to the condition that
Vi j p(X0) 2 p(X) —y] (X - X)) = 626, —y] (X, - X)).

Furthermore, the fact that p(-) is monotone and translation invariant implies additional properties
about y;. Namely, monotonicity implies that for all i=1,..., M,

—

p(X;+e) <p(X;) = p(X)) = p(X; + ) > p(X)) —y/ei = (y;)i >0,

where e; refers to the i-th column of the identity matrix and which can be summarized as y; > 0.

Regarding translation invariance, one can discover that
p(X;+1)=p(X;) = 1= p(X;) —~1=p(X; +1) > p(X;) —y/ 1 =1y, > 1,
and similarly that
p(X;=1)=p(X;) +1=p(X;) +12> p(X;) —y, (-1) =1y, <1.

Together with the fact that §; = p(0) =0, this means that for any feasible assignment there must
exist a set of {y,}/_, that satisfies constraints (6b) to (6d).
Now to demonstrate that these conditions are also sufficient, we can simply verify that the risk

measure constructed as

p(2) = max & —y](Z—-X))
based on a feasible solution of {(6j,yj)}j=1 is necessarily a member of Rg({()?j,éj)}jzl). One
should start by confirming that ﬁ()z ;) =0, as expected :
pX;) = max . i —yl (X; = Xi) =4,
since §; — ()? —X,)=6;>0;—y] (X;—X,) for all i # j. Next, one can confirm that

p(Z)= max 6 —y, (Z—X;)= sup —p' Z—s,
J=1d (p.s)el

for the set U = ConvexHull({(y,, —d; — X 7)}7_1). One can straightforwardly confirm that I/ is a

subset of P x R so that p(-) is a convex rlsk measure.
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Step 3: Similarly as in Section EC.3, one can rely on Lemma EC.2 to confirm that
ORs (X, 51)}37:1)(2) is an increasing function of 4, and rely on Lemma EC.3 to obtain that the
optimal solution  of problem (6) returns the largest value achievable for each ¢;. This provides
the guarantee that QREl(g)<Z ) = 0,4 ijj)}j:l)(z ) which by duality theory is equivalent to what
is optimized in problem (5). O

Alternate proof of Proposition 4: The alternate proof for this proposition is very similar to the
proof of Proposition 3. Namely, in step 1 one should exploit positive homogeneity to further impose

that s =0 as is known to be the case for coherent risk measures. This leads to the following

formulation:

—

2\ T
OR o R (X641 (£) = max —p Z
subject to —()Zj +4;) ' p<0,Vi=1,...,J
1'p=1,p>0,
which can be shown equivalent to what is optimized in problem (7) using duality theory.

As for step 2, one should further impose on the assignment {(d;,y,)};_, that it must satisfy a

property implied by positive homogeneity. Namely,

—

p(2X)) =2p(X;) = 2p(X;) = p(2X;) > p(X;) — y;Xj =0; > —ijX'j ;

and
p(0.5X;) =0.5p(X;) = 0.5p(X;) > p(X;) + 0.5y X, = 6; <~y X, ,
in other words J,; = —y;X ;. If one makes the proper replacement of variables in problem (6), he

straightforwardly obtains problem (8). O

EC.6. Preference Robust Aspiration Measures
We discuss in this section what one may encounter when following ideas from this article to
seek a preference robust measure for the case of aspiration measures (AM). In particular, we
consider the case when a decision maker is known to have aspirational preferences but favours
only diversification. Moreover, we assume without loss of generality that the aspiration measure a
that captures the preferences is normalized such that a(0) =0. In this case, given pairs of elicited
comparisons we can write down the following set of aspiration measures 2 following the definition
given in ( ):
7> Zy=a(Z,) > a(Z,)
2oe a0 mM g | min{a(Z1),a(Z)} <a(0Z+ (1-0)25),¥ 21, 25,0<0 <1 |1y

{1,2,....K}

14 Rigorously speaking, it should be also imposed that every function in this set has to be upper semi-continuous
given its definition in ( ). However, as seen in Lemma EC.6, the worst-case measure is always upper
semi-continuous, and for simplicity we leave this technicality detail in the footnote.
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It is not difficult to see that by substituting a(-) = —p(-) into the above constraints, the set becomes
equivalent to the set of convex risk measures R z;(€) without the condition of translation invariance
p(Z +¢) = p(Z) — c. Similarly as was done in this paper for the case of convex risk measures, one
might consider comparing random payoffs using a worst-case aspiration level perspective, namely
by seeking decisions that are optimal with respect to max,cx Qm(Z) where QQI(Z ) :=infueqy a(Z).

Unfortunately, one can show such a scheme ends up exploiting a rather overly simplistic way of

comparing payoffs.

LEMMA EC.6. Given any random variable Z, the preference robust aspiration level OfZ accord-

ing to oy s either zero or minus infinite. Namely,

gm@z{ 0 ifa(Z)20,Vac

—00 otherwise

Proof of Lemma EC.6: Given any a € 2, one can construct the following indicator function

aAa(Z)::{ 0 if Ze A,

—o00 otherwise ’

where A, :={Z | a(Z) > 0}.

We show that a4, € . Firstly, given that a € 2, the acceptance set A, must be monotone, convex,
and must contain the zero payoff. Given any 71, Zy such that Z, > Zo, if Z, ¢ Aq, ag, (Zg) =-—00<
aa, (Zl), and if Z, € A, by the monotonicity of A, we have 7€ A, and therefore a4, (Zl) =0>
aa, (ZQ) This verifies the monotonicity of a 4,. Given that A, is convex and contains the zero payoft,
its indicator function must be concave and satisfies a4, (0) = 0. Finally, we verify the preference
constraints ﬁAu(Wk) < dAu(}?k). For any W, € A., we have Y, ¢ A, due to 0 < a(Wk) < a(?k), and
thus a4, (Y;,) =0 > a4, (W). For any W, & A, pa,(Wi) = —o00 < idig, (Y;) follows casily.

— —

Hence, since it is clear that a4, (Z) < a(Z), then it is necessarily the case that

aeA acA —oo otherwise

gm(Z):infa(f):infaAa(Z):{ 0 ifa(2)20,Vac

O

There are a few flaws in this definition of preference robust aspiration measure. First, we see
that it always reduces to classifying random payoffs as either acceptable or intolerable which is a
somewhat extreme way of handling uncertainty. Second, it lacks the natural property that the way
random payoffs are compared should converge to how the comparison would be made according
to the true aspiration measure as more elicited results are obtained, unless of course the true
aspiration measure actually takes the form of an indicator function. These flaws are directly related

to the fact that aspiration measures do not need to satisfy translation invariance which appears
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to be the key behind the descriptive power of pairwise comparisons for the case of convex risk
measures.

It might be possible to correct for this issue by refining the uncertainty set of aspiration measures.
For example, additional constraints such as a(zmax) =1 or a(zmin) = —1 might be considered if
further normalization can be well justified, which enforces the resulting measure to take values other
than zero or minus infinity. A richer form of questions might also be considered in the elicitation
process that can help acquire quantitative information about the aspiration measure. The question
can be for example whether the decision maker’s aspiration is affected more by improving 174
with a positive amount A; or by improving Y with a positive amount Ay, thus possibly leading
to the condition a(W + A;) — a(W) > a(Y + A,) — a(Y) which helps prevent the measure to
have an infinite slope. Finally, we suspect that it might be possible to draw more meaningful
conclusions with our set of aspiration measures 2l through a framework that compares random
payoffs using their respective worst-case certainty equivalents as was done in

( ). Mathematically, this leads to considering oy (Z) := infaeq sup{s : a(s) < a(Z(z))}
which reduces to gy (Z) := infaeq a(Z(2)) when translation invariance is imposed.'® Given that the

right correction scheme is not straightforward, we leave the investigation of these different ways of

handling aspiration risk measures as a subject of future research.

15 This approach resolves for instance the issue that all preference robust measurement return either zero or minus
infinity as values. Take for instance a case where all possible pairwise comparisons have been made and one needs
to evaluate pa(-) at some Z for which the true a(Z) = () for some finite and unique o € R and « # 0. Since all
comparisons have been made then it must be that Va € 2, we have that a(a) = a(Z) so that sup{s: a(s) < a(Z)} > a.
On the other hand, uniqueness of a ensures that G(a+ €) > a(Z) for any € > 0 hence sup{s:a(s) < a(Z)} = a. Since
@ €2, we can conclude that gy (Z) := infeeqsup{s: a(s) <a(Z)} = a ¢ {0, —co}. Similar arguments can also be used
to argue that this worst-case certainty equivalent measure should converge to the “certainty equivalent” measure

—

sup{s:da(s) <a(Z)} when many comparisons are made.
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